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A METHOD OF SOLVING THE BASIC INTEGRAL 
EQUATION OF STATISTICAL THEORY 
OF OPTIMUM SYSTEMS IN FINITE FORM 


(METOD RESHENITIA OSNOVNOGO INTEGRAL’ NOGO URAVNENIIA 
STATISTICHESKOI TEORII OPTIMAL’ NYKH SISTEM 
KONECHNOI FORME) 


PMM Vol.23, No. 1, 1959, pp.3-14 


S. PUGACHEV 
(Moscow) 


(Received 17 July 1958) 


We present the application of the general formula for solving a linear 
integral equation of the first kind, encountered in solving a number of 
problems of statistical theory of optimum systems [3 ], to the case when 
the kernel] of the equation represents a correlation function of a random 
function and is related to white noise by linear differential equation. 

A case of an infinite observation interval is treated first and the 
results obtained are then applied to the case when the observation 
interval is finite. Finally on the basis of the author's general formula, 
a solution for the nonstationary case given by Laning [12] is derived in 
a straightforward manner. From this solution there follow previously- 
known solutions of specific problems by Dolph and Woodbury [11], Zadeh 
and Ragazzini [7,8], and Semenov. In[3] it was shown that the 

known results by Wiener [6] and Booton [9] for the case of infinite ob- 
servation interval can be obtained from the author’s general formula as 
special cases. Consequently, the results of this article complete the 
proof that all the known methods of determining optimum linear systems 
may be very simply obtained through the application of one general method, 
that of canonic representations of random functions. 


1. Introduction. The general problem of finding an (in the statis- 
tical sense) optimum dynamic system, consists in determining with the 
greatest possible accuracy the value of some random function at time s 
on the basis of observing some other random function during the time 
interval s - T< t < s. This problem is a special case of the general 
mathematical problem on optimum estimate of a random function W(s) by 
transforming another realized random function Z(t) observed in a region 
T where its argument t varies. Here the arguments ¢ and s may be any 
scalar or vector variables or may even be elements of arbitrary abstract 
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spaces. The following technical problems lead, in particular, to this 
problem: measurement and extrapolation of variable quantities, automatic 
tracking of moving objects, reception of radio signals in the presence 

of natural and artificial disturbances, reproduction of sound and images, 


design of guidance systems, machine control and industrial processes 
control systems, weather forecasting, etc. In solving such problems 
various probability criteria are used for the optimum, whose choice is 
determined by the specific character of any given problem. Methods of 
solving these problems make up the modern statistical theory of optimum 
systems. 


Of fundamental importance in all general methods of determining the 
optimum operator, while using various probability criteria, is the prob- 
lem of finding the linear operator A which satisfies the equation of the 
form 


A,K,(t, u) = (s, u) (u€T) (1.1) 


where K Mt, u) is the correlation function of some random function X(t) 


which represents disturbance (noises, measurement errors, etc) or the sum 
of the disturbance and the irregularly varying part of the random func- 
tion: f(s, u) is the known function; index t of operator A indicates that 
the operator operates on function K, when the latter is taken to be a 
function of t with u held fixed. Equation (1.1) mst be satisfied for al] 
values of u of observation region T, 


Equation (1.1) was originated as an equation determining the optimum 
linear operator for the criterion of minimum mean-square error [1]. 
Andreev has shown that the same equation also governs the problem of de- 
termining of the optimum linear operator by the more general criterion 

of extremum of the given function of mathematical expectancy and error 
dispersion [5] (see also[1]). A special case of equation (1.1) was ob- 
tained [12] while determining the optimum operator by the criterion of 
minimum mathematical expectancy of the given error function for the 
normally distributed disturbance, and also when solving various special 
problems in the theory of optimum systems in a number of other papers. 

A general method of determining the optimum operator for the case of 
normally distributed disturbances and using an arbitrary criterion of the 
Bayes-type has recently been developed. This method also is based on 
solving equations of form (1.1) [4]. 


Equation (1.1) has been solved for various special cases in a number 
of papers [6-12]. In [2] a general solution of equation (1.1) is given 
in the form of an infinite series, and is obtained by the method of 
canonic expansions of random functions (see also [1] ). This solution 
makes it possible in all cases (for any scalar or vector functions X(t) 
and f(s, u) and for arbitrary scalar or vector variables t, s, u), to 
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find an approximate solution of equation (1.1) suitable for numerical 
computations. In particular, this solution makes it possible to determine 
optimum one-dimensional (one input and one output) and multidimensional 
(several inputs and outputs) automatic linear systems designed to re- 


produce signals in the presence of disturbances. In [3] a general solution 


of equation (1.1) is given in closed form, derived by the method of 
integral canonic representations of random functions. The practical 
application of this solution is limited to those cases when it is possible 
to find integral canonic representations of random function X. From this 
general solution (3), in particular, there was obtained the formla for 
the weighting function (kernel) of the linear integral operator A satis- 
fying equation (1.1) when both t and s are continuously varying scalars 
(in special case time moments) and the observation region T is an infinite 
interval ~ o< t< s. In this case equation (1.1) is a linear integral 
equation of the first kind 

Kx(t, u)g(s, t)dt =f (s,u) 


—oco 


(—co<u<s) (1.2) 


where g(s, t) is the weighting function of the desired linear integral 
operator A, The solution of equation (1.2) obtained in [3] is of the 
form 


thdr 
g(s, )= 


G0) \ (A, u)du (1.3) 

—o 
where w~ (t, r) is the weighting function of the linear system which 
transforms random function X(t) into white noise V(t), and G(t) is the 
dispersion density of white noise V(t). A linear system with weighting 
function w~ (t, r) is the inverse of a linear system with weighting 
function w(t, r) forming a given function X(t) from white noise V(t). 


In [3] it has been shown that from the general formla (1.3) there 
follow as special cases previously-known formulas by Wiener (4) and 
Booton (9). In this article we will show that from formula (1.3) there 
follow all the known closed-form solutions of equation (1.1) obtained in 
solving problems of determining optimum one-dimensional linear systems 
for the finite observation interval s — T< t < s. This concludes the 
development of the general theory of solving equations of the form (1.1), 
based on a unique mathematical method - the method of canonic represent- 
ations of random functions. Thus the results of this article, together 
with the results of papers [1-4], will permit us to state that the method 
of canonic representations of random functions is the foundation of the 
modern statistical theory of omptimum systems. 


2. Case when random function X is related to white noise 
through a linear differential equation and the observation 
interval is infinite. Let us consider a special case when random 
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function X(t) is related to white noise V(t) through a linear differ- 
ential equation 


d 
k=0 k=0 


whose coefficients, in general, may be arbitrary functions of time t, 
possessing all the derivatives necessary for further calculations and 
moreover, n> m (the case when n< m has no practical value, since the 
dispersion of random function X is infinite). Moreover, let us first con- 
sider a case when the observation interval is infinite, - @< t< s. 
Evidently, we can, without loss of generality, take dispersion density 
G(t) of white noise V as identically equal to unity, since the general 
case can always be put into this form through the substitution V(t) = 

v G(t) V,(t). Then (1.3) will assume the form 


g(s,t)= \ (rh, t)dr u)w (A, u) du (2.2) 


e 


In the case considered, weighting function w~ is defined by the 
differential equation 


H, w(t, = F,8(t —*) (2.3) 


Let us introduce a weighting function p(t, r), corresponding to 
operator H. It satisfies the following differential equation 


H, p(t, t) = 8(t —*) (2.4) 
Then we will obtain* 
w t) = Fy p (a, t) (2.5) 


and (2.2) will assume the form 


s 
gis, t)=F; \ 2) = \ (8) 


This formla may be represented in the form 
8 
no, n= \ panera (2.7) 


Thus formula (2.2) is equivalent to the three formlas (2.6), (2.7). 
From these formlas in the given order functions €, 7 and g can be 
computed. 


Since n > m, the weighting function w defined by the differential 


* The asterisk denotes the corresponding conjugate differential 
operators. throughout. 
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equation (2.3) must contain 5-functions and all its derivatives up to and 
including the order n — m. Consequently, the function &, defined by (2.6), 
will contain a linear combination of function f and all its derivatives 
up to the order n-— m, inclusive. The remainder of the right-hand side of 
formula (2.6) becomes zero when A = — «. Thus formula (2.6) defines 
function € as a solution of the differential equation 


H,€(s, t) = F, f(s, t) (2.8) 


and this solution is a sum of a linear combination of function f and its 
first n — m derivatives, and some function which becomes zero for t = — «. 


The formula (2.7) defines the function 7 as the solution of the differ- 
ential equation 


H, t) =€(s, t) 2.9) 


and this solution becomes zero for t = s together with its first m- 1 
derivatives, i.e. it satisfies the end conditions 


n(s, s) = 4, (s,s) =... (s, s) =0 (2.10) 


Consequently, to determine the weighting function g satisfying equa- 
tion (1.2), one must find the solution of equation (2.8) (which is a sum 
of a linear combination of function f and its first n — m derivatives and 
a function which becomes zero for t = — ~ ) and solve equation (2.9) 
subject to the end-conditions (2.10). Weighting function g can then be 
determined from (2.7) by means of differentiation, multiplication, and 
addition. 


The derivative of the m-th order of the function 7, in general, will 
have a discontinuity of the first kind at t = s. Therefore, since n> am, 
the function g defined by (2.7) in general will contain a linear combina- 
tion of 5-function and its derivatives of the order n — m— 1 inclusive. 
This linear combination of 5-functions can be separated from the rest of 
function g as follows 


n—m—l1 
g(s,t)=e:(s,t)+ (2.11) 
r=0 
where g, is a function which has no 5-functions. Coefficients B in 
(2.11) are expressed through discontinuities of the derivatives of func- 
tion 7 of the order higher than m— 1 and values of the F-operator 
coefficients and their derivatives at t = s. Thus they can be expressed 


through the following formula [ 12 ] 


1A 
Be= chats, (8) Aig” (=0,4,..., (2.12) 


h=m l=m 
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where discontinuities of the derivatives of function 7 are defined by 


.,n—1) (2.13) 


A, 7) = — 7{(s, $s) (l=m 


In a special case when operator H is unity, H = 1, formulas (2.7), 
(2.8), (2.9), and (2.11) give the solution of equation (1.2) explicitly 
n—1 
g(s, t)= FI Fi f(s, t) + (t —s) (2.14) 


r=0 


3. Case when random function X(t) is related to white noise 
through a linear differential equation and the observation 
interval is finite. When the observation interval is finite, s - T< 

t < s, and there is a linear integral operator A, equation (1.1) is a 
linear integral equation of the first kind 


K,(t,u)g(s,t)dt=f(s,u) (s—T<u<s) (3.1) 
s—T 
Formula (1.3) and the whole method described in the preceding section 
are not directly applicable to equation (3.1). However, equation (3.1) 
can be transformed into (1.2) by extending function f into the region 
u < s—T in such a fashion that function g (defined by (1.2) ) becomes 
zero for all t < s — T. Equations (1.2) and (3.1) will then be equivalent 
in the interval s —- T< u<¢ s and their solutions will be identical. On 
the basis of (2.7) the condition 


g(s, 


is identical to the condition 


=O fort<s—T (3.2) 


Fin(s,t}=0 fort<s—T (3.3) 


Consequently, the problem in this case is to solve (3.3), compute 
function € for t < s — T using (2.9), and to determine function f for 
t < s— Tby solving equation (2.8). Function g will then be determined 
by the method of the preceding section. 


Let Ny» «++» 1, be some linearly independent solutions of equation 
(3.3). Its general solution will then be expressed as follows 


7 (Ss, t)h= Ds (t) (t<s—T) (3.4) 


T=] 


Substituting this into (2.9) we obtain 


n 


E(s, t) >» (t) (t<s—T) (3.5) 
r=) 


= Ai y(t) (r=1,..., ns t<s—T) (3.6) 
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Substituting (3.5) into (2.46) withA =r; multiplying it by weighting 
function w(t, r), which serves to transform white noise into random func- 
tion X(t); integrating the result with respect tor and between the limits 
~ « and t; and taking into consideration the known relation between 
weighting functions of mutually inverse systems we obtain 


n t 


= 2 Crfr(t), \ w(t, de (3.7) 


— @ 


Fquation (3.7) defines function f for t < s — T, with an accuracy with- 
in n arbitrary constants c,. To determine conditions from which these 
constants can be found, let us note that function g (defined by (2.7) ) 
cannot have derivatives of the 5-function of an order higher than 
n-m-— 1, Otherwise the transformation result of the random function 
under observation (transformed by means of the integral operator A which 
has weighting function g) will have a component in the form of white 
noise and its dispersion will be infinite. To satisfy this condition it 
is necessary and sufficient for function 7 to be continuous at t = s — T, 
together with its first m — | derivatives. For this, in turn, as is seen 
from equation (2.9), it is necessary and sufficient for function & to be 
continuous and have a discontinuity of the first kind at t = s — T. But 
function € is defined by (2.6) and, as was shown in the preceding section, 
it contains a linear combination of function f and its first n — m deri- 
vatives. Therefore, function £ will satisfy this condition only if func- 
tion f and its derivatives of the order n — m— | inclusive are 
continuous at t = s — T. This condition will give n — m equations relat- 
ing values of c,. The other m equations will be obtained from the condi- 
tion of coincidence of function 7 (defined by (2.7) ) and the solution 
(3.4) of equation (3.3) for t < s — T. We will obtain these equations 
later, leaving values of c, undetermined at this point. Dividing the 
interval of integration of equation (2.4) into two parts, - ~<u<s-T 
and s—- T<¢ u<¢ s, and utilizing expression (3.7) of function f for 
t < s — T we obtain 


n t 


E(s,t) = (t) + \ w (t,u)/(s, u)du <t<s) (3.8) 
where 


= w(t, u)/,(u) du (3.9) 


— @ 


To determine function » for s — T< t < s from (2.7), it is first 
necessary to find weighting function p. For this, let us treat it as a 
solution of the equation 


H; p(h, (3.10) 
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which is conjugate to (2.4), Nenoting through y,, ..-, y, the solutions 
(linearly independent) of the equation 


Hiy=0 (3.11) 
which satisfy the initial conditions 


function p can be represented by 


P, (A) y, (t) for a>t 
pls, t)= 
0 


Here | denotes the Wronskian of the functions (A), 
Tk 


Substituting the expression of weighting function p (3.13) and the 
expression of function & (3.8) into (2.7) we obtain 


m n 


n(s,t)= m (t)| 23 (t) + ui (t)| (s—T<t<s) (3.14) 


6 
zi, (t) = \ P, ( )d) (3.15) 


(t) =\p, \ w u) f(s, u)du : (3.16) 


t s—1 


Dividing the integration interval into two parts and expressing func- 
tion € for t < s — T through (3.5), for t < s — T we have 


m 


n(s,t)= Dy, [ 2 Cr 21 (8 — T) + — r)| + (3-47) 


I=) r=1 r=1 
where 
s—1 
(t) = \ p (h, t) & (A) dh (r= 1,..., 
i 


It is obvious that 4 (t) is the solution of equation 


Hi (t) = = Wi ny (0) 


8 
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and it becomes zero, together with its first m— 1 derivatives, for ¢t = 
s — T. Consequently, 


m 


br (t) = (t) — (s —T) y, (0) (p=f,...,n) (3.20) 


Substituting this expression into (3.17) we obtain 


n(s, t) = y, (t){ —7) — 4 
l=] r=1 


+ (s—T)} + crm (3.21) 


T=] 


Comparing this with (3.4) we see that function 7 as defined for 
t < s — T by (3.21) coincides with function 7 as previously defined as a 
solution of equation (3.3) only when the following conditions are satisfied 
>) (8s — 1) — — T)) = — u,(s —T) 1, 
From the continuity condition of function f and its first n- m— 1 
derivatives at t = s— 7, the remaining equations for determining c, can 
be written as 


crf (s—T) =A (s,s—T) 
r=! 
Once the values of c, have been established through solving a system 
of linear algebraic equations (3.22) and (3.23), formulas (3.14) and 
(2.7) will completely define the solution of equation (3.1). 


In the general case the above method gives function 7 whose m-th 
derivative possesses discontinuities of the first kind at t = s — T and 
t = s. Therefore, weighting function g (defined by (2.7) ) will in 
general contain a linear combination of the 5-function and its derivatives 
of the n —- m— 1 order, inclusive, corresponding to points t = s — T and 
t = s. Separating this linear combination of 5-functions from the rest 
of the g-function, we obtain 

n—m—} 
g(s, t) = g,(s, t) + >; [A, 8) (t—s+7)+ B,8(t—s)] (3.24) 
r=0 

where g, is a function having no 5-functions, the coefficients B are 
determined from (2.12) and (2.13), and the coefficients A, are determined 
from the similar formulas 
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nm—r—l A 

h=m l=m 


Ay = (s, s —T + 0) — s—T —0) (tam 3.26) 


This method of solving integral equation (3.1) differs somewhat from 

. the Laning method, although it naturally leads to the same results. The 
derivation of the solution of equation (3.1) on the basis of the general 
formula (2.2) obtained by the method of integral canonic representations 
=e of random functions is considerably simpler than Laning’s formal deriva- 

. tion. This method differs from Laning’s, for example, in that it requires 
solution of n linear algebraic equations with n unknown constants, while 
the Laning method necessitates solution of a system of n+ m linear 


¥ algebraic equations with n+ m unknown constants. These differences are 
4 not fundamental, of course. They stem from the fact that in the Laning 

e method the unknown functions € and » for t> s — T are determined by 

: solving equations (2.8) and (2.9), while this method is based on the 

2 application of formulas (2.6) and (2.7), leading directly to the desired 
E particular solutions of equations (2.8%) and (2.9). This reduces the 

5 ; number of undetermined values and of equations required to determine them. 
t In a special case when operator H is unity, H = 1, this method gives 
a the known solution of equation (3.1) obtained by Dolph and Woodbury [ 11 | 

g(s,t) = F: F, J(s, t)+ [A, 8 (t —s+T7) + B,8(t —s)} (3.27) 
r=0 


In a special case, when coefficients a, and b, determining the linear 
differential operators F and H in (2.1) are constant, the random function 
id X defined by differential equation (2.1) is a stationary random function 
with fractional rational spectral density. Also, all differential equa- 
tions (2.8), (2.9), (3.3), and (3.11) will be linear differential equations 
with constant coefficients, and consequently can be solved by known 
standard methods. If, moreover, function f(s, t) is a polynomial in t, 
5 then this method gives the known solution of the problem by Zadeh and 
3 : Ragazzini (7,8) and by V.M. Semenov. 


This method, as well as formulas (1.3) and (2.2), is easily general- 
ized to include the case when random process X(t) defined by equation 
(2.1) is not infinite but starts at some finite instant t, < s - T. To 
obtain the solution of equation (3.1) for this case, — « should be re- 

3 placed by t, in all the formlas in this article. Incidentally, this gives 
an interesting generalization of the problem, by Zadeh and Ragazzini, for 
nonstationary random functions related to white noise through linear 
differential equations with constant coefficients. 
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This method may be generalized to include the case of a vector random 
function X, whose components are expressed through noncorrelated white 
noises by a system of linear differential equations. To obtain this 
generalization, it is sufficient to utilize the general formla for 
weighting functions, satisfying the system of integral equations of the 
first kind into which equation (1.1) transforms in this case (such a 
forma was obtained in [3] by the method of integral canonic represent- 
ations of random functions) and to apply to this formula the considera- 
tions by which this method was derived from (2.2). 


Example 1. Find solution of equation (3.1) when T= s and operators F 
and H in equation (2.1) are expressed as 


F =a, (t) D + a(t), i (3.28) 


In this case the solution of equation (3.1) is determined from (3.27) 
for n= 1 and T= s. To find coefficients A, and B. of the 5-functions it 
is necessary to determine the function and its discontinuities at the 
points ¢ = 0 and t= sg. For this we shall need the weighting function 
w(t, 7), corresponding to (2.1). It is easy to see that in this case it 
is determined by 


t ao 
w(t, t) ' = qx (t) exp( (¢> t) (3.29) 


Equation (3.3) for this case has the form 
d 
dt [41 (t) + a0 = 0 (3 30) 


This equation is of the first order, and consequently in (3.4), (3.5), 
and (3.7) n= 1. Solving (3.30) and applying (3.6) we find 


3.31 


Er (t) = m 

Substituting (3.29) and (3.31) into (3.7), we obtain 

t t 
(t r dt 
fi (t)= \ ) dt = (t) Miah alta q2(¢) (3.32) 
Consequently, formulas (3.4) and (3.7) defining functions nm and f for 
t< s— T= 0 will in this case have the form 


To determine the unknown constant ce, we have one equation (3.23) which 
constitutes the continuity condition of the function f at t= 0. From 
this equation we find 
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f (s, 0) 
a= (3.34) 


For t > 0 the function n is defined by equations (2.8) and (2.9) which 


give 


n(s, t) =E(s, t) =F, f(s, t) = ar (t)f; (8, t) + ao (t) f(s, (t>0) (3.35) 


Using (3.26), (3.33), (3.34), and (3.35) and taking into consideration 
(3.29) and (3.32) we obtain the following expression for discontinuity of 
function 7 at t= 0 


Aon = ay (0) f, (s, 0) + a9 (0) f(s, 0) = 
1 ! 2 


» (9) 


= a, (0) f, (s, O)— (0) f (s, (3.36) 


Similarly, using (2.13), (3.35), amd (3.29) we find the discontinuity 


of function n at t= s 


q, (s) 


i 


Once the discontinuities of function 7 are found, the coefficients of 
5-functions are determined from (3.25) and (2.14) 
9, (0) 
Ag = — a, (0) Agn = — a; (0) | f, (s, 0) —-——f (s, 9) 
(0) 
(3.38) 
2 9, (*) 
Bo = — ay (s) Ay = a; (8) | (8, 8s) — (s, 8) 
q: 


Substituting expressions for Ay and B, into (3.27) and taking (3.29) 
into consideration, we find the desired solution of equation (3.1) 


(3.3 ) 


a(s, t) = — af (t) (s, t) — 2ay (t) f, (8, t) +[a5(t) — a, (t) ay (t) — ao (t) a, (#)] f(s, — 


f (s, (t) | — f(s, s)| &8(t—s) 
q1 (8) 


(0) 
gz 

This formula was first obtained by a different method by Dolph and 
Woodbury [11 ]. 


(s, 0) — 


Example 2. Find solution of equation (3.1) when T= s and operators 
F and A of (2.1) and function f are as follows 


F=D*+2aD+6*, H=ke"'(D +5), f(s, t) = Ay + Det (3.40) 


where a, 6, k, #, are constants and 6> a> 0. 


This problem is encountered in optimizing a linear system designed to 
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reproduce linear time functions with random coefficients and using 
minimum mean-square error as a criterion {1 }. 


In this case equation (3.3) has the form 


— 2an’ + = 0 (3.41) 


Two of its linearly independent solutions are 


(t) = g(a tia,) te (t) = e(a—ia,) t = a?) (3.42) 


Substituting (3.42) into (3.6), we find 


Es (t) = k (b — a, — ef (2) — — + (3.43) 


where for the sake of brevity, 


To determine f, and f, from (3.7), we first find weighting function », 
which in this case is determined by 


w,"(t, T) + 2aw,"(t, T) + +) = [8°(t — — (3.44) 


Solving this equation, we obtain (for t >1r) 


[(b— a, + ie) e —(a—iw,){+(a,—io,)t 


w(t, 7) 


(b — ay — 


(3.45) 


Substituting (3.43) and (3.45) into (3.7), we find functions fy and f, 


— er (2a + 
f(t) = = — ion + (3.46) 


where 


To determine functions é, and g, for t > 0, we must first find weight- 
ing function » . Its equation (2.3) for this case has the form 


ke! + bw~(t, 2) — +) + 203°(t — +) + (3.47) 


Solving it, we obtain 


ut 


w-(t, t)= — 2) + (2a —b + — + 


—ut 


[2b — a) — 20 — (3.48) 


Substituting (3.46) and (3.48) into (3.9), we find expressions for 
functions €, and é, for t> 0 
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(3.49) 


_2b(b — a) — p(2b — 2a — p) + 


2a;(a; + 6 + ito) [ioe + 2 (a1 + tt) 


For further computations we must find solutions of equations (3.11) 
satisfying conditions (3.12). Equation (3.11) for this case has the form 


y’ —(6—p)y =0 (3.50) 


The solution of this equation satisfying the initial condition (3.12) 
has the form 


(t) 


Weighting function p, defined by (2.4) will for this case be 


Comparing this with (3.13), we find 


k (3.53) 


Substituting (3.49) and (3.53) into (3.15), we find functions z 


and z 


12 


v 
Zy2(t) - ob (3.54) 


Substituting (3.48), (3.53) and (3.40) into (3.16) we find function wy 


where 


b? 2b(b — a) — p(2b — 2a — p) 


Be Ba= 2k*b(b — 


2 kb? — 


(3.56) 


The formula (3.14), which determined function » for ¢t > 0 for this 
case, has the form 


7 (s, t) = + + (3.57) 


Equations (3.22) and (3.23), defining cy and C5 have the form 


€y[21(0) — 1] 4 — 1] = — €1f1(0) + e2f(0) = Ay (3.58) 


Once these equations are solved and the values of ey and ¢, are sub- 
stituted into (3.57), function » will be completely defined. All that 
remains, to determine the desired weighting function g(s, t), is to find 
the coefficients of 5-functions in (3.24). Using (2.12), (2.13), (3.25), 
(3.26) and (3.42), we find . 


14 

¢ 
(3.51) 
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Solving the basic integral equation of optimum systens 


Ag Aon’ = n,‘(s, 0) — ex(a 4 — — ity), = — n,"(8,5) (3.59) 


On the basis of (2.7), (3.24) and (3.59), the weighting function of 
the optimum linear system will be expressed through the formula 


g(s, t) = — 2an,* (s, t) (s, t) + [n,"(s, 0) — +- — — 3(t) 
n, ‘(s, s)B(t s) (3.60) 


BIBLIOGRAPHY 


Pugachev, V.S., Teoriia sluchainykh funktsii i ce primenenie k zada- 
cham avtomaticheskogo regulirovaniia (Theory of random functions 
and its application to automatic control problems). Gostekhizdat, 
1957. 


Pugachev, V.S., Primenenie kanonicheskikh razlozhenii sluchainykh 
funktsii k opredeleniiu optimal’ noi lineinoi sistemy. (Application 
of canonic expansions of random functions in determining an optimum 
linear system). Avtomatika i Telemekhanika, Vol. 17, No. 6, pp. 
489-499, 1956. 


Pugachev, V.S., Integral’ nye kanonicheskie predstavleniia sluchainykh 
funktsii i ikh primenenie k opredeleniiu optimal’ nykh lineinykh sistem 
(Integral canonic representations of random functions and their 
application in determining optimum linear systems). Avtomatika i 
Telemekhanika, Vol. XVIII, No. 11, pp. 971-984, 1957. 


Pugachev, V.S., Opredelenie optimal’ noi sistemy po proizvol’ nomu 
kriteriiu (Determining an optimum system by using an arbitrary 
criterion). Avtomatika i Telemekhanika, Vol. 19, No. 6, pp. 519- 
539, 1958. 


Andreev, N.I., Opredelenie optimal’noi lineinoi dinamicheskoi sistemy 
po kriteriiu ekstremuma funktsionala chastnogo vida. (Determining 
an optimum linear dynamic system by using the criterion of extremum 
of partial functional). Avtomatika i Telemekhanika, Vol. 18, 

No. 7, pp. 615-619, 1957. 


Wiener, N., Extrapolation, interpolation and smoothing of stationary 
time series. John Wiley, New York, 1949. 


Zadeh, L.A., Ragazzini, J.R., An extension of Wiener’s theory of 
prediction. J. Appl. Phys. Vol. 21, No. 7, pp. 645-655, 1950. 


a 
15 
a 
1. 
5c. Oo 
2. 
3 
4. 
: 
“ag 


V.S. Pugachev 


Zadeh, L.A.,and Ragazzini, J.R., Optimum filters for the detection of 
Signals in noise. Proc. IRE Vol. 40, No. 8, pp. 1223-1231, 1952. 


Booton, R.C., An optimization theory for time-varying linear systems 
with nonstationary statistical inputs. Proc. IRE Vol. 40, No. 8, 
pp. 977-981, 1952. 


Davis, R.C., On the theory of prediction of nonstationary stochastic 
processes. J. Appl. Phys. Vol. 23, No. 9, pp. 1047-1053, 1952. 


Dolph, C.L. and Woodbury, M.A., On the relation between Green's 
functions and covariances of certain stochastic processes and its 
application to unbiased linear prediction. Trans. Amer. Math. Soc. 
Vol. 72, No. 3, pp. 519-550, 1952, 


Laning, J.H. and Battin, R.H., Random processes in automatic control. 
McGraw-Hill, New York - Toronto - London, 1956. 


Translated by P.N.B. 


ig 
16 
8. 
‘ 
12. 
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S PERIODICHESKINI KOEFFITSIENTAMI) 


PUM Vol.23, No.1, 1959, pp.15-34 


A. IAKUBOVICH 
(Leningrad) 


(Received 10 Jume 1958) 


We consider the system of differential equations 


dr 
= + eB (6t, z 


where C is a constant matrix, 


eB (t, ¢) = eB, (t) + e*B, (t) + .. 


B; EL (0,2n), B; (t + = B; (t) 
almost everywhere, 


\ B; (+) 
0 


and series + «*B, + ... converges for |¢d| < 


Systems of a similar form, as well as systems with almost periodic 
coefficients, have been treated in papers by Chetaev [1], Shtokalo [2], 
Erugin [3], Malkin [4], Shimanov [5], Cesari [6], Hale [7], Gambill 
[8], and others. These authors obtained various results. 


In this paper we investigate canonical systems of form (0.1); this 
case has several specific singularities. In this connection, we will be 
particularly interested in the so-called case of "resonance" which occurs 
when the eigenvalues of matrix C are congruent (mod i@). A whole class 
of problems of the theory of the dynamic stability of elastic systems 
[9] is reducible to systems of this type. 


As an example, in Section 4 we consider the problem of constructing 
the region of dynamic instability of "combined" resonance for one equa- 
tion occurring in the applications. 


A major part of the paper, however, is valid for general systems (0.1), 
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not necessarily canonical systems; the approximate integration of system 
(0.1) is given by formulas (3.17); these formulas have apparently not 
been noticed previously. They are also valid in the general case. 


In the case of the asymptotic stability of general systems the method 
of Liapunov functions gives an estimate of the value of the small para- 
meter for which there is stability (for example, see [4b], pp. 348-355). 
In the case of canonical systems, asymptotic stability is impossible and 
the method of Liapunov functions is inapplicable. The problem of estimat- 
ing the values of the small parameter which give stability (or instabil- 
ity) for canonical systems seems to be considerably more difficult. It 
was solved by altogether different methods in papers [ 10-14b ] (see also 
the survey [ 13a ] ). We shall not concern ourselves with this problem 
here. 


To treat canonical systems it is necessary to overcome the following 23 
difficulty. The characteristic exponents of (0.1) in the case of stabil- 2 
ity must be pure imaginary. Expanding them in powers of e /P. we calculate 


the coefficients of this expansion. In the final stage of the computation 
we obtain pure imaginary values as approximate values of the character- 
istic exponents. It can be proved that the terms which follow and are not 
calculated could displace these values either to the right or to the left 
half-plane, and that consequently it is impossible to make any inferences 
concerning the stability of the system at the end of the calculations, 


Theorem 3.1 indicates the cases in which this difficulty can be over- 
come. 


There is in general no theoretical difficulty in obtaining the approxi- 
mations indicated above. However, as often happens in the applications, 
there is a great difference between the theoretical and practical possi- 
bilities of carrying out the calculations. 


Formula (3.17) makes it possible to "integrate" (this term is ex- 
plained below) system (0.1) without great difficulty up to and including 
quantities of the order of «? (see the example in Section 4). This , 
approximation is often completely satisfactory in practice. ; 7 


Subsequently we will use the following notation and terminology. The 
form 


{ I 
defines a nondegenerate indefinite scalar product of zero signature in 
the (n - 2k )-dimensional complex space. (I, is the identity matrix of 
order k.) 
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Let W be a matrix (in general, complex). Then 


CW z, y> = (2, where W* = J-' WI 


The matrix ¥ is said to be J-hermitean if ¥* = W; J-skewhermitean, if 


W: and J-unitary, if wtw- I 


Every J-hermitean matrix W is of the form W= JH, where H* = — H; 
every J-skewhermitean matrix is of the form W= JH, where H = H*; the 
condition that W be J-unitary may be rewritten in the form W*JW= J; the 
J-unitary matrices form a group. 


In the case of canonical systems the matrix of the coefficients C + 
«B(@t, «) is a real J-skewhermitean matrix (the parameters « and U are 
real). Complex J-skewhermitean matrices might also be considered. 


The matrix of the fundamental system of solutions X(t), X(0O) = I is 
J-unitary [15 ]* in the case of canonical systems (the parameters @ and « 


are fixed). 


According to the Liapunov-Poincaré theorem, the characteristic equation 


(2) |= 
aet [x =0 (0.2) 
of system (0.1) is recurrent. Its roots p (8, €) are functions of @ and 


1. Auxiliary information regarding functions of matrices. 
Let G be the union of a finite number of connected and simply connected 
regions in the complex plane and suppose that f(z) is single-valued and 
analytic in the interior of G. 


Suppose that A is a matrix whose spectrum is in G. The matrix f(A) can 
be defined as 


=>) (C1, —A)* de (4.4) 


where the I, are non-intersecting circumferences (or other closed curves) 
contained entirely in G and with the property that each point of the 


* We give a simple proof of this. If JH(t) is the matrix of the coeffi- 
cients of the canonical system, we have 


Hence dX / dt™= JH (t)X 


a JX)=0, (X JX), =(X JX), =J, X*X=!1 
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spectrum of A is contained in the interior of precisely one circumference 


This definition implies that f(S*AS) = S*f(A)S and if A is decom- 
posed into blocks A= A, + A,, then f(A) = f(A.) + f(A,). Hence the cal- 
culation of f(A) is reduced to the case when A is a Jordan block. In that 
case, the expression obtained from (1.1) coincides with the usual express- 


ion (([15], p. 132). 


Therefore, the definition of f(A) by the Cauchy formla (1.1) is 
identical with the other possible definitions, those of Smirnov ( [16], 
pp. 315-338) and Gantmakher ([15], pp. 93-94). 


Lemma 1.1. Let f(z) be single-valued and analytic in the region G 
(which is, in general, not connected), with dG) = G,, and suppose that 
v(w) is single-valued and analytic in the region G,. Let f(z) = wld(z)]; 
f(z) is single-valued and analytic in G. Suppose that the spectrum of 
matrix A is contained in G [and therefore the spectrum of B = (A) is 
contained in G,]. Then f(A) = w(B), that is, the two consecutive calcula- 
tions B= ¢(A) and y(B) = w[d(A)] yield the same result as the single 
calculation f(A) = d(A)]. 


Proof. Matrix A and function d(z) are known [15, 16] to give rise to 
a polynomial ®(z) = 2a z™ such that d(A) = 2a A". It suffices to de- 
fine ®(z) by the condition 


where the A. are the eigenvalues, and n the order, of A; it would be 
enough to use instead of n the maximum dimension of the canonical block 
corresponding to eigenvalue dj. The analogous polynomial ¥(w) is 


where BR; = PA 5) are the eigenvalues of matrix B. 


We will show that the polynomial F(z) = ¥[® (z)] can be used to 
calculate f(A), i.e. F(A) = f(A). We have 
F (3) = ¥ 05)) = = = 704) 
F’ (hj) = (5) (5) = (45) = 


Hence F(z) and f(z) coincide ( [15], p. 84) on the spectrum of A, 
i.e. F(A) = f(A). 


let C, be the result of calculating w[¢d(A) ] in two steps, CG the 
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result of the single-step calculation. Then 
B=9¢(A)=@(A), C,=¢$(B) = $(B) = ¥ [®(A)] = FA) 
Qn the other hand, C, = f(A) = F(A), i.e. C, = G, as was to be proved. 
Lemma 1.2. Suppose that the matrix 


Y¥(e)= Yo+eY,+.. 


is analytic ine at ¢ = 0, that Y, = exp A), and that matrix A, has no 
distinct eigenvalues congruent (mod 2 ri ): 


Then the function in Y can be defined in a neighborhood of Yo so that 
(1) In Ye) is analytic ine ate = 0; 


(2) In Y(O) = In eA T,. 


Proof. Let p, = e*h be the eigenvalues of matrix Y,. Define In Y by 


In¥ = | C1—Y)* (nm, (1.3) 


Here the lr, are circumferences with centers p, and radii small enough 
for the corresponding circles not to intersect and not to contain the 
point ¢ = 0, and 


(In = + é(arge + 


is a single-valued branch of In ¢. The numbers m, are chosen to satisfy 
the condition 


(IN = % (1.4) 


This choice is possible only if there is a one-to-one correspondence 
between the p, and the a,. This is so here because of (1.2). 


The definition of In Y given above is the same as that which would 
result from (1.1) for the function 


$(w)=(Inw)m,, if w € (Tr) 
where (I',) is the circle whose circumference is I, 
Let f(z) = #(e*) in a neighborhood of the spectrum of matrix A, 


It follows f (1.4) that f(z) = z. By Lemma 1.1, the two-step cal- 
culation Y, = e°, In Y, = w(Y,) yields the same result as the one-step 
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calculation In = ( eAo )= A 0° 


The fact that In Yfe) is analytic ine is a direct consequence of 
(1.3). This proves Lemma 1.2. 


The following remark may have some interest. There is a matrix Ay 
[ for which (1.2) is not satisfied ] such that 


A 


(1) if Y is any matrix sufficiently near Y, = e°0, there exists a 


matrix A= In Y such that e* = Y; 


(2) it is impossible to define In Y in a neighborhood of Y, so that 
In Y, = In eA, = T,. and so that In Y is continuous at Y,. 


It is very easy to construct examples to show this*. For instance, let 
2 2x ( then 


1 0 


10, 1. 


Y, =: = 


It is know [15, 16] that the logarithm of an arbitrary matrix suffi- 


ciently near I, can be defined. Let 


uO 


All the values of In QO(p ) 


are given by [ 16.] 


—(In + 29 xi/ 


Matrix, 0(y) is arbitrarily near Y, = I, is » is sufficiently near 1, 
but matrix In Q() cannot be arbitrarily close to matrix A,= In Y,. 


We now suppose that matrix A,is J-skewhermitean. Then, in addition to 
eigenvalues a,, matrix A, will have eigenvalues ( - a,); and in addition 
to eigenvalues p, = e7h, matrix Y, will have eigenvalues pe, = eh, 


+ will correspond one-to-one to numbers 


By (1.4), eigenvalues p, and p,~ 
h 


In general, the matrices Yo with multiple eigenvalues for multiple- 
valued functions play the role of essential) singularities: if Y + Yo: 
the set of limiting values of f(Y) has the power of the continuum 
({16], pp. 332-337). In general, this set consists of a series of 
"surfaces" and a single isolated point. We eliminate the singularity 
by assigning to Y, when it is sufficiently near Yo. @ value f(Y) from 
a neighborhood of this point. This value of f(Y) is said to be regular. 
These assertions are needed, of course, in more rigorous formulations 
({16], pp. 332-337). 
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Lemma 1.3. Let us suppose that Y and Y, are J-unitary matrices and 

that eigenvalues p,, and Pp, of Y, correspond one-to-one with numbers m 
of (1.3). Then matrix In Y defined by (1.3) is J-skewhermitean: (In Y)*= 
- In Y. 


Proof. We have 


, 1 r+ > 
(In Y)* ni \ (cl— Y ) S)m,, 
h Tay 


Here I’, denotes the contour conjugate to contour I, (the reflection of 


contour I’, about the real axis). In the last integral we perform an in- 
version ¢ = €~+, Then 


argé = arg ¢, (111 In|O|—i(argo + 2m) = —(In€)m 


If I’, is the circumference obtained from I, by the inversion, we get 


hry 


n &) 


m 
h » 
dg 


(If ¢ makes the circuit of [, in the positive direction, & makes the 
circuit of I”, in the negative direction). Since 


it follows that 


h 

The spectrum of Y, is symmetric with respect to the unit circumference; 
hence there is precisely one (perhaps multiple) eigenvalue of Y, in the 
interior of I’,. Moreover, ¢ = 9 is in the exterior of every circumfer- 
ence ; hence 


\ (In &)m, = 0 


Consequently 


(In = —= (E1 — (In &)m, (1.5) 
h 

The right-hand side of (1.5) differs from the right-hand side of (1.3) 
in sign and in the order of the terms. But since the center of the 
circumference I”, is as and eigenvalues p, and pe,” correspond one-to- 
one with the numbers m, by assumption, if we denote by p,, the eigenvalue 
symmetric to p, about the unit circumference: p,- = Ons we see that 
the integrals over the contours I”, and I',- are equal. 
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Hence (In Y)* = - In Y, g.e.d. 
2. Reduction of the resonant to the non-resonant case. 


Setting 9t =r in (0.1), we obtain the equation 


dx 

2 
We shall prove that on our assumptions the matrix of system (1.1) has 


the form 
X + eX, (t) +... (2.2) 


where matrices X.(r) are absolutely continuous and, for sufficiently 
small « (we consider @ to be fixed in this case), series (2.2) converges 


uniformly inr, 0<¢7r<¢r,. 


J 


We give a brief sketch of the usual proof. Substituting the formal 
series (2.2) into (2.1), we obtain the following recurrence relations for 
determining the (r): 


Hence X, = exp (r/@ C) and since (0) = 0, j > 1, 


xX, Xo(: +... + 


Consequently, all the X;(r) are absolutely continuous. Let 


= max || X; (t) || (j =0,1,2,...; 
on ‘ 
0 
It is easy to see that é, € Nj where n, is defined by the recurrence 
relations 
nj = (B, + Bj to), To = (2.3) 


Introducing the functions 


1 1 


we see that (2.3) is equivalent to 


NoP (€) 
= — 
( ) = 4 (e) 


Hence both series + + + and (2.2) converge for 
+r <2m and for all « lel < where €,€ is the least positive 
root of the equation 


é 
| 
; 
f 
54 
‘ae 
| 
) 
* 
| 


The small parameter method for canonical systems 


Using a general property of systems with periodic coefficients ( [17 }, 
pp. 179-180), we see that 


X (t + 2x, == X (t, X (2x, 


Hence series (2.2) converges uniformly on an arbitrary finite interval 
(0, r,) for |e| < €,- Substitution of (2.2) into the equation 


-+ eB X(¢,e)de 


yields an identity. Consequently, the matrix of system (2.1) has form (2.2). 


By A. we denote the eigenvalues of matrix C. In problems of dynamic 
stability the most interesting case occurs when one of the relations 


= i (m an integer, af 0) (2.4) 
is satisfied. 


In this case parametric resonance*® is possible and condition (1.2) of 
Lemma 2.1, which we had intended to apply, is not satisfied. We therefore 
show first how to reduce this case to that when (2.4) does not hold good. 


we” = exp [27A./@] denote the roots of equation (0.2) fore = 0, 
According to (2.4), there will be multiple roots po. o) . Pp °) fore = 0, 
Eigenvalues A. are partitioned into residue classes of eigenvalues (mod 
i@). Eigenvalues A. , ..., of a single residue class correspond one- 


to-one to the roots of the chafacteristic equation for« = 9: 


Let a, = (0/2 )in op!) where the value of the logarithm is arbi- 
traty. In other words, a, is an arbitrary number congruent (mod i @) with 
the numbers of the given class. We have 


» 


= % + (m,—an integer) (2.5) 


We define matrix C, on the null subspace® 


L. corresponding to eigen- 
Js 
value by 


* For this to happen, the eigenvalues A. must, in addition, be pure 


imaginary. Here we do not make this assumption. 


We recall that the null subspace L corresponding to the eigenvalue A 
is the subspace of vectors f for which there exists an integer « such 
that (C-—A I)"f= 0. 
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Co f = im, f, fEL;, (2.6) 


Then matrix C, is a multiple of the identity matrix on each of the 
null subspaces of matrix C; hence 


(2.7) 
Let us put 


! 


On the invariant subspace L, matrix K, has the eigenvalue 
$s 


Hence eigenvalues Ai -.-, A, of matrix C belong to a single eigen- 
value a,/@ of matrix Ki. the mul fiplicity of this eigenvalue is equal to 
the sum of the mltiplicities of eigenvalues A , A. . In (2.1) we 

J1 Js 
make the change of variable 


== etCe y 
and obtain the system 


2 [Ky + eD(t,)] y (D(z,e) 5 B ) (2.9) 


using relation (2.7). 


System (2.9), unlike system (2.1), has the property that the class of 
eigenvalues of matrix K, corresponding to one p'°’ consists of coincident 
eigenvalues. 


It follows from (2.6) that 
eC.(t+2r) — eCet 


on every subspace Ls. and hence on the whole space. 


Therefore D (r, €) is periodic inr, of period 27, and analytic in ¢ 
at « = 0 in the same sense that B (r, €) is, i.e. 
D(t,¢) = eD, (t) + D, (t) 
where 


<3, 
0 


and the series «5, + «8, + ... converges for < 
Theorem 2.1. For a suitable choice of a, in (2.3): 


(a) if system (2.1) is a canonical system (in general, with complex 


(2.8) 
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coefficients) with 
Ct = —C, B (zt, = — B(cz,e) 


then system (2.9) is also a canonical system with 
K,* = — Ky, e)* = — D(z, 
(b) if system (2.1) has real coefficients and 
§A+(2/m) Im); (m=1, 3, 5,... 


then system (2.9) also has real coefficients; 


(ce) if (2.1) is a canonical system with real coefficients and 
§ -+-(2/m) Imi; (m = 1, 3, 5,...) 


then (2.9) is also a canonical system with real coefficients. 


Proof. (a) We will prove that C,* = - C, if C* =~ C. According to 
(2.6), if f and g are vectors of the same null subspace L; , then 
s 


<Cof, g> = im, <f, 2 = Coe (2.13) 


We consider two null subspaces L. and L, with eigenvalues A. and 


A,=-A.#A.. It is easy to veri fy that eigenvalues A. and Ay cannot 
belong to the same residue class. If A. = a, (mod i#), then A, =-@ 


(mod i@). Let us agree to choose for the number a, of (2.5) the numbers 
a, and- a, in the classes{A.} and{A,}. Then eigenvalues A. and A, = 


-~A. will correspond to a single number m, according to (2.5). This 
verifies (2.13) once more. 


We now suppose that A, # - UF and A, # Ai The corresponding subspace 
is J-orthogonal ( [13], Ch. X). Therefore, 


<Cof, g>=9, <f, Co g>=0 for f/EL,, g 
i.e., again 
Cog (2.14) 


Hence (2.14) is satisfied for any two vectors f and g of an arbitrary 
null subspace of matrix C and therefore for two arbitrary vectors. Hence 
Gt 

Then (e°ot)+ = i.e. matrix e 


(2.12) follows from (2.8) and (2.9). 


Cot is J-unitary and 


(b) It is enough to prove that matrix C, is real for a suitable choice 
of a,. We note first that if 


Cf =Cof (2.15) 
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is satisfied for an arbitrary vector f, then matrix is real. (Here f 
denotes the vector with complex conjugate components.) Indeed, in (2.15) 
take f = e js i.e. the column vector all of whose components, except the 
jth, are equal to zero, and whose jth component is 1. Vector C.e. is the 
jth column of the matrix C,. By (2.15), we have Ce; = Ce; ei) i.e. 


J 
the components of Qe; are iy, matrix is real. 


Since matrix C is real, the null subspaces Ly and Ly are complex con- 
jugates for a nonreal eigenvalue A: if fEL,, then fEL) and conversely. 
If by L we denote the subspace consisting of the vectors conjugate to 
those of L, this may be written as Ll) = Ly. 


First, suppose that eigenvalues r; and A; belong to the same class and 
that Im A; # 0. Then 


21m 2, 


m 


Because of our assumptions, the number m is even. Since 


hj = Red; + 


= Rea, (mod 1 @). Hence we may take a Re A. in (2.5). If A, is in 
the given class, thenA. = a, — im.@ by Qo, 5), A; , also belongs to 
this class and its corresponding number 


Suppose that f L, . Then f Ly, and according to definition (2.6) 
of matrix C, we have Js Js 


C, f = im, f = —im,f = Gf (2.16) 


Hence (2.15) is satisfied for vectors belonging to subspaces of the 
type indicated above. 


IfA. is a real eigenvalue, set a, = A,. The corresponding null space 
is real, L, = La. (i.e. L, is invariant under the operation of taking 


the complex’ conjugate). Since the corresponding number m, = 0, then 
C,f = 9, Cf = 9 for vectors f La’ f Lao? i.e. (2.15) is again satisfied. 


The only case left to consider is when A. and A. belong to different 
classes. Then the classes containing A. and A. consist of complex conju- 
gate eigenvalues. If the complex conjugates a, and a, are chosen as the 
representatives of the — eigenvalues A. andA. correspond to the 
numbers m. and m. = — m,. Hence (2.16) is satis Sfied for vectors f Lie 
and f 4 


~, 


We have shown that (2.15) holds for the f vectors of an arbitrary null 
subspace of matrix C. Since the whole space is the direct sum of null 
subspaces, (2.15) is satisfied for an arbitrary vector, i.e. C, is a real 
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matrix. 


(c) We must show that it is possible to choose the numbers a, so that 
a) and b) are satisfied simultaneously. For this it is necessary that: 


(1) a, and - a, be chosen as the representatives of classes tA J and 
| 


(2) the complex conjugates a, and a, be chosen as the representatives 


(3) if = fA}, then = 


It is easy to see that if this is done the set of numbers a, will be 
symmetric with respect to the real and imaginary axes. 


Since C* = - C and C is a real matrix, the spectrum of C is symmetric 
relative to the real and imaginary axes. Consequently, classes /A.}, 
1A}, andt~A.} are identical. It is therefore possible, for classes 
with Re A. > 9, to choose numbers a, satisfying (2) and (3). In classes 


with Re d < 0 we choose the numbers a, so that they are symmetric relative 


to the imaginary axis with the numbers a,, Re a, > ". 
Hence the set of numbers a, satisfies (1), (2), and (3). 


Note. It is easy to see from the proof of (b) that Cy is a real matrix 
if ImA., a= + 1, + 3, + 5, ... . Hence (2.9) will be a system 
with real coefficients if in the corresponding classes the numbers a. are 
chosen as real, and the numbers a, as multiples of %. But then matrix 
Dir, €) will have a period of 4m. If r is replaced by 2n,: f= 2m... the 


resulting system wil] have period 2m” and wil! be of the same form, 


The following theorem is a more precise version for our case of the 
theorem of Liapunov-Floquet on the reduction of a system with periodic 
coefficients. 


Theorem 2.2. Let us assume that a system (2.9) is given, with matrix 
Mr, €) analytic ine at « = 9 in the sense indicated above and with 
periodic coefficients of period 27. We further assume that matrix K, 
does not have distinct eigenvalues congruent (mod i). 


We represent matrix Y(r, ¢) of system (2.9) in the form (2.17) 


Y (t, ¢) == 
P(t, = 1 + P, + (2) 
K (€) = K, + eK, +e?K,+ 


where 
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are analytic ine ate = 0, P.(r ) is an absolutely continuous periodic 
matrix, with period 27, and series (2.1%) is dominated by a series with 
constant coefficients. If (2.9) is a canonical system: 


K,, e)* = — 
then 


P e)* P(x, e) = I, (e)* = — K (e) (2.20) 


The proof is a repetition, using the lemmas of Section 1, of the usual 
proof of the Liapunov reduction theorem[3a, 17]. It is easy to verify 
that matrix Y(e) = Y(27,¢€) satisfies the hypotheses of Lemma 1.2; here 
A.= 27K, . Hence we may define Kle) = (22 In so that 
will be analytic ine at « = 9 and K(0) = K,. Then matrix 


P (t, ©) = Y(t, 2.21) 


will be analytic ine at « = 9, with coefficients P,(r ) which are abso- 
lutely continuous functions of r. It is easily verified that P(r + 27,«): 
P(r, €), i.e. P.lr + 27) = P.(r). Since the series for Y(r, «) and 
for OF + < 2m are dominated by a series with constant coef fi- 


cients, the same is true for series (2.18). 


If (2.9) is a canonical system, Y(r, ¢) is J-unitary. It follows from 
Lemma 1.3, with Y= Y(22,€), Y, = ¥(27,9), that Kle)*= Since 
(2.21) implies that P(r, «)*P(r, «) = I, the theorem follows. 


3. Computation of the coefficients of the expansions (2.18) 
and (2.19). On differentiating (2.17) with respect tor, we see that 
P(r, «) satisfies equation 


[K, + eD(c, e)] P— PK, (3.4) 


Substituting series (2.18), (2.19), and (2.20) into (3.1), we obtain 


KoPa - P,K, 4 1 + — (Pn 1K, 
Regarding matrices P, = I, P,, ..., P 


0 a” 
have equations of the form 


dZ 
dt 


for determining PL 


Here Z= and Fl; + 22) = Flr) almost everywhere. The solu- 
tion Z(r) is a periodic matrix: Z(r + 2m”) = Z(r). Moreover, P)(0) = 0 
for n > 1; hence 
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Z (2) Z(0) } 4) 


Lemma 3.1. Let us suppose that matrix K, in (3.3) (where the unknowns 
are Z(r) and the constant matrix L) does not have distinct eigenvalues 
congruent (mod i), i.e. 


hy — dy & mi, m 1, and F(=)@L(0, 


Then the solution | Z(r), Li, for an arbitrarily given matrix Z, = 
Z(27) = Z(0), exists and is unique, and 


max | Z(t) 


0< 


The constants ¥y» Yo» Ya» Yy depend only on matrix K,. Matrix Z, may 
always be chosen so that 


0 


max | Z(t) 


where y, depends only on K,. 


Proof. Treating the matrices as vectors in n°-dimensional space, we 
write (3.3) in the form 


dZ 
dt =AZ F L, 
where A is the commutator operator: AZ = K,Z- ZK,. 


It is known [15] that the numbers A. - A,, J, h= 1, ..+, m, are the 
n? eigenvalues of operator A. At least n of them (when j = h) are equal 
to zero. Denote by II’ the null subspace of operator A, corresponding to 
the zero eigenvalues, and let II” be the direct sum of the null subspaces 
corresponding to the nonzero eigenvalues. 


Let A’ and A” be the operators induced by A in the invariant subspaces 
If’ and II” respectively. An arbitrary matrix A can be written as 


A = A’ + A®, A’ € Il’, A” 
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Equation (3.7) is split into two equations 


The condition Z(2m7 ) = Z(9) is equivalent to the conditions 


Z’ = (0), Z" = (0) (3.9) 


The solution of the second equation of (3.8) is 


Z" (x) = (0) 4+ [F do] (3.10) 


0 


Hence the second equality of (3.9) is equivalent to 


2r 
(e-27A" — J) Z” (0) \e "oF —I)L" (3.11) 


0 


Recalling the definition of operator A” we see that the numbers a., = 
exp [- 27 (A.-A,)] — 1, for those yalues of j, h for which A; -A, #9, 
are the eigenvalues of operator e~*7’* — I, 


Because of the assumption that A. - A, # 2H, £6 
follows that a., #4 0. Therefore, the matrix L” can be uniquely defined 
for an arbitrary matrix Z*’.(0), and conversely. In particular, we may 
take L”= F... Equations (3.10) and (3.11) yield the estimate 


2n 
max |Z” 2" (0) | +12” | F do 
0<qt<2n 0 


(3.12) 


2" 
L” | < 43" (0) | + (3)"|ds 
0 


where y;~ depends only on matrix K,. If L” = Psp we also get 


2n 


Ol < 7's \ | F (c)” || de 
0 


The first equation of (3.8) is split into as many equations as there 
are blocks in the Jordan canonical form of the matrix of A’. In scalar 
notation every such equation will be a system of the form 


pees 


From these equations, we can find ¢,(r) if ¢, (0), bees 
¢,(0) are given. For these functions to be periodic of period 27 it is 
necessary for the mean values of the right-hand sides to be zero. Hence 
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the solution €,(r), «++, is umiquely determined for 
) 


prescribed ¢, ( 


We may take x, = «++, = (Gy), and choose ¢, (0) so that 
the mean value of the ri t- hand side of the second equation is zero. 
€,(0), ..-, €,_,(0) are similarly defined, while the value of ¢,(0) is 
left can be chosen so that L” = F’ We will assume 
that ¢,(0), ..., ¢,(0) are prescribed. It is then easy to see from (3.13) 
that the aitheee x. can be estimated by a linear form with positive 
coefficients in the quantities 


(0)|,... (0)], \ | (2) o1(2)\de 
0 


0 


i.e. that the estimate 
on 


Wy I< + \ de 


0 


analogous to the second estimate of (3.12), holds good. The equation and 
estimate analogous to (3.19) and the first estimate of (3.12) follow from 
the first equation of (3.8). They are obtained by replacing primes with 


double primes in the above. 


Putting all this together, we get all the assertions of the Lemma, 
except for estimate (3.6). For L = i p’ the preceding argument yields 


4, F (2) de 


This, together with (3.5), implies (3.6). This proves the Lemma. 


A practical solution | Z(r), L} is conveniently defined as follows. Let 


~ 


(The series on the right is, in general, divergent, since Flr) is only 
Lebesgue integrable.) According to the above, there exists an absolutely 
continuous matrix function Z(r) which is a solution of (3.3). Let 


Z (=) = >) etme (3.14) 


m 


(The series converges, since Z(r) is absolutely continuous. ) 


Substituting these series into (3.3), we obtain 
(3.15) 


im Zim) = — Zim K, 4 (m0), — ZOK, + 
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because of the uniqueness of the Fourier expansion of a summable function. 


Matrices Z'"), m4 P, are (uniquely) defined by the first equation of 
(3.15). If matrix Z(%) is prescribed, we use it to find 


= 7M) — (> Zim | 


and after that matrix L by means of the second equation of (3.15). Here 
and subsequently the prime on = means that the summation is taken over 


all m4 0. If we take Z(0) = 5,, then Z'°) = 0 and L= F\°) = FL. 


Remark. This reasoning is almost enough to prove Theorem 3.1, but we 
have here used the existence of solution Z(r) and the convergence of 


series (3.14). The convergence of series (3.14) and the absolute con- 
tinuity of Z(r) can evidently be deduced from (3.15). (All we know about 
the F'™ is that they are the Fourier coefficients of a summable matrix 


function.) This way, however, is hardly shorter. 


Hence matrices K,, P, (r), K,, P, (r ) etc. can be found consecutively 
by using (3.2). 


The condition P(r, «) = I implies that P.(0)= 9, j = 1, 2, .... 
Therefore, Z(0) = =.= 0 in (3.3), and if we want to use (3.15) we must 
first determine matrices © and then matrices Z 2’. and L. 


However, it is more convenient to proceed differently. Let U(r, «) be 
the matrix of a fundamental system of solutions of (2.9) such that 


U (0, = V(e)= 1+ eV, + 


is analytic ine ate = 9, 


Then V(e )~* will also be analytic in a neighborhood of « = © and 


U (t, ©) = Y(t, ©) V(e) = PO exp [K™ (e) 


where 


P™ (z, e) — P(<-, e) V(e), — K (e) V (e) 


Matrices P = Pi1)(r, «) and K = K'*)(e) satisfy (3.1), with K'!)(0) - 
K(0) = K, . Setting 


= Ky + eK, 
P® ¢) = Py (t) + eP, (t) + 2? P. 


we again obtain an equation of the form (3.2) for matrices PL» K,. Now, 
however, P_(0) #4 0 in general. Moreover, any finite number of matrices 
P(0) = V. can be chosen arbitrarily; in general, the convergence of the 
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series 
(0, = V(e) = 1 + eV, + 4 
is sufficient. 


It is convenient first to choose A = P (0) so that 


Ka (D, t Dy, 1 Py P,,, K, -.+—P, Jep 


in (3.2). 


According to Lemma 1.3 this can always be done. However, it must be 
borne in mind that through this choice of matrices K, we do not obtain 
matrix Kle) of (2.17), with Y(0, «) = I, but a matrix similar to it. 

Finally, in order not to complicate matters, we assume that 

B;(z) € L, (0, 2x) 
in (0.2), 
Then 
B; (z), Dj (<) L(0, 2), D; (t) € L, (0, 2x) 


If 
A(t), B(t)€L, (0, A(t) ~ Am B(t)~ >) 


then 


[A B (2) Je, A_mBm = 2Re >, AmBm 


Here the series converges absolutely. Using this formula and (3.15), 


with = 9, Le F.,, it is easy to obtain computational 
formlas for calculating matrices k, K,, K,, P,, P,. 


In system (2.9) we represent Dir, «) by series (2.10) and 


D; ~ > 


m 


By W= K.(G) we denote the solution of equation (3.16) 


imW = K,W — WK, + G (3.16) 
Then 
Ky (t)]ep D,©, P, (t) > K,, (Dy'™) K,= > ™K,,(D,"”’) 


Fim) - > (D,"”)) K,,, (D,'™) K, 


k+le<m 
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P, > K,,, (FO™) etm 


K,= >) + (D,"”’)} + (3.17) 


If Dlr, «) is a real matrix function, then 


wo 
K, = 2Ke >) )+ D, 


K, = 2Re >) Km (F’””) -}- + Ds 
It would be easy to write formulas for K_ and Ptr); we do not do so 


because they are very unwieldy. We will call the expression 


Y(") (z, == (I + eP, (t) +... +- e"Pa(t)) exp ... + 


the approximate solution of nth order of (2.9). 


This approximate solution has obvious advantages for the study of the 
behavior of matrix Y(r, «) as r + © in comparison with the approximate 
solution 


where the right-hand side is a partial sum of the series expansion of 
«) in powers of 


Let us consider the case of a canonical system in more detail. 


We assume that A, = tw, is pure imaginary and an m-fold eigenvalue of 
matrix K,. Matrix K(e ) has m eigenvalues of the form 


If Re a. > 0 for some j, then Re A. fe) > 9 for all sufficiently smal! 
« > 0, and system (9.1) is unstable for sufficiently small « > 9, 


If all Re a, < 9 (for j = 1, ..., mand for all eigenvalues iw, ), 
then all Re A < 0 fore # 9, In this case system (0.1) is 
asymptotically stable for sufficiently small «. This case, however, can- 
not occur for canonical systems since such systems cannot be asymptotic- 
ally stable. 


If all Re a. < 9 and there are a. such that Re a. = 9, then it is 
necessary to determine coefficients 2, corresponding to these latter 
values of j (there will be analogous deductions about stability), etc. 
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In a stable canonical system all the coefficients ai, B;. etc. will 
prove to be pure imaginary. 


Theorem 3.1. Suppose that (0.1) is a canonical system and that in the 
consecutive calculation of coefficients a., (i. of expansion (3.18) all 
these coefficients prove pure imaginary and, at some stage, distinct; so 
that, if A ,*le) is a partial sum of (3.18), then 


He (e) — 0, (e) =/= hy’ (e) 


for <e,. 
Then 
Re 9, 
for all sufficiently small « > 9. 


Proof. Let (e ) = )- le Ase + 0, 


| A;” (e) o (| (©) — Ay’ |) (j (3.19) 


Surround the point tw, with a circle whose interior contains no other 
eigenvalues of matrix K,. For sufficiently smal! « this circle will con- 
tain only m eigenvalues (3.1%). Matrix Kle) will be J-skewhermitean 
(Theorem 2.2) and its spectrum will be symmetric with respect to the 
imaginary axis. Therefore, if the conclusion of the theorem is not satis- 
fied, there are at least two eigenvalues for which 


Im = dy (2) h) 
for all sufficiently small «. 


Hence 
Im [A;" (©) — Im [A;” (©) — (2)] 


and since Re A," fe ) = Re A,*fe) = 0 by assumption, it follows that 


| (©) — dy’ (e)| = | Im (©) — <A," (2) hy,” (e) 
This contradicts (3.19) and proves the theorem. 


We will refer to the case in which matrix K(e) has pure imaginary 
eigenvalues, some of which are multiple, for al! sufficiently small «, 
as the singular case. To calculate a finite number of the coefficients 
a., B; of expansion (3.98), we need to know only a finite number of 
matrices K,, K,, K,, ... « Therefore, in the nonsingular case the deter- 
mination of ealy a finite number of matrices K,, K,, K,, ... is required 


to show whether a canonical system (0.1) is stable or unstable. 


In practice it is not necessary to determine the coefficients of 
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expansion (3.18). It is more convenient to proceed as follows. 


As we have seen, in the case of a canonical system with real coeffi- 
clients we can consider matrix Kfe) to be real and J-skewhermitean. The 


characteristic equation 


det [K (2) AT} 9 (3.20) 


will therefore have real coefficients and contain only even powers of A, 


i.e. it will be of the form’ 


where yp = A*, 2k=n. Coefficients y. are functions of the parameters of 


the system, and in particular of « and @. Further, the y. are analytic 


functions of « and 1/4. All solutions of (9.1) will be bounded as t + « 


(stability) if equation (3.20) has real negative roots p.. If some of the 


roots ». are complex or real and positive, then (9.1) has solutions un- 


bounded in t (instability). 


Hence the problem of obtaining conditions for the stability ‘instabil- 
ity) of a canonical system (9.1) is reduced to: (1) the calculation, to 


prescribed accuracy, of matrix Kle); (2) the construction of the regions 


of aperiodic stability for equation (3.21). 


The conditions for aperiodic stability (i.e. the conditions that equa- 
tion (3.21) have real negative roots) are well-known (for instance, see 


[19], pp. 214-224). 


In this connection, it is further necessary to investigate the set 
(usually a line) on which 5 = 9, where & is the discriminant of (3.21). 
While 5 = 0 on the boundaries of the regions of dynamic instability, it 
is also true that the line 5 = 9 can lie in the regions of stability; in 


that case the system is stable if matrix Ke) has canonical blocks and 


unstable if it does not. 


4. Example. Let us consider equation ( [fo], p. 311)** 


* The spectrum of a real J-skewhermitean matrix is symmetric relative 
to the real and imaginary axes, and is therefore symmetric relative 
to the origin. Hence the chararteristic equation does not change when 
A is replaced by — A and so contains only even powers of A, 


** We note, referring to [9 F that many problems of the dynamic stabil- 
ity of plates and plane forms of bending reduce to this equation, 
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\ == + 8, cos 


0) 1/a.? } 
B, are small parameters and 0 < < Multiplication by yields 
the equation 


di: + — 


Ot 


Introducing the notation 


} 


we obtain the system 


= (C+ B(Ot)jz 
It is easy to verify that matrices JC and JB(@t), where J = 
are symmetric, i.e. that system (4.3) is canonical. 


The author has shown [14b] that for equation (4.2) only the regions 
corresponding to the "combined" frequency 6, =@ + @, are "broad" 
regions of dynamic instability (the tangents to the boundaries at the 
point (0, 6.) do not coincide), while all other regions are "narrow" (the 
tangents to the boundaries of the region at a point on the @-axis 


coincide). 


We here consider, therefore, the problem of "integrating" equation 


(4.2) for values of @ near 0, = @, + @, and determining the corresponding 


0 2 
region of dynamic instability. Setting 


6 — 9 

we obtain the equation 
dz + F z (4.4) 

We think of matrix yC + (1/0)B(r) as a "perturbation"; we could have 

prefixed it in equation (4.4) with a small parameter ¢« and then set ¢ = 1 
in the final formulas. This corresponds to the fact that the final formulas 
are true for small a, f, y. 


39 
where 
q 
where : 
28 0 f 0 1 
a 4 3,9, 4 
Dea 
@» 
ro oO \ 
{x 
(4.3) 
| 
— 
| 


40 V.A. Takubovich 


Omitting the calculations, we write the final result* 


2 0 M 8 0 
(I M)\ 


0 
v (1 4. M) (31 M) 


M —i [1 20/0, 16 (1— 1/9) 


a 
| 1 — 20, 6, 8(1— / 9) 


The characteristic equation Det (K—A I) = 0, up to quantities of the 


second order (K = K, + K, + K,), has the form 


9 /\9 ~ \ 8 


The calculation of matrix K, is the most laborious. This computation 
and the determination of the last term in (4.5) was carried out by 
V.S. Grenkov under the direction of the author, who takes this oppor- 
tunity to thank V.S. Grenkov for his work. The details of this calcula- 
tion, as well as the determination of the regions of dynamic instabil- 
ity for the principal resonance 6, = 2@,/s, 6, = 2@,/m will be 
published in Inzhenernyi Sbornik. We note that the calculation of the 
principal resonance is much simpler, since the fact that equation (4.4) 
has a solution x(r) satisfying the relation x(r + 2m) can be used. 
Along the boundaries of the regions of dynamic instability correspond- 
ing to the principal resonance, the roots of the characteristic equa- 
tion (0.2) are fixed; along the boundaries of the regions of dynamic 
instability corresponding to the combined resonance 


8, = (@; + Op, m=1,2,..., 


these roots, as multiple roots, are displaced (in an unknown way) on 
the unit circumference. This makes the problem of determining the 
boundaries of dynamic instability of the combined resonance more 
complicated than that of the principal resonance. 


The relation x(r + 27) = (—1)"x(r) has been used to construct the 
regions of the principal resonance by the method of harmonic equi- 
librium in[9], 57 ff. 
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The boundaries of the domain of dynamic instability are determined 
from the equation 5 = 1/4 x,’ - Xs" 0, and the domain of dynamic in- 
stability by the inequality 5 < 0. 


From the equation 5 = 0, for the boundaries of the domain of dynamic 
stability of the "combined" resonance 9 = @ + @, we obtain the formula 


3 | 


- — 
2) 


§ 


Instability occurs for < @< 
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This article deals with the same type of problems of the theory of linear 
differential equations in two independent variables as the earlier work 
[1]: the boundary value problem for the elliptic equation, Cauchy’s 
problem for the equation of the hyperbolic type, and the problem on the 
construction of a particular integral of an equation of arbitrary type. 
As in [1], we assume that the boundary values of the solution function 
and its derivative (or the free term of the equation) depend on a large 
parameter k, and represent rapidly oscillating functions. In contrast with 
[1 1, we here assume that a small] parameter h appears in the coefficient 
of the derivatives of highest order. We investigate the nature of the 
solutions of the problems mentioned, and give various methods for con- 
structing approximations to these solutions. These methods vary according 
to the relationships existing between parameters k and h. We assume the 
reader to be familiar with the content of the earlier work [1]. 


* 
2 


The method on which the present work is based was used in the author's 
monograph [2] on the theory of elastic shells. Certain of the results 
presented here have already been formulated in the said monograph, but 
were there stated as preliminary announcements. Here, relegating the 
question of the efficiency of the method to second place, the author : 
attempts as far as possible to define the conditions in which the method a 
is valid. 


1. 1. Let us consider the equation : . 
hN (M) + =0 (1.1) 


where h is a small constant parameter, while L and N are differential 
operators of order 1 and n respectively (it will always be assumed that 


7) 
| 
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aa) ag’) a j 


For the time being we assume only that the coefficients of both oper- 
ators are sufficiently smooth. Aiditional hypotheses will be imposed on 
L and N later. 


The equation (1.1) will be solved under boundary conditions depending 
on a large parameter k. We establish the connection between k and h by 
the formla 


k = h-' (1.2) 


where t is a positive member. 


2. We will seek integrals of the equation (1.1) of the form 
u=R 


u=-0 


Here y and ¢ are positive numbers such that y < ¢; the symbol &* (here 
and subsequently designates summation over all values of the appropriate 
index having the forma +1/€ (oe, r are nonnegative integers), 


are functions of a and f which are independent of k, f, is not constant, 


®, is not identically zero, and ®, is a function of (a, fi, k). 


Subsequently, the function f, will be called the principal part of the 
change function, the functions f ,, will be referred to as the coeffi- 
cients of the expansion of the change function, ® (U < R) will be known 
as the coefficients of the expansion of the intensity function, and Pp 
will be called the remainder term. 


The number k in the formla (1.3) is related to Ah by the formula (1.2). 
For a fixed h, the rate of change of the function ® increases with an in- 
crease in t. We will therefore call t the change index of the considered 
integral. Our first problem consists in the investigation of the pro- 
perties of the integrals of the form (1.3) in so far as they may depend 
on the change index t. 


3. The operators L and N have the same structure as had the operator 
L in article [1]. Formula (1.9) of that paper is valid for L and N, and 
we may write: 


n> 1): 
ver! j a’ 
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a 
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v=l u—R 
v=0 u=0 

q=n Pp R 


q—0 0 


In these formulas L. and N_ are differential operators of orders v and 
q respectively. Their coefficients are polynomials in the derivatives of 
f of degree | — v, and n-— q, respectively. Taking into consideration the 
expression (1.3) for f, we may write 


| = Le. 0 > Le 
A=0 
Nq = Naot >> Na 


0 
where L and N with two subscripts no longer depend on k, 
po =(n— 


Substituting (1.6) into (1.5), after some transformations we obtain 


r=l4+R u=r 
T 0 


s=n+Rp 


Nis (s—p 


i 0 


In these, and in all subsequent formulas, we should retain in the sums 
only those terms in which the summation indices satisfy the inequalities 
indicated in parentheses. The expressions J, |) and M are given by 


| N [w) = 


r+yit=—w 


(the summation being carried out over all nonnegative integers r and y, 
for which r + y/€ = w). 


We can show that Lr.) has the following properties (assuming that w’ 
stands for the integer part of w). 


(a) Li) is a differential operator of order w’ whose coefficients are 


polynomials in terms of the functions fo» fy and their 
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derivatives, and linear functions of the a jk 

(b) When w is an integer, the principal part of Ly el coincides with 
the principal part of the operator L_;, , and, in particular, in accord- 
ance with formlas (1.7) and (1.8) of the earlier work [1], we have 


j=l 
j=0 


9 
Ly) = = + {L{o}) (1.9) 


where f fog» fop are the derivatives of f, with respect to a and fi; the 
dots indicates terms which do not contain symbols a 


succession 


di f ferentiation. 


{c) The following formula holds good: 
= 0, 0<w< 


x of, 
— (Lio) {Lo} + F 


(A = 


Here and subsequently, the symbol F(f < y+ A) stands for a function 


of f,, fs hes be and of their derivatives. 


The function Ny) has completely analogous properties. 


4. Let us substitute (1.7) into the original equation, replacing h by 
k with the aid of (1.2), and let us drop the exponential factor. We then 
obtain 


r= +R u= r 
s=0 p=0 \ r=0 u=0 


(r—ucl, s— pen, 


Next, following the same procedure as that used in the earlier work 
[1], we equate to zero the coefficients of the different powers of k 

beginning with the highest power. Three different cases can arise in this 
connection. 


Case 1. 


l>n—1i/t or t< = te 


n—l 


4 
a 
4 
23 
(1.10) 


a 


A. 


L. 
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Now, 


assuming that | = n- 1/t + p, and equating to zero the coeffi- 
cients of all powers of k from 1 to 1—~R- 1+ 1/¢, we obtain 


= 0 r=0, 1/%,..., e—4/¢) (4.12.1) 


u=r p=r—p 
u=0 p=0 
—ugl; +1/0, 0 4+2/2,..., R+i1—1/t) 


r=1+R u= R s=n+R+o p=s—o 


u) (Pu) + k~ Nes_p—p) (Op) =0 (1.12.3) 


r=R+1 u=0 s=R+1 p=0 


s—p—pen, p< R) 


l<n—1/t or bh 


Now, assuming that n — 1/t = 1 + p, we similarly obtain the fol lowing 

equations 

(Pp) = 0 (s— pan; s=0, 1/0, 2/2,..., (4.13.1) 

p=0 

p= u=s—p 

Nfs—p} (Dp) + (Pu) = (1.13.2) 

p=0 u=0 

s=n+R p=R u=r—p 

> k~* (®,) +. > (Pu) =0 (1.13.3) 
p=0 r=R+1 u=0 


(s—pan; r—pe—ugl; u<R) 


Case 3. 


l=n—i/t or 


In this case we obtain 


uer 


u) + > p} = 0 (1.14.1) 


p=0 


(ux R; PSR; s—pan; r,s=0, 


r u=R n+R 


De + Dk =0 1.44.2) 


r=R+1 u=0 
(7 —usl; s—p<n) 


u 
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5. Let us rewrite the lead-off equations of the systems (1.12), (1.13) 
and (1.14). After dropping the nonzero factors ®,, we may write these 
equations as follows: 


j=l 
= izi= 0 (4.15) 
j=n 
Ni = Dy fin = 0 (1.16) 
j~0 
j=l j=n 


Loy + Noy = Dy foad + Dy fon’ =O (1.17) 
j=0 }=0 


Since Lr.) and Njo) are characteristic polynomials of the operators L 
and N respectively, it follows from (1.15) to (1.17) that if integrals of 
type (1.3) exist, then the level lines of the principal part of the change 
function f,* will behave as follows: 


(a) when t < t, they coincide with one of the family of characteristics 
of the operator L; 


(b) when t > t,), they coincide with one of the families of character- 
istics of the operator N; 


(c) when t = t,, they pass along lines which either are not character- 
istics of L or of N, or else are characteristics of both. 


Remark: The trivial solution f, = const of the equations (1.15) to 
(1.17) is not considered. 


Integrals of type (1.3), for which the level lines of the principal 
part of the change function coincide with some family of the real or 
imaginary curves, will be called integrals corresponding to this family. 
Thus we can assert that when t < t, we obtain integrals corresponding to 
families of characteristics of the operator L, but when t > t,, then the 
integrals correspond to families of characteristics of the operator N. 
Integrals of one or other of these types will be called fundamental inte- 


grals (or solutions) of equation (1.1). 


2. 1, Let us take t > tp), i.e. we consider Case 2, and examine system 
(1.13) more closely. 


This system has a meaning only then when 


* Just as in the work {1 |, the integral (1.3) is constructed in general 


within a complex region, and. hence, the level lines can be imaginary. 


| 
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n=l+i/t+o (2.1) 


and p is a number of the forma + 17/€ (0, r are positive integers). In 
the opposite case, the expression L[s — p — »] has no meaning. Hence- 
forward we will always assume that p = r + 17/€; this means, on the basis 
of (2.1), that we take a rational number for the change index t. (In mono- 
graph [2] 1/t was assumed to be an integer). 


2. Let p < 1. We will show that in that case a recurrence process for 
the determination of the function (1.4) can be constructed if one sets 


x/¢ = 


When * x /¢ in equations (1.13.1), the subscripts of N will be less 
than y/¢, owing to property (c) of Lt, all equa- 
tions (1.13.1) will be satisfied if we set Nig] = 9; i.e. system (1.13.1) 
is equivalent to equation (1.16). 


From system (1.13.2) we pick the equations corresponding to (s < 1). 
These equations constitute a system of algebraic equations because they 
contain L and N with only such subscripts as are less than one, which 
according to property (a) do not involve symbols of differentiation (they 
are operators of zero order). 


After some obvious transformations, this system can be reduced to the 
form 


= — = 0.1, 2,...,8 — 41) (2.2) 


We can now determine the coefficients of the expansion of the change 
function by successive solutions of equations 


{N + {\ => — Lio) 


(2.3) 


— 
0a 


(see property (c) and expressions 
Equations (1.13.2), 


corresponding to (s > 1), can now be rewritten as 


Nyy (Dp) 4+. ®, = 0 


(,_;) + Lise) (M,_;) 


w= 


s—p—ucl; R+1—1/%) 


s= 


50 
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or, expanding the left-hand sides by using formlas analogous to those 
of (1.9): 


8 
+ (Nw ag +++ |(@,) = 0 


{Nio)) 55 + Won | (D,_;) = 
1/6 ums—1—1/0 
u=0 
(On the left-hand side only the principal parts are written out explicit- 
ly. The subscripts are subjected to the relations given earlier). 


On this basis the coefficients of the expansion of the intensity 
function can be determined by the method of successive integration of 
first-order linear equations. For the determination of the remainder 
term there remains equation (1.13.3), which may be rewritten in the form 


s=n+R r=l+R+o 


(Or) + > (On) = F (2.5) 


R+1 r=R+6] 


where F is some definite expression in terms of the function (1.4), while 
6 is the larger one of the numbers | and p. 


3, Next, suppose p > 1. We can then assume that the change function 
is independent of k, that is f = fla, B) = f,(a, 8), and that the coeffi- 
cients ® of the expansion of the change function with integer subscripts 
are identically zero for u < p. We thus obtain a recurrence process for 
determining the functions 


fos ®,, ®,, eee ®,, » Pre 


(p* is the largest integer less than p). The recurrence process mentioned 
is described below. 


The change function f, is determined by means of equation (1.16). 


Functions ®,, ®,, ses ©, are determined with the aid of equations 


p=s—2 
Ni (M1) =— Nop (,) (s—p<n;s=1,...,8) (2.4.2) 
p=0 
where @ is the smaller of numbers R and p”. Functions ®,, ® eee 
Pp _ /¢ (when p” < R) are determined by the use of equations 
p=-s—1—1/0 
Ni@)=— Nep(@)— (2.4.3) 
p—0 u=0 
(s—pan; s=p, ep 


4a 
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The remainder term is determined from equation (2.5), just as when 


l, 
Remarks. 


(a) If p > 1, and all the functions f.,,, are assumed to be identic- 
ally zero, Lt) and Nr.) do not differ from L. and N, respectively. 


(b) If p is an integer, it may be assumed that all ®, with fractional 
subscripts are zero, i.e. an integral of the same type as in the earlier 
work [1] is sought. 


(c) If p < 1, the recurrence process for the determination of the 
functions (1.4) can be obtained by setting y/¢ = p/m (m is an integer); 
just as when p > 1, we may set y/¢ = l/m. The processes described for 
the construction of functions (1.4) are not unique. They are only the 
simplest, and lead to integrals sufficiently general for finding the 
solutions of problems of special interest. 


4. The coefficients of the original equation are assumed to be 
sufficiently smooth. It is for this reason that the only singular points 
of the equation (1.16), (2.3), (2.4) and (2.5) will be those where the 
coefficients of the highest-order derivatives vanish simultaneously. 


For the equations (1.16) and (2.5), these will be the points at which 


all the 6; (") vanish simultaneously, i.e. the singular points of 
operator N, 


For the equations (2.3) and (2.4), these can be only those points at 
which the following equation holds 


= (Noy) = 0 (2.6) 
op 


i.e. (a) singular points of operator N; (b) stationary points of function 
f,; (ce) points at which the characteristics of N are repeated, or points 
of common tangency between N characteristics belonging to different 
families. 


The trivial solutions f, = const are disregarded. The case when all 
the b, .‘"’ are identically zero in the region in question is also excluded 
from consideration without loss of generality. We may therefore conclude 
that all the points of a region G cannot be singular points of the equa- 
tions (1.16) and (2.5). For the equations (2.3) and (2.4) this can happen 
only then when the operator NV has multiple families of characteristics 
in the region G, 


5. In the equations that determine f,, (when p < 1) or ® _ , (when 
p > 1), the term which depends on the operator L has a coefficient Ly) 


52 
é 
ip 
of 
0a 
7 
| 
: 


Asymptotic integration of linear partial differential equations 53 


which can vanish identically only when the regions of L and N being con- 
sidered have coinciding families of characteristics. If this case is 

excluded, we may assert that the terms in (2.4) depending on operator L 
will enter into the computations from a certain stage, when we begin to 
determine ® . Thus, we say that if ¢t > t), then the integral of type 
(1.3) can be “Gvscnlend (when p > 


> 1) from the approximating equation 


hN (D) = 0 (2.7) 


to within the asymptotic error of the order k~?**. This — that for 
every problem for which R = p — 1, the remainder term ®, will be 
bounded, that the replacement of equation (1.1) by equation "Ag. >) will 
not affect the change function, and that the error caused by this re- 
placement will be of the order O(k~?**) in the determination of the 
intensity function. If p < 1, the equation (2.7) is not applicable to the 
determination of the intensity function, and it will also give an error 
in the determination of the change function. 


The principal part of the change function can however, be constructed 
precisely for an arbitrary p. 


If Ly,) = 9, then the asymptotic error of the equation (2.7) decreases, 
but we cannot go into greater detail on this question here. 


3. Let t < tos i.e. we have case 1. We must then use system (1.12) to 
determine the coefficients of the expansion of the change function and 
of the intensity function. This system (1.12) differs from system (1,13) 
only in that L is replaced by N, and N by L. Therefore, by analogy with 
Section 2, we can formulate the final results at once without having to 
make any explanations. 


2. Let the following relation be given 


l=n—i/t+p 
(as before, p is a number of the forma + /). 


If p < 1, we set y/¢ = p, and obtain: 


(a) to determine the principal part of the change function, equation 


(1.15); 


(b) to determine the coefficients of the expansion of the change func- 
tions, equations 


a a of, 
{Loy} da {Lio} = N (0) (3.1) 


oO 
4 = 
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ar 
Wes = — F (fex4s) 
»¢—x—1) 


(c) to determine the coefficients of the expansion of the intensity 
function, equations 


u=r—1—1/¢ 


=— > Ljr—uy (Du) — > N (r—p—e (Dp) 


u=0 p=0 


(r—usl; r—p—egn; r=ii+1/,,.., R+1— 1/0) 


(d) to determine the remainder term, equation 


r=l+R s=n+R+e 
(Mp) + > k~* (Or) =F (3.4) 


r=R+1 s=R+86 


where F is some definite expression involving functions (1.4), and @ is 
the larger of the two numbers | and p. 


3. If p > 1, then we may assume that f = f, and ®, is different from 
zero only for integer values of u <p; in that case we have the following 
results: 


(a) f, is again determined by means of equation (1.15); 


(b) functions ® (u <p) are determined by equation 
=r—2 


L,(® (rp—u<l; r=1,...,9) (3.3.2) 


(@ is the smaller of oe miten R and p’, while p” is the largest integer 
less than p); 


(c) the functions ® (u > p) are determined, when p’ < R, by equations 


=T— 


L,(®,..) = — (Pu) ya r—p—p (Dp) 


u=0 


Pp 


(d) the remainder term ®, is determined by means of equation (3.4), 


4. The only singular points the equations determining functions (1.4) 
aud the remainder term ®, can have are the singular points of operator 


5 
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L, the stationary points of fy, the miltiple points of the characteristics 
of L and the common tangency points of characteristics of L belonging to 
different families. 


5. If, as before, we assume L and N to have no overlapping families of 
characteristics in the region being considered, then Mo} # 9, and the 
quantities connected with operator N will enter into our derivations only 
when we come to determining function ® _,: Hence for t < t,, am integral 
of type (1.3) can be determined from the approximate equation 


L(®M) =0 (3.5) 


with an asymptotic error of order k~?* +. This statement must be under- 
stood in the same sense as in Section 2. 


4. 1. Let us assume that ¢ = to» i.e. we have case 3 and consider 
system (1.14). In this case the recurrence process to determine functions 
(1.4) can be obtained for an arbitrary rational value y/¢ < 1. (In 
particular, we may set y/¢ = 0, i.e. take f = f,; but this will not yield 
integrals general enough for solving the problems we are to consider. ) 

We will describe the process corresponding to the case when y/¢ 4 9. In 
doing so, we will not dwell on the consideration of case p < 1, for such 
considerations would be identical with those in Section 2. 


(a) To determine f, we have equation (1.17). 


(b) The coefficients of the expansion of the change function are de- 
termined by means of equations 


{Lio + da + Won {Lio + V {03} = 0 


Fee + + Bigg + Ni} - F =0 (4-4) 


(A = 1,2,..., 


(c) The coefficients of the expansion of the intensity function can be 
determined successively with equations 


0 fa) a a 
+ + Was (Lio; + at: | (®,) =0 
4 A 
| az {Lio; + = + Won + | (®,_,) = 


ver—1—1/6 
=0 p=0 
(r—usl; i1+2/¢,...,R+1— 1/2) 


The remainder term is determined by the use of equations 


3 

‘ 
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r=I+R s—n+R 


(Pr) + >) = 
r=R+1 s=R+1 (4,3) 
r=1+R u=R—1/t s=n+R p=R—1/¢ 


r=R4+1 u=0 s=R+1 p=0 
s—psn) 


2. We will seek such solutions of equation (1.7) as take on zero 


values on a given real contour y not touching the characteristics of L 
or N, 


Let contour y be made to coincide (if necessary by means of a pre- 
liminary real transformation of the independent variables) with the line 
a=a,. Then f, = 9 ony, and (1.7) yields 


+b ea” = =0 oy e (4.4) 


The functions a, ,'!) and b, a” are distinct from zero at all points 
of y, for otherwise the characteristics of L or N would touch the contour 
y. Therefore, the equation (4.4) Mbps n— | non-zero values for f,, on 
y 


(4.5) 


where v is a root of the equation 


a (t) 
4 sign 0 (4.6) 
OF 
n,0 
Differentiating (1.7) with respect to a, and setting a@ = a, in the 

result, equations can be constructed for the successive determination of 
the contour values of any order derivative of f, with respect to a. These 
equations have the form 


/ Af 2 r—l 
1,0 02 2,0 0a aa" Aa da? eee 


) on 7 (4.7) 


where F is a known function of the arguments enumerated. 


The coefficient of the r-th order derivative in the left hand side is 
obviously different from zero, for f,, stands for a nonzero root of 
equation (4.4), and the latter, being a root of the binomial, cannot be 
a multiple root. Hence, to every solution of (4.5) there corresponds 
some integral of equation (1.17), which on some obvious hypotheses can be 
determined in the neighborhood of y by means of Taylor’s series. 
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3. If f, is known, then the remaining functions (1.4) and the re- 
mainder term are obtained by integrating the equations (4.1), (4.2) and 
(4.3). Thus, to each of the solutions of (4.5) there corresponds a certain 
class of integrals of type (1.3). As in the earlier work [2], we call 
these "integrals with the support contour y". From this it follows that 
these are the solutions of equation (1.1) for which the principal part of 
the change function vanishes on y. 


We will show that equations (4.1), (4.2) and (4.3) have no singular 
points on y. By hypothesis, bn.0 n) 4 0 on y. Therefore, there are no 
singular points of operator N on y, and hence equation (4.3) has no 
singular points. Singular points of equations (4.1) and (4.2) can occur 
only where the following equation holds good: 


fa) a 
{Lio} N toy) 
0 


ry, (Lio; + Njo;} = 0 
‘@ 


and since the contour value of is zero, we must have the relation 
0a 


No} at {ay + loa”) : 0 on 
0a 


but this contradicts a result established above . 


The contour value f,, in the integrals with support contour y is pro- 
portional to the corresponding root of binomial equation (4.6). 


Generally speaking, these roots can be separated into two sets: 
(n ~ 1)/2 of them have positive real parts, (n — 1)/2 of them have negative 
real parts. The exception represents cases when n— | is an odd integer 
or when equation (4.46) has two pure imaginary roots. 


5. 1. Let us consider a problem analogous to problem A in the earlier 
article [1]. In the finite simply-connected region y, bounded 
by contour y, parameters (a, 8) correspond to a system of coordinates 
similar to a polar system, i.e. contour y is given by equation a 
and the region is determined by the inequalities 


OD %, O< 


The correspondence between the points of the region and the number pair 
(a, fh) is one-to-one everywhere except at points a = 0° and lines f= 9, 


B= 2n. 


Problem A consists in constructing the solution of equation (1.1) in 
the region I’ under the boundary condition 


da" 


— J)(u.0) (D) = kt getke (5. 1) 


| 
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(u=0,1,2,... (n— even) 


where git) and ¢ are given functions of f independent of k, while ¢ is 
assumed to be a real function. Just as in the earlier work [1], the 
parameters of the problem are assumed to be sufficiently smooth, i.e. y 

is a sufficiently smooth contour, while git) and e'*? are sufficiently 
smooth functions of points on contour y. Moreover, it is assumed that ¢’ 
does not vanish at any point of y. Our aim will be to show that the 
approximate solution of problem A under known conditions will! consist 
either of fundamental integrals only or of fundamental integrals and inte- 
grals with support contours y (where y is the boundary of the region). 


2. As will be shown later, the solution of problem A can be sought by 


assuming the parameters t in boundary conditions (5.1) and in formla 
(1.3) to have the same meaning. Therefore, in the concretely formulated 
problem A, parameter k is determined by the character of the boundary 
functions, and it is natural to call it the index of changeability [or 
variability ] of problem A. 


3. Let us first consider the case when t > to» and assume N to be an 
elliptic operator without singular points of y, all whose families of 
characteristics are simple near y. Moreover, we will assume that on y 
there are no points of common tangency of characteristics of N belonging 
to different families. 


In this case we seek a solution of problem A in the form 
= DM, Mer!“ 


where fv) and @ (4) stand for the change function and intensity function 
of the fundamental integral corresponding to the q-th family of the 
characteristics of N. The summation is carried out over a certain number 
of families of characteristics of N, to be specified later. 


4, Functions and f will be subjected to the following 
conditions 


Jo? = ig (B) on (5.3.1) 
Re {foa‘?} > on (5.3.2) 
=O on (5.4) 
Condition (5.3.2) is called the "damping condition" in the earlier 
work [1]. It was there shown that only those integrals can be subjected 


to this condition which correspond to certain definite families of 
characteristics, in which there will be n/2 in an elliptic operator of 


58 
| 


Asymptotic integration of linear partial differential equations 59 


order n. In sum (5.2) we will therefore retain only the n/2 terms corres- 
ponding to these n/2 families of characteristics. 


The principal part of the change function f, has no stationary points 
on y, for by hypothesis ¢’(f) is never equal to zero; the singular points 
of N, and the points of common tangency of the characteristics of N be- 
longing to different families, are absent from y. This means that the 
equation which determines f,, f vs , and ®, has no singular ppints on y, 
and we P wow that in the neighborhood of y, the functions f,'?%’ and 
f x+A" satisfying the contour conditions (5.3) and (5.4) hi be uni- 
fdtml y bounded in a, fi. Then, for sufficiently large k, the function 


x-+ 


—x—1 
= + p> k 
A=0 


will satisfy the following condition 


= iz (5.5.1) 
Re {fa'?) 0 on (5 5.2) 


as in the earlier work [1 ]. 


5. Having replaced L by D'#+?) and ® and f by @ 9) and fi in formla 
(1.5), we obtain 


u=R 


Di) (Mi) — ek! { ki k (Dy) 


u=0 


Let us sum the expression obtained over n/2 values of q, substitute 
conditions (5.1) and divide out the exponential factor. We thus obtain 
the contour relation 


q="|an 


2 ke 3 (Dy) = keg) on (5.6) 


which is entirely analogous to contour relation (2.3) obtained in the 
earlier work [1] in solving problem A for an equation which did not con- 
tain a small parameter. 


6. Henceforward the solution of problem A is constructed exactly as 
in the earlier work [1]. 


In (5.6) we equate the coefficients of corresponding powers of k from 
p tow —R+ IC on both sides of the equation. As was shown in[1], this 
makes it possible to attach to each differential equation (2.4) the come 
tour condition which consists in specifying the values of function ®,' (q 
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on y. We assume proposition (a) that there exists a smal! enough neighbor- 
hood of y in which all the functions ® (u < R) so determined are uni form- 


ly bounded in a, A. 


For the remaining terms, from (5.6) we obtain n/2 contour conditions 
similar to conditions (2.6) in article [1]. The problem on the construct- 
ion of functions ®,'% in the neighborhood of y thus remains indeterminate, 
since every one of functions ®,'%) satisfies an equation of order n. We 
next assume proposition (b), that this problem can be made determinate by 
specifying additional contour conditions so that functions ,| q) may be 
uniformly bounded in a, 8, and k in some neighborhood of y. 


Let us consider the expression 


q=n/2 u=R 


Here ys is a smoothing function which has the same meaning as : the 
earlier work [1]. It is equal to one in region ty i.e. when a a> 
a, 7, equal to zero in region[’-I, i.e. whena, >a@> (O<n< 


« <a,), and is unboundedly differentiable in region T, - t i.e. when 


Let us require ®°) to satisfy equation (1.1). We then obtain the 
following equation to determine 9: 


2 


We select « so small that propositions ‘a) and good in 
and that the damping condition (5.5) is also satisfied. The absolute 
value P will then be of type O(k””), where v is arbitrary. In region I), 
contained in ry , all O49 q) satisfy equation (1.1), while w= 1, and hence 
P= 0, In region ° - , P is also zero since y = 9. In - the 
absolute values of ®9) are of type O(k~ ”) because of equation 


AN 4+ L(@™) = P= —(hN + L) 


u-0 


and owing to propositions (a) and (b), while y and its derivatives are 
bounded. Therefore, the absolute value of P is of type O(k~ ”). 


Introducing proposition (c) that the nonhomogeneous form of equation 
(1.1) has a bounded solution for an arbitrary bounded right hand-side and 
for homogeneous condition (5.1), we may assert that the approximate solu- 
tion of problem A, without ® and the remainder terms, can be found in 

the form 
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with an error of the order O(k~ *). 

7, Propositions (a) and (c) pertain to classical problems of the theory 
of differential equations, and we will not dwell upon them. Proposition 
(b) was considered in the earlier article [1], but certain errors were 
made in the discussion there. * 


The question of making the problem on the ®, determinate is more 
difficult to settle than had been expected. A complete statement of the 
difficulties is not appropriate here. We will restrict ourselves to the 
consideration of an example illustrating the matter. 


Let the following equation be given in polar coordinates (r, @): 


\ -- 
| Pe - g (5.7) 


(a, g are given functions, k is a large constant ). The following contour 
condition is also given 


Dp/ = 0 (5.8) 


It is required to specify the contour values of the derivative of ®,, 
with respect to r, in such a way that the corresponding Cauchy problem 
may have a bounded solution (as k + «) in the neighborhood of r = 1 (for 
r <1), The question of making the problem on the remainder term deter- 
minate in the example considered in [1] (Section 6), is equivalent to 
the problem just stated. 

We introduce the notation 

| 
ar” 


= 


and construct the system of equations obtained when (5.7) is different- 
lated successively with respect to r, and r= 1 is set in all but the 
original one of these equations. Making use of (5.8), we then obtain 


* In particular, in the so-called auxiliary characteristic equation one 
term was omitted, and the equation actually has the form 


q=n/2 u=R—-1/F 
q=1 u=0 
co | 
. { @ 1 @ 
q 
a 
4 
; 
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k T = (5.9) 


eo . ®D 
Ds) +- D2) ®,,) + aD, ) 20,.) 20,,) + 2i > = £11) 


Letting 


Dy) = Dd — are functions of @ 
p=0 


and applying a familiar procedure, by means of (5.9) we can successively 
determine the contour values of all the derivatives of ®, with respect 

to r and construct the solution of Cauchy’s problem in the form of a Taylor 
series in r. In doing this, ® .) will in general be represented in terms 
of infinite series containing positive powers of k, and the boundedness 

of the solution as k + « will thus not be guaranteed. Therefore, we re- 
quire that all the ® |) be represented in the form of a Maclaurin series 

in powers of k ~* Thi leads us to the equations 


240 = Bo» 2% — 4g, + 2i = £1- 


from which we can successively determine functions ® , ee and the 
problem has thus been made determinate. 


The method presented of determining the problem on th ®, can be carried 
over to the general case of interest to us (when the coefficients of the 
equation and the given data of problem A are analytic functions). A de- 
tailed discussion of this matter is, however, quite cumbersome and would 
be out of place here. * 


8. Thus, when t > ty, problem A for an equation with a small parameter 
has the same properties as when the equation does not contain a smal! 
parameter. 


For large enough k, problem A has a rapidly damped solution, which can 
be constructed with arbitrary accuracy by the superposition of fundamental 
integrals with indices of change equal to the change index of the problem. 
(This assertion is of a conditional nature in the sense that the original 
equation has to satisfy certain conditions which will ensure the valid- 
ity of certain propositions assumed in this paper. ) 


This type of method was actually used in the earlier work {1 l, but 
there a mistake was made in the auxiliary contour conditions by show- 
ing only the principal terms. 
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The actual construction of the approximate solution of the problem 
(without the remainder term) reduces to the integration of eqiations 
(1.16) with contour conditions (5.3.1), equations (2.3) with contour con- 
ditions (5.4) and equations (2.4) for given contour values of function 

®,. Since the resulting solution is composed of integrals corresponding 

to n/2 families of characteristics of N, equation (1.16) can be replaced 
by n/2 linear first-order differential equations (see [1] ). Finally, the 
approximate solution of problem A is reduced to successively solving 
Cauchy’s problem for first-order linear equations in the neighborhood of y. 


9. If an asymptotic error of order k~?** is allowed, then the solu- 
tion of problem A can be constructed by means of approximated equation 
(2.7), Greater accuracy requires the consideration of L, But the quanti- 
ties connected with this operator can introduce corrections only into the 
free term of the equation and into the boundary conditions determining 
the coefficients of expansion of the change and intensity functions. 


6. 1. Let t < t,, while L is an elliptic operator with simple (non- 
multiple) families of characteristics having no singular points in I’, and 
possessing no points of common tangency of characteristics belonging to 
distinct famlies. In this case a solution of problem A cannot be con- 
structed by the superposition of fundamental integrals only, for when 
t < t) the number (1) of different families of fundamental integrals is 
less than the required number (n). It becomes necessary to take integrals 
with support contours into consideration. 


2. Let us consider the integral whose supporting contour coincides with 
region boundary y. We change the notation used in Section 4 and express 
the integral in the form: 


O= ¥ (6.1) 


where g and & stand for the change function and intensity function, 
respectively, and @ has the same meaning as k in Section 4, so that 


n+ u=R 
u=0 


We will take into consideration only the cases when equation (4.6) has 
exactly (n — 1)/2 roots with positive real parts, and we take the solu- 
tion of problem A in the form 


r="/en—l) 
= > (aekt(@ + (6.3) 
r=1 


Here, there are |/2 fundamental integrals in the first sum, which 
correspond to the 1/2 families of characteristics of L which can be 
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subjected to damping condition (5.3.2), the second sum contains (n — 1)/2 
integrals with the supporting contour y, which correspond to the roots of 
equation (4.4) whose real parts are positive. 


3. In sum (6.3) and in the integrals with the given supporting contour, 
the symbols € and n are integers, 7/&€ is a proper, positive, rational 
fraction, and @ is determined by the formula 


tai (6.4) 


The proper, positive, rational fraction y/¢, which appears in the 
fundamental integrals of the right-hand side of (6.3), is chosen in 
accordance with the specification given in Section 3, whereby y and ¢ may 
proportionally change (while still remaining integers). Parameter k of 
the fundamental integrals is determined by means of formula (1.2). 


4, We will express € and n in the following forms: 


2 


The requirement that »/& shall be a proper fraction is always ful filled 
because of the inequality 9 < t(n- 1) < 1. 


Without changing the value of fraction y/¢, the integer ¢ can be 
selected in such a way that € and yn are integers, for t is a rational 
number. Subsequently ¢ will be assumed to be the smallest integer satis- 
fying this requirement. The formulas given above for € and» are thus 
valid. From them, by means of (6.4) and (1.2), we can derive the follow- 
ing equations 


5. The term g, is zero on y in the integrals with given support con- 
tour. Making use of the last-displayed formulas, we thus obtain 


= fl ni > > k on 4 
0 


We require the following conditions to be satisfied: 


=0 (A = 1,2,..., 1) on (6.6) 


( —= 
= lg, 


Then the next relations hold good 


ike on ¥ (6.7) 


(In the three last displayed equations r takes on the values 1, ..., 
(mn — 1)/2). 
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We require that the principal parts of the change function of the 
fundamental integrals and the coefficients of expansion of these functions 
satisfy contour conditions analogous to those given in Section 5: 


fol = ig, Re {fo} >O on (6.8) 
i 


The following contour relations will hold good: 


kf) = ike on (e=1,..., (6.10) 


6. The functions g, ,, are determined by equations of form (4.1) which 
have no singular por on y (see Section 4). Functions f y+A 

can be obtained from equations (3.1), which also have no singular points 
on y, for f, can have no stationary points on y owing to the boundary 
conditions. By hypothesis there are no singular points of L ony, nor any 
points of common tangency of characteristics of the operator L belonging 
to distinct families. From this it follows that if the coefficients of 
(1.1) are sufficiently smooth, then the functions g,,, and f ver will 
be sufficiently smooth in the neighborhood of y, and h hence the X'fol lowing 
conditions will hold good: 


Re {ga"")} >0, Re >0 on y 


which guarantee the damping of all terms of the right-hand side (6.3) in 
the neighborhood of y. 


7, Substituting expression (6.3) into contour condition (5.1), and 
taking into account (6.7) and (6.10) by means of relation (1.7), we obtain 
the following equation 


q=l/2 w= 


r="is(n—l) v=u 


r=] 


u=0 


On this basis contour conditions can be obtained for ® (u < R) and ®, 
by the process briefly described in Section 5. 


8. Thus, when t < t,, problem A for equation (1.1) has solutions which 
decrease as we pass from y into the interior of [. The rate of this de- 
crease increases with an increase in k, i.e. with an increase in the 
speed of oscillation of the functions contained in the contour conditions. 
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When certain hypotheses analogous to propositions (a), (b) and (c), 
Section 5, are satisfied, then the boundedness of the remainder term* is 
guaranteed, and the solution of problem A can be constructed with an 
arbitrary degree of accuracy for large enough k. This construction can 
be carried out by the superposition of fundamental integrals and of 
integrals with supporting contours passing along boundary y. 


The approximate construction of fundamental integrals entering into 
the solution of problem A is reduced to the integration of equation (1.15) 
with contour conditions (6.8), equations (3.1) and (3.2) with contour 
conditions (6.9), and equation (3.3) for given contour values ®,. As in 
Section 5, all these operations can be reduced to the successive solutions 
of a certain number of Cauchy problems for first-order linear equations 

in the neighborhood of y. 


The approximate construction of the integrals with support contours, 
which enter into the solution of problem A, can be reduced to the inte- 
gration of equations (1.17) with contour condition f, = 9, equations of 
type (4.1) with contour conditions (6.4), and equations (4.2) with given 
contour values ® (u < R). The reduction of nonlinear equation (1.17) to 

a certain number of linear equations cannot be accomplished. However, since 
the integrals with the support contour y, as well as the fundamental 
integrals, need only be constructed in a neighborhood of y, and since for 
all practical purposes this neighborhood is quite narrow (see below), it 
follows that the method described in Section 4 for the solution of equa- 
tion (1.17) is quite applicable. 


9. The fundamental integrals which occur in the solution of problem A, 
when t = 1/(n- 1+) < t,, can be constructed with asymptotic error of 
order k~? ** by means of approximating equation (3.4). The corrections 

which can be realized by the use of operator N will affect only the free 
terms of the equations and the boundary conditions determining the coef fi- 
cients of the expansion of the change and intensity functions. 


10. The damping of the fundamental integrals and of the integrals with 
support contour y is of a nonuniform nature. The rate of damping of the 

fundamental integrals for t < t, is always less than the rate of damping 
of the integrals with the said support contour**, and moreover, the rate 


* We note that hitherto it has not been necessary to require the oper- 


ator N to be elliptic when t < t¢t but this will become necessary for 
proposition (c) to hold good. 


0’ 


** This fact served as the basis for introducing the term "fundamental 
integral" (an integral which penetrates deeper in the region). 
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of damping of the fundamental integral depends on the change index, while 


the rate of damping of the integrals with the said support contour re- 
mains stable. 


When t = 0, the fundamental integrals lose the damping property. At 
the same time, the proposed method becomes inapplicable for constructing 
the fundamental integrals (since the parameter k ceases to be large), but 
the method is still valid for constructing the integrals with the said 
support contour (for @ still remains large). 


When t = 0, the ordinary method of a small parameter can be used for 
constructing the fundamental integral. Problem A, for the case t = 0, was 
considered in great detail by Vishik and Liusternik in paper [3] (where 
it was assumed that the small parameter did not appear in the boundary 
conditions), For constructing the fundamental integrals, the method of 
successive approximations was used in paper [3], while for constructing 
the integrals with support contour y (the boundary layer, in the termino- 
logy of [3] ) a method was used similar to that explained here and 
applied earlier in monograph [2 ]. 


The Vishik and Liusternik results can, of course, be used in the case 
t > 0, but it should be realized that they become less effective with an 


increase of t. When t > t,, the procedure used in [3] becomes entirely 
useless, 


Remark: Vishik and Liusternik introduced the term "boundary layer* 
[pogransloi ], interpreting it to mean any integral having the property 
of exponential damping. This property is possessed by integrals with a 
supporting contour. These two concepts are not identical, however. 
According to Vishik and Liusternik, all integrals forming the solution 
of problem A when ¢t < ty must be attributed to the "boundary layer" 

[ pogransloi ], while according to the terminology adopted here, the solu- 
tion of problem A consists of fundamental integrals and of integrals with 
& support contour y. (The difference between these integrals is described 
above). 


If t < t,, the solution of problem A contains those integrals with the 
support contour y which can be constructed only when the boundary of the 
region in question does not touch a characteristic of operator L. If y 
does pass along the characteristics of L or even touch them, the pro- 
perties of the solution of problem A will change radically. For example, 
this phenomenon explains the fact that in the theory of thin elastic 
shells the state of stress of an open cylindrical shell or of a shell 
with a hole is quite different from the state of stress of a closed 
cylindrical shell without a hole (the characteristics of operator L in 
this case coincide with the generators of the cylinder). 
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For a study of the problem in which the boundary of the region passes 
along the characteristics of operator L, a concept of the integral with 
a characteristic support contour was introduced in[2] (in [3] an 
analogous concept was called a parabolic limiting layer). 


7. 1, Let us consider problem B for equation (1.1). By this we mean 
the integration of equation (1.1) with boundary conditions 


p™:® (D) giletke on 1 (u = 0, 


Here y is a curve which does not touch the characteristics of operator 
N and which coincides with the line a = a, (if necessary, by the use of 
a preliminary real transformation of the independent variables); 4( A) 
is a real function, 6°(8) is never zero. The parameters of the problem 
are assumed to be sufficiently smooth in the same sense as that given in 
Section 6. Problem B is solved in general by the same process as problem 
A, Moreover, the solution of problem B with a parameter has much in 
common with the solution of this problem without a parameter. We wil! 
shorten the explanations by taking the opportunity to make appropriate 
references to the relevant Sections of this paper and of the earlier 


work [1]. 


2. If the change index t of problem B is greater than t,, then the 
solution of this problem can be constructed approximately by the super- 
position of fundamental integrals with the same change index, i.e. by 
means of the integrals corresponding to the families of characteristics 
of operator N. That is, we may set 

q=n 

where the summation is carried out over all n families of the character- 
istics of N (N is assumed not to have mltiple families of character- 
istics). 


The following contour conditions have to be imposed on the change 
function and on the coefficients of the expansion of these functions: 


fo? (B), on (A=0,1,2,...,—x—4) (7.2) 


The contour conditions for the coefficients of expansion of the in- 
tensity function and for the remaining terms can then be derived in the 
same way as in the solution of problem B in the earlier article [1]. 


Determining the principal part of the change function and the coeffi- 
cients of expansion of the change and intensity functions is reduced in 
the final step to the successive solution of Cauchy problems for first- 
order linear equations, just as in Section 5, These equations will have 
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no singular points in the neighborhood of y if we assume that there are 
no points of common tangency between the characteristics of N belonging 
to distinct families. The solution of problem B can be constructed to 


within an error of order k~? ** by means of the approximate equation 
(7.2). 


If operator N is completely hyperbolic, then all the functions f,'@ 
will be pure imaginary in consequence of (7.2). If, in addition, 
t> I/(n- L- 1), i.e. p > 1, then the functions f,,,, will be identic- 
ally zero (see Section 2) and the solution of problem B will have the 
oscillating nature typical of such problems. However, if t is restricted 
to the interval 


1 1 
795! < 


n 
then the functions f.,, cannot be assumed to be zero in a neighborhood 
of y lying in IT’, and” the sum (7.1) will in general contain terms which 
will increase rapidly as k + «. 


3. If the change index of problem B is less than t,, and if y does not 
touch any characteristics of L or of N, then the approximate solution is 
composed of the sum of fundamental integrals corresponding to all the | 
families of characteristics of L, and of the sum of integrals with support 
contour y corresponding to all the n — | roots of equation (4.6). 


The integral with support contour y must be taken in the form (6.1), 
(6.2), while € and» are subjected to the relation (6.5). The coefficients 
of expansion of the change function of the integrals with support contour 
y must be subjected to the conditions 


while the principal part of the change function of the fundamental inte- 
grals, and the coefficients of expansion of these functions, must be made 
to satisfy the following requirement: 


fo” = ig, = 0 ga 1,..., 


In this case, the contour conditions which are put on the coefficients 
of expansion of the intensity function and on the remainder terms, as 
well as those on the fundamental integrals and on the integrals with 
support contour y, are determined as in the case t > t,. In the case in 
question, the construction of function (1.4) for the fundamental integrals 
reduces to the successive solution of a Cauchy problem for first-order 
equations, one of which (the one determining the principal part of the 
change function) is nonlinear. All these equations will have no singular 
points in the neighborhood of y if the coefficients of equation (1.1) are 
sufficiently smooth, if this equation does not possess singular points 
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on y, and if on y there are no points of common tangency of character- 
istics of L belonging to distinct families. 


4. If t < t,, then the solution of problem B will contain all integrals 
with support contour y including those which in the neighborhood of y in- 
crease rapidly as they are moved away from I. Therefore, for small t, the 
solution of problem B will have a purely oscillatory character only in 
exceptional cases, even when L and N are completely hyperbolic operators. 


8. 1. Let us consider the problem of the construction of a particular 
integral of the equation 


AN + = B) (8.1) 


-where (as in the earlier article [1]) f is a pure imaginary sufficiently 
smooth function which has no stationary points in the region in question, 
ve is a sufficiently smooth function (in general complex), while k is a 
sufficiently large constant. 


Assuming that k and h are connected by the relation (1.2), we call ¢ 
the change index of the free term. 


2. Let us suppose that the change index of the free term is a rational 
number and satisfies one of the following three conditions: 


(8.2) 


Then a particular integral of (8.1) can be sought in the form 


u=R 
D = = >) (8.3) 


where ¢ is chosen so that 1/t will be a number of the formo + 1/¢ . Sub- 
stituting (8.3) into (8.1) we obtain a relation similar to (1.11): 


s=n+R p=s r=l1+Ru=r 


s=0 p=0 


Following the earlier procedure, we equate the coefficients of equal 
powers of k on both sides of this equation. Three cases can then arise. 


(a) If 


l=n—‘/t+p  (p>1) 


we set m= — |, and obtain 


. 
>2 
sar 
) 


Asymptotic integration of linear partial differential equations 71 


(b) If l= n- V/t plp > set m= (14), and 
obtain the system 


N, p(®,) 
1/€; is the smaller of the numbers 


u 


k*N,_,(®,) 4 = 0 
r=R+1 u=0 


r—p—ucil) 


These relations are valid only if R> p. 


a 
: 
a Lo®,  bru(@) 
(r~u< r= 0, 2/¢, ..., 1/€; @ is the smaller of the numbers 
p and R) 
(r—u l; p—p r R 1/¢ 
ml+fh u=R s- nih-t+e p= s—e 
Lae y" a r 
(r us i; s < 
4 
p=—s—1/F 
a (s—- pcan, s= 0, 1/é, 2/¢, 
p and R) 
4 \O=-— > 
‘ oD, i u (®,) (8.5)! 
(@— pan, s—u—pgl; s=p,e+i1/t, p4+2/¢, »R—1/0) 
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(c) If l= then, setting m= - 1 = 1/t = 1, we 
obtain the system 


(Lo + No) = 4 


r=r—1/ 
(Lo Lrul(®)— Nep(®,) (8.6) 
u==0 p=0 
s—p<n, R—1/0) 
r=I+R u=R s=n+R p-R 


u (®,) + “Nis (®,) = () 
r=R u=0 


s=R 


(r—ucl s—p<n) 


3. Systems (8.4), (8.5) and (8.6) generally make it possible to de- . 
termine successively all expansion coefficients of the intensity function 
by means of algebraic operations. But to be able to do this it must be 
required that the following conditions hold good at all points of the 
region in question: 


(a) If t < 1/(n- 1+ 1), the expression L, has to be different from 
zero, m.e. the level lines of the change function of the free term mst 
not touch the characteristics of operator L; 


(b) if t > 1/(n- 1 - 1), the expression NV, has to be different from 
zero, i.e. the level lines of the change function of the free term must 
not touch the characteristics of operator N; 


(c) if t= 1/(n- 1), the expression L, +N, must not be zero (this re- 
quirement does not have a simple geometrical interpretation). 


4. If the expressions L,, N,, and L,+ N, are identically zero for the 
corresponding values of t and in the region in question, then we have a 
case analogous to the resonance case, i.e. the value of index m mst be 
increased by unity (if the characteristics of the corresponding operator 
are simple, not mltiple). 


The expansion coefficients of the intensity function are then deter- 
mined by linear first-order differential equations. We will not dwel] 
upon the details here. They are to be found in the earlier article [1]. 


9. The results presented admit of various generalizations. 


1. The generalization to the case of more than two independent vari- #. 
ables is trivial. The few assertions which require any examination are 
those based on the expansions of the left-hand sides of equations (1.15) 
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and (1.16) into factors which are linear with respect to fog and Sop: 


2. The generalization to the case when operators L (for ¢ < ¢.) and 
N(for t > ty) have multiple families of characteristics can be obtained 
without changing the form (1.3) of the final integral. Here, however, the 
selection of fraction x/¢ requires careful analysis involving the con- 
sideration of a large number of various possibilities. 


3. The generalization to the case when in place of equation (1.1) we 
have a system of linear differential equations presents no fundamental 
difficulties. Here the method of the selection of noncontradictory values 
of the index of intensity described in monograph [2] can be used. 


Remark. An example, constructed by Hadamard, on the instability of the 
solution of Cauchy’s problem for an elliptic equation is widely known 
(for example, see [4 }). It can obviously be obtained as a particular 
case of the solution considered in paper [1] of problem B for the elliptic 
equation without a parameter, when the initial conditions contain a 
rapidly oscillating function. Lax [5 ] has pointed out that this pheno- 
menon reveals itself quite naturally in the application of asymptotic 
integration: it merely relates to the fact that the change function 
proves pure imaginary only for an entirely hyperbolic equation. The re- 
sults obtained here in Section 7, subsections 2, 4, show that in solving 
Cauchy’s problem for an equation of the hyperbolic type with a small 
principal part, phenomena can also occur, which approach the phenomenon 
revealed in Hadamard’s example. This means that if the contour condition 
formulated for problem B in Section 7, is fixed, a value of h can be 
selected in equation (1.1) so small that ® becomes larger than any pre- 
assigned number at points near y and inside I’. 
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ON THE AUTONOMOUS DETERMINATION OF POSITION 
OF A MOVING OBJECT BY MEANS OF A SPACE 
GYROCOMPASS, A DIRECTIONAL GYROSCOPE 
AND AN INTEGRATING DEVICE 


(OB AVTONOMOM OPREDELENII MESTOPOLOZRENIIA DVIZHUSHCREGOSIA 
OB’ EKTA POSREDSTVOM POSTRANSTVENNOGO GIDROSKOPICRESKOGO 
KOMPASA, GIROSKOPA NAPRAVLENIIA I 
INTEGRIRUIUSHCHEGO USTROISTVA) 


Vol.23, No.4, 1959, pp.58-63 


A. Iu. ISHLINSKII 
(Moscow) 


(Received 5 Septeaber 1958) 


A theoretical solution of the problem of the determination of position of 
a moving object by means of gyroscopes, accelerometers, and integrating 
devices was presented in [1]. The scheme of combining the computed ele- 
ments as shown in [1] could be modified in many different ways. This 

work presents one of the variants of a somewhat different solution of the 
above problem with the use of the properties of Geckeler’s gyrocompass. 
The exact theory of Geckeler’s gyrocompass is given in[2]*. This variant 
of a solution of the problem of an autonomous determination of position 
of an object moving on a spherical earth requires the use of a directional 
gyroscope and of a device integrating a system of three nonlinear diffe- 
rential equations of the first order. As far as these equations are con- 
cerned, the mathematics of the problem remains in principle the same as 
in{1]. 


1, A discussion of the basic properties of the sensing element** will 
introduce the main subject (Fig. 1). We shall assume a spherical earth, 


In this connection the publication of Fox [3 ] should be mentioned, 
where, by means of a complicated gyroscopic system, also containing a 
gyrocompass, essentially the same problem is solved from the measure- 
ments of gyroscopic reactions. 


And also the sensing element of a twin vertical gyroscope described 
inf{4]. 
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a central field of gravitation, and some initial conditions orienting the 
sensing element and furnishing the angle 20 between the axes of spin of 
the two gyroscopes in the gyrocompass. If the suspension point of the 
sensing element remains on the earth’s surface, then the line joining the 
suspension point with the center of gravity will always pass through the 
center of the earth. Moreover, the vector sum Hf of the angular momenta 

of the two gyroscopes of the sensing element wil! always remain perpen- 
dicular to the velocity vector of the suspension point moving with res- 
pect to a stationary sphere S, whose center coincides with that of the 
earth and which has the same radius as the earth.* Finally, the magnitude 
of the velocity of the suspension point v is related to the angle between 


the axes of spin of the sensing element in a space gyrocompass by the 
formla 


2B cos s = mar (1) 


where B is the angular momentum of each gyroscope, m is the total mass 
of the sensing element, and a is the distance between its center of 
gravity and its suspension point. ** 


2. From the above properties of a space gyrocompass it follows that 
if the suspension point of the sensing element is fixed with respect to 


The introduction of such a sphere, a kind of "*nonrotating earth", is 
very convenient and helpful in a great number of problems on the 
theory of gyroscopes (see [1], [2], [4], [6]). 


It can be shown that any twin gyroscopic device with its center of 
gravity elsewhere than in [2] or [4] possesses identical properties 
if: (1) the center of gravity of its sensing element is in the plane 
containing the suspension point which is perpendicular to the vector 
sum of angular momenta of the gyroscopes; (2) the distance a from the 
suspension point to the center of gravity is the same as in the space 
gyrocompass of Geckeler [2] or in the twin vertical gyroscope [4]. 
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the earth’s surface, then the vector sum of the angular momenta of the 
gyroscopes, H, is directed exactly North. 


In this case we have 
» = RU cos¢ (2) 


where ¢ is the geocentric latitude, R is the earth’s radius, and U is the 
earth’s angular velocity. From (1) and from (2) we can determine ¢ when 
the angle between the axes of spin of the gyroscopes is known. 


When the suspension point is not fixed with respect to the earth’s 
surface, and moves, we cannot determine the direction of a meridian and 
the latitude from the readings of a space gyrocompass only; we must in 
addition know the velocity vector of the suspension point with respect to 
the earth’s surface. 


3. We shall now consider a new variant of the theoretical solution of 
the problem of determining the position of a moving object. Let the 
origin of an orthogonal coordinate system xyz coincide with the suspension 
point of the sensing element, the y axis be along the vector sum H of the 
angular momenta of the gyroscopes, and the z-axis be along the line join- 
ing the center of gravity of the sensing element with its suspension 
point (Fig. 2). 


Fig. 2. 


From the properties of a space gyrocompass it follows that the x-axis 
must be directed along the velocity vector of the suspension point with 
respect to the fixed sphere S, and the z-axis along the radius of this 
sphere. * 


Let w’be the angular velocity vector of the sensing element with res- 
pect to the fixed sphere S (or the angular velocity vector of the co- 


It should be mentioned that a local vertical coincides with earth's 
radius only on the equator and on the poles (at the latitude of 45° 
the discrepancy reaches 7°). Thus, in general, the xsy-plane would not 
be horizontal in the ordinary sense, and its proper name should be 
"the plane of the geocentric horizon". 
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a. s ordinate system xyz with respect to any inertial coordinate system, say 


It is seen from Figure 2 that the x, y and z-components of the vector 


are 
Olt (3) 
: Thus, the x-component of w is known and equals zero. The y-component 
could also be regarded as known; it is determined through (1) when the 
information on the value of the angle 20 between the axes of spin of the 
gyroscopes is continuously supplied, 
a The vertical component z of w (strictly speaking, the radial compo- 
2 nent), also depends on the geodesic radius of curvature*® of the trajectory JOL. 
= traced by the suspension point on the fixed sphere S; hence © (t) is an 83 


unknown function of time. 


4. Let &, n, € be an orthogonal coordinate system with the origin at 
the suspension point, the ¢-axis along the radius of earth, the y-axis 


along the tangent to the meridian directed north, and the &-axis along 
ig the tangent to the parallel directed Fast. 
¢ Let u be the angular velocity vector of the coordinate system &, n, C, 
4 with respect to the inertial system &*n *¢*<! The €, », and ¢ components 
Fa of u are expressed [7] by the faniliar formulas 


Vy 


Nere «> is the latitude**,and Vy and Vp are the northern and the eastern 


components of the velocity of the suspension point with respect to the 
earth's surface. 
After substituting [7 ] the equations 


de 
at 


Vy = 


Geodesic curvature at a given point of a curve lying on a surface 
equals the curvature of the projection of the curve on a plane tangent 
to the surface at the point under consideration. 


** The latitude @ is the geocentric latitude of a point. It differs from 
a geographic latitude by the magnitude of the angle between the local 
vertical and the earth's radius erising from the earth’s rotation. 


u Uy = + U cos ¢, u tango -+ Using (4) 

ad) 
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in (4) the components of u will have the following form 


dd, 
} cos 
t 


rd 


where A is the longitude. 


5. Let @ be the angle between the x-axis and the f-axis, where x be- 


longs to the xyz system moving with the sensing element and & belongs to 
the €, n, ¢ system moving with the earth. It is easily seen that the 
angle @ is the so-called angle of deviation of gyroscope [7]. It is 
obvious from Figure 3 that 

Vey 


RU cose 4 


We repeat that the angle 2(¢) cannot be determined with the gyro- 
compass only. Formula (7) is not very convenient to determine the angle 
d; we will therefore use an equivalent but more convenient formula 

V 
sin 9 et 8 
sin RIT cone (8) 

Here V_ is a projection of velocity V on to the direction of the 
vector of kinetic moment H (y axis). In navigation, a log and a knowledge 
of the map ocean currents are essential for this purpose. 


6. Moreover, the angular velocity vector u ‘of the geographic coordi- 
nate system &, n, ¢ with respect to the fixed sphere S), and the angular 
velocity vector w ‘of the coordinate system ryz moving with the sensing 
element) differ only in their &- and z-components (the axes & and z co- 
incide). This difference (Fig. 3) is expressed by 


(9) 


From this statement it follows that 


w, cos } — wy, sind, Uy = @, Sind cos 
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Using formulas (3), (4), and (10), we obtain 


If 2(t) were a known function of time, then (11) would represent a 
system of nonlinear differential equations of the first order for the 
dependent variables A, and 


7, Determination of function 2(t) requires in addition a directional 
gyroscope (Fig. 4), or some other gyroscopic device, like twin gyroscopes 
in a gyroazimuth (Fig. 5). In the case of a directional gyroscope we 
will use instantaneous values of the angle a between the x-axis (which 
moves with the sensing element), and the normal, v, to the outer ring of 
the directional gyroscope (Fig. 4). 


In the absence of friction in the casing axis of the ‘lirectional gyro- 
scope and the vanishing of the unbalancing moment of the system con- 
stituted by the casing plus spinning wheel about the axis of spin, the 
component of the angular velocity of the outer ring along the axis of the 
outer ring vanishes in any position of the directional gyroscope. 


In a directional gyroscope the spin axis is always in a plane perpen- 
dicular to the plane of the otter ring, owing to a specially introduced 
moment about the axis of the inner ring. For our purposes the axis of the 
outer ring of the directional gyroscope should coincide with the radius 
of the "Earth" containing the suspension point of the sensing element of 
the space gyrocompass. This can be achieved through special recording 
devices which connect the sensing element of the space gyrocompass with 
the base of the directional gyroscope. Then the angular velocity of the 
sensing element and the angular velocity of the outer ring of the direct- 
ional gyroscope will differ only in their z-components (that is in their 
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components along the earth's radius). 


Consequently we obtain 
da 


m, (t) = 


(12) 


and the function 2(¢ ) = o, becomes known. 


8. The system of differential equations (11) could be transformed into 


dg v ‘ da v dd cost 4 
Siti +, = — Cos = — 
a oR ad R R cose 


where each equation is solved for the time derivative of the unknown de- 
pendent function ¢, 9, and A respectively. 


The first two equations in the above system can be integrated inde- 
pendently of the third one. Hence, with initial conditions for ¢ and @, 
the corresponding integrating device will continuously compute the lati- 
tude and the velocity correction for the gryocompass, and in this way the 
direction of the meridian is obtained without knowing the velocity of the 
suspension point with respect to the earth's surface. 


When ¢ and @ have been computed, the last equation in (13) is easily 
integrated, yielding the latitude A as the function of the initial lati- 
tude. 


Thus the problem of the autonomous determination of position of a 
moving object is solved. 


9. A space gyrocompass will obey the laws stated in[1], if the initial 
conditions are exactly those given there. Suppose that these conditions 
are not exactly satisfied. It was shown in[2] that in such a case the 
sensing element of a gyrocompass would perform smal! oscillations about 
the axes of the Darboux natural coordinate system x°y°z° in which the x°- 
axis is along the velocity vector v of the suspension point with respect 
to the fixed sphere S, the 2°-axis along earth's radius, and the y? 
follows from the orthogonality. 


Besides, the angle 2¢ between the spin axes of the gyroscopes in the 
sensing element would also perform smal! oscillations about the value 2¢ 
as given by formla (1). All these oscillations could be determined with 
great accuracy thro superposition of two simple harmonic oscillations 
with frequencies y g/R + U sin d. (U sin d is the vertical component of 
earth's angular velocity). Geckeler [8] mistakenly assumed that these 
frequencies equal so-called Schuller’s frequency ¥ g/R = 0.00124065 sec™'. 


It can be shown that while the oscillations of the z axis (moving with 
the sensing element of the space gyrocompass) have little influence on 
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errors in angle a, the torsional vibrations of the sensing element about 
the z axis affect a considerably. 


Thus, the integrating device, instead of receiving the true values of 
O(t) and v, receives data determined from the actual angle between the 
spin axes of the gyroscopes in the space gyrocompass according to formla 
(1), and from the instantaneous angle between the compass and the gyro- 
azimuth. An estimate of errors in coordinates of a moving object as ob- 
tained in this case from the integration of the equations (10) is an im- 
portant practical problem deserving a special investigation. 
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CALCULATION OF THE INFLUENCE OF CENTRIFUGAL 
FORCES ON SURFACE PRESSURE FOR A BODY 
OF ARBITRARY SHAPE IN HYPERSONIC FLOW 


(UCHET VLITANITA TSENTROBEZANYKA SIL NA DAVLENIE VOZDUKRAA 
NA POVERKHNOST’' TELA PROIZVOL’ NOI FORMY, OBTEKAENOGO 
POTOKOM S BOL’ SHOI SVERKAZVUKOVOI SKOROST’ IU) 


PMM Vol.23, No.1, 1959, pp. 64-69 


G.I. MAIKAPAR 
(Moscow) 


(Received 20 June, 1958) 


The fundamental geometrical property of flow around a body at hypersonic 
speeds is the proximity of the bow shock to the body surface (with a 
correspondingly large density in the layer behind the shock). This pro- 
perty has been used in a number of papers to set up approximate methods 
of calculation (cf. for example [1]). Particular attention has been paid 
to limiting cases in which the ratio of specific heats y + 1 and the Mach 
number M + co for a body of non-vanishing thickness. The shock then co- 
incides with the body surface, and the density of the air behind the 
shock is infinitely large. Notwithstanding the fact that the thickness 

of the layer behind the shock is equal to zero in the limit, the pressure 
at the surface of the body will be different from the pressure immediately 
behind the shock owing to the action of centrifugal forces on the thin 
layer of high density. This effect of centrifugal forces on surface 
pressure was first computed by Busemann for two-dimensional and axially 
symmetric bodies, and Busemann’s solution has been used as the first term 
in a series expansion in powers of a small parameter (€ = (y — 1)/(y + 1), 
1/M,*) [2, 3] and as a first approximation in a process of successive 


approximations [ 4, 5]. 


In all the papers mentioned the flows considered were two-dimensional, 
so that the calculations could be materially facilitated by the intro- 
duction of a stream function. In one paper [6] it was shown that the 
leading terms in an expansion of the stream function in powers of the 
distance from the shock also gives a satisfactory approximation. Although 
attempts have been made to estimate the effects of centrifugal forces on 
pressure for flow around a body of revolution at angle of attack [7], 
there exists no sufficiently reliable method of calculation, analogous 
to the Busemann method, for a body of arbitrary shape. An attempt to 
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propose such a method is made in the present paper. 


For the limiting case of a layer of vanishing thickness behind the bow 
shock, a method is presented for calculating surface pressure on a body 
of arbitrary shape. The streamlines in the layer behind the shock are de- 
termined as unaccelerated particle paths at the body surface as a function 
of the initial velocities. The streamline distribution through the layer 
is then found from the equation of continuity, and the pressure at the 
body surface is computed when the streamlines are known. 


1. The equation of motion in a system of curvilinear co- 
ordinates based on the bow shock. It is well known that the sur- 
faces parallel to a given surface S together with two families of develop- 
able surfaces generated by normals to the surface S in the directions of 
[principal ] curvature make up an orthogonal system[8]*. We will take 
as surface S the bow shock, as curvilinear coordinates the parameters é, 

7 on lines of curvature, and as coordinate ¢ the normal distance measured 
from the shock surface toward the body. 


Adopting the usual notation, in which E£, G are the coefficients of the 
first fundamental quadratic form, L, N are the coefficients of the second 
fundamental quadratic form, and R-, are the principal radii of curva- 
ture [8], for the Lamé coefficients we will have** 


dln Hi, { 
H,, 


In this system of coordinates the equations of Euler and the equations 
of continuity and isentropy for an ideal gas have the form 


(1.1) 
u Ou v du { Op 


V.V. Struminskii has used such a system for the derivation of the 
boundary layer equations. 


** The index denotes the quantity varying along the coordinate lines, 
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where u, v, w are the velocity components in the direction of the co- 
ordinate lines. Equations (1.1) represent a system of five quasilinear 
equations in five unknowns u, v, w, p, p. From these five equations may 
be determined five first derivatives with respect to ¢ at ¢ = 0, using 
given data immediately behind the shock. The derivatives du/@¢ , 
A8v/A¢C are computed directly from the first two of equations (1.1). The 
determinant of the remaining three equations, from which the derivatives 
of w, p, andp with respect to ¢ are to be found, is 


Ypwe- (y¥+1) 


and reduces to zero only if the shock degenerates into a weak wave. 
Further derivatives with respect to ¢ may be found by differentiating 
equations (1.1) with respect to ¢, whereas the determinant of the last 
three equations will be the same. 


2. Velocity, density, and pressure immediately behind the 
bow shock. The normal velocity component >, the density Po) and the 
pressure p, immediately behind the shock are expressed in terms on the 


normal velocity component w,, the density p,, and the pressure p, ahead 
of the shock in the following way; 


of 
1+ew,? = velocity of sound) 


Note: If the enthalpy behind the shock may be taken as 


but Y> 4 Ys because of the high temperature, then 


(1 ( a*\? / 1 [ 2a," 


so that for ¥, * 1 the velocity #, behind the shock approaches zero in- 
dependently of 


de | 
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If we assume that the vector velocity V in the undisturbed stream 
(ahead of the shock) is situated in the xy plane and makes an angle a with 
the x-axis, then the components of this velocity in the curvilinear co- 

ordinate system will be 


In order for it to be possible to introduce a stream function, one of 
the derivatives in the continuity equation (the fourth of equations 1.1), 
for example dpvH;/dn, has to be put equal to zero, in particular, 
immediately behind the shock. This is possible only if all the derivatives 
of the coordinates x, y, z with respect to & and n are functions only of 
€ at the shock, or if cos adx/dn+ sinady/dn= 0 at the shock. 


In the first case the shock is a cylindrical surface, and the lines 

n [= constant ] are straight lines; in the second case the shock is an 
axially symmetric or helical surface, and the lines 7 [= constant ] are 
either circles or straight lines. The shock configurations just specified 
exhaust the cases for which a stream function may be introduced. 


3. Approximate equations for the case of a *strong* shock. 
Equations (1.1) are materially simplified if the density behind the shock 
is much greater than the density in the undisturbed stream (the limit 
). This oceurs for « + 9 or for a, + 0: ice. for M, 
provided that the angle between the normal to the shock surface de the 
vector velocity V does not approach 7/2 (nonvanishing body thickness). 
This case corresponds to a value of the similarity criterion for super- 
sonic velocities K + «. For the conditions specified it may be assumed 
that quantities are of the same order in the layer behind the shock as 
they are just behind the shock, namely 


w=eVw’, v=Vr’, = = p,V*p’ 


where « is a small parameter and w’, u’, v’, p’, p” are quantities of 
order unity. The coordinate ¢ is of the order of the smal! parameter « 
compared to the two other coordinates. The elimination of quantities of 
order « or higher in equations (1.1) compared to quantities of order 
unity gives the following simplified equations: 


u Ou v Qu w™ u din E In’ 0 (3.1) 


VE VG a ac an VE fila 


w, = —= | Cosa 4. sin a (2.2) 
= VEG a (E, n) d(E,n) 
u, = = | { COS & = sin a} = + sina 
? 2 
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Multiplying the first equation by u and the second by v and adding, 


= (3.6) 
That is, the projection of the velocity on a plane tangent to the shock 
does not change along a streamline. Thus in the case of high density but 
finite pressure behind the shock the gas in the thin layer between the 
shock and the body moves without acceleration in a tangential plane, 

while the component of acceleration normal to the shock (body) surface 

is balanced by a pressure gradient normal to the shock surface. We wil! 
use the notation tg @ = u/v, q= ¥ ue + v; then, taking account of (3.6), 
instead of equations (3.1)-(3.5) we obtain 


+ (2 7) 
VE VG am q 


VE 
sin? 6 {1 dp 


R, og? at 


sindainVe 
G 


cos? 6 
— + 


(3.8) 


Oe cos 6 Vv G de sin 6) E (2 9) 


V EG 5. 
OE 


The assumptions adopted here concerning the smal! thickness of the 
layer behind the shock and the high density in this layer are permissible 
as long as the pressure at the surface of the body does not become smal! 
(p ~ 9), in which case there is a corresponding decrease in the density 
and the shock leaves the body. Under these conditions the disturbances 
are already small, and it is not permissible in the equations of motion 
to discard quantities of order «. An estimate of the order of the terms 
in the equations of motion for this case of smal! disturbances (K > 0, 
but K 4 « ) leads to certain simplifications [1]; however, the use of a 


VE VG at VG VE 
R, R, a 
as 
Le : we have 
(3.10) 
a 
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system of coordinates based on the shock is unsuitable for this case’. 


4. Approximate solution. One method for computing the flow behind 
the shock is the use of series in powers of ¢, the coefficients of which 
are calculated from equations (1.1)-(1.5) or (3.1)-(3.5). 


The accuracy of such calculations (series convergence), especially 
for the region of subsonic flow in front of a blunt-nosed body, needs 
investigation; nevertheless, the results of sufficiently rigorous cal- 
culations [9] for a body of revolution (M = 5.8) apparently show that in 
the subsonic region the change in the velocity components with a change 
in ¢ may be adequately represented by the first terms of the series [4 ]. 
For pressure and density it is better to use the Bernoulli equation 
2 "Be y Ze 
With the object of confirming this explicit assumption, we will present 
the results of calculations, using the series, of the distance A between 
the shock and the stagnation point of a blunt axially symmetric body. 
From equations (3.1)-(3.5), on the longitudinal body axis behind the shock 


we obtain 


where R_ is the radius of curvature of the shock. Consequently 


we. 
20,R2, 


c 


w= 


At the stagnation point of the body w= 9, so that for the distance 

between the shock and the stagnation point we obtain 
A = (2—VY 2) Re, tor Myx 

This value of A for M, + « proves to be close to the value calculated 
by the method of Ref. 6. The use of series for the case of a body of 
arbitrary shape will lead to a complicated computation, and here we will 
employ another procedure suitable for the solution of equations (3.7)- 
(3.10), given the normal velocity, density, and pressure at the shock in 
accordance with equations (2.1)-(2.3). 


It is an interesting circumstance that in the case of a thin wing 
lying in the xz plane the equations of motion for smal! disturbances 
reduce to the non-steady equations of motion for a piston at each 
cross-section whose plane is parallel to the plane ry. 
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Considering the extreme thinness of the layer between the shock and 
the body, we will assume that the particle paths in the gas are [ equally] 
inclined to the surface of the shock; then in place of (3.7) we will 
obtain 


(4.1) 


sin®@ 86 cos® sind dinVG 
VE ' VG mM VE & VE 

This assumption may give rise to appreciable errors only in the 
neighborhood of the stagnation point of a blunt body. If the equation of 
a streamline is 7 = 7 (€)}, then tg 0= /G/Edn /dé. But the left-hand 
side of equation (4.1) is nothing but the derivative of the angle @ along 
the arc of a streamline; i.e. (90/0) cos EF. Consequently, in 
place of (4.1) we will have 


1 save VG 

From this equation we obtain an ordinary nonlinear second-order equa- 
tion to determine the streamlines; 


Having the projection of the streamlines on the shock surface, it is 
now necessary to distribute these streamlines across the layer in such a 
way as to satisfy the continuity equation. 


At any point (€, 7) the streamlines passing through.a normal to the 
shock surface end on some line L in the shock surface. We will take a 
surface element defined by an element YI this line L(do,) and an element 
of its normal (dn,) at a point (€,, 7,). The equation of continuity for 
a stream tube seasing through this surface element will be p,w, de. 2dn, = 
padCdn, where dn is the distance between the streamlines generating 
the stream tube (passing through the ends of the segment dn,). 


Let the equation of a streamline be given in the form ='n(€,, 7,, €). 
The increment in the coordinate 7 for a change in the parameters é,, "> 
together with a displacement along the stream line should be equal to 
the increment in the coordinate 7 for a displacement along a normal to 
the streamline at the point (€, 7); 


on 


4 
| 
| dp = —Y = ctg dae. 
> 
| 
From this 
dt | 
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The increments in the parameters é,, 7, are found from the quantity 
dn., and we obtain 


dn, sin V dn, COS Yo 


where y, is the angle between the tangents to the line L and to the co- 
ordinate line € at the point (5, 79). Inasmuch as dé =- (1/VE) sin 0 dn, 
then 


‘COS Yo siny2 


dn - dn,cos8V — ) = m (39) dng 


VG, VE, %s 


Substituting this expression in the continuity equation, we obtain 


» dap 
— (4.4) 


pgm 


The variable of integration in (3.8) may now be changed from ¢ to a,: 


m (65) R, 


The quantities entering into (4.5) depend both on the coordinates of 
the point (€, 7) as parameters and on the coordinates of the point (f,, 
n,) on the line L along which the integration is to be performed. In- 
tegration of (4.5) may be carried out from a point (&, 7) in the shock 
surface to any point on the line L; the corresponding values of ¢ may 
then be determined from (4.4), including the point lying in the body sur- 
face. The formla (4.5) is a generalization, for a body of arbitrary 
shape, of the Busemann formula. 
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In this paper we investigate flows of an ideal gas with infinite conduct- 
ivity in a magnetic field which is parallel to the velocity of the 

s | approaching stream. It is shown that there exist two hyperbolic flow 

G regimes, one of which occurs at subsonic velocities. In this flow regime, 
shock waves are inclinea upstream. For certain values of the ratio between 
magnetic and hydrodynamic pressures, there exists an elliptic type of 

flow at supersonic velocities. In this regime weak shock waves do not 
occur, but there are strong shock waves, whose angles of inclination start 
from the perpendicular. We work out the simple waves for the hyperbolic 
regimes and construct the solutions for the problem of flow around bodies, 
in the linearized and second-order approximations. 


eA 1. Shock waves. Let H, be the magnetic field and v, the velocity 
= vector, both parallel ebaal of the shock wave, and let the shock wave 
> form the angle o with the direction of these vectors (Fig. 1). Then the 
‘2S pressure p, density p, velocity V and field H, downstream (index 2) and 


upstream (index 1) of the shock wave are related by the following rela- 
tions [1]: 


the condition for continuity of the normal component of field 
H, = H,sine = H,sin(s — 9) : a 

‘ the condition for continuity of mass flow 

= sino = sin (s — 9) 4 


the condition for conservation of tangential momentum 


4np, V[V, cos — —V, cos = H, cos (2 — 9) — H, cos 3] 
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Fig. 1. 


the condition for conservation of normal momentum 


He 
cos? — 9) = p,+ costa 


the condition for conservation of energy 
x P2 V;? 
=15% * +> 
We have made use of the fact that the angles of inclination @ of the 
vectors H and V after the shock wave are identical. This follows from 
the continuity of the tangential component of the electric field FE. In an 
infinitely conducting fluid, E = - (1/c) Vx H. In our case, E is zero 
ahead of the shock, and thus it follows that also after the shock 
Vx H-= 0, and so Hl is parallel to V. 


From (1.1) and (1.2) it follows that 
A, (1.6) 


Let us consider shock waves of small intensity. Let H,, V,, Po and Pp» 
correspond to the free stream, with H, and V, in the direction of the 
x-axis. Let h,, hy, Ves Vy P and p, with indices 1 and 2, be small per- 
turbations, corresponding to upstream and downstream of the shock wave. * 


Neglecting the squares of small quantities in (1.1) to (1.5), and re- 
arranging as necessary, we obtain the following relations for a weak 
shock wave: 

V 
[hx] tg % — [hy] = 0, tg [Vx] — [vy] + 3, =0 
1 om / 9? 
M,? Sin cos 


=0 (1.7) 


[p] + Poo [vx] = 0, [vx] + [vy] 


* The vectors V and A ahead of the shock may be non-parallel (but nearly 
parallel). 

** Conditions for the conservation of the tangential component of electric 
field. 
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Ho [vy] + Vo [hy] = 0° 
1 - (1 — H,?/ 8= 
v 
Po / 
where 0, is the angle of inclination of the shock wave of zero intensity, 
a, is the speed of sound of the free stream. The symbol [A] indicates 
(A, -A,). 
2 1 


The flow under consideration has two characteristic non-dimensional 
parameters: the Mach number M and the parameter Ng which is equal to 
the ratio of magnetic and hydrodynamic pressures. Using these parameters 
we rewrite (1.8) in the form 


73 
It is evident that for given 7 there always exist sufficiently small 
values of M for which the right hand side of (1.9) is — For 
those values of M, weak shock waves do not exist. For M, 
N,* (1 + N,*) the numerator in the right-hand side of dengue 
sign and the right-hand side becomes real. 


It follows that for M,, < M, < min (1, N,) weak shock waves may exist. 


Here, three possibilities present themselves, as depicted in [ the 
hodographs of ]* Fig. 2, where the numbers 1, 2, 3 denote, respectively, 
quasi-hyperbolic and fully hyperbolic regimes: 


(a) for N, < 1, the region of existence of shock waves ends at sub- 
sonic velocities, followed, up to M, = 1, by a region in which there are 
no shock waves; for M, > 1 shock euves again appear (Fig. 2a); 


(b) for N, > 1, the subsonic region in which shock waves exist extends 
to M, = 1, while u > 1 up to M= Nis a region in which weak shock waves 
commat exist; for M, > N, weak shock waves again exist (Fig. 2b); 


(c) for N, = 1, both regions of existence of weak discontinuities join 
at M= 1 (Fig. 2c). 


The subsonic region in which weak shock waves exist we shall call 
quasi-hyperbolic**, and the corresponding supersonic region fully hyper- 
bolic or, simply, hyperbolic. 


* Added in translation, 


** In what follows, the reason for this name will become clear. 
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As is well known [1], the pressure in real*, weak shock waves must 
increase. Corresponding to (1.7) and (1.8) in the quasi-hyperbolic regime 
with o, < 1/27 and[v.] > 0, we must have [v, ] > 0, and then the 
pressure p decreases, 1.e. for a real shock wave with 0, < 1/2” the flow 
has to deflect downward, not upward, as ordinarily in supersonic aero- 
dynamics. In the hyperbolic regime with 0, < 1/27 real shock waves de- 
flect the flow upward. 


Fig. 2. 


Let us denote the angle of inclination of a weak shock wave of non- 
zero intensity by o = 0, + 5. Let the flow after the wave (Fig. 1) turn 
through the angle 6. Expanding relations (1.1)-(1.5) in series of @ and 
keeping terms of second order, we find 


(1 — My) Ny? + + 1) — 
i(M — — 1,*9 (1.10) 


As shown above, in the quasi-hyperbolic regime a deflection of the 
flow and the field to positive angles @ occurs for shocks with o,= /2n. 
From (1.10) it follows that 5 > 0, and therefore the shock wave approaches 
the x-axis as @ increases. Shock waves with angles of inclination |e! < 
1/2 do not exist. In particular, there are no shock waves perpendicular 
to the flow. 


In the hyperbolic regime, positive @ corresponds to 0, < 1/2m and 
|o| 2 |o,|, as in ordinary gas dynamics. For N> 1 and 1< M< N there 
evidently exists a normal shock (o = 1/27), but there are no weak shocks. 
Shock waves with angles of inclination 1/27<¢ o < m appear here as strong 
shock waves. 


2. The equations of magnetohydrodynamics and their charac- 
teristics. The motion of a gas with infinite conductivity in the pre- 
sence of a magnetic field is described by the following system of equa- 
tions [1]: 


* In which entropy increases. 
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diveV=0, HyxrotH (2.1) 


4no 


divH=0,  rot(VxH)=0 


For the case of plane flow it follows from the last equation that 
Vx H= const. Since the flows under consideration are those for which 
V. I] H, at infinity, then V||H throughout the flow field, since at the 
shock wave the parallelism of these vectors is not disturbed, as shown 
in Article 1. Thus, throughout the flow 


V.H, —V,H.=0 (2.2) 


Take the x-axis along a streamline. Then V, = 0 and, from (2.2) also 
A, = 0. We write the continuity equation (2.13 in the form 


éln 


Thus, H/p V = const along a streamline. This ratio is continuous 
across a shock wave, according to equation (1.6), thus throughout the 
flow we have 

(2.6) 

In view of the parallelism of the vectors H and V, equation (2.6) is 

equivalent to two relations: 


H > 
H. = ol xs 
ro" 


Using these expressions, we can eliminate the magnetic field from the 
equations of motion (2.1), and obtain 


| Aetvx /OeV 
“Gre, \ Oz ay 


Equations (2.8) together with the continuity equation (2.1) and the 
condition of constancy of entropy along a streamline, 
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y,2(2\4y,2 -0 (2.9) 

constitute a closed system of equations for the determination of the four 

unknowns Ve. Vy p and p. 


Writing equations (2.8a) and (2.9) in coordinates whose x-axis is 
along a streamline we note that the absolute value of the vector V, the 
pressure p and the density p are related, along a streamline, by the same 
relations as in ordinary gas dynamics: 


P const (2.10) 


(2.11) 


Here Gansed the maximum flow speed, is a constant for the flow, as 
follows from (1.5). 


The change of entropy in shocks is proportional to the cube of the 
pressure jump [1]. Therefore, to second order, f = const, and thus p 
has a one;to-one relation with V, as in ordinary gas dynamics. 


Introducing the usual procedures for finding the characteristics of 
the system of equations, we find that plane flows of magnetogasdynamics 
possess two systems of characteristics*, whose angles of inclination ¢ 
to the streamline are determined by the expressions 


— Ni (i — H* [up 
(M? — 1)(M? — NB) / 2) 


0 


The characteristics corresponding to the upper sign we shall cal! 
characteristics of the first family, those of the lower sign, the second 
family. Since (2.12) is the same as (1.9), the characteristics are real 
in those ranges of M and N in which weak shock waves exist. As required, 
the characteristics coincide with the shock waves of vanishing intensity. 
Along these characteristics, the required functions are related by the 
relations: 


F (M? — N*)| tg — — _ 9 (2.13) 


* The streamline also appears as a fourth-order characteristic, along 
which the four relations (2.7), (2.9), (2.11) hold. 
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where the upper and lower signs correspond with those in (2.12). If the 
entropy is constant throughout the flow field, then (2.13) may be re- 
written in the following form: 


+- (M? — N*)| tg + [M*— N?2(1 — M*)|dlnV =0 

From (2.13) and (2.14) it may be seen that, along one and the same 
family of characteristics in the hyperbolic (M> N) and quasi-hyperbolic 
(M< N) regions, the directions of changing velocity and pressure, for 


the same change of @, are opposite. In the hodograph plane the character- 
istics have the form shown in Fig. 2.* 


In the hyperbolic regime, for N+ 0 all the formulas reduce to the 
corresponding formulas of ordinary gas dynamics. 


3. Simple waves. As in ordinary gas dynamics, there exist in each 


hyperbolic regime two types of simple waves: condensation and rarefaction 
waves. 


Every wave maps into a characteristic in the hodograph plane. In 
magnetogasdynamics, the properties of simple waves are different in each 
hyperbolic regime. 


My, <M min (1, WN) 


% 
S, 


Fig. 3. 


Corresponding to equation (2.14) and Fig. 2, the flows along concave 
and convex walls have the form shown in Figs. 3 and 4. The behavior of 
the flows near the boundary lines (M = M,,, M=N, etc.) is essentially 
different for N> 1 and N< 1. For N< 1, in the vicinity of the lines 
M=M., and M= 1, small changes of angle correspond to large changes of 


* In Fig. 2, characteristics of the first family are shown by dotted 
lines, those of the second family by continuous lines. 
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speed. At the outer boundaries of the hyperbolic regions (M= N and 
M+), a very large curvature of the streamline is required to change 
the speed. For N> 1, on both boundaries of the quasi-hyperbolic region, 
the magnitude of the velocity vector changes suddenly for a smal! turn. 
On the other hand, on both boundaries of the fully hyperbolic region, a 
change in the magnitude of the velocity vector requires a large turn. 


Of interest is the case N= 1 (Fig. 5). In this case an expansion for 
example, proceeds up to M = 1 along a characteristic of the first family 
AB (Fig. 2c), and for M> 1 along a characteristic of the second family 
BC. The inclination of characteristics in the physical plane changes 
continuously, going through 1/2” at M= 1. 


4. Flow around finite bodies. Assume a body in a flow of gas of 
infinite conductivity having the velocity V, at infinity, in a magnetic 
field H., parallel to V,. We will consider a body thin enough so that if 
the approaching stream belongs, for example, to one of the hyperbolic 
flow regimes, then all portions of the flow are within the boundaries of 
that regime. 


My, mint! N) 


In the fully hyperbolic regime the flow is analogous to supersonic 
flow over a profile (Fig. 6). 


If cubes of the velocity perturbations are neglected, then, as shown 
above, the flow is isentropic. To this order, changes in a shock wave 
are the same as changes in a simple wave. Therefore the flow around a 
profile can be constructed by Busemann’s method. In the quasi -hyperbolic 
region an analogous solution can be formally constructed (following the 
scheme of Fig. 6), in which condensations are everywhere replaced by 
rarefactions. However, such a flow cannot exist, since in that case the 
entropy would have to decrease in a shock wave. The impossibility of such 
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a flow is also evident from other considerations. In the flow which is 
constructed according to Fig. 6, the flow upstream of the first shock is 
undisturbed. It is known [1] that in magnetohydrodynamics there exist 

two types of wave, propagating in all directions with two different speeds. 
The speed of propagation u of these waves is determined by the equation 


[1] 


(u? —- ay") (u? N2a,2 sin? 2) u2N?® cos*s (4.1) 


where a, is the speed of sound in the basic flow and o is the angle of 
| inclination of the wave front to the x-axis, along which the vectors Vv, 
. and HH. are directed, in our case. Waves with speeds a, and Na, evidently 
propagate against the flow (o = 1/2m ). Since in the quasi-hyperbolic 


d Z region M< 1 and M< N, both waves penetrate upstream. As the inclination 
of the wave front decreases, the speed of one of the waves decreases to 

zero aso + 0, while that of the other increases to (N, + l)a,. For N < 1, 

there is a decrease in the velocity of that family of waves whose speed 
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is Na, ato = 1/27. For N> 1, on the other hand, the speed of propaga- 
tion of this family of waves increases as o + 0, while the speed of the 
second family (which has speed a, ato = 1/2m) decreases. Thus, one of 
the famlies always penetrates upstream. The second family, beginning at 
some 0 < 1/27, cannot penetrate upstream. That such a family mst exist 
is shown by the appearance of characteristics for M< 1. Evidently, the 
angle 0, is the angle of inclination of the characteristics. 


Thus, in the quasi-hyperbolic regime, disturbances can penetrate up- 
stream. On the other hand, if characteristics of the second family could 
come from the undisturbed flow at upstream infinity, then the uniquely 
possible solution would be the solution constructed according to the 
scheme of Fig. 6, with decreasing entropy. Therefore the characteristics 
have to run into a shock wave which runs upstream, as shown in Fig. 7. In 
this case the characteristics running into the undisturbed flow downstream 
of the body are of the first family. The whole flow is obtained as by a 
mirror reflection of the usual supersonic flow of ordinary gas dynamics. 
However, there is an important difference between these two flows. In 
supersonic aerodynamics, as well as in fully hyperbolic flows of magneto- 
gasdynamics, the flow ahead of the shock is undisturbed. Thus the flow 
ahead of the bow shock is known, and it is possible, with the method of 
characteristics, to construct the whole flow and shock waves, step by 
step, beginning at the nose of the body. In analogy with that, it is 
natural, in the quasi-hyperbolic region, to try to calculate the flow by 
the method of characteristics, going from the end of the body upstream. 
However, in this case the flow downstream of the trailing-edge shock wave 
is disturbed, due to the change of entropy in the shocks. Therefore, in 
the general case, all parts of the flow are interdependent, and the usual 
method of characteristics does not give a method of constructing the flow. 
In order to emphasize this peculiarity which is characteristic of ellip- 
tical regions, we have called these flows quasi-hyperbolic. 


If we restrict ourselves to the second-order approximation and neglect 
the changes of entropy, then the indicated property of interdependence 
disappears and the solution can be constructed entirely by analogy with 
the Busemann method. The only difference in the given case is that we go 
along characteristics of the first family, from downstream infinity, 
rather than along characteristics of the second family, from upstream in- 
finity. Correspondingly, in the hodograph plane, the whole flow maps into 
a characteristic of the first family, not the second. 


In the case under consideration, the magnetic field ll is everywhere 
parallel to the velocity vector V, as shown above. Therefore, on the 
boundary of the body the normal component of the magnetic field is equal 
to zero. Inasmuch as there are no magnetic sources inside the body, then 
in accordance with Maxwell’s equations the field must be zero inside the 
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body. Thus on the boundary of the body there is a tangential discontin- 
ulty in the magnetic field and corresponding to it a surface current. The 
magnetic field tries to squeeze this current to the body, which in fact 
determines the magnetic pressure on the body, H’/8m. This effect is en- 
tirely analogous to the pinch-effect. 


5. Linearized theory. Let the free stream velocity V, be along the 
x-axis, and let the field again by H, at infinity, parallel to the velo- 
city. let v,, uy, h,, h,, p andp denote the perturbations of velocity, 
field, etc. Neglecting squares of these quantities, from (2.1) and (2.8) 
we obtain 


(1 — M,?) a + % =9 ) 
The inclination of the characteristics of this system of equations is 
evidently determined by equation (1.9). Along the characteristics, rela- 
tions (2.14) are satisfied; after linearization these have the form 


N,?) | tg N,* M,?)| dv, (5.2) 
The full pressure coefficient is 


p 


P, 
Pn ~ M 


Vo 


where p = — p,V.v, is the perturbation hydrodynamic pressure and P= 
1/4 = Hz (1 - V, is the magnetic pressure. 


Let us bring (5.1) into a form which is conventional in the linearized 
theory of compressible fluid flow. For this, we introduce the velocity 


Then instead of (5.1) we obtain 


(14 — M,2) (M,? av,° 


x 


d2 


The coefficient of dv, */dx is evidently positive in elliptic regions 
and negative in hyperbolic regions. Correspondingly, the system (5.5) 
reduces either to Laplace’s equation or to the wave equation. 


In accordance with (5.4)-(5.5), in the first elliptic, subsonic region 
(M< M,,) the character of the propagation of velocity will be the same 
as in an ideal incompressible fluid. However, according to (5.3), the 
regions of rarefaction are replaced by regions of condensation. The region 
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which has all the properties of subsonic flows turns out to be the second 
subsonic elliptic zone, which exists for N< M< 1. For N+ 0 this region 
spreads and encompasses the whole subsonic regime. According to (5.4)- 
(5.5) the picture of the velocities in the elliptic supersonic region, 

and according to (5.3) the picture of the pressures also, is opposite to 
the picture to which we are accustomed in ideal incompressible flow. Here, 
both the velocity perturbations and the pressure perturbations have the 
opposite sign. 


In the hyperbolic regions (Fig. 8), going from infinity along charac- 
teristics of the second family for M> 1 and along characteristics of the 
first family for M< 1, we obtain, corresponding to (5.2), the expression 


-N2 


0 


5.6 
V Ned — 


It follows that for this case 


Pn = 3 (9.7) 


This expression differs only by a factor from the usual expression 
p= 20/¥V 1, of supersonic aerodynamics. 


Fig. 8. 


From here it follows that in the case under consideration with M, < 1 
there exist flows (for M,. <M. < min (N,, 1)), for which D’Alembert’s 
paradox is not fulfilled. In the elliptic regime, on the other hand, the 
paradox does occur, at least within the linearized theory’. Therefore, 
for M, = 1 it is always possible to choose a magnetic field H, such that 
the drag of the body becomes zero. On the other hand, for M< 1 it is 
possible to choose a field such that a wave drag appears on the body. 


These possibilities do not exist in ordinary aerodynamics. 


* With finite disturbances in the elliptic zones, strong shock waves may 
appear (cf. Art. 1). 
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6. Three-dimensional flow. The plane flows discussed above are 
not plane in the strict sense of the word, since the currents which 
appear are perpendicular to the plane of the flow. If in any part of a 
three-dimensional flow (in which currents are closed) the variations of 
the flow and field parameters in the z-direction are small compared to 
variations in the xy-plane, then the flow in that plane is considered to 
be plane. The flow at a shock wave is by its very nature plane [1], 
since the vectors V and Il before and after the shock and the normal to 
the wave nm lie in one plane. Therefore the relations in the shock waves 
are the same as those given above, if the angles o and @ are measured in 
the plane passing through the vectors V, H and n. 


If the vectors V and H are parallel ahead of a three-dimensional 
shock wave, then they are parallel after it. Using this property and 
(2.4) we find that V{/ fl in the whole three-dimensional flow if these 
vectors are parallel at infinity. It is easy to show, by the usual 
methods, that for those relationships between V and ll for which charac- 
teristics exist in plane flow, there exist in the three-dimensional case 
characteristic surfaces and cones whose half-angle is determined by ex- 
pression (2.12). 


Let us consider the flow around a body of revolution, with the vectors 
V. and Hi. at infinity parallel to its axis. The character of the flow 
around the body in each of the flow regimes considered in article 4 will 
be the same as in the plane case. 


A peculiarity appears in the quasi-hyperbolic region. Here, just as 
in the plane case, the flow has the character shown in Fig. 7. 


In ordinary supersonic aerodynamics, one of the few exact solutions 
is for conical flow over a circular cone with an attached bow wave. In 
the case under consideration an analogous flow is obtained for an in- 
finite reverse (trailing edge) cone (Fig. 9). However, here there is a 
decreased pressure on the cone surface, and the pressure increases as 
one goes away from the cone toward the shock. 
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In supersonic aerodynamics, if a finite body has a conical nose, then 
the flow around that nose is the same as over an infinite cone. In the 
quasi-hyperbolic case the flow around a conical tail will not be conical 
in general, due to the changes of entropy in the bow and tail shock waves. 
If the changes of entropy are neglected (i.e. in the linearized and 
second-order approximations) then the computation of the flow is analogous 
to that for ordinary supersonic flow around an axisymmetric body. But here 
the computation begins from the tail end of the body, as though there were 
a reverse flow over the body. 


Let us consider the flow around a body of revolution in the linearized 
approximation. In cylindrical coordinates the equations of motion have the 
form: 


(1 — & * 


Ov 
N,? (1 —M,’)| (N,? M,*) 


where v_ and v_ are velocity perturbations in the x- and r-directions. 
Making the substitutions 


we obtain 


5° x r . 22 *) ‘ 
3? 0, =. =0, if (6.2) 


Or Or; ry Or, Or, M, ) 


This system is identical with the corresponding system of equations of 
supersonic aerodynamics. The solution of this system for a slender body 
has the form 


where S is the cross-sectional area of the body, and the integration 
proceeds along x, (i.e. from the tail toward the nose of the body). As 
might have been expected, there is a rarefaction on the conical tail 

portion of the body. 


It is known that in supersonic flow of a non-conducting gas there is 
a reduction of pressure on the tail portion of a body of revolution which 
is pointed at both ends. At the very tail there appears a subsonic zone, 
and the tail wave actually begins at some distance from the tail. In 


(6.1) 
(6.3) 
i 
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4 the quasi-hyperbolic case an analogous flow occurs at the nose portion of 
5 the body. 

: Using the analogy with ordinary aerodynamics, it would be possible to 
construct a number of exact solutions and indicate the special] properties 
. of those or other flows. However, we have attempted here to indicate 

ri mainly those properties of magnetohydrodynamic flows which do not occur 

a in ordinary aerodynamics. 

? In the present paper we have not considered the important class of 

‘ internal flows in plane and axisymmetric channels (nozzles, diffusers, 

i etc.) in a longitudina] magnetic field. To this question, and to the 

% analysis of a more general class of flows with non-parallel! velocity 

- * vector and magnetic field, we shall devote separate investigations. 
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1. Assumptions. By a weak discontinuity we mean a surface on which 


all elements characterizing the state of a stream of gas are continuous, 
but their first or higher derivatives undergo discontinuities. We impose 


no limitation whatsoever on the order of magnitude of the discontinuities, 
except that they are finite. 


We suppose the medium in which we study weak discontinuities to be 
ideal, that is, devoid of processes for dissipating energy (‘no Joule 
losses, which corresponds to infinite conductivity of the medium, and 
absence of internal friction and heat conduction). The density op, 


pressure p and entropy per unit mass are assumed to be related by an 
equation of state of the general form p = f(p, s). 


The equations of magnetohydromechanics for an ideal medium have the 
form (see, for example, [1] ): 
Ou ds 
div 0, rot (v Hl), -0 
(1.1) 


dy ae 
dt — grad p rot Hy, div 
where H is the vector intensity of the magnetic field, v the vector velo- 


city, and the symbol d/dt denotes the full derivative with respect to 
time for fixed particles. 


2. Kinematic conditions on a weak discontinuity. Let the 
surface f(x, y, z, t) = 0 be a surface of weak discontinuity, and let 
the function u(x, y, z, t) be continuous at this surface, but its first 
derivatives suffer discontinuities across it. We then form two functions 
uy and u, such that the function u, coincides with u on one side and the 
function u, coincides with u on the other side of the survace d= 9, with 
the functions uy and u, determined on both sides of the surface d= 0 and 
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continuous at it together with their first derivatives. 


Forming the difference u, - uy and differentiating it along dfx, y, z, 
t) = 9, we obtain 


[Au On ae 


Here the differentials dx, dy, dz, dt are subject to the single con- 
dition 


0g 


ly + dz = (2.2) 


f 
ay 


From a comparison of expressions (2.1) and (2.2) it follows that 


Jo du] Ou) Ou} An 

Thus the kinematic condition (2.3) at a weak discontinuity consists 
in the fact that giving the discontinuity in one of the first derivatives 
of a function u(x, y, z, t) across a surface o(x, y, z, t) is necessary 
and sufficient for determining al! the other first derivatives. Thus a 
weak discontinuity in any quantity u(x, y, z, t) can be characterized by 
a single function p(x, y, z, t) with 


Ou Op 
they 
or Ox 


Ou 


where n is the unit vector normal to the surface d(x, y, z, t) = and N 
is the velocity of propagation of the discontinuity: 


N= n V | =} +(—} 
ot oy 02) 


On the basis of (2.4) the following expressions may easily be obtained: 


[rot (v n x (Ay x (Au ¥), [div (p-v)} =p (Ay -m) 


hotn 
(2.5) 


dv 
[grad p] =A,n, [I rot -H » (m Ay) 
Here 
Ay = he, + he, J he lk, t=. NH, (¥en) 
where i, j, k are unit vectors in the Cartesian coordinate system x, y, z. 


3. Dynamic conditions on a discontinuity. We obtain dynamical 
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conditions on the discontinuity, or a relation between the quantities Ai, 
by using expression (2.5) and the equations of magnetohydromechanics for 
the differences across the discontinuity. We will have 


= n >» (A, H) 0 
(n An) 0 


(3.1) 
—p(Ay-m) 


dp + Qa, "= 3p” 


The last of equations (3.1) is obtained by differentiating the equation 
p= f(p, s); and a is the speed of sound. The first of equations (3.1) in- 
dicates that derivatives of the magnetic field intensity along the normal 
to the discontinuity are continuous across the surface of weak discontin- 
ulty. 


Expressing Ay from the second and fourth of equations (3.1) in the 
form 


and substituting into the third equation, allowing also for the sixth of 
equations (3.1), we have 


4 


(Here b= H /2 


Taking the scalar product of equation (3.3) by b, we find 
(3. 


and we substitute this back into (3.3). Thus a system of equations equi- 
valent to the system (3.1) is 


(3.5) 


A, b,, 
b x(n x b)) + gn i— 


The iast of equations (3.1) now serves only for the determination of 
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Equations (3.1) were obtained under the assumption that the first de- 
rivatives are discontinuous. But a case may arise where higher derivatives 
suffer discontinuities. Thus, we assume as an example that all elements 
of the stream and their first derivatives are continuous, but the second 
derivatives are discontinuous across the surface d(x, y, z, t) = 9. Diffe- 
rentiating (with respect to x, for example) all the equations of magneto- 
hydromechanics, and forming their differences across the surface of dis- 
continuity, we obtain a system of equations for the quantities A, just 
line (3.1), where the quantities A, Ay, A, and so on are now introduced 
according to the following relations 
= = [= = Apfly aT. 2. 


Oy \dz Oy \ Oz, 


p 


The situation is similar for discontinuous derivatives of any order. 
The present reasoning displays the fundamental role of system (3.1) or 
system (3.5) in magnetohydromechanics. 


The system of equations (3.5) is a linear homogeneous system of eighth 
order with respect to the quantities A. Consequently, A, different , from 
zero exist only in the case when the determinant of the system (3.5) 
vanishes. This last condition determines the value @ of the speed of pro- 
pagation of the discontinuity with respect to the particles of gas. 


Calculating the determinant of system (3.5) and equating it to zero, 
we obtain 


92/62 — b,,2) — 62 (a? + + a%,,"] = 0 (3.6) 


According to the character of the dependence of 6 on the elements of 
the gas stream, and adopting the terminology for a plane wave of infinite 
simally small amplitude in the stream v = const,, H = const., weak dis- 


continuities in magnetohydromechanics can be classified in the following 
way: 


magnetohydrodynamic discontinuity: 
— (3.7) 
magnetoacoustic discontinuity: 


64 — + + ath? = 0 (3.8) 
entropy discontinuity: 


(3.9) 


4. Magnetohydrodynamic discontinuity. In this case the speed of 
propagation # = + b,. Choosing as the x axis the direction of the vector 
n, and as the x, y plane the plane containing the vectors n and H, on the 
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basis of the second and fifth equattons of system (3.5) we have 


ho, =+ bau, ’ hs 0 (4.1) 


From the remaining equations of system (3.5) it follows that when 
vectors n and Hl are not parallel: 


= Ay-m = Ay-H = = Ay-H=0 (4.2) 


However, if vectors nm and fl are parallel, and moreover a? = b?, then 
on the basis of (3.4) A, - m= 0, but A, - m is arbitrary, and generally 
speaking it is different from zero and A, (here the z axis can be taken 
in any direction perpendicular to n). 


We now consider steady flow. Owing to the fact that inthis case the 
discontinuity surface is stationary, = consequently 


(v+b)-n=0 (4.3) 


The expression (4.3) can be considered as the equation for possible 
positions of a surface of weak discontinuity at a given point. 


On the basis of (4.3) it is evident that in the steady case a magneto- 
hydrodynamic discontinuity surface is oriented so that its normal is 
orthogonal either to the vector v+ H/2 7p or to the vector v — Al / 


2Vmp. 


5. Magnetoacoustic discontinuity. For the functions A,, on the 
basis of (3.5), we obtain the following relations 


6b x (n b) 
— 5.2 


n 


ro 


be (nx BY A 
© n 
hp = An = 2) = (b— 


We first consider the unsteady case, regarding m as a given quantity. 
Solving equation (3.8) with respect to 07, we obtain 


= (a* + b*) + V (a* + — (5.2) 
An obvious consequence is the estimates 
max (a*, < 9,7? <a? + 0 < 95" < min (a*, (5.3) 


Here max(a?, 6”) and min(a*, 62) indicate quantities which are the 
maximum and minimum among the values of a? and b*. We choose the direction 
of the velocity v as the x axis, the plane of the vectors v and H as the 
x, y plane; then equation (3.8) can be rewritten as 


(5.1) 
> 


V.N. Zhigulev 


— y?/? (q? + + (cos + sin ym)? = 0 (5.4) 


Here } = cos(n, x), m= cos(m, y), and y denotes the angle between the 
directions of v and H. Solving equation (5.4) with respect to m, we obtain 
l 


m= — (cos yt oP) (5.5) 


Expression (5.5) can be considered as an equation for the determina- 
tion of possible elements of a surface of weak discontinuity. The total- 
ity of these elements lie on planes tangent to a certain conical surface 


with vertex at the point in question. On the basis of (5.3) and (5.5) it 
follows that the condition 


v2 a + (5.6) 


is sufficient for the conical surface under consideration to exist. Esti- 
mates (5.3) show that, generally speaking, the conical surface for the 
case of supersonic flow consists of two concentric surfaces: one located 
outside the Mach cone (v21? = a?) and inside the circular cone v*l? = 

a’ + b*, and the other situated inside the Mach cone. 


In the special case when vectors v and Hl are parallel, the first sur- 
face is the circular cone v*1? = a? + 6? — a*b*/v*, and the second de- 
generates to the straight line | = %. The condition for the existence of 
yg a surface of weak discontinuity in this case is obviously 


or rca, 


or yp? — a?. arbitrary 


6. Entropy discontinuity. For an entropy discontinuity @ = 9, 
that is, it moves with the gas particles, and in steady flow coincides 
with a stream surface. From the fourth equation of the system (3.1) it 
follows that A, - m= 0, and then on the basis of the second of equations 
(3.1) 


1,H, (6.1) 
4 If H, 4 0, then A, = 0, and from the third equation of system (3.1) it 
; follows that Ay = A, = 0, but then 


h — (q/a*) h, (6.2) 
If 9, then 
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= 
(6.3) 


Thus in the last case (H_ = 0), a derivative formed from the velocity 
and magnetic field intensity may suffer a discontinuity in a surface 
tangent to the surface of discontinuity. 


BIBLIOGRAPHY 


Landau, L. and Lifshits, E., Elektrodinamika sploshnykh sred 


(Electrodynamics of continuous media). 1957. 


Translated by M.D.V.D. 


4 
4 
4 
— 


ON THE REFLECTION OF WEAK DISCONTINUITIES 
FROM THE THROAT OF A LAVAL NOZZLE 


(OB OTRAZHENII SLABYKH RAZRYVOV OT TSENTRA SOPLA) 


PMM Vol.23, No.1, 1959, pp. 86-92 


CHERNIAVSKII 


RYZHOV and S.Iu. 
(Moscow) 


0. 


s. 


(Received 29 September, 1958) 


In this paper consideration is given to three-dimensional flows of an 
ideal gas in Laval nozzles, which have discontinuities in the first deri- 
vatives of the velocity components on particular characteristic surfaces. 
The solutions obtained yield examples of transformations from three- 
dimensional gas flows into plane-paralle!] and axial-symmetric flows, and 
also into other flows in space. 


1. Statement of the problem. Let us investigate the flow of an 
ideal gas in a Laval nozzle which has two planes of symmetry. Let the 
origin of the cylindrical coordinate system x, r, @ be coincident with 
the throat of the nozzle and the x-axis be coincident with the axis of 
the nozzle. We write the equation which ‘etermines the flow of the gas in 
the region of the sonic surface in the form 


9 
oz r ay r or 


where ¢ is a potential and 


a, a, OF 
x+1 dr Or 


where v., v_ and vg are the velocity perturbations along the x, r, and 
axes. The velocity is equal in magnitude to the critical veloctty a, and 
is directed along the nozzle axis; « is the exponent of the Poisson 

adiabatic. 


In Reference (1) the solution of equation (1.1) was obtained which 
describes the flow in analytical Laval nozzles; this solution will serve 
as the basis for further investigation: 
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1 1 1 
= 4 — C_ COS 29 ) ar® + (ai Co COS 29 COS 4%) r 


1 
= + ¢,* c, cos 29 
(1.2) 
(2 — 2c, cos 29) xr + ¢, cos 24 + cos 49) 


x+1 


sin 29 + ¢,' as c, sin 29 — 4c, sin 49) rs 


Hereafter we will always assume that c, > 9. If in the formlas (1.2) 
c¢,= c= 0 is assumed, then we obtain the flow in a round nozzle; assum- 
ing |c, | = 1/4, c, = 1/192 we have the case of plane flow[ 1-4]. 


In the supersonic region of the flows considered, i.e. in the region 
situated downstream of the surface of transition 


there corresponds to every point in space its characteristic cone. The 
curves which envelop these cones form characteristic surfaces. In Refer- 
ence [1] the solutions of four such characteristics were obtained which 
possess the same planes of symmetry as the nozzle itself. They pass through 
its throat and do not have discontinuities: 


[2 (5, T T (3, - ,) cos 29) r? 


C1 [2 (8p — 8;) + (8 + 84) cos 294 


[2 + (8, + 8,) — (8, — 5,) cos 29] r? 


It follows that the solutions of (1.4) exist only for | c, |< 5/16. Let 
us denote the characteristic surfaces, which are tangent to the surface 
of transition (1.3) at the throat of °. nozzle and which extend all the 
way up and down along the stream by c_ ® and c,°, respectively. The first 
of the formulas (1.4) then gives ry c_” an ews paraboloid for 
le, |< ° for le,|= cylinder and for | c, | > 1/4 
a hyperbolic paraboloid. The last of the formlas (1.4) for any admssible 
c, gives for e,° an elliptical paraboloid. Along this surface are propagated 
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the perturbations which originate from the throat of the nozzle at the 
origin of the coordinates. The second of the formulas (1.4) describes two 
characteristic surfaces. For | c, | < 1/4 both form hyperbolic paraboloids; 
for |c,| = 1/4 one of them will be a c, °-parabolic cylinder, and the 
second a hyperbolic paraboloid; for lc, | > 1/4 one of the surfaces becomes 
a c, °-elliptical paraboloid, while the other remains a hyperbolic para- 


boloid. 


In this manner, characteristic c_°-surfaces exist only for le, | < 4 
which is a natural consequence of the form of the surface of transition 

(1.3). For 5/16 < |c,|< 1/4 two c °-elliptical paraboloids extend down- 
stream from the throat of the nozzle which are tangent to each other along 
the curve lying in the planes y = 0 and z = 0 depending on the sign in 

the second equation of (1.4). 


The outside c, °-paraboloid is given by the second formula of (1.4) and 
the inside paraboloid by the last formula. The parabola formed by the 
cross-section of the outside c, °-paraboloid with the planes z = 0 and 
y = 9 correspondingly is the curve which serves as the boundary for the 
point sources lying in these planes; these sources are within the curve. 
Perturbations originating from them therefore do not reach the sonic sur- 
face. If the sources are placed outside the above parabola, then the per- 
turbations caused by them will reach the surface of transition. For 
> | = 5/16 both c, °-elliptical paraboloids coincide. In the plane case, 
i.e. for |c,| = 1/4 the c_° and also the outside c, °-elliptical para- 
boloids are transformed into c_°- and c, °-parabolic cylinders. For 
|c,| > 5/16 no characteristic surface exists which does not touch the 
sonic surface at any place besides the nozzle center and which extends 
downst ream. 


ic 


Let us now investigate the propagation of weak discontinuities, i.e. 
the discontinuities in the first derivatives of the stream velocity com- 
ponents along the characteristic surfaces. In particular we will consider 
only the singular c°-characteristic surfaces, i.e. those that touch the 
surface of transition at the throat of the nozzle. In the general case 
this problem is reduced to the investigation of all possible continuations 
of the solution (1.2) of the equation (1.1) for which for r = 0 the 

stream velocity is directed along the nozzle axis into the region down- 
stream of the corresponding characteristic. Of greatest interest here is 
the problem of the reflection of discontinuities from the throat of the 
nozzle. This problem is considered in this paper. Let us consider there- 
fore that the undisturbed flow, in which the transition through the velo- 
city of sound takes place, is given by the formlas (1.2). This flow 
extends upstream from the characteristic surface given by the first of 

the formlas (1.4). We will denote this region by the number J and assume 
that within it 
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1=Ay, Co=™m, Co=m, A,’ =V5—16n,, A,’ = V5+ 16n, 


It is evident that the solutions of the equation (1.1) in the region 
situated downstream of the indicated surface, may be expected to have the 
form d= r'f(é, @), & = x/r*. In this way the problem is reduced to the 
integration of a partial differential equation of the second order with 
two independent variables: 


— — 126% + 16/ = 0 (1.5) 


The initial conditions for the equation (1.5) are given along the 
curve 


e= + A, [2 —(A,’ + A,’) + (A,’ — A,’) cos 29) (1.6) 


16 


The desired solutions mst satisfy the condition 
Vr = = 0 for r=:0 
2. Some properties of the equation (1.5). Characteristic curves 
of the equation (1.5), corresponding to integral (1.2), are given by the 
equation 
de? + — cE — ~ + cos 29) = 0 (2.1) 
It follows that equation (1.5) is of the hyperbolic type in the region 


Cy COs 29) 0 


and is elliptic if 


2 : p38 cos ( 


Along the curves. 


6c, cos 29) (2.2) 


E= (1 + V5- 


the type of the equation changes. From equation 


(2.9) 


follows that for 


>* (2.3) 
16 


there exists a region of values @ for which, for any values of €, equation 
(1.5) is an equation of the elliptic type. Inequality (2.3) is the result 
of the fact that for these values of c, no characteristic surface exists 
touching the surface of transition only at the nozzle throat (see 1). 


Let us now note that curve (1.4) is an integral for equation (2.1) and 
is consequently a characteristic of equation (1.5), i.e. the character- 
istic surface (1.4) of equation (1.1) has become the characteristic curve 
of equation (1.5). The problem set out in the preceding paragraph natur- 
ally has an infinite number of solutions. 
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Their general investigation is quite difficult, though equation (1.5) 
is simpler than the original equation (1.1). In references [2,4] it was 
determined, however, that for the plane and round nozzles the discon- 
tinuities in the first derivatives of the velocity components passing 
along the ¢ ° characteristics into the throat of the nozzle are generally 
speaking reflected from the throat along the ¢,° characteristics in the 
form of discontinuities in the second and third derivatives. 


There exists a unique flow which is finite and in which the discon- 
tinuities in the first derivatives are also propagated along the c, 
characteristics. 


The flows with the said property may be expected to be finite in the 
general case also. We will establish their structure. 


3. Construction of the solution. The discontinuities in the 
first derivatives of the stream velocity components brought into the 
nozzle throat along the first of surfaces (1.4) are reflected from it 
along one of the other three surfaces (1.4). These surfaces may be diffe- 
rent for different values of n,, which follows from the results presented 
in references [2,4]. 


The region extending downstream from the particular characteristic 
along which the "reflected" discontinuities propagate will be marked IJ; 
and that situated between the two c_° characteristics indicated III. 

The solution in the region IJ and III may be expected to appear as before, 
in form (1.2), Let us assume that in region IJ 


V5—16n,, A,” = 16n, 
while in region III 
= A, Co == = 


Along the characteristic surfaces separating the regions / and III and 
IT the values v_., v., and vg must coincide, These conditions establish 
the equations which allow the quantities A, n, m and A., n,, m, to be ex- 
pressed in terms of the values A,, Nyy» My which characterize the un- 
disturbed flow. When writing the desired equations we assume that the 
weak discontinuities are reflected along the last of surfaces (1.4). 


Along the c_° characteristic separating regions J and III we have 


1 4,2(2 —(Ag’ + A,’)] + A? = AA, [2 — + A,’)) + A? 


A,* (Aq — Ay’) — A,*n, = 2 AA, (A,’ — Ay’) — 


A,® (2 — + Ay’)] — — Ay’) + AY? 
= + APA, [2 — (A,’ + 4,’)] — (A,’ — A,') + A? (3.1) 
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~ (2 — + Ay’)] — — Ay’) + 

+ AP Ayn [2 —(A,’ + — APA, (Ay’ — Ay’) + APn 
— Ay’) — 4A,°m, = A® Ayn (A,’ — — 4A%m 
[2 — (Ag’ + Ay’)] + + = + A,A*n [2 — (Ay’ + Ay’)] + 


Analogously, along the c_° characteristic separating the regions III 
and IT, we obtain the second group of equations: 


A,? [2 + (A,” + A,")] + A,? AA, (2 + (A,” + 4,”)] + A? 
1 (Aq — By") + = AAg — + 
4A? (2 + + + — A,”) + = 
= APA, [2 + + + APAgn —A,") + (3.2) 
(2 + (A,” + 4,”)) 4 (A,” — A,")+ A,'n, = 
= A®Agn [2 + (A,” + + A*A, (A,” — A,”) 4+ + 


— A,”) + 44,%m, = + (A,” — A,”) + 44%m 


{2 + (A,” + + A,*n, = A*A,n {2 + (A,” + A,*)] + Aén 


In system (3.1) there are six equations and only three unknowns. How- 
ever, it may be shown that quantities A and n determined from the first 
and the second equation also satisfy the third, the fourth and the sixth 
equation of this system. The fifth equation serves to determine the value 
of m. Therefore the over-determination of the system of equations (3.1) 
is illusory. The same may also be said concerning the equations (3.2). 


The first of equations (3.1) is quadratic with respect to the quantity 
A. Its one root may be determined at once. A = A,. The flow that corres- 
ponds to this root pertains to an analytical nozzle and, therefore, we 
are not interested in it. The second root is given by the equation 


A = —iA (6 — A,’ — A,’) (3.3) 


The value n corresponding to it is determined from the second equation 
(3.1): 


_ 48n, — 5(A,’ 3 4 


The quantity m is now given by the relationship 
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5 (A;’ — A,’)? — 16n, (A,’ — Ay’)— 2048m, 


_ 
: Analogously, from equations (3.2) we find 
(3.6) 
(3.7) 
A,") — 2048m, (3.8) 
z | Equating quantities (3.3)-(3.5) to the corresponding quantities (3.6)- 
4 (3.8), we may obtain values A,, n, and m, expressed directly in terms of 
; the parameters of the basic flee. 
. In exactly the same manner we may investigate the flows when the per- 
a turbations, brought into the throat are reflected from it along the c° 
5 characteristic surfaces given by the second formula of (1.4). As a result 
we obtain 
Z A, (6 — A,’ — Ay’) = A, (6 F Ay” + Ay’) (3.9) 
48n;—5(As’— Ay’) 48n2F5( + Ay”) 
5 — Ay’)? 167; — Ay’) — 2048m,_ 


(3.44) 
_ 5(As” + Ar’? 16n2(A,” + A,”) — 2048, 


(6 FA,” 


The signs in formas (3.9)-(3.11) are to be chosen in accordance with 
the signs of relationship (1.4). 


Relationships (3.1)-(3.11) were obtained by continuing the first deri- 


vatives 0¢/dx, 9¢/dr, 96/00, which belong to the analytically diffe- 
. rent solutions along the corresponding characteristics. These conditions 
2 express the requirement that the physical quantities must be single- 
s valued. But they also guarantee the continuity of the function ¢ itself 
i on the characteristic surfaces indicated. 


The dependence of ratio A,/A, on quantity n,, given by formulas (3.3), 
(3.6) and (3.9), is represented in Fig. 1 where N, = 1fm,. 


The dependance of parameter n, on the same quantity n,, described by 
equations (3.4), (3.7) and (3.109, is given in Fig. 2, chore N= lfn,, 
and N, = l6n,. The solid line is for flows for which weak discontinuities 
are reflected from the nozzle throat along the characteristic surfaces in 
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accordance with the last of formulas (1.4), while the broken line refers 
to the second of these formulas. 


~ 


Fig. 1. 


It is seen from Fig. 2 that the undisturbed stream which possesses 
axial symmetry transforms into another axi-symmetric flow. But if we were 
to distort the basic stream (i.e. change quantity n, slightly), then the 
flow behind the ." elliptical paraboloid will increasingly deviate from 
axial symmetry, while the paraboloid itself will begin to flatten out. 

For n, =~ * 0.047 we have n, = + 1/4 i.e. the given three-dimensional flow, 
which generally speaking approximates to the stream in a round nozzle, 
transforms into the plane-parallel flow existing inside the ¢,° elliptical 
paraboloid. 


M, 


Fig. 2. 


For n, ~ + 0.081 it is seen that n, = + 5/16, and we obtain the flow 
in which both hy paraboloids coincide. If the absolute value of n, is 
increased still further, then the weak discontinuities brought into the 
throat along the c_° characteristic are reflected from it along the sur- 
face given by the second formla of (1.4). This surface is of the form of 
the outside c,° elliptical paraboloid, which proceeds to flatten out with 
increase of In, |, and which for |n,| .12 transforms into a ¢,° para- 
bolic cylinder with a plane-parallel flow within. For 0.12 < |n,| < 1/4 
the characteristic surface along which the reflection of weak discontin- 
uities takes place is of the form of a hyperbolic paraboloid, which for 


a 
q 
/ 
/ 
/ 
/ 
a 
\ 
\ 
\ 
\ 
4 \ 
4 
4 
4 


PM 


O.S. Ryzhow and S.Iu. Cherniavskii 


|n, | 0.19 the resulting flow transforms into an axi-symmetric flow. For 
n, = + 1/4 we have n, = + 1/4, i.e. the plane stream transforms into an- 
other plane flow. For |n,|> 1/4 the c_° characteristic transforms into 

a hyperbolic paraboloid, while for the a” characteristic surface there 
appears first the outside then for |n, | > 0,275 the inside elliptical 
paraboloid. These two coincide for the latter value of [n, |. 


For |n, | > 0.12, one of the characteristic surfaces in which the dis- 
continuities in the second derivatives of the function d(x, r, 6) occur 
is a hyperbolic paraboloid. In this case the expression "reflection" be- 
comes inexact for these values of n, (the exception is the case when 
n=* 1/4). 


Note that for n, = + 09.306 we obtain the flow with axial symmetry in- 
side the c,°-paraboloid of revolution. The flows investigated thus furnish 
examples for the transformation of some of the three-dimensional flows 
into plane-parallel and axi-symmetrical flows. 


From Fig. 1 it follows that the flows in round nozzles possess a 
minimum coefficient A, for the given value A,, compared with all the flows 
investigated. By analogy with the results in references [ 2-4], we may 
expect the curve of Fig. 1 to define the minimum value of ratio A,/A, 
which may be obtained for the given values of n,. 


BIBLIOGRAPHY 


Ryzhov, 0.8., 90 gazovikh techeniiakh v soplakh Lavalia (On gas flows 
in Laval nozzles). PWM Vol. 22, No. 3, 1958. 


Frankl’, P.I., K teorii sopel Lavalia (On the theory of Laval nozzles). 
Izv. AN USSR, ser. mat. Vol. 9, No. 5, 1945. 


Fal’ kovich, S.B., K teorii sopla Lavalia (On the theory of the Laval 
nozzle). PMM Vol. 10, No. 4, 1946. 


Ryzhov, 0.8., 0 techeniiakh v okrestnosti poverkhnosti perekhode v 
soplanh Lavaliia (On Flows in the Region of the Surface of Transi- 
tion in Laval Nozzles). PMWM Vol. 22, No. 4, 1958. 


¢ 
4 
£ 
190¢ 
4 
“4 
ay 
2 
4 
4 
ay 


EXPANSION OF A PISTON IN WATER 
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1, The problem of piston expansion with constant velocity in an ideal gas 
has been solved by Sedov [1, 2] and also by Taylor [3]. 


We assume that the expansion at constant velocity of a spherical, 
cylindrical or plane piston takes place in some ideal fluid. Sedov [2 ] 
has demonstrated that the problem of transient motion in the medium 
between the piston and the shock wave originating herefrom remains a sel f- 
similar one whatever the internal energy of the medium. The latter can be 
expressed in the following general form: 


) P ‘ons 
e(p, = P.) + const 


In this expression p, and p, are the parameters which determine the 
problem. When the piston expents at constant velocity, only the two para- 
meters, p, andp,, of all the parameters of the problem, possess inde- 
pendent dimensions; the dimension of piston velocity is 


Sedov has also shown [2] that if the internal energy of the medium 
«(p, p) is expressible as 


e(p. p) = + const (1.4) 


where ¢ is an arbitrary function of its argument, then the following re- 
lations are valid. 


1, The equation for the adiabatic curve is in this form; 
p= ¥ (S)x(2) (1.2) 


where vs is some function of the entropy S which can be found from supple- 
mentary physical considerations, whilst the connection between functions 


4 

Poy 


124 N.N. Kochina and N.S. Mel’nikova 


A(R) and W(R) comes out of the formlas 


where C is an arbitrary constant. 


2. The equation of state, involving condition (1.1), should be 


dR dR \ 
T = exp | [ pp (R) exp | (2 (1.4) 


where ® is some function related to Y by the equation: 
¥’ (S) = 0, O[F(S)] (1.5) 


The problem of a strong point explosion, under condition (1.1), has 
been discussed in[ 4]. 


We will now study the problem of the piston expanding with constant 
velocity in an ideal medium with the assumption that the internal energy 
of the medium can be defined by formla (1.1). 


Bearing in mind the expression (1.2), the one-dimensional equations of 
transient motion in an ideal compressible fluid become 


ou 


at 


Ov { Op 
+ v or + e or =9 


dor ov 
+ or + ) 
Pp 
at x(e + or x(e 
The condition at the piston surface r is: 
r=r =Ut or (1.7) 
where U is the velocity of the piston. 


Conditions on the shock wave which propagates through the undisturbed 
medium, incorporating assumption (1.1), can be written down thus 


— piD = (v,— D), —- 2 (1.8) 


+P = 
Pr 


Suffix 1 denotes conditions in front of the shock wave, suffix 2 those 
behind it. D is the velocity of the shock wave. 


J 
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Expansion of a piston in water 


From considerations of the similarity of the problem the required 
characteristics of the motion can be sought in this form 
2 
V (A), = 9,R (A), P (1.9) 
where 


(1.10) 
In the above, r> is the radius of the shock wave and A, is the di- 
mensionless piston radius. 


Using formas (1.9) and (1.10) we make equations (1.6) non-dimens- 
ional ; 

dV 

dink 

dink 


+(1- 


Integrating (1.13) and making use of the second expression in (1.3) 
we arrive at the integral expressing degree of "adiabaticity*. 


1 dR 


Cc 
(R) exp (Rf) 1.14) 


Using expression (1.14), after some rearrangement we bring equations 
(1.11) and (1.12) into the following form; 


[po 


RV (V 


By reason of (1.2) and the second of the expressions (1.3) we arrive 
at the following expression for the square of the velocity of sound 


Introducing the dimensionless function 


P 
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we transform the system of equations (1.15), (1.16) and (1.14) into the 
fol lowing 


av. iw + 


dinR (v—1)(1—V) 
ab wo—(i—V) 


(1.20) 


1 /C dR 


/ 


Converting the shock conditions (1.8) to nondimensionals with the help 
of formlas (1.9) and (1.10), and making use of (1.18), we find the 
quantities R,, W,, W, in the function of V, 


_ —V2[(i — — 9’ [Ve + 2 
29 (Ra) (Ra) — V2 — (1)} 
(1.22) 
{p (R2) —V2—o(1)} ’ 


In view of (1.7) and (1.9), the condition at the piston in dimension- 
less form can be written 


V = (1.23) 


Thus, for the case when the internal energy of the fluid is in the 
form (1.1), the problem reduces to integrating the system of equations 
(1.19) and (1.20) so as to find the two functions w and R, which satisfy 
the boundary conditions (1.22) and (1.23). 


Having determined w and R, we can find A in its final form from equa- 
tion (1.21). The arbitrary constant C in (1.21) is so determined that 
when R = R,, A is unity. 


Now let us deal with the case v 4 1, Equations (1.20) and (1.19) show 
that for equation (1.19) to be studied qualitatively and integrated in- 
dependently of (1.20), it is sufficient for the following equation to be 
valid: 


where y is an arbitrary constant. In this case R does not enter the R.H.S. 
of equation (1.19) and is determined from (1.20) by quadrature. On inte- 
grating equation (1.24) we find 
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RE + RR + 


(x — 1) —b) 


(1.25) 


Here k and b are arbitrary constants. 


Because of the second of expressions (1.3), the equation of the adi- 
abatic curve becomes 


p = ‘¥(S)(R* —b) (1.26) 


The temperature T can be found from equation (1.4) 


2. It is well known from experience that at very high pressures (of 
the order of ten to one hundred thousand atmospheres) water, like other 
liquids, is no longer incompressible [5,6]. 


There is no generally accepted equation of state for water. Some 
authors [7,8] claim that the adiabatic water equation is: 


p = ¥(S) (p* — po") (2.1) 


in which the value of constant «x is close to 7. 


Experiments on the density and temperature of water at high pressures 
15,6] reveal that at constant density the pressure is a linear function 
of the temperature. Thus in equation (1.4) we get ® as a linear function 
of its argument. Using (1.4), (1.5) and (1.3) we find the adiabatic equa- 
tion, the equation of state and an expression for the internal energy of 
water 


p + (R*— b) (s ( fs (2.2) 
~ b B| (2.3) 

et) a (2.4) 


(x — 1) R(R* — b) 


In these expressions x > 1, b, A, B, k are constants determined from 
experiment. 


On comparing (2.2) with (1.26) and (2.4) with (1.25) we see that under 
conditions (1.24), equations (1.19)-(1.21) and boundary conditions (1.22) 
and (1.23) describe the motion of water displaced by a piston expanding 


with constant velocity. Using condition (1.24), we transform equations 
(1.19)-(1.21) into 
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dw 2w ju — (V — 1) (lv — wi 


w [vw — (1 
dink —[w—(1—V) 6 


R = C, (wr)! (2.7) 


where C, is an arbitrary constant; | denotes 
i=1+—+(v—1)(x—1) (2.8) 
From (1.18) and (2.4) we find 


*PhR*—! 
(2.9 
—b 


If the constants 6 and k in equations (1.25) and (1.26) are zero, we 
are reduced to the problem of an expanding piston in gas with adiabatic 
index x. The whole field of integral curves of equation (2.5) has been 
studied in detail and the corresponding problems have been completely 
solved by Sedov [1,2]. As a result of the foregoing, however, it appears 
that equations (2.5)-(2.7) have the same form for water as for gas (only 
with the difference that for water w is given by (2.9) whilst with gas 
b= 0, i.e. w= «P/R in this formula). It therefore follows that the 
field of integral curves of equation (2.5) will have the same appearance 
as in the case of gas[1]. Singular points of this equation are: 


nodes: O (0,0), A (0,1), C (1,0) 


saddle points: B (V°, w°), D (+ «,) 


v(x 1) 


v (x 1)? 


+ viz 


The parabola w = (V- 1)* corresponds to a weak explosion; thus it is 
not possible to proceed from the point where V = 1, corresponding to the 
piston, to the point 0 (0,0), which corresponds to the point at infinity 
in space, in a continuous manner along an integral curve; it-is only _ 
possible to get there by means of a jump. 


We can get the solution thus: from point V = 1, w = w* (where w* is 
some given constant) we move along the integral curve to point (V,, w,) 
from which we reach point (0, w,) of axis w, by a jump corresponding to 
the outer edge of the shock. We then move along the integral straight 

line V = 0 to point O. Thus for each given value of w, we get its asso- 
ciated integral curve. 
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Expansion of a piston in water 


Fig. 1. 


In view of the fact that points (1, w*) corresponding to the piston 
are ordinary points, parameter A acquires at this point some constant 
value less than unity (assuming that A = 1 on the shock wave). 


Because of (1.18) and (1.25), the conditions (1.22) yield the follow- 


ing expressions of R,, w, and w, in terms of V, 


Rs = (2.10) 


V.(1 Ve lV. 20 (1 
(2.11) 
{{1 — (x — 1) — (1 —V2)*] — 
{— 2 + (x + 1)V2 + B(1—V2)* — (x — 1) b(1 
— (x — 1) [1 — (1 — — 


(2.12) 


B= 2—(x—1)[2(1 — b)e(1) (2.13) 


Assuming that A = 1 on the shock wave, we find from (2.7) 


= Row, 
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Moreover, P is linked with w and R in conformity with 
{ u : b) 
x R*- 

We thus have the system of four equations (2.5), (2.6), (2.7) and 
(2.14) for determining R, P, V and w as functions of A. 


P (2,14) 


The chief difficulty in solving this system lies in the numerical in- 
tegration of equation (2.5) with boundary conditions (2.11) and (1.23). 
Log A can be found by quadrature from equation (2.6) after determining 
w(V). R and P can be found from equations (2.7) and (2.14) respectively. 


Equations (2.5)-(2.8), (2.14), (1.9) and (1.10) reveal that with a 
plane piston, moving inside a cylindrical tube full of water, a region 
of constant velocity, constant density and constant pressure is created 
between the piston and the shock wave. 


Fig. 1 shows graphs of functions P./Py) p/P; and D/a,, dimensionless 
pressure and density on the piston and the dimensionless shock wave velo- 
city, respectively as a function of the dimensionless piston velocity 
U/a,. Figs. 2 and 3 give graphs of v/v>, p/p, and p/p, as functions of A 
for various values of parameter w,. Fig. 2 relates to the case of spherical 
symmetry, Fig. 3 to cylindrical symmetry. 
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Expansion of a piston in water 


The curves are as follows: 


curve 0. 66538 
2 0.37742 
3 0. 16720 
4 0.09126 
5 0.01362 
6 0 


The constants entering equations (2.2)-(2.4) were obtained from experi- 
mental results. 


3. Sedov [1,2] gave the solution to the problem of the implosion of 
ideal gas at a point, and its dispersion outwards. These solutions are 
given by the integral curves (2.5), where w= y P/R. It is clear from the 
foregoing that the same integral curves can be used for water. 


At the initial instant the velocity, density, and pressure, of all the 
particles of water are equal. 
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If the initial velocity is directed towards the centre, i.e. it is 
negative (focussed), water, moving from infinity towards the centre under- 
goes, first of all, an adiabatic compression, then through the shock, it 

changes to a state of rest. 


If the initial particle velocity is directed outwards (dispersion), 
for small values of the ratio of initial water velocity to initial velo- 
city of sound v,° = v,/a,, there is a nucleus of water which is coming to 
rest and is expanding in time, and this is separated by the weak shock 
wave from water moving outwards to infinity. 


For some particular value of the quantity v= v,°* there is con- 


tinuous motion, reaching the centre of symmetry. When v,° 2v,* a hol low 
region expands at constant velocity, at the boundary of which the density 
is zero. 


The water case differs from that of gas in that for v,° > v,°* there 
is negative pressure at the centre of symmetry or at the boundary of the 
hollow space. The surface at which the pressure becomes zero propagates 
with the particles and cannot, therefore, be regarded as a boundary of 
the hollow space. 


Note that for water, as well as for gas, there is an exact solution 
to equations (2.5)-(2.7) (corresponding to singular point B) 


is the sonic velocity in the undisturbed fluid. 


where a 


1 


2 


= Pi 


= h- 


(1 — >)’ {2 +v(x—1)f* ’ a,t 


Here C, is the constant entering equation (2.7). 


At the centre of symmetry the pressure is negative, the density and 
the velocity become zero, whilst at infinite distance these quantities 
become infinitely great. 


The authors are indebted to L.I. Sedov for his guidance in this work. 
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1. Introduction. This study presents an exact solution of the first 
fundamental problem of the theory of elasticity for infinite space, con- 
taining a flat cut covering the outside of a circle (Fig. 1). 


When solving problems of this type, it is convenient to introduce side 
by side with rectangular coordinates (x, y, z) toroidal coordinates 


ash a cos ashasin®? asin B 
cha + cos8’ cha + cos8’ ch a + cos 4) 


In this case the edges of the cut are coordinate surfaces B=tm, the 
inside of the circle of radius a is the surface f = 0, and the dividing 


circumference r = a is the line a = «. 


To solve this problem we will make use of the Papkovich-Neuber re- 
presentation of elastic displacements (u, v, w) through four harmonic 
functions ®,(k = 0, 1, 2, 3) 
( ¥) @,, | 4(1—v)@, 


oy 


Or 
(1.2) 
D, + + y®, + 


2uu 


2pw 
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Elastic equilibrium of a body with a circular crack 


(mu is the shear modulus, v is Poisson's ratio). 


We will also give the expressions for the stresses (0, 1, , ys) 
which are known on the boundaries of the cut: 


(1.3) 


— 


In what follows the problem will be split into two parts: one symmetric 
and one anti-symmetric (with respect to the surface z = 9); in each case 
it is obviously possible to lay down certain conditions at the surface 
8B = 0 and consider the problem for the upper half-space only. 


2. Symmetric problem*. In the case of a state of stress symmetric 
with respect to the coordinate z, the equilibrium of the upper hal f-space 
(0 < B< m) can be considered under the following boundary conditions: 


wleao = 0, Tex igen = O, lene = 0 (2.1) 
(a, Tex tx (a, >), tyz Ty (a, >) 
Making use of the arbitrary character of one of the harmonic functions 


contained in the Papkovich-Neuber solutions, to conditions (2.1)-(2.2) we 
will add two more additional conditions: 


= 0, 0 (2.3) 


Hence, such of boundary conditions (2.1)-(2.2) as are connected with 
shear stresses immediately enable us to formulate separate boundary con- 
ditions for harmonic functions ®, and ®.: 

dz dz 2(1 — v) dz 2(1— v) 


Functions ® and ®. can thus be considered known as a result of the 
solution of the Neumann problem for a half-space. 


We then turn to conditions (2.3) and from these obtain the function 


The corresponding problem for the case of an internal] circular crack 
covering the region 6 = 0 was solved by M.Ia. Leonov [1,2]. 


135 
aw aa an a, 

“2x or + (4 az “pz dy (1 v) Or 

‘ am ad. a® 

\ Oz Oz Or 


Ta.S. Ufliand 


(1 — 2v) — D, 


solving the Dirichlet problem for the half-space 


Ad = 0, = 0, q — (72x + Ytyz)g—n (2.6) 
Finally, the remaining conditions w| B=0 _ 
after the substitution of values of ®, = (1- 2v)®~- y, lead to the 
mixed boundary conditions for harmonic function ®,: 


= 0, | n=? (a, d), 


3 0 


a? am, aD, ay 
+ y®,) oz + oy ) Oz 


ADs | 
= (a, + [ 

A method for the solution of problems with mixed boundary conditions 
(2.7) is given in the following Section. 


3. Example. As an example we will investigate the case when externa] 
loading is represented by two normal concentrated loads P acting in 
opposite directions, applied at points a = ao, B=+n, d= 0, (Pig. 2). 


% As the external shear stresses are equal to zero, then according to 

_ (2.4) and (2.6) ©, = ©, = Y= 0, O = (1- 2v)®, and the problem is re- 

2 duced to solving for one harmonic function in half-space ® = ®, under 
following boundary conditions 

| = 0, 


- >) (3.1) 


“Oz 


An effective solution of similar mixed problems can be obtained with 
the aid of the Mehler-Fock integral transformation {3 Ba 


Indeed, if we assume 


on @ 
sh 8t 
® —Vcha + cos 8 >) cos A,, it (ch a) dz (3.2) 
m=0 0 


where PL (x) are the associated Legendre functions, then the first con- : 
dition (3.1) will be satisfied, and the second condition will lead 
the equation 


o(a, 9) = —=>(cha—1)* > cos mo | A,,, (ch a) dt 


m=0 0 


According to the Mehler-Fock conversion formula, we find 
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th | cos me de 


(3.4) 


With a = 0, the last expression contains a factor 1/2. 
For the case in question of a concentrated load we easily obtain 


P sh do 
m — nt 


Thus function ® is given by the following expression 


P 
™ cos mo > 


=0 


@ 

thet 
x \ th xt sh BtP_,, (ch a) P_, (ch ajdt (3.6) 
0 


(the sign “ at the summation symbol indicates that the zero member of the 
series has the factor 1/2). 


Using integral representation [4 ] 
(— (ch a) P_s, (ch ao) )V shasha, = 


@ 
2ch rt f chs+chacha, \ 
Qm %,\ sh ash a, cos ts ds 


as well as expansion {s ] 


@ 
- 2 > 1, (ch u) cos me 
V 2(ch u — cos 9) 


we can get the solution ina closed hn 
P a - cos B 
o- are tg ry haa cat 


p= V bP + y+ 2 
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Let us also give the expression for stresses in the mid-section z= 0, 
>< 


P / (ch -1) ch? 
V a* chacha, + 1 — shasha,cos¢ 


| 


=2q? (3.10) 


4. Antisymmetric problem*. In this case we have to investigate 
the elastic equilibrium of the upper half-space under boundary conditions 


= Ulgan = 0, gan = ta ty: = t,(@, 9) (4.1) 


0, bad 3 (a, (4.2) 


Through a special choice of two additional boundary conditions, this 
problem also can be reduced to separated boundary problems (Dirichlet, 
Neumann or mixed) for four harmonic functions in half-space. 


However, there are some additional difficulties. When systematically 
using the methods of Sections 2-3, one of the boundary conditions is 
satisfied to the order of one plane harmonic term.Consequently, a plane 
harmonic function containing unknown coefficients to be defined sub- 
sequently so as to satisfy all the conditions of the problem has to be 
introduced into the solution from the beginning. 


Also, when carrying out the computation, some of the functions appear- 
ing on the right-hand side of the boundary conditions do not converge to 
zero as a + «, and therefore do not decompose into a Mehler-Fock integral**. 
This difficulty can be overcome by introducing "special" solutions of 
Laplace’s equation 


(a, B, ¢) = Veh + fm th™ + (4.3) 


m 0 


discontinuous on the line of separation of the boundary conditions 
le @ 


In conformity with the above, we choose two additional conditions of 
the following form: 


A similar problem for an internal crack has been solved by V.I. Mossa- 
kovskii [6 iF however he has considered a particular type of an ex- 
ternal load, that would be expanded into a series in angle ¢ and con- 
taining a finite number of terms. 


A similar condition arises also in more complicated mixed problems of 
the theory of elasticity, where one also has to make use of the type 


of solution (4.3) (see paper [3], where case » = 1, relevant to the 
contact problem is investigated). 
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F |guo = Re > = 0 


« 


where F_ are as yet unknown coefficients. 


Then, from (4.1), there immediately follow the separate boundary con- 
ditions for the harmonic functions ®, and ®,: 


lp — = 4.5 


1 OF y 


Considering ®, and ®, as known, from (4.2) for the harmonic function 
we get , 
w = 2(1—») (4.7) 


and boundary conditions 


Thus the derivation of function » is reduced to the solution of the 
Neumann problem for the half-space. 


From the additional condition (4.5), using (4.7), for the harmonic 
function ®, we obtain 


(1 — 2v) @ — Ytyz)a—n (4.9) 


The second boundary condition for this function can be obtained by 
applying operator 07/dx*+ 3?/dy* to equation (4.4), rewritten as follows*: 


Dp = Re Pm [1 — + const (4.10) 


m==] 
Considering that ®, = 00,/dz, we get 


AD, / \g~9 = (4.11) 


and subsequently function ®, can be obtained by means of the Mehler-Fock 


=. 
7 
: 
4 


4 


* Note that function ®, is generally defined within an additive con- 
stant. 
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integral transformation (Section 3). 


Note, that if function , is now defined by equation* 


®, (4.12) 
then for 8 = 0 its value will generally be different from the right-hand 
side of (4.10) by some harmonic function of variables x and y. Let us 


show that by a judicious choice of coefficients F, we can satisfy condi- 
tion (4.10). Let us assume 


= + O,’ (k = 41, 2, 3, 4) (4.13) 
and let us define functions ®,'°), containing coefficients F.. 


For ®, (9) and @,(°) we have the following boundary conditions: 


(0) 
4(1 —v) = Re > mF 


4 (1 — v) @=0 Rei > MF 


m=1 


Applying the Mehler-Fock transformation, we can obtain the following 
expression for @, 9) : 


4(1—v) — Vi+cosB Re >) (—1)™(m +1) Fmay x 


m=0 


(4.15) 
— 1) Meime 


A + cos 
a” V + cos 41—cos8 


and a similar value for @, (9), 


Further from (4.8) we find for = 2(1- v) (9) - @, {°) 


80) 8a” 


If integral (4.12) diverges, then function ®, must be obtained from 
the values of its first derivatives. 
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Using the usual method based on the Mehler-Fock expansion, as well as 
particular solutions of type (4.3), we find 


(4.18) 
where 


—S8za VY 2(1— V cha + cos$ cos Ke mE wtn th + aeime (4.19) 


2v) V che i coss 
P shi 


” 2m 
cos 0 
It 
l im 


16 


sin*6 


and the integrals in (4.20) can be expressed in explicit form. 


Now let us define function ®, ') from conditions 


( (¢ 
(D, 4 (1 2y) ae 


and noting that w |, _ Q, 


Oz 


we immediately get 


(1 + 


where A* is as yet an arbitrary constant. 


Investigation of the behavior of displacement w at a + ~ shows that 
for the continuity of w at a + ~ it is necessary* to assume A* = - l. 
It remains to compute the value of the integra! 


\ D,dz = \ [(1—2v)@ — 4 \ 


and equate it to the right-hand side of equation (4.10), 


* Displacements u and v at a + ~ are continuous for any value of A*, 
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In succession we obtain 


| 
a 


@ 
Re > F,, | rmeime 
v) 


Re > 
’ 0 


where G, are known numbers. 


Substituting (4.24) through (4.26 into (4.10), we finally obtain 


Gens (m >> 1) 


which completes the general solution of the problem. 


5. Example. Let two normal, concentrated, equally directed loads P 
(along the z-axis) be applied at pointsa= a), f- + mw, d= 0 (Pig. 3). 


it follows 


(D,’ 0, (1 Dy) a’ 


and for the function ow the boundary conditions are: 


Ao’ Ao’ 


0) a 5 
dz \@-0) O02 (5.4) 


Evidently the solution of the Neumann problem for this concentrated 
load is the function 


{ 
Viz by? | h acth 20) (5.2) 


Thus, to find the coefficients GC. it suffices to expand the function 


\ (dz /e) 


sth 
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into a trigonometric series in angle o. 


Using the familiar relation 


@ 

In V r? — 2br cos 6 » € 


from (4.26) and (4.27) we immediately obtain 


P 

v) mb” 
Now functions ®, ana can be considered known 
equations (4.15), (4.18) to (4.22) 


Below is the formula for the stress distribution in the mid-section 


r te ¥ 


In conclusion let us note that the method suggested can be applied to 
the solution of the corresponding problems for an infinite elastic body 
weakened by an internal circular crack under most general external loading 
conditions, 
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(OPOPERECHNOM IZGIBE PLASTINKI, PERTOI VDOL’ KRATIA, 
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1. We assume that the middle surface of the bent plate lies in the plane 
of the complex variable z = x + iy in a finite mltiply-connected region 
S, bounded by a totality of sufficiently smooth closed curves L.(j = 1, 
.., m+ 1) without common points; of these curves, let ins be the 
external contour surrounding the internal boundaries L.(j = 1, soog De 


The entire contour of the region S is denoted by L, formed by the curves 
Lj = 1, ..., m+ 1); its circuit is made in a positive direction rela- 
tive to S. Further, by S. ( finite for j 4 m+ 1 and infinite for j = 
m+ 1) we denote a simply-connected region bounded by L. (j = 1, ..., 

m+ 1). We denote a finite and simply-connected region founded by the 
external contour L., , by S,). Let z, be an arbitrary fixed point lying in 
the region S.(j = 1, ..., m), and a. be an affix of a certain point on 
the curve L. (j = 1, ..., m+ 1) selected as an origin of arc. For con- 
venience we take as the origin of coordinates a point in S. 


The unknown deflection w, (x, y) of the middle surface of the plate may 
be written in the form 


w, (x, y) = w(x, y) + Wo (2, (1.1) 


where w (x, y) is some particular solution of the differential equation 
of bending, describing the effect of a normal force distributed according 
to some specified law; the new unknown w(x, y) is a biharmonic function 
represented in accordance with the Goursat formula in the form 


2 w(x, y) = 2, (2) + 24, (2) + x1 (2) + (2), (2) = (2) (1.2) 


where and (2) are certain analytic and generally mltiple-valued 
functions in the multiply-connected region S. For the case in question, 
that of a supported edge of the plate, we shall have the following limiting 
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equation for determining the functions ¢,(z) and W,(z) on the contour L: 


Ret’ (t) + (t) (t)] = f(s) 
Re {(1-+3,) (t) + (t) + (0) +, = 


in which by the variable t is understood the complex coordinate of a 
running point on L, and the dots beside it denote differentiation with 
respect to the arc s; A, is a constant depending upon Poisson's ratio; 
and finally, f,(s) and f,(s) are certain given functions determined by 
the nature of the loading, which we shall consider to be continuous on L 
for the case of plate bending. 


Note 1. Khalilov [1] has reduced the case of bending of a supported 
plate to a Fredholm integral equation in the case where the middle sur- 
face occupies a simply-connected region bounded by a contour of non-zero 
curvature. For the more general case of a multiply-connected region with- 
out the above restriction on boundary curvature but different in some 
respects from the usual treatment, the problem of the supported plate, 
including its reduction to a Fredholm equation, has been considered by 
Fridman in a different way [2]. 


Kalandiia studied this same problem for a multiply-connected region 
in the usual way and reduced it to a singular integral equation; he has 
established its solvability [3 ] on the basis of comparatively recent 
methods for the investigation of such equations {4}. 


In the first two articles, the Fredholm integral equation was presented 
in a structurally complex form; the kernel was given by certain quadra- 
tures not as a rule expressible by elementary functions, a fact which 
naturally limits the application of the equations. The Fredholm equation 
which we mean to propose for our problem is free from this objection. 

Its kernel is expressed by elementary functions; further, there is an 
additional property inherent in the equation which facilitates its 
practical application. By making use of modern computational techniques 
it would not be difficult, on the basis of the proposed equation, to 
arrive at a satisfactory evaluation of effects in a quantitative manner. 
Certain important specific problems may be studied with the help of this 
equation by reducing them to quasiregular infinite systems of equations. 
It seems to us that the present paper must be considered from just this 
point of view. We note that the solution for finite and for simply- 
connected regions, a classic example treated in a similar style, has been 
reported in reference [5 ]}. 


In place of ¢,(z) and ¥,(z) im equations (1.3) and (1.4) we introduce 


(1.3) 

(1.4) 
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functions = id, w(z) = iy, (z) and set* 


" I 
(z) = (z) (z) (1.5) 
j=1 
where Pa, 1!2) and wo, (2) are single-valued and regular in the region 
S,; any two of the remaining functions d,(z) and ¥,(z) are analytic in- 
side L,(k = 1, ..., m). To the left-hand side of boundary condition (1.3) 
we add the operator , 


Re itt” Re (0), (w+ — (W + Wo)t a;) (1.6) 


taking the first or the second of the expressions in the bracket accord- 
ing to whether point t lies on the outside contour Li, 1 oF on one of the 
inside contours L.(j 4 m+ 1);** it is seen that on the internal bound- 
ary L. the operator takes on a value equal to the difference of the 
values of w(x, y) at the points z = @.,, and z= a.. Both boundary con- 
ditions (1.3) and (1.4) are united into one limiting complex equation 


in which the notation 


h=2+hq f(t) =2(/, + ifs) (1.8) 


has been introduced. 


The reader can convince himself that this modification of conditions 
(1.3) and (1.4) does not by any means involve any change in the postula- 
tion of the problem, as might be thought at first glance; the postulation 
not only remains unchanged in its original form but is appreciably simpli- 
fied for the process of solution. 


2. For the functions d{z) and w(z) we take the following forms, which 
will be justified later: 


The presence of a number of simple functions with single subscripts 
on the right-hand portion of equation (1.5) must not lead the reader 
astray by his relating this notation to that for the unknown function 
in (1.2). 


If it is more convenient, the integral of (# + *%) taken along the arc 
of the curve Lytk = 1, ..., m+ 1) may be substituted for (# + *%) 


t= a 
in equation (1.6). 


: 
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— 
a, 
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™m 


¢ (z) = op (z) + > tA; (z — 2;) In (z — 2;) 


A; = {w (t) 5, (t) + w(t) 4, (t)} 


I 
(2) — 2: + 2B | in 2;) + —— |+ (1 + 


j=1 j 


where the functions ¢°’(z) and w\°)(z), analytic in the region S, are 
given by the formulas 


\ (t) (t) + (2) (t)} G (t, 2) dt (2.3) 
i 
\ W(t, 2) + 2)) (2.4) 
I 


Here w(t) is the required density, and the functions introduced under 
the integral sign are such that 


Gi(t, z) = 


=~ 
STA 


H(t, 2) = G (1, z) + 


7 { . 
om 
P(t) {Al 1%, (t)), (t) — 16, (t)) 


in which «. = 0 for j) 4 m+ 1 ande = 1, The function Glt, z), similar 


m+i1 
to that in (1.6), is equal to the first expression in (2.5) if t varies 
on L., , and to the second if t varies on the other L.(j = 1, ..., m). 
The quantities A;, B; and D. are certain functions depending upon @ (t); 


the first was given in (2.1); the third is real, and for B; and D; we have 


Bs = an 


\ {oy (1) 9, (1) 1. w(t) dt, D Ke | e[m(t), (2.7) 


1 


in which the notation 


1 
4 


has been introduced. 
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We make a cut in the region S connecting the point a, on the internal 
boundary L; with any point on the surrounding boundary L, , , and not 
passing through the origin of coordinates. For this, the branch In(1 - 
z/t) is taken in (2.5), which reduces to zero for z = 0; the branch 
In(z - t) for the variable t associated with L.(j = 1, ..., m) is deter- 
mined by fixing the argument of In(z - a.) for the affix of z found on 


either side of the cut connecting a; with the curve L,, ,. 


Certain other forms may be given to the functions ¢{z) and w(z) by 
virtue of (2.5) and (2.6), as follows: 


¢ (2) 9° (2) + [iAj (2 — 2;) + By) In(z 2;) (2.9) 
j=1 


m 


j=! ~ 


In these equations $*(z) is a function which is regular in the region S; 
it is determined by the integral of (2.3) in which G*(t, z) mst be sub- 
stituted for the function G(t, z); it takes on a value equal to G(t, z) 
for an affix of t varying along Li, , and for the t associated with 
LG = l, ..., m) it has a value equal to 

i 


4m), 


G* (t, 2) In = 

The function Y/*(z) and its integral are also regular in the region S. 
For this same function w*(z) may be expressed as in (2.4) if, in place 
of H(t, z) and T(t, z), the corresponding quantities H*(t, z) and T*(t, z) 
are substituted. For the latter, in turn, we may use formulas (2.46) by 
setting in them for G(t, z) + (4mA7* and for (t as the 
multiplier for the P and Q functions the following quantities respectively: 


(2.11) 


It is clear that the functions ¢,(z) and y,(z) from (1.5) are deter- 
mined partly from each of the equalities (2.1) and (2.2) or from (2.9) 
and (2.10), which contain the integrals taken along the contour L, and 
also sums with additional operators for the index j = k. It is evident 
from the construction of (2.5) and (2.6) that it is necessary for 


(0) (2.12) 


It is expedient, also, to introduce the functions ,'°)(2), vy!) (2) 
together with p,*(z) and w,*(2) (k= 1, ..., m+ 1); each of these 
functions is expressed by the integrals (2.3) and (2.4) and by analogous 
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integrals taken along the curve L,. It is not difficult to convince one- 
self that the function (2) is of the order O[ (2 - at infinity. 


We denote the expansions of the integrals of w(z) and /*(z) in terms 
of z by y(z) and y*(z), along an arbitrary path between the origin of 
coordinates and the point z without intersecting the cut and without 
leaving the region S. Simple calculations give 


R°(t, z) = 2) dz, A°(t, z) = 


in which 


And 
z z—l t 
» 2) [in )+ | [In 7 In | (2.13) 
The indicated choice of branch for the logarithmic functions above 
makes it compulsory to consider the right hand part of (2.13) as vanish- 


ing for z = 9. The function y*(z) is formed from formulas similar to 


those for W*(z) if R* and A* are introduced into them in place of W* and 
o*. In addition, it may readily be discovered that 


y (2) y (z)— (2; [a(t); z, (2.14) 


in which, following the summation sign, 
= (iAjz; + Bj) 1} + (D; [tn (z — 2;) — In ( — 2;)} (2.15) 


For w(x, y), after recalling equations (1.2), (2.1) and (2.2) and 
their connection with the last two equations, we obtain the formla 


2w (x, y)=2w* (x, yy) — (2, y: (2.16) 


In this formula w*(x, y) is a biharmonic function equal to 
(x, 4) = —i (z) — (2) + (2) y*(z)} (2.17) 
and the value of the real operator 6 "Cx, y; z,) is given by the relation 


in which, in turn 
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2) In| 2 — 2; + (2;2 + 2;2))} 


(2.19) 


The integrals of equations (2.3), (2.4), (2.9) and (2.10), as well as 
the nature of the functions, permit each of the quantities w(x, y) and 
w*(x, y) to be presented in identical form 


[w(x, y); w*(z, y)] y); Z*(s; y)) + 


+ w(t) (s; 2, y); Z*(s; z, y)|)ds 


where Z(s; x, y) and Z*(s; x, y) are continuous functions of their vari- 
ables. We remark that w(x, y) and w*(x, y) consist of summations of 

w(x, y) and w.*(x, y) determined in a similar way, for example, to ¢,(z) 
and (2) in (1.5), 


The operator (1.6) proves to be dependent on the density w(t) just as 
do and w(z), and so it may be written as (t), ; we will 
adhere to this notation in the future. 


Note 1. It is easy to understand that the operator D,/2z — 2, has been 
introduced into the second summation in the right-hand part of (2.2) in 
order to remove multiple-valued terms which appear in some cases in the 
expression for w(x, y); this can be discerned from formula (2.10). At the 
same time it may not be wholly clear at first glance what induced the 
author to attach the operator iD,/ - 2, to (2.2) while having introduced 
a single-valued sum in (2.15). The reason is that with this operator pre- 
sent it is easy in many cases (and even obligatory, please) to free the 
expansion of vy, (2) in a circle at an infinitely remote point from a term 
in the sum having the inverse first power of z - 7. Actually it is ex- 
tremely likely that by fixing the value of w(t) one may find a point t, 
inside Ly such that the coefficient of the inverse first power term in 
the sum added to (2.10) reduces to zero for j = k. The presence of such a 
fact would indicate that the omission of the operator iD,/2 * & from 
(2.2) imposes an excess of rigor and does not set correct limits on the 
function wy, (2), and so leads to a loss of necessary generality in the ex- 
pression for it. The introduction of the operator into (2.2) removes this 
defect at least formally, and, as we shall see below, does in fact do so. 
It is not without interest for the reader to consider also that the said 
defect in the representation of vy, (2) may be completely taken care of by 
this very operator; we dwell on this because of the investigation of the 
Fredholm equation further on. We must suppose that there must exist many 
other operators apart from iD,/2 = % capable of fulfilling this assign- 
ment and of giving the expression for W,(2z) the required completeness. 
The operator we have chosen - whose very form partly prompts the nature 


4 

645° = (| 
6,;° = iz [In |z — 2; |? 1}, = In | z — 2; 
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of the premises leading to it - is the most natural, and at the same time 
certainly the simplest, of all the possible operators. 


The exposition just set out bears an intuitive character and possesses 
no rigid basis: nevertheless it leads to an entirely correct idea, whose 
justification will later be corroborated by unquestionably substantial 
arguments having a direct relation to the problem in hand. 


3. In equations (2.1), (2.2) and their first differentials, let z 
approach a certain point t, on the contour L. The limiting values of 
b(t), H(t.) and w(t.) are obtained from the boundary condition (1.7). 
Then, after performing certain calculations requiring a series of trans- 
formations, for the density w(t) we obtain a Fredholm integral equation 


© (lo) + (1) M (t, te) + N(t, dt + Ofw(t), tol =f (te) (3-1) 
L 
where the kernels M(t, t,) and N(t, t,) are continuous functions of both 
t and t, and are respectively equal to 


M(t, to) = u(t, to) + h(t, 


i t—t 

d , t—te, pit, (3.2) 

N (t, to) = v(t, to) + L(t, to) In = +£ r(t, ty) 
™ 


Here the quantities on the right-hand side of these equations are found 
from the formlas 


w(t, to) = toby (to) a(t, to) — to (to) b(t, to) 


v(t, t, to) 


2)=|—1 + In 


—(2/t) 


(t) 
(t, 2) 


b(t, z)= 


(— + It —e(t, to)] — (to) 
C(t, to) = (t— to) (t), (ty to) = (t— to) (2) 


r(t, to) = in (to) 8) (t) — (ty) 


As is evident from (3.3), the function p(t, t,) reduces to zero for 
t = ty); hence the third term in the sum of (3.2) will be a limiting 
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function of t and t, on the assumption that the contour L has a diffe- 
rentiable curvature. Furthermore, the operator on the left-hand side of 
equation (3.2) is 

(3.4) 
O (t, to)] = (to) + 191 (to) Rj (to) — (to) + K [eo(t), tol 


in which new notation is used in the following sense: 


aj (fo) =k {2 + In (ty Z;) + In (to — + to, (to) "i (to, 
+ ty (to) nj (toy 
te” 


K [w(t), to) = (to) — (to) + to), Rj (to) = Fj 


nj (Zz, 2;)= zj) [Im (2 — 2;) + In (3 — +2} (3.5) 


F, = 2B;z; + (1—i)D;, E= ici {w (t) [At — 16, +o) Pe — 20, 
t 


4. We now consider the solvability of the integral equation (3.1). 
First we establish an important property of equation (3.1). We integrate 
the limiting condition (1.3) with its associated operator [@(t), t,] 
(the same as the real part of condition (1.7) ) term by term along the 
arc of the curve L,(j = 1, 2, ..., m+ 1). Since the left-hand side of 
formla (1.3) exclusive of this operator appears as a derivative with 
repsect to the arc of the single-valued function w(x, y) in the enclosed 
region S, we shall have 


Re (0)=0 on ZL,,4,, (w+ Wo)tmam,,— (W + Wo)tma; = 0 
on L;(j = (4.1) 
Any solution of the integral equation (3.1) necessarily satisfies 
(4.1); in other words, the transformed conditions (1.3) and (1.4) remain 
equivalent to their original form thanks to the operator introduced, but 
now meet the requirements of a problem which demands strict compliance 
with the relations in (4.1). 


Note 1. A clarification of the essential significance of (4.1) is easy. 
In place of the given boundary values of the function w(x, y) as usually 
written, we take values of its derivative along the arc L in accordance 
with (1.3). A similar substitution for one of the conditions of the 
problem leads to a solution in a finite sum satisfying the boundary values 
of w(x, y) with an accuracy up to a certain constant on each of the 
curves L.(j = 1, ..., m+ 1); these constants, generally speaking, differ 
from one another on different sections of the curves Li @ 8, 
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this greatly complicates the process of arriving at a solution to the 
point of completion - a process arising out of layers of operations both 
cumbersome and difficult. The very solution itself is as a rule not al- 
ways acceptable for use. But thanks to the relations (4.1), particularly 
those between the constants, the complications disappear. The function 
w(x, y) which may be found in a given case will differ from the function 
sought by a constant on the various L. curves which make up the complete 
boundary L. Consequently the function will differ in the region S from 
the function sought by the same constant. The solution itself will be 
free from the exceptions found in other work, which sometimes bristles 
with formidable difficulties. (In order to avoid misunderstanding, we 
feel it necessary to make the reservation that we are fundamentally 
thinking of the calculational aspect of the problem. ) 


We now suppose that the homogeneous (for f(t) = 9) integral equation 
(3.1) has a certain nontrivial solution «(t). to this 
value of density, the functions (2.1), (2.2), (2.3), (2.9) and (2.10), as 
well as those entering into the functionals Ai, B. and D, are given zero 
subscripts. We introduce j (z), (z), (0,4, Uy (4) Xe), *(z) 
and .*(z), expressible in sums (1. correnpenting to the func - 
tions %, (z), veer Wy® (z); each of the last two pairs is determined in the 
corresponding field of the integrals (2.3) and (2.4) situated along the 
curve L, and supplemented by additional terms for j = k. Finally we write 
the mee subscript on the biharmonic functions in (2.16) and (2.17), 


The biharmonic function w,(x, y) mentioned previously in connection 
with (4.1) takes on the same constant value on all curves L.(j = 1, ..., 
m+ 1) and also satisfies the homogeneous condition (1.7). It is not 
difficult to establish that w(x, y) = constant everywhere in the region 
S on the basis of the integra! formla for biharmonic functions [ | ] 


[wit (w) — G(w)] ds = 


I 


(Aw)? + (1 — v) + (wyy)® + 2 (wey) 


s 


where v is Poisson’s ratio, G(w) coincides with the left-hand side of 
(1.4) up to a constant multiplier, and where 


H (w) = + (1—y) COS 29 + (wWyy — wzx) cos sin 9] 


From this we arrive at the conclusion that 


¢o(z) = kz + C, $(z) = —C (4.2) 


where k is a certain real constant and C : complex constant. From the 
last equations we get at once that A i* 0 (j = 1, ..., m). Con- 
sequently, the functions at the same time the functions 
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f) 


{o) 
b,\*'(2), (2), and are regular in the region S. By 
taking this into account and operating on the principle of analytic con- 
tinuation we obtain 


of which the first two equations hold good inside L ,, and the other two 
outside L.. We find, upon returning to (2.1)-(2.4), (2.12) and to the 
first equation of (4.1), that 


k=: fon (1) 9, + (1) 9, (1)) dt = 0 (4.4) 


rs 


By letting z + «© in formula (2.10) relating vw, .(z) to wy .*(z), we find 
that D, ; = 0 (j = 1, ..., m). Thus, in the equations for the functionals 
there have been evaluated 


= B,; = 0 (7 ¥ , mr) 0) 


Note 2. By virtue of these relations, w(x, y) and w,*(x, y) coincide, 
and the functions (2, y) = w):*(x, y) vanish at infinity as = 


es y*). Therefore the curvilinear integra! along the contour Lj of the 
harmonic generating function A "oj reduces to zero. 


We introduce the functions x(t) and z(t) on the contour L, which take 
on the following values on each of the curves LG a by scsg MO OP 


x(t) = , (0) = (t) — 2i x; (a;) = — 2ihe; (B— EB) 


(t) == \ for(t) (t) + w(t) 9, dt, x *(a:)=0 (4.6) 
wll) = p(t), —p (tt) = —x (1) 4 (t) + - - Wo (t)) 


while the functionals have values 


Xm (Oat 
t 
Ln 


It is at once apparent that as a result of the last equation in (4.4) 
or the second in (4.5), the function «.(t) is single-valued on the curve 
L.. With these equations in mind, expressions (2.1) and (2.2) are ob- 
tained in the form 


4 ¢ + B— BP) vif) 
$y = = dt, Ww(z)=— \i at (4.7) 


Am) 


Soma, (2) = 4+ C, Yu, n+ (2) (2) = bo; (z) =0 
1, ..., m) (4.3) 
Lin im 
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by employing simple transformations and integration by parts. (The point 
z lies in S,) 


It is clear from (4.3) and the first two equations of (4.4) that each 
of the functions K (t) and p(t) is analytically continuous and regular 
in a corresponding simply-connected region S bounded by L.(j = 1, ..., 
m+ 1); of these, + 21A (A+ B- E) andp,, {2 vanish at in- 
finitely remote parts of the region S., ,. We differentiate the first of 
relations (4.6) with respect to t and wlv for w(t), thereby obtaining 


4 i 
= (t) — (t) x;’ (t)} on L;(j=1,...,m-+1) (4.8) 


(9) 
In this equation we set w(t) = v (O)(S) 4 iv,'°’(S) and separate into 
real and imaginary parts, with the result that 


By introduction of this value of ,(t) into the second formula of (4.6) 
we find, after elementary calculations, 


x; (t) — *%;" (t) — py (t) = (4.10) 


Since the functions « (z) and yw.(z) are continuous on the curve L. 
(taken as sufficiently smooth), the right-hand side of (4.1), must be so 
too, in spite of the possibility of the denominator reducing to zero at 
certain points on L.. Multiply (4.19) by the quantity t 6, (t) and its 
conjugate by t 0,(t ), and subtract one from the other term by term. As 
a result we obtain 


where by analogy with (1.8) (4.11) 


15 (0) (t) — (t) — 2 (0) 


Formula (4.11) coincides essentially with the homogeneous boundary con- 
dition (1.7) on the curve L.. In accordance with the Goursat formla we 
construct the biharmonic function 


z 


Qe; (x, y) =—i{zx; (2) — 2x; (z) + (2) — (2)}, (2) = (2) de (4.12) 


in the region S;. It evidently satisfies the conditions 


0s; { 
3s =0, G (¢;) = on 1,.- m+ ) (4.13) 
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It is not difficult to imagine that at an infinitely remote part of the 


region S the behavior of the function a, ,(x, y) is described by 


+1 


the relation 


¥) = in R + (z, y) (4.14) 


ere 
wher +1 
certain real and complex constants (the function T..441'2) does not con- 


tain a term of the formD,, , In z, else it would acquire an increment 


during its circuit of the contour Le. ' and would not maintain its con- 


stant value). For the given conditions it is easy to establish that 


1 (x, y) is a limiting biharmonic function, D and E are 


Ona 9% y) mst be identically equal to a — everywhere outside 
[ ; this requires the equality «, . 1 (2) Beas z) = 0; it follows 


1 
ales that A = B= 0, 


By similar reasoning, recalling that K (a5) = 9, we find that the 
equations 


%; (2) k;(z —a ), = () m) (4.15) 


hold good in the region S., where the k. are certain real constants; from 


the first of equations (4.5) we see that these constants must be zero. 
Thus, all the functions 


%;(z) =pj(z) = 0 (j =1,...,m +1) (4.16) 


By consideration along with (4.9) of a relation obtained from the 
second of the formilas in (4.46) and from (4.16), we find that 


—tt v, (s) — tv, (s) = 0 (4.17) 


and at once conclude that w(t) is necessarily zero. 


Thus, the homogeneous equation (3.1) is always uniquely solvable. 
Upon determination of the density w(t), we find the functions fz) and 
Wy (z) from formulas (2.1) and (2.2). It is possible that the w(x, y) ob- 
tained from them will differ from the function required by a certain 
constant value. By making the appropriate correction the required solution 
to the problem is obtained. 


Note 3. We remark that in equation (4.17) we necessarily resort to 
appropriate junctions (for smoothness) with contiguous arcs, should any 
of the curves L; consist of rectilinear parts. 


Note 4. The removal of iD, ;/2 — 2. from equation (2.2) leads to the 
conclusion that in this case b, will, generally speaking, be different 
from zero as a result of the vanishing of the functional terms in thy (2); 
evidently, instead of Up j (2) = 0, we have the relation 
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Yo (z) Dy 


the reasoning and the conclusions then lose force in certain essential 
particulars. Indeed, the Fredholm equation will not be solvable with this 
change in viewpoint. The attraction of the operator iD./z— 2z., as we 
have seen, is that it corrects the position in the desired direction. 


Note 5. The problem considered here belongs to one of the most diffi- 
cult branches of the theory of elasticity. There is therefore a tendency 
in this category of research towards the greatest generality, along with 
improvement and simplification of the methods of investigation. In the 
articles referred to[1, 2], the methods employed were different, at 
least in the first stages of the investigation, for a wide variety of 
problems in potential theory and elasticity theory. It is a pity that the 
application of such methods does not always lead to relatively simple 
results. In reference [3 ], simple expressions were taken for the unknown 
functions. Nevertheless, not being especially adapted to the problem in 
the sense as used here, they led the author to a system of singular inte- 
gral equations belonging to a class for which satisfactory methods have 
not been developed. In spite of all this, it is apparent that the value 
of these researches has by no means been exhausted. Even now they al! 
possess interest, each with its own point of view; and there is no doubt 
but that their significance and that of the present work will grow with 
the development of effective methods of solving integral equations. 


The following interesting circumstance deserves mention, among other 
things. One may study certain particular problems by the integro-diffe- 
rential equations of references 1 and 2 by using elementary kernels (up 
to their transformation into Fredholm equations) and by searching for the 
unknown density in the form of a complex Fourier series: this leads to an 
infinite system of linear equations. This remark, in all probability, 
also applies to[3]. 


We are far from thinking that the solution to the problem in the 
present paper is the most simple of all possible solutions, including 
those which may be obtained by a reduction to a Fredholm equation or by 
any other means. At the same time we are inclined to think that another 
Fredholm equation for the problem with enough distinguishing relations 


and useful features for it to be clearly preferable to (3.1) can hardly 
be constructed. 


5. We dwell briefly on the case where the region S is infinite and 
bounded by a contour L consisting of a totality of curves L.(j = 1, ..., 
m). In this case it is preferable to pass over (2.1) and (2.2) and to 
start with (2.9) and (2.10) as a basis. We assume that at an infinitely 
remote part of the region S the biharmonic function is 
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B: + 6B: +DinkR (5.1) 


where / is a complex and D a real constant, and where the multiple dots 
signify a limited summation in which the nth derivative is of order R™", 


In order for the behavior of w(x, y) as described in (5.1) to be realized, 
it is necessary to set 


B,= >) [iAj(2;— 2%) — 


where k is a certain arbitrary fixed number from the series j= i, 


and where the prime on the summation symbol] indicates a passage to the 


case j = k. In this connection, formulas (2.9) and (2.10) may take another 
form which displays their properties more prominently. Further, by in- 
cluding an additive function B, (in agreement with (2.7)), and by taking 
expressions in the form of sums as in the second terms of (2.9), (2.10) 
and (2.11), we shall have 


j=) 


The primes on the summation signs have been omitted in these equations 
Since the summation automatically drops out for j; = k. It is seen from 
(5.3) and (5.4) that as z goes to infinity the function d(2) is bounded 
and w/(z) decreases according to the modulus of order g. In formula 
(2.16) for w(x, y) the values of 6.5 and 6, ;° will depend upon the index 
k and are respectively equal to 


The operator [a (t), ty | must now be set equal to 


is distinction from (1.6), and in which the functional A, is taken to be 
the same as in (2.1). It is not difficult to convince oneself that the 
integral formula preceding (4.2) holds good also for an infinite region 
S for the conditions of (5.2). The integral equation for the density 
@(t) is somewhat different in this case from (3.1); it is easily written 
starting from (5.3) and (5.4). Just as in (3.1), it always has a unique 
solution. From the determination of w(t), we find w#,(z, y) acquiring a 


i 
constant value on all Li = 1, ..., m). Subtraction of this constant 


A, A;, (5.2) 
j=1 
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: 
= (2)4 - 2;) + B;| + B, (5.3) 
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. value gives the required solution to the problem. 

| Note 1. The problem of the determination of the biharmonic function 

: has, generally speaking, no solution for conditions at infinity more 

z restricted than (5.1). Im fact, let there be another solution to the 

, problem for the case where B and D are not zero at the same time for any 

i given f(t). The biharmonic function consisting of the difference of these 

: two solutions satisfies the homogeneous conditions (1.3) and (1.4) and 

4 for large | z| has the same order as (5.1). We conclude from this that the 

4 function is identically equa] to a constant; this signifies that the 

. quantities and D must reduce to zero, which is impossible. 

é If w(x, y) possesses at infinity a higher order than in (5.1), then a 

4 additional terms with singularities higher than those in (5.1) must in- : 
variably be given. 39 
4, Note 2. We assume that the normal load q(z, y) acting on the bent 

a plate is distributed over a certain area {), understood to be a finite 

z part of the region S. In this case a particular solution of the diffe- 

5 rential equation of bonding which vanishes at infinity may be taken as 

° 

\ q (E, n)r?inrdQ 4 Ip ro + (2 + 1) AWD 4 

*\2 

Zo \ (2) (z To) (y Yo) 

i where D is the cylindrical stiffness. Here the point M(x, Yo) lies out- 

‘ side the region S, and 


2 


q (E, n) yy) dQ 


) — z,)? dQ, 


1 
1) (Ee Zo) — dQ, 
= V(E— + (n — 


Note 3. A suitable method, well tested in its applications to a wide 
range of problems in elasticity theory [6], may be demonstrated for a 
certain shape of the region S. For example, let the region S be an 
eccentric ring bounded by circles L. of radius R., and with centers at 
2 (j = 1, 2). The boundary condition (1.7) for the functions ¢*(z) and 
ue* (z) for this case, to be introduced into formulas (2.9) and (2.10), 
is written as 


A, q (E, n) (E — dQ A,"!) 
of 
| 
(2) 
Als 
(2) 
Ay» 
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R, t—z 
Ale*’ (t)—e* (t)|—(1 + : (t) = f* 


where the sense of y*(t) is apparent; quantities containing multiplying 
parameters Ay, B, and D, are related to the function f*(t). 


Proceeding as in reference [6 }, we introduce an auxiliary function 
w*(t) on the internal circumference L specified by the relation 


R t—2, —_ 
Ale” 9" W (8) + — Ri") (5.7) 


in which 
n° (t) * (t) + te” 


By successively adding and subtracting (5.6) and (5.7), term by term, 
the following relation 


R 


t— 2, { 


hy 
is obtained, which holds simultaneously for the upper and the lower signs. 


By excluding first 6*(t) and then ¢/*(t) from these, we are led to the 


formulas 


2 


— (+ 29” (t) = FP (1) 


9 


in which the right-hand members are: 


Here the upper and lower signs appearing in the expression on the 
right relate respectively to the first and.the second of the functions 
on the left. Each of the functions w*(t) and f*(t) can be written ex- 
pediently in the form of a complex Fourier series, in powers of t — as. 
Further, we introduce the following functions which are regular in the 
region S: 


8° (z) = — 


(2) =[—2 + 0-2) 


} 
q | 
2 1 ¢ F* 
9° (2) + 00” (2) — | 
? (2)— hy (2) \ t—z dt 


Sherman 


They will be analytically continuous and regular inside the circunm- 
ference of L.. Considering w*(t) as conditionally given, we find the 
functions 5*(2) and y*(z) from the limiting equation on the external 
circumference. By then passing to the condition (5.7) on L,. we obtain an 


infinite system of linear equations for the unknown coefficients in the 
expansion of w*(t); it is readily established that this system will be 
quasiregular for any region shape. By solving this system and so deter- 
mining w*(t), we are then able to write the expression for the unknown 


functions. 


Note 4. Fridman has drawn attention to the analogy between the above 
problem and the plane problem of the theory of elasticity for given 
boundary values of the normal components of the vector displacement and 
the tangential component of the stress vector. This problem was considered 
in reference [7] for the case of finite simply-connected regions. The 
limiting equation there presented may be transformed into 


(x 1) (t) — — 62 (t) y (2) + y(t) = (5.8) 


Here p# and « are elastic constants, and 


y (t) = xp (t) +- te’ (t) + (0), f(t) = — 4p i(——4 (5.9) 


in which v, is the normal component of the displacement vector and T is 
the tangential component of the stress vector. A comparison of these 
equations with (1.7) at once confirms the correctness of Fridman’s ob- 


servation. 


The functions and wi (z) for a finite multiply-connected region S 


may be taken in the form 


(z) \ {ea 8, (t) (t)0y (t)} G(t, z) dt 


i 


) \ (t) z) + w(t) 7 (t, 2) 


following the above analogy, in which, without going into detail, neither 


of the curves L is considered to be a circle. 


The functions G(t, 2), A(t, 2) and T(t, z) are more general than in 
(2.5) and (2.6) and are given by the formulas 


{ 


| 4m (x 


(t, z) = (t) 
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in which ¢. means the same as before. By the introduction of (5.10) into 
the boundary condition (5.8), we obtain a Fredholm integral equation which 
is uniquely solvable for the density w(t). 


When in this case the multiply-connected region S is infinite, it is 
natural to consider the principal vector of the external forces acting on 
the region bounded by the curves Li = 1, ..., m) as known, We set 


(z) = Bin (z — + (2), (z) xB in (z — + Ho (2) (5.41) 


in which the functions $y (2) and Wy (2), single-valued in the region S, 
are equal to 


m 
Po (2) = (¢) (t) (t)} G (t, z) dt — (> B, )in (7: —2,)+ B, (5.12) 
L j=1 


ine \ 
(2) = \ H(t, 2) + OTH T(t, 2)) dt + 
L 


In these formulas the index k is a certain number from the series 
j= 1, ..., m and the constant B is 


(1 + x) 


B- (X + iY) 


where ¥ + iY is the principal stress vector at an infinitely remote part 
of the plane. We may convince ourselves that Py (2) = By and that Uy (2)=0 
by considering a homogeneous system of equations containing quantities 
with the constant B as a multiplier, as well as free terms. We find that 
B, = 0 from the condition that the normal component of the displacement 
reduces to zero on the contour L, and, also that d, (2) = 0, The rest of 


the proof of solvability follows just as above. 
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In the following we present a method based on application of the work re- 
ciprocity theorem for deriving integrodifferential and integral equations 
of equilibrium of thin elastic shells in terms of displacements. This is 

a modification of the well-known Somiglian method [5 ], from which it 
differs by a special choice of the system of the "auxiliary" displacements; 
this choice permits of representing the displacement of a point of the 
middle-surface of the shell by the sum of two displacements: the displace- 
ment of the corresponding point of the middle plane of a plate - the "map" 
of the middle surface of the shell - and a supplementary displacement de- 
pending in particular on the curvature of the middle surface of the shell. 
In the case of cylindrical shells the method was used by the author over 
ten years ago [ 4c]. 


In the present paper it is extended to the treatment of shells of any 
form of the middle surface. 


1. Integral Equation of Equilibrium of a Circular Arch. Con- 
sider the simplest example of application of our method to the solution 
of a one-dimensional problem. This example will permit of clarifying 
certain particular points of the method before extending it to the treat- 
ment of the two-dimensional problems of equilibrium of elastic shells. 


The example deals with the state of equilibrium of a circular arch 
under the action of a concentrated unit force P, directed along a normal 
to the arch (Fig. 1). We consider the latter as a thin rod rigidly fixed 
at its ends. The length of the undeformed rod AB will be denoted by l. 
The position of a point of the rod will be defined by the arch coordinate 
s, measured from the point A. The arch coordinate of the point of appli- 
cation of the force will be denoted by 7. The points of the arch will be 
related to the points of a beam AB, of length |, which is the *map* of 


| 
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the arch (Fig. 2). The position of a point on the undeformed rod will be 
defined by the coordinate s, measured from the point A,. The scale of the 
arch coordinates is the same on the curve AB and on the straight line 


A.B,. 


We assume that the beam is acted upon by a concentrated unit force P, 
applied at a point with the arch coordinate & and directed along the 
normal to the undeformed axis A,B, of the beam; the ends of the latter 
are simply supported. Let us derive, by means of the work reciprocity 
theorem, the interdependence between the radial displacements u(s, 7) of 
the circular arch, and the deflections y(s, &) of the beam, assuming that 
the rigidity EI is constant in both arch and beam and that this constant 
is the same in both. Displacements tangential to the arch will be dis- 
regarded. 


Pig. 2. 
From the elementary theory of beams in bending we find 


8) (253 — — (s >) (1.1.2) 


The rotation angles of the beam at its ends are defined by 
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(0, §) = 0 = — (1.2) 


Let us consider y(s, &) as the radial displacement of a point of the 
circular arch. In correspondence herewith the rotation angles @(0, &) 
and @(1, &) of the ends of the arch are determined by the formulas (1.2). 
In the case of the arch, the displacement y{s, £) is produced by the 
action of a concentrated unit force in conjunction with that of some 
additional radially distributed load, according to the curvature of the 
arch. This additional load can be determined by means of the theory of 
thin rods from the equation of equilibrium [5 ] 


dty 1 
+a q (1.3) 


where q represents the radial load distributed along the circular arch. 


From (1.1.1) and (1.1.2) we find 


s(l (s< 


1 
q (s, €) q (s, &) s) (1.4) 


Applying the work reciprocity theorem we consider, as the first system 
of loads on the arch, the concentrated unit force P, acting at the point 
C(n), the reactions R(0, 7), R(l, 7) and the reactive moments M(0, 7), 
MCL, 1) produced by that force (Fig. 1). The radial displacements, 
corresponding to the first system, are u(s, 7). The second and auxiliary 
system of loads consists of the concentrated unit force applied at the 
point D(é) of the arch corresponding to the point D(é) of the beam, the 
radially distributed load q(s, €) determined by forma (1.3), the re- 
actions Q(0, €), Q(1, &) and the reactive moments L(0, &), L(l, &). The 
radial displacements corresponding to the auxiliary system are y(s, €). 


For these systems of loads and displacements the work reciprocity 
theorem gives 


u(E, = — \ (s, E)u(s, 4) ds+M (0, 7) 9(0, 7)9(1,&) (1.5) 


0 


Since M(0, 7) and M(l, 7) are expressed by derivatives of the dis- 
placements u(s, 7) at the points s = 0 and s = |, the relation (1.5) is 
an integrodifferential equation of equilibrium of the arch. The meaning 
of this equation is evident. The second term of its right-hand member 
depends, in accordance with (1.3), on the curvature of the unde formed 
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arch, while the third and fourth terms depend on the difference of the 
boundary conditions of the arch, fixed at its ends, and of the beam, 
simply supported at its ends. If the fixity conditions of the ends of 
arch and beam are the same, then, as is easily seen, the terms depending 
on the difference in the boundary conditions will disappear, and the re- 
lation (1.5) then becomes a Fredholm integral equation of the second kind 
with a regular kernel. 


To reduce the relation (1.5) to a Fredhom integral equation of the 
second kind, it is also possible to start from the following considera- 
tion: the displacements y(s, €), which have a singularity at the point 
D(é) produced by the action of the concentrated unit force P, can be 
amplified by arbitrary displacements y,(s, &) continuous with respect to 
s and having derivatives with respect to s continuous up to the fourth 
order inclusive. These additional displacements correspond to the action 
of some additional loads at the ends of the arch, and of an additional 
load continuously distributed along the length of the arch. Assume the 
additional auxiliary displacements to fulfil the conditions 


y (0, + y, (0, €) = 0, y (1, &) + &) = 0 (1.6.1) 


Os Os os Os 


0 (1.6.2) 


i.e. the new auxiliary displacements and the corresponding rotation 
angles at the ends of the arch are zero. 


To fulfil these conditions it is sufficient to assume 


(1 —s)(1—E 
(8, (& 8) = — — + + (1.7) 


The additional radial auxiliary load q,‘s, €), distributed along the 
arch and corresponding to the displacement y,(s, €), in accordance with 
(1.3) is represented by the expression 


(i — &) 
(s, =3 — 


Obviously q,(s, q, s). 


The asymmetry of the function q,(s, €) reflects the properties of the 
bending moments in an arch with rigidly fixed ends. The bending moments 
tend toward zero when & » 0, but they do not tend toward zero when s + 0, 
because reactive moments are acting at the points A and B of the arch 
(Fig. 1). The complete auxiliary radial displacement of a point of the 
arch will be denoted by v(s, €): 


v(s, = y (s, + yr (5, &) (1.9) 


d 
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The complete additional auxiliary load wil! be denoted by K(s, &): 
K (s, &) == q(s, &) + 9 (s, &) (1.10) 


Again using the work reciprocity theorem, we arrive at an integral 
equation of the Fredholm type of the second kind with asymmetrical kernel: 


u (, v (4, K (s, )u(s, 4) ds (1.11) 


From the properties of the function v(m, &) and of the kernel K(s, &) 
it can at once be concluded that the function ulé, n), which satisfies 
the equation (1.11), also fulfils the boundary conditions of the problem, 
i.e. the conditions at the rigidly fixed ends of the arch. The procedure 
of solution of the equation (1.11) does not involve any difficulties [7 ] 
and is therefore of no fundamental interest. We call attention to only 
one property of integral equations derived from the work reciprocity 
theorem. 


As-already stated above, the additional auxiliary displacements 
y,(s, &) must be continuous with respect to s and have derivatives con- 
tinuous with respect to s up to the fourth order inclusive. Otherwise 
these displacements are arbitrary. Taking y,‘s, €) in the form of a poly- 
nomial in terms of s not lower than of the seventh degree, we can always 
fulfil the following eight conditions: 


4 
v(O,&) — v(l, = 0, 


oe lO, 


os 


Linder these conditions the work reciprocity theorem leads to an equa- 
tion of the form (1.11), and this form remains the same for all fixity 
cases of the arch ends. This latter equation no longer has a unique solu- 
tion, since it must be satisfied by all forms of arch deflections accord- 
ing to the various boundary conditions. Evidently, in this case the con- 
ditions of the Fredholm third theorem, which apply to cases of non-exist- 
ence of unique solutions of non-homogeneous integral equations [7], must 
be fulfilled. Thus in this case we must act as follows: having transformed 
the integrodifferential equations which follow from the work reciprocity 
theorem into integral equations, it is necessary to examine the solution 
obtained with respect to fulfillment of the boundary conditions of the 
problem; if necessary, the general solution must be derived in accordance 
with the Fredholm theory. 


2. Integrodifferential Equations of Equilibrium of Thin 
Elastic Shells. The example studied in Section 1 fundamentally reflects 
the essence of the method, the subject of the present paper, of deriving 
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integrodifferential and integral equations of equilibrium of thin elastic 
shells. The analog of the centroid line of the arch in the theory of 
shells is the middle surface of the shell, the analog of the centroid line 
of the beam is the middle surface of the plate - the "map" of the middle 
surface of the shell. Assume that the internal coordinates of the middle 
surface of the shell are isothermal coordinates [3]. In this case a line 
element of the middle surface is defined by the equation 


ds* F2 (x', 2*) +- (dx?)*} 


where x+ and x? are the internal coordinates of points of the middle sur- 
face of the shell, while F(x', x?) = F(M) is a scalar function of the 
point M(x', x”) of the middle surface of the shell. We assume that the 
coordinates x* are also Cartesian coordinates of the middle plane of the 
plate. 


This establishes a one-to-one correspondence of the points of the 
middle surface of the shell to those of the middle plane of the plate. 
Formula (2.1) states a relation between the line element ds of the middle 
surface of the shell and the line element ds, of the middle plane of the 
plate. This relation is invariant. In an arbitrary system of orthogonal 
coordinates in the middle plane of the plate we get* 


ds* = F?(M)ds,? = F? (M) G,;(M) (dr'y* 
where the G,, are the components of the metric tensor in the middle plane 


of the plate. In the middle surface of the shell the components g,,{i, k= 
1, 2) of the metric tensor are 


g,, = F?(M)G 


«(™), (ik) (2.22) 


Assume a system of coordinate lines x’ = z in the plate and in the 


shell, coinciding with the normals to their respective middle surfaces. 
The vectors of the coordinate base shall be denoted by e;. The modulus 

le, | = l. The components of the metric tensor B,3 are zero when i 4 3, 
while g.. = l. The coordinates (i = 1, 2, 3) arithmetize the spaces within 
the shel i and plate. 


Assume the thickness 2h of the shell to equal that of the plate; we 
further assume for reasons of simplification that h is a constant, although 
the method developed below can easily be generalized to include shells of 
variable thickness. Finally we assume that the elastic constants of the 
material are the same for shel! and plate. Subsequently we will use the 
Kirchhoff-Love hypothesis concerning "invariable straight line normals" 
to the middle surface. 


* Here and subsequently we use the summation symbol known from tensor 


analysis. 
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We turn to the derivation of the integrodifferential equations of 
equilibrium of shells. By v,,) ,(N, M) let us denote the displacement of 
a point N of the middle plane of the plate in the direction of the co- 
ordinate line i produced by the action of a concentrated unit force 
applied at the point M of the middle plane and directed along the coordi- 
nate line a. We know that 
(N, M) = vi. (M, N) (2.3) 


Via)i 


We will consider the functions v,,) ;,(N, M) as covariant components of 
the displacement vector of the points of the middle surface of the shell. 
The system of forces producing the displacements Va) ilN, M) in the shell 
consists of some applied concentrated force acting at a point M, an 
applied load distributed along the middle surface of the shell, and the 


reactions of the constraints. 


Fig. 3. 


The concentrated force corresponding to the displacements Via) «ON, M) 
in the shell will be determined by applying Hooke’s law when a = 1, 2, 
and by the equilibrium equations of the shell in terms of displacements 
when a = 3. In this way it is possible to arrive at the following con- 
clusion: a concentrated unit force applied to the middle plane of the 
plate transforms into a concentrated force acting on the middle surface 
of the shell. The vector of the transformed force is approximately de- 
termined by the contravariant components* 


(i=k), 
(2.4) 
lo (ik), 


The displacements v;,); in the shell are produced by the concentrated 
forces obtained above and the distributed load acting on the boundary 


In addition to the terms indicated in (2.4) the exact expression for 
the components of the transformed force contains those of the order 

hk? where ky is the principal curvature of the shell. It is known 

that these terms can be neglected in comparison with unity cer 
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surfaces of the shell. On the basis of the hypothesis of non-deformable 
normals to the middle surface the load acting on the surface of the shell 
can be replaced by a statically equivalent system of forces and moments 
acting on the middle surface of the shell. By K,, ) and H,,\/ we denote 
the contravariant components of the intensities t the applied loadings 
by forces and moments corresponding to the displacements v/,); and 
referred to the middle surface of the shell. Further, by Sia)? and 
Lig)? we denote the contravariant components of the stress resultants 
and moments, acting on the boundary line of an element of the middle sur- 
face of the shell. The direction of these stress resultants and moments, 
as well as the meaning of the used notations are shown in Figs. 3 and 4. 


As everywhere, the subscript given in parentheses and not appearing 
in Figs. 3 and 4 characterizes the direction of the concentrated applied 
force which produces the auxiliary displacement. If the boundary of the 
middle surface is not represented by coordinate lines, then the stress 
resultants and moments acting along this boundary line will be denoted 
by and 


The load corresponding to the displacements v/,); is to be determined 
as follows: 


1, If a= 1, 2, the load is determined by means of Hooke’s law, which 
permits of finding the stresses on the boundary surfaces of the shell 
and then reducing them to the middle surface. In this manner it is 
possible to avoid the appearance of improper divergent integrals in the 
integrodifferential equations of equilibrium of shells [4c]. Consider- 
able simplifications can be achieved here by application of the Kirch- 
hoff-Love hypothesis [8]. 


2. If a = 3, we use the elastostatic system of equations of the theory 
of shells [4a- 4c] replacing equation (1.3). In applying the work reci- 
procity theorem the system of displacements v;,) ,(N, M) and the corres- 
ponding loading of the middle surface will be considered as a system of 
auxiliary displacements and forces. 


By Uy i)q(M, N) we denote the covariant component of the displacement 
vector of the point M of the middle surface of the shell, this displace- 
ment being produced by the action of the applied unit force at the point 
N directed along the coordinate line i. The contravariant components of 
this unit force are given by the formlas 


(k=i=1 
lo (ki), 


2) 


r &k 
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The stress resultants and moments corresponding to the displacements 
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uy ‘Ja and acting on the \ad et line of an element of the middle surface 
will be denoted by 5) and ;);* Lhe mutual position of the vectors of 
these stress resultants and andthe and the meaning of the notations, 

are illustrated in Figs. 3 and 4. The subscript in parentheses, not in- 
dicated in Figs. 3 and 4, always characterizes the direction of the con- 
centrated force producing the basic di spl acementss. By analogy with preced- 
ing statements, we will denote by 7, ‘} and M, 1)" stress resultants and 
moments acting on such parts of the boundary line of the middle surface 
of the shell as do not coincide with coordinate lines. The stress result- 
ants and moments acting along the boundary line of the middle surface are 
the reactions of the supports of the shell. The system of displacements 
Ur ia and of the forces corresponding to these displacements will be con- 
sidered as the fundamental system in applying the work reciprocity theorem. 
With all this in view, and by virtue of the theorem of the work recipro- 
city theorem as applied to the fundamental and auxiliary systems of dis- 
placements and forces, we get 


Uiya(M, N) = F?(M) VG,2(M) (N) (N, M) — 


Fr F?(M)+V Gas (Q, M) (Q, N) + 


Hx} (Q, M) (Q@, dSq 
F*(M) V Gas (M) (Q, N) (Q, M) M4,’ (Q, N) (Q, M) 
— Si (Q, M) (Q, N) — (@, M) 5 (Q, dsq (2.6) 


where the area integral extends over the middle surface of the shell, 
while the line integral is taken over the boundary line of the area 
mentioned. The fundamental and the auxiliary bending moments acting along 
the boundary line of the middle surface are here denoted by M i)? and 
L;,)/ respectively. The terms depending on the twisting moments are in- 
cltted into the fundamental and into the auxiliary stress resultants TN: 7 
and respectively gar 


The rotation angles at their footpoints of the normals to the middle 
surface, corresponding to the fundamental and the auxiliary systems of 
displacements, are denoted by 5) j and Wa) j° 


If we assume that the coordinate lines x‘ of the middle surface coincide 
with its curvature lines, and if we use the hypothesis of nondeformability 
of the normals, we then arrive at the formulas 


1 1 
DF — 2) = Fr >) (2.7.1) 
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Here and subsequently we use the notations d/dx* = d;, while the k; 
represent the principal curvatures of the middle surface of the shell. 


Since Ha)? ~ 0, w ,), does not appear in equation (2.6). The rotation 
angles Wiq); are to be determined analogously to (2.7.1) and (2.7.2). 


Equations (2.6) represent the system of integrodifferential equations 
of equilibrium corresponding to the linear theory of shells; this system 
of equations permits of determining the components Ul ia of Green’s tensor 
(influence function). Equations (2.6) are an analog of equations (1.5). 
Integration by parts will make it possible to eliminate the derivatives 
of the displacements u, .,. from the integrand of the double integral. 
Taking advantage of the arbitrariness in the choice of the regular part 
of the auxiliary displacements v/,);, it is also possible to simplify the 
curvilinear integral and in some cases even to eliminate it [4a,c]. This 
transformation of equations (2.6) is analogous to reducing equation (1.5) 
to the form (1.11). The influence functions determined from equations 
(2.6) permit of finding the displacements produced by an arbitrary load- 
ing of the middle surface of the shell. 


The further development of the method indicated will be achieved by 
working out a particular concrete example. 


3. Example, Spherical Dome. Equations analogous to (2.6) have been 
applied to cases characterized by the condition 


F (M)=1 (3.4) 


Equilibrium equations of cylindrical {4-8 ] and shallow [9 ] shells 
have been considered. Condition (3.1) finds approximate fulfilment in the 
case of shallow shells [1]. As a very simple example we will study the 
equilibrium equations of a spherical dome of radius R, This example of 


the case F(M) # 1 will also permit of clarifying some general features of 
the method. 


Assume the origin of the Cartesian system of coordinates to coincide 
with one of the poles of the sphere and the axis Oz to be a diameter of 
the sphere. Consider the plane Q to be tangent to the surface of the 
sphere at the point N(0, 0, 2R). The stereographic projection of the sur- 
face of the sphere on this plane can be given parametrically by introduc- 
ing the spherical coordinates 6, d on the surface of the sphere: 


x = Rsin 6 cos 9, y = Rsin 9, z= R-+ Reos8 = 2R cos* 7 § (3.2) 


=2R tan y'=2Rtg>Osing, =2R (3.3) 
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where M(x, y, z) is a point on the sphere and M*(x*, y®* 2z*) its stereo- 
graphic projection on the plane Q. Equations (3.2) and (3.3) show that 
the part O0< @< 6, becomes mapped on a circle of radius 2R tan1/2 6, 
in the plane Q. The auxiliary system of displacements is represented by 
the displacements of a round plate. The line elements ds and ds, on the 
surface of the sphere and on its stereographic projection are given by 
the formulas 


ds? — R* (d6? + sin® 6 (d6* + sin? 6 do?) (3.4) 
respectively, from which 
ds? = cos* 6 (3.5) 


Thus x* and y* are isothermal coordinates. We will not use the coordi- 
nates x* and y*, keeping the coordinates zs) = @ and x = @ instead. From 


(2.2.1) and (3.5) we find 


F (M) = cos? > 9, Gy = Gog (cos - 22 = sin* 6 (cos ) (3.6) 


To establish the system of the auxiliary displacements "(a) j we will 
use the known solutions of the problem of equilibrium of a round plate 
acted upon by a concentrated force [5, 6 ]. These solutions satisfy the 
conditions 
P, M) = M) =0 (3.7.1) 


( ) 


where P is an arbitrary point on the middle plane of the plate. Along the 
circular boundary line C in that plane the conditions 


, M) = 0, (3.7.2) 


are fulfilled [5 }. Q is a point on the boundary line, while n is a normal 
to C, 


Now refer to the statements in Section 2 on determining the loading 
corresponding to the displacements v a)i of the middle surface of the 
shell. To simplify equations (2.6) when a= 1, 2, we use the particular 
variation of the Kirchhoff-Love hypothesis according to which a prismatic 
element of the shell with generators norma] to the middle surface of the 
latter is in the state of plane stress [1]*. Then 


* Another version of the Kirchhoff-Love hypothesis used to be applied 
[8,9]. In the application of the hypothesis just mentioned we take 
advantage of the arbitrary character of the distribution of the auxi- 
liary displacements along the thickness of the shell [4a] by establish- 
ing a system of displacements "(a@) j which fulfil the conditions of the 
hypothesis rigorously. In doing so we disregard terms of the order 
nek? in the expressions for the components of the transformed con- 


centrated force. 
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0, i 0 (a 4, 2; (3.8) 


The kernels Kr)? will be found from the elastostatic system of equa- 
tions of the shell theory in a manner analogous to that used in determin- 
ing the kernel of the equation (1.5). On the basis of the Kirchhoff-Love 
hypothesis we assume the kernels H 3)? to be zero. Let the spherical dome 
be supported along a circle of latitude @ = 6, with the boundary of the 
dome rigidly fixed in accordance with the conditions 


(Q, N {) » (2, Vv) () (i,a=1,2 3 (3 9) 

The points m(@, N(O,, ,) and P(@°, are situated on the middle 
surface of the shell. The point Q(0,°, ¢,°) is located on the boundary 
line of the middle surface. Equations (1.6) assume the following form: 


u,,,, (M, N) = Rsin*~0 cos? = 4 sin % 
\ 7 (Q, VW (O.N VW)! (3.10.1) 
N) == cos 0 { (M,N) \\ Ky)? (P.M) (P, N) (3.10.2) 
(ij 1,2 a 


Here *(a)[ i] is the projection of the displacement *(@) on the direction 
of the coordinate line i. Equations (3.10.1) and (3.10.2) represent a 
System of the integrodifferentia] equations of equilibrium of a spherical 
dome. This system is analogous to equation (1.5). The solution of the 
system (3.10.1) and (3.10.2) can be reduced to the solution of one inte- 
gral equation of Fredholm type of the second kind. To this end it is 
sufficient to make use of the arbitrary choice of the regular part of the 
displacements »v a)j° Noting that the functions *“/a) (Q, M) are regular for 
all values ¢’, instead of the displacements “(a)j we introduce into the 
equations (3.10.1) the displacements 


M) =1 (P, M) — v,,,;(Q, M) (a=1 ,2) (3.11) 


Then we find from (3.10.1) 


u,,,,(M, N) Rsin*—! 0 cos? 


(NV, M) (3.12) 


It is immediately clear that the functions (3.12) satisfy the boundary 
conditions (3.9). By virtue of (3.12) equation (3.10.2) assumes the form 
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(M,N) = % 4 (M, N)- \\ K.3(P, Mas, 


(S) 


(i)3 


where ® i)3 is a known function. The solution of the problem of elastic 
equilibrium of a spherical dome is reduced to the solution of the integral 
equation (3.12). This solution can be obtained by means of known methods 
and need not be discussed here. 


4. Questions of Equivalence and Uniqueness. The validity of the work 
reciprocity theorem in the theory of shells and the compatibility of this 
theorem with the Kirchhoff-Love hypothesis have been rigorously proved 
[2]. Therefore the accuracy of the results obtained above lies within the 
general accuracy limits of the theory of equilibrium of thin shells. In 
this sense equations (2.6) and their consequences are equivalent to the 
differential equations of equilibrium of shells based upon the Kirchhoff- 
Love hypothesis. 


The integrodifferential equations (2.6) have no unique solution. The 
integral equations following from equations (2.6), e.g. equation (3.13), 
can have a unique solution, which in this case is that required. The 
possibility has, however, been emphasized (see Section 1) that the integral 
equations of equilibrium derived from the integrodifferential equations 
may have no unique solution at all, which is in conformity with the third 
theorem of Fredholm. Therefore the integral equations obtained in the 
manner indicated must undergo an additional examination, or a method of 
solution known to secure fulfilment of the boundary conditions must be 
used. 


In conclusion we note that the above method permits of developing 
effective numerical procedures for the solution of boundary value problems 
of the theory of shells. 
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This paper contains a study, from the point of view of equations witha 
small parameter associated with higher derivatives, of thin elastic shells 


of a general shape, defined on surfaces of positive Gaussian curvature and 
fixed on the contour. 


1. The operator of the theory of thin elastic shells and 
the formulation of the basic theorem. We introduce on the middle 
surface S of the shell the orthogonal curvilinear coordinates x,, x,, 
where x, = const and x, = const are lines of curvature. Let us designate 
by G the region of change of parameters x,, x, on the plane x, + ix,, 
which corresponds to the surface S. 


Let us assume that the boundary of the region G is a sufficiently 
smooth, closed, nonintersecting curve I. 


Let the length of an elementary arch be 
ds* = A,?(x,, dz,? + A," (x,, dx,* 


We will assume that the functions A,, A, are continuously differen- 


tiable to a sufficiently high order in G+ L and A, > 0, and A, > 0 in 
G+L. 


Let the Gaussian curvature of the middle surface S be positive, i.e. 
kk, >0 
where k, and k, are the principal curvatures of the same surface. 


Let e,, €,, 


be the unit vectors along tangents to the lines x,, x, 
and to the asmual to the middle surface S respectively. 
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We start with relations [ 1,2 ] 


Ou; 
Oz, 
1 [Ar (u\ , 
= (u) 2 2 O22 (3 Ay Oxy (1.1) 


u, — 


2 (u) Ok, { Ok, u OA; Ous 
1 A, 02, 1 As Om, O25 — an 


A 

Ag 02, Ox, A; )} 2) 

1 dus 1 ( 


(U) = — — — — 


where uw is the vector of small displacements of the points on the middle 
surface S, 


The potential energy of deformation of a thin shell will be of the 
form [2 ]: 


2(1—o*) 


h3 
+ + +%99" + 2 (1— A, dr, 


where h is the thickness of the shell, FE is Young’s modulus and o is 
Poisson’s ratio. 


The differential equations of equilibrium of the thin elastic shell 
obtained from the principle of the minimum potential energy will be 
written down in the form 


h (Bu + h?Nu) = A,Aoq (1.3) 


where q is the external loading and 


3 
Bu = (Byun) e;, Nu = > (Vu) e; 
i=1 f=} 


where 


aA 
Bu = [42 (811 +2899) J+ (9811 + 22) dz, 
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E 


— + ) + (2h, + hy) Ay Ay 


E Ok, 
— A, * (x9) + + =— + | 
12 (1 ) ary 


Ay Be, Ar" 


ky) mal} 


E k 


2*(ka— hy) 


Ay Ag (11 + + (2%) + + 


{ 0A, 1 OA, 


+ dz, + 222) |+ (ox) + X22) | 


1 
bz, [A 2 + — 


1 + — 


Let the vector q be continuous and continuously differentiable to a 


sufficiently high order in G+ L. 
Assume further that 
= qo (2, Ze) + (2, Zo; 
where q, # 9 does not depend on h and 


tim |? =0 


We introduce the vector U=hu which, by virtue 
satisfies the equation 


BU + h?NU = [qo (21, %2) + (21, 
Let us consider the following two problems. 


Problem A. Let the vector U = U,e, + U,e, + U;e, 
(1.6) and the boundary condition 


where v is the normal to the curve L. 


(1.4) 


(1.5) 


of (1.3) and (1.4), 


Ly, h)} (1.6) 


satisfy the equation 


(1.7) 


= 
Buu 
Bu = 
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Problem B. Let the vector U, Us 0% + U,,e, + U5 satisfy the 
equation 


BU, = (21, 22) (1.8) 


and the boundary condition 


Us Us 0 on If (1.9) 


We note that the problems A and B are formlated correctly. 


Basic Theorem. If U and U, are solutions of problems A and B, then 
U=U,+U,+U, (1.10) 


where the vector U, = U,,e, + U,,e, + U,,e, has the form: 


2 


Us, {a,h ‘cos (gh sin (gh c, cos *) + 


Us, * cos (gh ‘hy +h{b.sin(gh ‘ley cos (gh + ~gh—"/s (1.44) 


Us; = {a3 [sin (gh~ *)+-cos (gh [sin (gh™ ")—cos (gh *)+-1]} 


whereby the function g, determined in a certain neighborhood 2 of the 
boundary L, becomes zero on L and is positive at points of the region G. 
The vector U, depends on fh in such a fashion that 


Lim || Us |? dx, der ~0 (1.12) 


G 


2. Basic inequality. We consider the equation 
By + h?Nv =Q (2.1) 


Let us now prove the following lemma. 


Lemma. If the vector 


V = + + Ugly 


satisfies the equation (2.1) and the boundary condition 
on L (2.2) 


ov 


Vy = Ve = Vs 


then 
\\ v dade, 


G G 


where y is a positive constant number not dependent on h, ¥ and Q). 


Inequality (2.3) will be called the basic inequality. 


Proof. We introduce the notation 


4 
= 
23 
2 
ae 
a 
(2.3) 
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Applying the boundary conditions (2.2) and the inequality a’ + b? + 


2a0ab > (1~ + b?) we easily obtain 


a 


where 


Pow 


Pow 


Pow 


! 


Ast,, (w)| 4 
Ayton 


A, Ay (w) (W)] 


(2.4) 


(2.5) 


S99 


|A,*2,, (w)] 


Let us consider the system of differential equations 


Pow 0 


From the equation P,w = 0 we obtain 


Introducing (2.7) into equations Pow = 0, Pow - 0, we obtain 


9 
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Ayky? ° ° 


It is not difficult to calculate 


( (Ay / Ay) + ( | Ae 242 


8 


Hence it follows that system (2.8) is a system of elliptic type in 
region G, since k,k, > 9 in that region. 


As is known (see for example [3]), there exists a fundamental matrix 


of system (2.8), Earh column of this matrix, with x G and x #4 y, satis- 
fies the same system. 


Consider the following system of vectors 


Pr = + + = + +- 


where functions @, (J = 1, 2) are determined by formla (2.7). 


It is easily seen that for x G and x # y the vectors 6,4 = l, 2) 
satisfy system (2.6). 


Let the point y(y,, y,) lie within G, We isolate this point by a circle 
K, of radius ¢. We form the integral 


> (V) (Gn) (n = 1, 2) 
G—K, i, j=1 


From this integral, using equation (2.5), system (2.6) and boundary 
condition (2.2), and passing to the limit as« + 9, we obtain 


2 


G i 1 


The kernels of the integrals possess a weak singularity, and these 
integrals, as is known, bounded in L,(G), are operators on ¢ ij (v). From 
the boundedness of these operators it follows 


, 2 2 
\\ >) < \\ > (vy) dz,dx, (2.10) 
G n=1 G i, j=l 


where y, = const > 9 does not depend on v. 
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Applying ere 2ab > - (a* + b*), from (2.4) we can obtain 


E Ag (1 
o(i+ca) 


(By,v)+ 


dr,dz, 


(2.11) 


Now from (2.4), applying (2.10), we can deduce 


ee 2 
(By,v)> S' dz dz, 
‘\) 


i,j=1 


where y, = const > 9 does not depend on v. 


From (2.11), by virtue of (2.12), it follows 


2 
(By,v) > \ dz,dz, 


G 


where = const > 0 does not depend on v. 
Y3 ep 


It is easily deducible that 


2 
i G 


where y, = const > 0 does not depend on v. 
From (2.14), applying the inequality a? + 6” > 1/2(a- 6)? and the 
equat ion 


/a Ov 

Ly Ox, Ox, Ox 

G 


we can deduce 


- ~ \* [de ] 


where y, = const > 9 does not depend on v. 
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Now we can write down the following inequality: 


>) (1)? dz,dz, > \\ ~ kyvs)? + — (2.16) 
G i,j=ti, j=1 G 


where 


- ‘ { Ove 


From (2.16), by virtue of 2ab < a* + 6”, we obtain 


2 ‘ 
\\ (e;')? dx,dx, + (1 — 2) 


G i,j=1 


G 


Applying (2.15), from (2.17) we can now deduce 


G t,j=1 G 


where y, = const > 9 does not depend on v. 


From (2.13), by virtue of (2.18), it follows that 


(By, v) > \ dx dz, (2.19) 


G 


where y, = const > 0 does not depend on v. 


Now from (2.4), applying (2.10),. we may also deduce 
EA, 
a +3) 7; 


(By, v)> + v,*) dz,dz, (2.20) 


G 


Adding the inequalities (2.19) and (2.20), we obtain 


(Bv,¥) > \\| v dr, (2.21) 


G 


where y,, = const > 0 does not depend on v. 


From equation (2.1) we can deduce the following equality 
(By,v) + h°(Nv, v) = Qv (2.22) 
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Applying the boundary condition (2.2), we easily obtain 


>) (v) A, 1.dr,dz, (2.23) 


i, jel 


Taking into account (2.4) and (2.23), from (2.22) we can obtain 
(Ov) > (By,v) 
Hence, applying (2.21), there follows 


(Q,v) \ v dz,dzr, 


From (2.24), by virtue of Ow< 1/2(\v!* + we can deduce 


das 
- lo 


G G 


Hence there follows the basic inequality (2.3), and the lenma is 
proved. 


3. Proof of the basic theorem. We now proceed to the proof of 
the basic theorem formlated in Section 1. 


Vector U,’ = U- U, = U,2¢, + U,,e, + U,,e,, by virtue of (1.6) and 


(1.8), satisfies the equation 
BU,’ + h?NU,’ = A,A,q, 22, h) — (3.1) 


and by virtue of (1.7), (1.9), the boundary condition 
U,.' = = 0, (3.2) 


We introduce the vector U,,°e, + which satisfies 
the equation 


+ (3.3) 
and the boundary condition (3.2). 
The vector U,* will be sought in the form 
= U, 4 
where the vector U, is determined by formulas (1.11). 


Introducing (3.4) into equation (3.3), we obtain 
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BR +h? 


+ (1 + 2) + 2A, (ky + exp (— gh *) sin 


A ° 
+ [2 + — 2) + + 2) + 


x exp(—gh")sin(gh™ ") +(1— 2)4 j, P2 *|, + 


o | 


E 
+2) papabe + (ay, aa, bs, exp (— + x 


x {24 (i— = Pe *| ds + (1 + piped, + 2A, + Pibs| x 


x exp(— cos (g~*) + sin (gh™") + x 


i=1 


x exp (— gh™'") (3.5) 


A 
BR + = + 2) + + [241 — 2) 48 + 


; + 2) Py Pot, + 


+ 2A, (ck, + kg) exp(— sin (gh~ — 


A (2 
[2 +(i— 2) Co + (ay, as, exp (— gh )sin — 


E A A 
— + 2) 3? -- (ay, ag, ds, X 


| 


(1 + 2) pypedy + 


x exp (— gh) cos 


+ [242+ 2) ds 4+ 2A, (ok, + ke ) exp (— gh 


{h'* (Fy cos ®, sin + exp (— gh” *) (3.6) 


BR + Ag (ky + oh) pya, — Ay (ok, + ky) pots + 


4 [- Ay As (Hey? + + saa! ps? + 4! Jas} 


x [sin (gh~''*) + cos (gh~ (— + 


+> cos + sin (gh™*) + exp(— gh") (3.7) 


| 188 
ie 
| 

= 
where 


Equilibrium equations of thin elastic shells 


Og Og 
Pr Or, Pe 


We consider the system of equations 
[2 + (1 —2) a1 + (1 + + 2A, (ky + pyay = 0 

(1 + 2) pypoa, + [2 p? + (1 — 2) a, + 2A, (ck, =0 (3.8) 
— A, (ky + pya, — A, (sky + kp) + 


+ [- A, A, (ky? + + 3A,A2 Pi + p:*) Jas = 0 


neat to zero the determinant of this system, we obtain 
+ — 3(1 — + A,*k,p,*)* = 0 (3.9) 
We determine the function g such that it satisfies equation (3.9), 
that it vanishes on L and that it is positive at points of the region G. 


To prove the possibility of constructing such a function we apply the 
method presented in paper [4]. 


The differential equations of characteristics (3.9) have the follow- 
ing form (see for example [5], Section 56): 


A 3A 
(2 + Py — 12 (1 — o*) (A,Phap,? + ap; (3.10) 


A, pi? + A, P2 — 12 (1 — + 
(3.11) 


4. 6(1 — + 4 ps? (A,*#:) | (3.12) 


(3.13) 
+ 6(1 — + A,*ky =— (A,*k,) + 


Let the boundary L be given by equations x, = x,(s), x, = x,(s), 
where s is the arc length of the curve L. 
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Applying (3.10) and (3.11) we obtain 


, dz, Ao Ay 3 Ay Az 
Ly (s) > — Xo (s) | Ay Py Pe ) A,™ (S) Po 4, ps] - 


12 (1 — 9%) + 2," (S) Po — (s) py} (3.15) 


Since g = 9 on L, it follows 
(S) + Por,’ (s) 
By virtue of the last of equations (3.9) we may obtain 


Pr Ag] Ay) (8) (A; y 22 


As) (8) 
(3.16) 

(s) + Ay2hyxy"? 


») (s) 


Introducing (3.16) into (3.15), we obtain 


dr» dr, 
(s) (S) 
dat at 


Thus, at each point of the boundary L the projection on the plane 


x, + tx, of the characteristic does not touch ib. 


As is known (see for example [5], Section 56), it follows from this 
that there exists a function g in a certain neighborhood of the boundary 
L which satisfies the equation (3.9) and vanishes on L. 


Receding from the boundary L (where g = 9) into G along the character- 
istics, from (3.14), by virtue of (3.9), we may deduce 


dg i & \4 
de = 47, Pa? + 


By virtue of equations (3.16) we will have 
ps? + 5 on 
“41 “32 


Hence we may conclude that owing to continuity there exists a certain 
small vicinity 2 of the boundary L, in which 
Ag 21 Ay 9 ( 
7A, + > 9 (3.18) 


From (3.17), applying the inequality (3.18), we may deduce that in the 
region 1) dg/dt = 9. It follows from this that g > 0 at points of the 
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region G belonging to the vicinity of 2 of the boundary L. 


We note that in the case of the spherical segment 0 <¢ 0 < 6,, the 
function g has the form: 


1 4 
Y3(1 — (9, — 9) 


where r is the radius of the sphere. In this case the width of the bound- 
ary layer 5, measured in radians, may be calculated by the formla 


The following equations hold good on L because of the properties of 
the function g and the boundary condition (3.2): 
a,h'h + h(c, + d,) +R, =0 
+ + d,)+R,=0 (3.19) 
a, = —U yg, 


As functions a, we may take arbitrary functions which are con- 
tinuously di rede By Pe a sufficient number of times, which satisfy the 
boundary condition 

a, = — Uso, bs (= + >) / on L (3.20) 
and which vanish outside 9. It is not difficult to show that dg /dv > 0 
on L, 


The functions a,, a, are determined from the following system: 


A A 
[2 pi? + (1 — 9) p:*| a, + (1 + 2) Piped, = — 2A, (hy + 


(3.21) 
A A 
(1 + ¢) + [2 A, + (1 - >= pi*|a, = — 2A, (sh, + kg) peas 


The determinant of this system has the form: 
A 
A, P| 


It is seen that, by virtue of (3.18), the determinant is different 
from zero and therefore the system (3.21) is solvable in 2. Outside 2 the 


functions a,, @, are equated to zero. 
In this fashion the functions @., 4, @, satisfy the system (3.8), 
since the determinant of this homogeneous system is equal to zero. 


The functions 6,, 6, ¢,, ¢,, d,, d, are determined from the following 
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3, bg, g) 
(3.23) 
A A 
(4 +2) + (2 3 A, ‘| be = — fo" (ay, bs, g) 


A 
[2 7, + (1 p:*| d, + (1+ 2) piped, = — 2A, (hy + 
(3.24) 
A; 2; A, 2 q k h 
(1+ 2) + [2 A,P2 + (1 A, = — 2A, (sk, + he) pabs 


We note that the right-hand sides of these systems vanish, together 
with a,, @3, b,, and therefore the functions Cy» Co, b., d,, d, 
may be equated to zero outside 0. 


The vector R, by virtue of (3.8), (3.22), (3,23), (3.24), (3.5), (3.6), 
(3.7), satisfies the equation 


6 
BR + h°NR = cos + sin (gh—*) + exp (— 
t=1 (3.25) 


and by virtue of (3.19), (3.20), the boundary condition 


a,h's + h(c, +d,) +R, = 0, + + R, = 0 
(3.26) 


onl 


Let us consider the vector R’ = hi/2p + hr, R,’e, + R,*e, +R,’e, 
where 


= Ge; + = (cy + dy) + (Cy + dy) 
This vector, by virtue of (3.25), satisfies the equation 
BR’ + h?NR’ = >) [F; cos (gh—"*) + sin (gh-"*) + 
i=1 


+ %]} exp (— gh~*) + Br, + hBr, + h' Ne, + (3.27) 


and, by virtue of (3.26), the boundary condition 
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R, = = & (3.28) 


The basic inequality (2.3) may be applied to the vector R, since, by 
virtue of (3.28), it satisfies the conditions of the lemma, and therefore, 
taking into account the right-hand side of equation (3.27), we obtain 


Hien da 0 


It follows that 


dz, dz, = 0 


We now consider the vector 
= U,’ = + + Uses 
which, by virtue of (3.1), (3.3), satisfies the equation 
BU,* + h? NU," = (2), 2, NU, (3.30) 


and, by virtue of (3.2), the boundary condition (3.28). 


Now applying to the vector U,* the basic inequality (2.3), since it 
satisfies the conditions of the lemma, and taking into account the right- 
hand side of equation (3.30) and condition (1.5), we obtain 


Lim |? dz,dz, = 0 (3.31) 


It is not difficult to derive 
U=U,+ U,° + U,’ 
Hence, applying formula (3.4), we obtain the inequality (1.10), where 
U, =R+U,’ (3.32) 


Now, taking into account (3.29), (3.31) and (3.32), we obtain condi- 
tion (1.12). The basic theorem is thus proved. 


It is not difficult to prove that if the condition 


dx, dz, = 0 (h) 


is satisfied, then 
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U, dz, dx, = 0 (h). 


G 


It follows from the basic theorem that 


lim U —U,—U, |*dz, dz, = 0 


# 
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In the analysis of large strains and unlimited displacements, the conm- 
patibility conditions for translational displacements and rotations of 
elements of a deforming body will be formulated in terms of invariant de- 
formation characteristics. The equilibrium equations are so transformed 
that it becomes possible to introduce a stress function in terms of whose 
derivatives the invariant characteristics of the true stress can be very 
simply expressed. With the aid of complex coordinates the mathematica! 
formulation of the problem can be presented in a compact form. The solu- 
tions of actual problems can be found by successive approximations where 
every step reduces to the solution of the classical biharmonic problem. 
In conclusion, as an example, the stress concentrations near a circular 
cylindrical cavity are studied. 


1. Geometry of the Plane Deformation of a Continuous Body. 
Two states of the continuous body, the original and the deformed, are 
studied. The position of a material particle in the original state is 
given by the Cartesian coordinates x,, Zo, %3: The displacement vector 
u-= u,i, denotes the passage of the body from the original to the de- 
formed state to be analyzed. In this paper repeated indices indicate 
summation on these indices from one to three. In plane strain, only the 
displacement components u, and u, are different from zero, and they are 
assumed to be functions of x, and x, only. 


The linear components of the strain tensor and the components of the 
vector @ are computed from formas [ 1 ] 


= Sag = = + (1.1) 
S13 = = = 0, @, = w, = 0, = 


The indices 1 and 2 after a comma denote partial differentiation with 
respect to the variables x, and x,, for instance - 
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Ou; 
O22 


The projections a,, of the vectors a, which are orthogonal to the 
material coordinate surface elements in the deformed state are expressed 
in terms of the derivatives of the displacements by the formlas 


= 1 + = — (812 — Ws), = = = (1.2) 
= — + Ws), = 1+ 841, = (1 + (1 + — + 
Finally, we shall introduce expressions, in terms of derivatives of 


the displacements, for the coefficients of distortion s, of the areas of 


the coordinate surface elements, elongations A,, of the coordinate fibers, 


and the magnitudes A of the relative change of volume: 
= 82? = (1 + £11)” + (812 + (4.3) 
Koo” = = (1 + + = = (1 + A)? 


The relations introduced here show that the geometry of the deformed 
state of the neighborhood of an arbitrary point of the body and the 
orientation of this neighborhood is completely determined by the four 
derivatives Us . Qne can also choose another set of four parameters, 
where an tupertane part is played by the strain invariants, as a set of 
coordinates of the deformed state of the neighborhood of a point. 


Denote the angle between the first principal direction of the strain 
in the original state and the first coordinate direction by @. The 
elongations of the principal fibers will be denoted by A,, where A, = l, 
Assume that during the deformation the neighborhood of the point sotates 
as a rigid body around i, through an angle . 


On the basis of the geometric interpretation of the parameters 0, o, 
Ay and As, it may be stated that these parameters are sufficient for the 
determination of the deformed state and the orientation of the neighbor- 
hood of a particle in the deformed state. In particular, « jh and @, can 
be expressed in terms of the parameters 9, w, A, andA,. With this goal 
in mind let us study the unit vectors I,, which determine the directions 
of the principal fibers in the original state 


I, = — sin 6i, + cos 8i,, 


I, = cos + sim 


and the unit vectors I,’, which determine the directions of the same 
material fibers in the deformed state 


I,'= cos(6 +) i, + sin (6 + o) i, (1.4) 
I,’ = —sin (6+ @)i, + cos(8+)i,, 1,’ = i, 
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On the other hand, the vectors (1.4) can also be determined from the 
fundamental relation of the general deformation theory [2]: 


2 (1.5) 


I 
n 


(I, + > I,, + ((Eix)) I,,] (nm | 
Here i, x I, denotes the vector cross product, and the symbol ((e or, 


represents the result of a linear transformation of the vector a. by means 
of the tensor ((e .,)). 


By setting the different expressions of the same vectors equal to each 
other, the required relations between the variant and the invariant strain 
characteristics are easily obtained. Let us reduce these relations to a 
form which is most suitable for further application, and let us solve for 
the respective derivatives: 


2 (4 + 13) = (Ay + cosm + (Ay — cos (20 + w) = 2(1 + 


2 (E19 — Wy) — (dy + Ag) Sin w 4 (Ay — 2.) sin (26 + w) = (1.6) 
2 (1 + = (dy + 2g) cos — — dg) cos (28 + w) = 2(1 + 
2 -+ Ws) (hy he) sin + (A, he) sin (26 = 


From this, incidentally, the geometrical meaning of the vector w in 


plane strain can easily be established: 
(Ay 
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If the simplifications inherent in the formation of the linear de- 
formation theory were carried out, then (1.6) would reduce to expressions 
for the strain tensor components with respect to arbitrary axes in terms 
of the principal values of the strain tensor. 


2. Compatibility Cohditions for Translational Pisplace- 
ments of Particles of the Body and Conditions of Continuity 
of Small Rotations. As is well known [3], in the classical theory of 
the requirements of continuity of translational displacements and small 
rotations of the elements of the body lead to the strain compatibility 
conditions: the St Venant identities and the Beltrami equations. The St 
Venant identities retain their validity as conditions for the continuity 
of the displacements and also the functions w, for deformations which 
are not small. In order to simplify later applications of the compati- 
bility conditions for plane strain in problems formlated in terms of 
stress, the strain compatibility conditions will be written in terms of 
invariant strain characteristics, which preserve the geometrical meaning 
with unlimited strains and displacements. It wil! here be assumed that 


the constancy of the volume during deformation is a physical property of 
the deforming body: 


(2.4) 
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The logarithmic elongations of change of shape [ deviators] are ex- 
pressed in terms of the intensity 9; and the phase 8 of the change of 
shape [ strain deviator] by the formulas 


Ay 2 9 


Therefore, the phase of the plane strain of the incompressible material 
is known to be determined: 


(2.3) 


Thus the principal elongations of the incompressible material in plane 
strain are determined by only one parameter, the intensity of change of 
shape [ strain deviator] : 


hy + = 2eoshV1.5 2, — hj =2 sinh V1.59;, 2, = 1 (2.4) 


In the case of plane strain of the incompressible material, the de- 
formation parameters ¢ ip and @, can be expressed by using formulas (1.6) 
and (2.4), in terms of the invariant strain characteristics 9; and w and 
the variant quantity 6. Comparing the mixed second derivatives of u, and 
uy, computed according to (1.6), we obtain the conditions of continuity 
of translational displacements of the body elements: 


w), 2ecosh 99, (cosh 9)» + (sin 20sinh 9), — (cos 20 sinh 9). (2.5) 


2 (9 = 2eosh 99, + (cosh 9), —(sin 20 sinh 9)» — (cos 20 sinh a), 


where 


2V 1.59; = 2In(1 + y), (2.6) 


The rotations of the body elements can be determined from equations 
(2.5) if it is assumed that the pure strain characteristics @ and are 
known. The conditions for the continuity of these rotations can easily 
be found from (2.5): 


(cos 26 sinh 2) (cos 20 sinh 9) 2 (sin 26 sinh 9), 12 + 


(2.7) 


+ (cosh 9), 1, -+ (cosh 9) -+- 26 (cosh 9), 24 , (cosh 9). = 0 


Relation (2.7) does not differ in contents from the said St Venant 
identity. If a system of simplifications corresponding to the theory of 
small deformations is adopted, i.e. if sinh 9 = 9, cosh9 — 1, then an 

equation is obtained which also agrees in form with the St Venant equa- 
tion. 


3. Stress-Strain Relations, Equilibrium Equations. The 
differential equations of equilibrium in Lagrange coordinates [ 2 ] 


| 
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contain as the fundamental unknown functions the generalized stresses > 
which are expressed in terms of the coefficients of distortion of the co- 
ordinate surface elements s, and the contravariant components o,, of the 
true stress tensor, referred to the deformed system of coordinate fibers. 
If a normal to some material surface element coincided with i_ before de- 
formation, then the normal to this same material surface element will be 


b. after deformation, hence 


Let us recall that o., represents the orthogonal projection of the 
stress [traction] vector, acting on a surface element whose normal is b. 
in the direction b.. It is useful to compute in advance the projections 
of the unit vectors of the normals to the coordinate surface elements in 
the deformed state onto the directions of the principal fibers in the de- 
formed state. Let 


b, by ly byl,’ (3.2) 
then on the basis of (3.1) and (1.4) we find 


x,, cos (6 @) SIN (4 
sin (8 @) -+ COS (9 + w) 
to, COS (6 + + sin (4 + 


sin (9 + w) + cos (6 + w) 


We will assume henceforward that the principal directions of the 
stresses in the state under consideration coincide with the directions of 
the principal fibers in the deformed state. Then the stress [ traction] 
vectors ¢,, acting on the surface elements whose normals are b., can 
easily be expressed in terms of the true principal stresses 7, and o,. 
Thus we haye 


1 
Sm b,, 
and hence the use of (1.2) leads to the following relations: 


+ Lage 22) 7441149 (3.4) 


With formulas (3.3) available, the generalized stresses can be com- 
puted in terms of the principal stresses and the symmetric characteristics 
of the deformed state. The principal stresses can in turn be expressed in 
terms of symmetric stress invariants: the hydrostatic stress a, the octa- 
hedral shearing stress r ,, and the stress phase ¢ - by means of the 
formu] as 


= V2 COS Op, 
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Since the third principal stress - the axial stress 0, - is determined 
from the value of the hydrostatic stress only, the phase of the true 
stresses in the plane deformed state is known to be d= 1/6 7. 


This the examination of the physical properties of a body undergoing 
plane deformations reduces to the experimental determination of the de- 
pendence of the octahedral shearing stress on the intensity of the change 


of shape [ strain deviator] for different values of the mean normal stress. 


Since only a limited range of variation of the hydrostatic stresses will 
be studied, it will be assumed henceforward that the following relation 
is known from experiments: 


It is to hold good universally for the range of hydrostatic stresses 
studied. The intensity of the change of shape [ strain deviator] will in 
turn be assumed to depend only on the octahedral shearing stress. 


Assuming that the phase of the true stresses can be determined, the 
expressions for the principal true stresses are first obtained. 


V1.5%, Vi.5%, 9 (3.6) 


and then the expressions for the generalized stresses are also determined: 


+ Leo = 26 coshs — 2 V1.5 t%sinh'9 
— Dog = 2 cos 20(—ssinha + V1.5 % cosh 9) (3.7) 
= sin 26(— sinha + Vi5 t cosh 9) 


The general equilibrium equations in Lagrange coordinates [2], as 
applied to the case of plane strain in an incompressible material, are 
considerably simplified and presented as follows: 


+ + Lar far + Dee fre + Lae (fis + fra) = 0 
+ + + + Lie (fos + for) = 9 


if it is assumed that inertia terms are absent. 
Here the following notation was used: 


fu = + 00s 269, — sinh 9sin20(6 +4), , 

fie = 2092 +6, +(—cosh9 + sinh 9 cos 26) (0-4), 
fig = sin 209, +6, + (—coshs + sinh 9 cos 26) (6 + ),, 
fis = +008 269.5 — sinh gsin26(6 + 

for = + sin 209,, —6,, + (coshs + sinha cos 26) (6 +), , 
= — 26.9, 4+ sinha sin +) 
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fos = sin 26,539 + (coshs + cos 24) (6 + 
lu = — cos 289, + sinh 9sin29(4+), 


If it is assumed that the displacement compatibility conditions (2.5) 
and the expressions for the generalized stresses (3.7) hold good, then 
the differential equations of equilibrium can be written in the form of a 
homogeneous algebraic system with two differential operators operating on 
the stress invariants with a determinant different from zero. The only 
possible trivial solution of this system represents a new form of the 
equilibrium equations: 


—f{+% cos 26). + (x; sin 260), =0 


(3.8) 
(x; sin 26), + — —% cos 26 ~=0 
where 
j=2 V1.5 (9;) da; (3.9) 


0 


The structure of the equilibrium equations (3.8) is similar to that of 
the corresponding equations of the classical plane problem, and it thus 
becomes obvious that it is possible to introduce a stress function U. 
Satisfying the equilibrium equations, we let 

sin 26 =—pU,), (3.10) 
— {f —% cos 20 = pU,,, 
is 

Here, for convenience, we have introduced a constant multiplier p, 
which represents the characteristic stress in every problem. Simple 


algebraic operations lead to a somewhat different form of equations (3.10): 


sin 26 — 2, cos 28 = (U — 
(3.44) 
Since the deformation intensity is assumed to be uniquely determined 
in terms of the stress intensity, it can be asserted that not only the 
stresses but also the deformation characteristics @ and can be deter- 


mined from the stress function. 


For continuity of displacements and rotations corresponding to the 
system of strains thus determined, the choice of the stress function mst 
be subject to the condition of compatibility of small rotations (2.7). 
Substitution of expressions (3.5) and (3.11) into compatibility equation 
(2.7) leads to a differential equation, whose solution is the solution of 
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the problem in terms of the stress function. The actual form of this 
equation in Cartesian coordinates is not written down here, as below we 
will introduce a more compact formation of the problem in complex co- 
ordinates. 


4. Formulation of the Boundary Conditions. To formlate the 
geometrical conditions on the boundary of the body we mst have at our 
disposal the physical characteristics of the material (3.5) and the ex- 
pressions for the displacement components in terms of the stress function. 
Here we shall be concerned only with the general formulation of the 
static boundary conditions. 


Assume that at every point of the cylindrical surface of the body the 
true normal stress po, and the true shearing stress p7, are given. Here 
we can note that giving the corresponding conventional stresses pA,o, 

and pA.r,., where A, is the elongation of the surface fiber, does not 
introduce any considerable complications into the solution of the problems. 


Let a be the angle between the direction of the first coordinate axis 
and the direction of the outward normal v to the surface of the body. The 
direction of the unit vector r, tangent to the contour of the body, is so 
chosen that the region occupied by the body is always at the left-hand 
side when the contour is followed in the positive direction. Thus the 
vectors of the normal and the tangent are determined by the formlas 


Y= Mi, + Moin, t= + mi, my —cosa, n,—sine 


On the basis of the fundamental relation of the deformation theory, we 
find the direction of the tangent to the contour of the body in the de- 
formed state: 


= Moi,  & + 


= cos? (a — 9) + sin? (a — 0) = cha she cos2(a—6) (4.1) 


Having first determined the projections of the vector r in the 
directions of the principal fibers in the deformed state, the unit vector 
v’ normal to the contour of the body in the deformed state can easily be 
found: 


= h, cos (a — 9) I,’ - 9) 1,’ 


+ Ay sin 


After the orientation of the boundary surface element of the body with 
respect to the principal stress directions has been determined, the 
normal and tangential stresses at the boundary surface element can be 
expressed in terms of the principal stresses or the symmetric stress in- 
variments: 
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= — V1.5 2; [sinha — cosh 9 cos 2 (a — 


(4.2) 
= — W1.5% sin 2 (a — 9) 


If the functions @ and 9; are here replaced by their expressions in 
terms of the stress function U, then a formlation of the boundary condi- 
tions for the stress function is obtained. In the solution of actual 
problems it is recommended to group these conditions so that the | imit- 
ations are applied to the derivatives of the stress functions along the 
arc of the body contour. 


5. Statement of the Problem in Complex Coordinates. As in 
classical problems of the theory of elasticity of the plane strain state, 
the solution of many problems in the theory of finite deformations of an 
incompressible material is conveniently found in terms of complex co- 
ordinates. Let 

z= 2, + z= 2, + iz, 


and the subscripts z and z will denote partial derivatives of a function 
with respect to the given coordinates. First of all, transform formla 
(3.11) to complex variables and obtain 


sin 26 = — (U,, — Uzz), cos 26 (U,. + Uz) 
(5.1) 


f+ 2pU 3, tg26=—i 


2 
ti = 4p°U = 
1.5 


Using these expressions in the displacement compatibility equation 
(2.7), and changing to complex variables, we find 


(= Uiz) + i (9, (cosh2); — 92 (eosh 9),] = 0 
zz zz 


i \ i 


From (5.1) it can easily be verified that 


i6, (U,,Uz- 222), i6; 
7 


(Un 


and thus the equation to be solved is in the form 


(=m (“ome > (cosh + 
\ 


zz 


sinha do 7, 


If, in particular, the assumptions of the classical theory of elasti- 
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city sinh 9= 9, cosh 9 = 1, sinh aft; - G~' are used, and components of 
the order of magnitude of the strains as compared to unity are neglected 
in equation (5.3), this equation can easily be reduced to the biharmonic 
equation. 


To represent the static boundary conditions in terms of complex vari- 
ables, let us turn to formulas (4.2) and on the basis of (5.1) state them 
as follows: 


Hence we can easily find 


9 


> 26 
n 


V 1.5 cosh 


On the other hand, the derivatives of the stress function along the arc 
of the contour are given by the formula 


Thus, the values of the derivatives of the stress function at the 
boundary and the values of the normal and tangential boundary stresses are 
related as follows: 


(@.4) 
+ War) U Une 


This represents the formation of the static boundary conditions. 


In application it often becomes convenient to apply isometric curvi- 
linear coordinates, which can be obtained as a result of conformal 
mapp ing: 


where 


204 
Scosh9 15, cosh 9 - 
+= (csinha V 1.52 cosh) (U,, 4. Use ™*) 
AL 
| 
2U , U — {4 
? 
Vi5 
ie~ ** (UV — U3) 
ds 
4 du. e 
ds Vis 
=4(2) 
Oz a OS Az ac : 


Finite plane deformations of an incompressible material 


and the compatibility equation (5.2) becomes 


ty 4 | (stake 


» 
i 


fsinheo , fsinhe 


i 44 i 


- 


CU cee + CU 2) 
+ + + OC") UE) = 0 


Here the strain intensity is assumed to be represented in terms of 
the stress intensity and finally in terms of the stress function, since 


= Ap? + (UL? + URE?) 
The boundary conditions are also subject to the same transformation. 


Let us study, as an example, the integration of the basic equation 
using an arbitrary law of change of shape. Since only an axisymmetric de- 
formation is desired, we shall seek a stress function which depends only 
upon the radial distance of a point in the body: 


U = v= 22 
In the case investigated 


4 dz? 


2p? dv 


Hence the compatibility equation becomes 


sinhe sinh? 1 4 dcosh _ 
O's Jez v dv ‘de 0 


After changing to the variable v, and after two successive tntegrations, 
we obtain 


2p - sinh? +. vchs = Ciw+C, 


where G, and G, are constants of integration. 


Using (5.6), we find 
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sinh ( cosh 9 - C,) 


and after simple transformations the law of the change of strain inten- 
sity becomes 


cosh 9 = + +(2 C;) 


The constants G, and G, are to be determined from the boundary condi- 
tions. 


6. Special Forms of the Basic Equation Corresponding to 
Different Physical Laws of Change of Shape. Let us first con- 
sider two special representations of the physical laws of deformation 
where the physical properties are characterized by only one constant. If 
the physical nonlinearity is expressed by the function 


— Gsinhs, G = const (6.1) 


then it can easily be found that 


d 9 { Pp 
at, cosh? 9 = 1 


and the solution equation becomes 


2vU 233 + (cosh 9)22 + — 122333) =0 


cosh9 


Using the expression of the strain intensity in terms of the deriva- 
tives of the stress function, we find 


(1 + 4°U — 2° it): 4 


(6.2) 


A more widely-occurring physical nonlinearity is of the type 


% = G tan 9, G = const (6.3) 


In this case we find 


cosh’? sinha coshe 
at; G 7; = G 
(6.4) 
= 1 7,2 
{ — 4u L = In (1 ) 


and the compatibility equation 
[(cosh 9 U + (cosha U zz) 22) (cosh 9),; + cosh’ sex 133) = 


(6.5) 
is expressed in the following form: 
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4 


Uris + (VU) =0 (6.6) 


k=l 


Here a special notation for the nonlinear differential operators for 
the stress function was used: 


L,(U) 4 — zz, (t=U,U3 
Ly (U) = — + + + t+ tal, 
L,(U) = — 4tL, (U) + 6¢ (UU 133 — U2 Ui) + 
L,(U) = — 4t (2¢.U 33 2tU 13 + 
+ + ta) + 6 (U5 (t2)* + 
The structure of the basic equation (6.2) or (6.6) and the boundary 
conditions obtained by the application of (5.4) indicates that it is 


possible to express the solutions of specific problems in terms of ex- 
pansions in series of powers of the parameter vy or p: 


+ + (Uy? +... (6.8) 


Here the determination of the "zero-th" approximation becomes equivalent 
to the solution of the problem of the classical theory of elasticity, 
which is the generation of a biharmonic function satisfying the boundary 
conditions 
O 223; = 0 (6.9) 


The following differential equations are obtained for the determination 
of successive approximations 


U + L,(U) = 0 (6.10) 


From this it follows that for the determination of each of the 
successive approximations it is necessary to find the particular solution 
of a nonhomogeneous fourth-order equation and then to determine the bi- 
harmonic function from the boundary values. The Muskhelishvili method is 
recommended [4] for the solution of problems formulated in this fashion. 


In conclusion, it should be noted that the *zero-th* and the * first" 
approximations for the cases of physical nonlinearity of type (6.1) or 
(6.3) are the same. Thus the known [5] methods proposed for solving 
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problems of the nonlinear theory of elasticity with a plane deformed 
state require justification. 


7. Example of Analysis of Stress Concentration Near a Circular Cylind- 
rical Cavity in an Inifinite Body. Let us study an infinite body having a 
circular cylindrical cavity. The axis x, coincides with the direction of 
the axis of the cavity of radius R, and we will thus study the state of 
the plane Tye Xp: The state of stress of the body at infinity is assumed 
to be given. Without loss of generality of this state we assume the body 
to be compressed by a load at infinity of intensity 2 pqy 1.5, uniformly 
distributed along axis Xo. It is necessary to find the stress distribution 
around the stress-free surface of the cavity. 


From the given stresses at infinity 
o,” = 0, = 265° = — pg2 V1.5 
in the case of a physical nonlinearity of type (6.3) we compute the 
symmetric invariants 


f= int — 


From this, the formulation of the conditions for the stress function 


at infinity can easily be obtained: 
1 1 


In accordance with the rules of the method of small parameters, we 
find the conditions at infinity for the successive approximations: 


(U,, ) (O35 (7.1) 


(U,, co eo ere) (7.3) 


The conditions at the stress-free contour z = — Re @ is obtained on 
the basis of (5.4) with ds = — Rda: 


=0 (7.4) 


te = [U2 UR — (Un Me™* + (7.5) 


The biharmonic function py), satisfying conditions (7.1) at infinity 
and condition (7.4) on the contour of the cavity is known [4 Ba Using 
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the Goursat formula for the representation of the biharmonic function and 
the representation of analytic functions in terms of power series, we ob- 
tain 


=) — + (7.7) 


Computing we let 
(zz) 


and find that equation (6.10) will be satisfied if the function yt) _ yt) 
is biharmonic. Again use the Goursat formula and let 


— 20) 4 + (2) (2) 4 (2) 


where g 2) and x(t) are analytic functions. 


Satisfying conditions (7.2) at infinity, we find 
(z) 


1 
(z) x) In (z) + + 

When computing the boundary values of the derivatives of yo), we ex- 
press the condition on the contour z = — Re™ for determining function 
y\) in the form 


—i2z 


(1 + 2 cos e 


( 
= Uz |, R = UZ" = 


1 
= — = 3pq (1+ = —3pq(1 +449) 


Letting q= 1/2 ¥ 1.5, we find 


G2 


=-—/)p, (1 + 0.2) (7.10) 


Thus, to allow for only the first approximation in the stress function 
expression leads to an increase of the stress concentration coefficient 
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as compared with the concentration coefficient computed in the classical 
theory of elasticity. 


This again demonstrates that the first approximation allows for only 
the geometrical nonlinearity. It is necessary to determine U 2) tn order 
to allow for the effect of the physical nonlinearity. The process of de- 
termining the second approximation does not differ basically from that 
described above for eamiaear ; the first approximation. Leaving out the 
complicated expression for U 2) we here introduce only the expression 
for the concentration coefficient as computed on the basis of the second 
approximation: 


=3(1+0.2u— uy? 
From this it follows that, starting with a maximum value of z, y = 3.03 
for » = 0.1, we can find a lowering of the stress concentration coeffi- 


cient together with an increase of the intensity of the external forces. 
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A CERTAIN ALGORITHM OF THE SOLUTION OF NONLINEAR 
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This paper gives a description of an algorithm proposed by Mushtari for 
the solution of systems of nonlinear algebraic equations for nonlinear 
problems of the theory of shallow shells. 


This algorithm may also be applied in the study of finite bending of 
shallow cylindrical] panels of rectangular planform with simply supported 
edges under the influence of uniformly distributed loading. The problem 
may be solved by the Bubnov-Galerkin method for the integration of the 
strain compatibility and equilibrium equations. The expressions selected 
for the stress and flexure functions satisfy al] the static and geometric 
boundary conditions at every point of the boundary (Section 1 is written 
by Mushtari, Sections 2-3 by Kornishin). The numerica] work has been per- 
formed on the electronic computer "Strela" of the Computing Center of the 
Academy of Sciences of the USSR by means of a program composed by Skvort- 
sov, to whom the authors express their gratirude. 


1. A method for the approximate solution of problems of the theory of 
average bending of elastic shallow shells. The basic equations of the non- 
linear theory of very shallow shells of rectangular planform, and also of 
shallow cylindrical] shells, may be reduced to the form 


12 
j Ox oy 


ALY 


dx Oy } \ oy 


Here t is the thickness, F Young’s modulus, v Poisson's ratio of the 
material of the shell, hie k, are the principa) curvatures of the middle 
surface before deformation, w is the deflection, assumed positive on the 
side of the internal normal, p is the static pressure per unit area, 
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are the membrane forces 


For the solution of these nonlinear equations by the method of 
Successive approximations, as a first approximation we apply the solution 


of the corresponding linear problem, and determine the second approxima- 
tion by solving the equations obtained from (1.1) and (1.2) after re- 
placement of the nonlinear terms by the values of w» and ws calculated from 


the first approximation, etc. For this purpose we have to solve repeat- 
edly a system of linear differential equations for given boundary condi- 
tions, which in itself presents great difficulties. In addition, there 
stil] remains the vague problem of the region of convergence and 
especially the question of the rate of convergence of the process. 


It therefore appeared preferable to integrate equations (1.1) and 


(1.2) by the Bubnov-Galerkin method, approximating the unknown functions 


by series of the form 


where f; 9; are functions of x and y, satisfying the corresponding 


boundary conditions. 


Multiplying (1.1) by f gs. (1.2) by ?, and integrating over the plane 


of the panel, we obtain a system of algebraic equations to determine 


amplitudes v; and Vi of the deflections and stress function. Since the 
dt enter linearly, their expressions may be found in terms of v (which, 
however, is not essential). We thus obtain the system of cubic equations 


for the » 
tj 


where F*(w. ) are the nonlinear parts of the corresponding equations and 
the Ai and have known numerical values. 


In the general] case, for any realistic number of terms of the series 
(1.3) the solution of this system leads to very involved computations, 

the execution of which even when using a high-speed computer demands a 
considerable amount of machine time. In addition, it is extremely labor- 
ious to construct the Bubnov-Galerkin equations and program their solution 
for the machine. Taking these facts into consideration, it was decided to 
limit the range of problems to be solved to "average bending", when the 
deflections do not become too large, i.e. not exceeding 1.5 to 2 times 

the thickness of the shell. In this case, if in the solution of the 
linear problem only a smal] number of the amplitudes of the principal 
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harmonics are dominant, and if the remaining harmonics influence the 
magnitude of the stresses only slightly, so that not only series (1.3) 

but also the series for 0°» Ax’, +++ Converge well, for the solution of 
the nonlinear problems satisfactory convergence of these series may be 
obtained. In paper [1 ] it has been shown that it is admissible to 
linearize the stated equations with respect to the nondominant ampli- 
tudes and to estimate the accuracy obtained. Here, with the object of 
expanding the area of applicability and of defining error estimates of a 
simplified method of solution, equations (1.4) will not be linearized, 

but the following approximate method of solution will be proposed instead. 


To explain the idea of the method, consider a problem in the solution 
of which one term of the series for w» with amplitude 1 plays the 
principal role. Let it be required to construct a table of values of °ij 
(and also of the deflections and membrane stresses) for a number of 
values of loading p. Instead, the consecutive values of v., |, beginning 
with its small values, will be given, for example beginning with "1/7 
0.1 ¢t. For this value of an the magnitudes of the other  oorirvens 

12' "24 -» Will differ only slightly from the value °ij of the 
linear theory. Therefore, if in the expressions F" vj) the term ar 
is replaced by : t and in the remaining nonlinear terms the w,; are 


replaced by Pi. the errors incurred in the F" will be very small: since 


these nonlinear terms are small compared with the linear terms, from the 


v. 


system of linear equations obtained the corresponding quantity p and the 
remaining (n — 1) amplitudes (if one limits consideration to n terms of 
the series approximating w) are found to a high degree of accuracy. Sub- 
stituting next in (1.4) | w,, | 9.2 ¢, and replacing in the nonlinear 
terms the remaining w by their values obtained for Ws 0.1 ¢t, a 
new system of linear equations is found. Solving this system gives the 
corresponding values of p and w,;- Proceeding in an analogous manner, a 
table is obtained from which one may find by interpolation the required 


quantities for given values of the loading. 


It is obvious from the above that the error in the °ij quantities wil! 


increase with every step. However, it will remain small, because 


dx are not quantities of the same order of magnitude as 019 Say! 
since for this principal term the nonlinear part of the equation 


(1.4) has been evaluated exactly. Finally, system (1.4) may be solved by 
means of the usual method of successive approximations: for a given value 
of p all the ": may be determined from the linear theory, and the *, 
values found may be substituted in the F"; then, solving the linearized sy 
system for w.., we find their improved values, etc., until the corrections 
obtained become negligibly small. However, for this process, the computa- 
tions are necessarily very cumbersome, since they must be often repeated 


and then again for every value of p. 
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The proposed method has the advantage of great simplicity. To esti- 
mate the accuracy attained and to reduce the error, this method may be 
combined with the above method of successive approximation, applying the 


latter, for example, after every ten steps in order to refine the Vij 
quantities. The results of the calculations of the last step may also be 
compared with the results obtained by any other method, which will permit 


an estimate of the error incurred. Such an estimate is given in the 


following example of the problem of transverse bending of flexible panels. 
It shows the slow growth of the admissible error with increasing bending 


even for a step of 0.25 t. With increasing steplength, the error grows 
rapidly. The method may also be applied to the solution of other non- 
linear problems, such as the study of the behavior of shells after in- 


stability has occurred, nonlinear vibrations, etc. 


2. Bending of shallow cylindrical panels with freely supported edges. 
The basic equations for shallow cylindrical panels are obtained from 
(1.1), (1.2) by letting k, = 0, k, = 1/R where R is the radius of the 
cylinder. Placing the origin of coordinates at the center of the panel, 


for the boundary conditions of free support we have 


for 


for y 


where 2a and 26 denote the length and the width of the panel. The condi- 
tion (2.1) will be exactly satisfied by letting 


37H 4 


2b 


We, COS Cos 


} 
<a 


Substituting (2.2), (2.3) in (1.1), (1.2) and applying to each the 
Bubnov method, after several transformations we obtain the relations: 


{2,4 + 2+ 4 1)*} 4+ fay 0.0625 (25), | 


apt + + 0.1645 Sy 4+ 0.0222 + 0.200%, 


+ [327.4 2 + (4,2 t fie 0.0625 A= ( 


¥ 


+ + + 0.6572 kA* (0.0222 Say + 0.0044 — 0.1429 


2A* + [2A* 4 32 + (A* + 4)"] for = 0.0625 a2 (— - + 


2611501 2512521) + 0.6572 ka* (0.0222 iat 0.0159 + 0.040 Go) (2.4) 
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Po = 9.002 (2° (17.543 far + 14.085 + 2.807 fos) 


Bete f) 


240.34 (Sar + 1.5 + 1.5 San) + fe 


+ fox (0.5 + 0.5 S12 


(9.9 + 15 + 13 Sot) + fre (0.875 Su 4 6.937 Sox) + 


+ for (— 1.18701) + 1.1 S21) — (0.1168 + 


+ 0.1368 — 0.0229 (2% + 1)* Sy — 0.0687 (a = 0 2.6) 


6.937%). k>.2 (0.467 1.0679f 15 + 


+ 0.3271 — 0.0229 (2? + 1.0687 (99 


In these equations, 


Vir Wik 4b? 16 
tk EB i Rt 


k is a parameter for the curvature, q* a parameter for the loading. 


Starting from (2.4)-(2.6), for given values of the parameters p* and 
the curvatures k and A we may determine the values of the parameters ¢ 


ik’ 
Sipe which characterise the state of stress and deformation of the panel. 


) 


Expressions for the membrane stresses are deduced below, to- 
gether with those for bending moments Po ", and deflection €< at the 
center of the panel: F 


(A? + v) (2? + + (2? + 
1 
4 


[Sar (1 + + (9 + va?) + Sor (1 + 


So = San + Sie + Sen (2.9) 


3. Numerical results and some deductions. The results of the computa- 
tions are shown in the graphs (Figs. 1, 2) and Table 1. These graphs 
show the dependence between load parameter p* and deflection parameter 
¢, of the center for A = 1 (Pig. 1) and A = 0.5 (Pig. 2), while Table 1 
gives the values of the coefficients in formulas (2.7), (2.8). 
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For the purpose of the ensuing discussion the following notation wil] 
be introduced (having in mind the square plate): 


Let p.*, @., be the values of p*, a, y, ¢,, computed for given 
in accordance with the theory of average bending [ 1). 


. 


* ‘a 
Let Py + ~, Ys, S12 be the values of the same quantities computed 
for the same value of Cas by use of the above algorithm for A¢,, = 0.25. 


Let p,*, @,, Y>, correspond to the same with having been 
obtained on the basis of C2 from the method of successive approximations. 
These last may be considered to be exact, since C12 has been determined 
accurately to the fourth decimal place. Finally, let Po*s ao. Yo be the 
solution of the nonlinear problem when only the first term in expression 
(2.3) for the deflection function is retained, these quantities having 
been computed for the same value of the deflection at the center of the 
panel as P,*s reas Vos In Table 2, these quantities have been evaluated 
for the purpose of comparison, 


It follows from Table 2 that even for the fairly large steps ( var = 
0.25) selected for the algorithm in the present problem, the correspond- 
ing values of C,,° are close to the exact values C12 uP to sufficiently 
large Cai! Cas 5). Hence, the algorithm for the solution of the system 
of nonlinear algebraic equations of Section 1 is very effective. Further, 
it is clear from a study of the Tables 2 and 3 that if, for the evaluation 
of deflections of order 2-2.5 times the thickness, the solution obtained 
by retaining one principal term in the expression for w gives satisfactory 
results, then the same solution is not quite satisfactory for the evalu- 


1 


ation of the stresses. 


For deflections of the order of twice the thickness, it is more con- 
venient to apply the theory of average deflection {1 ), since the correc- 
tion arising from the complete nonlinear theory is smal! and requires 


difficult computations. 
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Table 1. 


5 


& 


Table 2. 


| P. | Py Po | | Po 


828 
0. 1664| —0.1841| —0.1927} 124.12 | 131.20 | 129.95 | | | 124.79 | 2.645 
—0. 3621] —0. 4660! —0.4991| 237.12 | 356.93 | 348.03 329.08 | 4.00 


| _o. 0807! . _0. | —0..0860) 64. 87 66. 20 | 66.0 | | 63.20 


0 0.484 | 11.43 | 0.055 | 0.055 | 4.349 
a 0.955 | 25.21 | 0.204 | 0.204 | 2-482 482 
a. | 1.404 | 43.140 | 0.443 | 0.443 | 3.284 p. 284 
4 e 1.832 | 66.20 | 0.650 | 0.650 | 3.730 3.730 
mS 2.240 | 95.33 | 0.891 | 0.891 | 3.864 861 
a 5 0.487 | 10.945 —0.014 | —0.010 | 1.406 406 
0.971 | 22.46 | 0.081 | 06.092 2.757 .727 
_ 1.428 | 36.80 0.257 | 0.285 | 3.857 .773 
a 1.883 | 55.52 0.475 | 0.534 | 4.624 .462 
2.307 79.60 0.707 0.812 | 5.058 
— 10 0.487 | 41.47 —0.085 | —0.075 | 1.383 4a 
0.981 24.52 —0.052 —0.039 | 2.904 900 
1.465 32.79 | 0.085 | 0.113 | 4.304 214 
Lie 1.930 | 47.39 0.287 | 0.353 5.417 eo 
> 2.373 66.69 0.513 0.647 | 6.189 
959 15 0.483 | 13.00 —0.154 —0.130 | 4.290 364 
: 0.983 22.54 —0.190 —0.170 2.904 O84 
1.485 31.31 —0.100 —0.085 | 4.579 573 
1.972 42.06 0.083 0.120 | 6.055 
2.436 | 56.72 0.311 0.409 | 7.202 784 
20 0.475 | 15.52 —0.218 —0.169 1.134 269 
as 0.978 | 25.63 —0.329 | —0.285 2.760 956 
1.495 | 32.67 | —0.2906 | —0.284 | 4.656 814 
— 2.005 | 39.87 | 0.135 | —0.142 6.500 . 500 
2.493 | 49.95 | 0.099 0.119 | 8.052 .779 
i 25 0.464 18.93 | —0.276 | —0.188 0.936 .132 
as 0.966 | 30.78 | —0.462 | —0.370 | 2.489 825 
- 1.494 | 37.09 | —0.499 | —0.465 | 4.528 907 
| 2.028 | 41.148 | —0.360 | —0.440 | 6.722 
2.544 46.73 | —O.124 —0.202 | 8.706 TH 
o! 
te | | | Ye | | Ys Ce | | Ye 
ae 2 | 0.66 | 0.65 | 0.64 | 3.74 | 3.73 | 3.66 | 2 | 1.828 0.87 | 5.70 : 
3 11.23 | 1.43 | 1.07 4.30 3.72 3.43 2.615] 1.75 | 8.40 
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MODEL ILLUSTRATING SOME PROPERTIES OF 
A HARDENING PLASTIC BODY 


(MODEL’, ILLIUSTRIRUIUSHCHAIA NEKOTORYE SVOISTVA 
UPROCHNATUSHCHEGOSIA PLASTICHESKOGO TELA) 


PMM Vol.23, No.1, 1959, pp.164-169 


Iu.N. RABOTNOV 
(Moscow) 


(Received 27 November 1958) 


In recent years many research papers have appeared on the problem of 
establishing the connection between the stresses and deformations in 
plastic bodies that have the hardening property. The existing experimental 
data have convincingly shown that under conditions of heavy loading 
neither the simplest theories of plasticity nor the theory of elasto- 
plastic deformations are applicable. To be able to explain experimental 
results, it has become necessary to introduce a number of new ideas, 

among them the concept of a corner or conical] point on the loading sur- 


face. A recently published survey [1] relieves us of the necessity of 


presenting these new ideas here. 


It should perhaps be pointed out that the hypotheses underlying the 
modern theory of plasticity are of a precise forma) nature, while the ex- 
perimental data are insufficiently definite and are ordinarily used only 
for indirect verification of the theory; they admit, as a rule, of various 
interpretations. This is why no one viewpoint prevails at present in re- 
gard to the direction of future development in the theory of plasticity. 


The present author does not claim to have made progress in this direc- 
tion; his aim is to illustrate with a simple example certain properties 
of an elasto-plastic body analogous to properties of hardening plastic 
material on the basis of realistic theories. It is known that properties 
of a hardening materia] can be modified by the use of a bar system, con- 
sisting of elasto-plastic elements of a material which does not haye the 
property of hardening [2]. In the present paper this idea is developed 
for systems with two degrees of freedom. 


Let us consider an elasto-plastic system subjected to the action of 
forces beds Let the corresponding displacements be 
In the n-dimensional space there exists the initial yield [or flow] 
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surface f(Q,, 
that of the elasto-plastic state. A simple loading is a loading along a 
ray starting at the origin of the coordinate system. It corresponds to a 
proportional increase of the forces. After a certain elasto-plastic state 


sé Q,). which separates the region of elastic state from 


(represented by a point M of the n-dimensional space) is reached along 
some loading path, we can either continue the loading, which will be 
accompanied by plastic deformations, or we can unload the system. Hence, 
a surface can be passed through point M which is called the surface of 
plastic flow and which separates the region of plastic loading from the 
region of elastic loading. 


Simple properties can be ascribed to the elements of this system, for 
example, it follows the diagram of uniaxial plasticity with an elastic 
unloading. The properties of the system as a whole, i.e. the relationship 
between the applied forces Q, and the observed deformations q;, can serve 
as an analogue of an elasto-plastic body. 


It should be noted that the Batdorf-Budiansky [3,4 ] theory af plasti- 
city is essentially based on consideration of the above model. Certain 


hypotheses expressed by these authors may give rise to objections (this 
is admitted even by the authors). For this reason we wil] start here with 
a simpler model made up of elements which cannot arouse any doubt as to 
their validity. As an example of such a model we select a thin pipe of 
elasto-plastic material which does not have the hardening property. This 
pipe is bent by two moments, ”. and My in perpendicular planes. 


Let us denote the radius of the pipe by R, its thickness by 5, the 
modulus of elasticity of the material by £, and the yield limit by O.. 
If M. and M. change proportionately, i.e. if we have a case of simple 
loading, then obviously there will occur simple bending of the pipe by a 
moment M = vu + we. Without loss of generality, we can direct the x- 
axis along the neutral bending axis. The curvature of the bent axis of 
the pipe is given by 


M 


if the stresses do not exceed the yield limit. 


If a plastic deformation takes place within the pipe, we will desig- 


nate the polar angle of the boundary of the plastic zone by @ (Pig. 1). 
Since the deformation at the corresponding point is equal to os/F, we ob- 
tain 


The stress o, at the point determined by the polar angle a, is given 


by 


a 
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Let us compute the moment produced by the stresses in the elastic part 
given by formula (1), and by the stresses oO, in the plastic part. We then 
obtain 
sin 20 


sin 0 


20 
M = 


We introduce the following dimensionless quantities: 
sin 6 
We obtain 
Q = (26 + sin 26) q in the 
elasto-plastic 
region 


in the elastic 
region 


The quantity (2 6 = sin 2 @) depending on q can be called the plastic 
modulus, and we will denote if by E.. The factor 7 in the second formula 
corresponds to the modulus of elasticity E.. In Fig. 2 the relationship 
between Q and q is given. 
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Returning to the general case when the moments M, and Mare acting, 
for the case of simple loading we now obtain the following relations: 


The quantity depends on q = V4, > 
Q< a7, we must take FE. = wm in formulas (2). 


These relations are entirely analogous to the relations between 
stresses and deformations in the Nadai-Hencky theory. 


The region of applicability of these relations is, however, not limited 
to simple loading, and the condition of unloading does not coincide with 
the Il’ iushin condition. For further consideration it will be useful for 
us to have a geometric representation in a plane with coordinates Q. Q 
(Fig. 3). The circumference Q = mw here corresponds to the initial yield 
surface [or flow surface], and the path of simple loading corresponds to 
the ray passing through the origin of the coordinate system. The region 
of possible elasto-plastic states outside the initial yield surface also 
proves to be bounded. Indeed, the dimensionless moment cannot exceed the 
value Q= 4, which corresponds to the transition of the entire cross- 
section of the pipe into the plastic state. The circumference Q= 4 
corresponds to the limiting yield surface. The concept of a limiting 
yield surface for a material with a limiting ability of hardening has not 
as yet been introduced into the theory of plasticity, though it appears 
to be a quite natural] idea. 


Let us now suppose that we have applied a simple loading up to a load 
value Q. Again, without restricting generality, we can assume that the 
loading has taken place along the Q,-axis up to point MH. The boundary of 
the plastic region is determined by the angle 6. We will continue the 
loading, changing not only Q, but also Q., which was zero throughout the 
first stage of loading. The neutral] axis of bending will no longer be the 
x-axis but some other line nn” (Pig. 1). 


Thus, if no unloading occurs, formula (3) will remain valid. Hence 
there exist paths of loading which originate at point M and differ from 
the path of simple loading, but for which the relations of deformation 
theory remain valid. The extreme case is obtained when an increase in the 
plastic region occurs only from one side, for example the point A moves 
in the direction of the arrow to position A: while point B remains fixed. 
The straight line A”’B has to be parallel to the axis nn’. The bending 
moment relative to this axis can be evaluated by formula (2) if in place 
of the angle @ the angle 0° = 6 — fi is substituted in it. In this way we 
get 


Q,. = Q(8 — B) cos 8B, Q, = 2(8—B) sin B 
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This means that the extreme path of loading (passing through point WM), 
for which the relations of deformation theory are valid, can be obtained 
by rotating the curve, whose equation in polar coordinates is given by 
formula (2) 


Q= 


about the origin of the coordinate system until it passes through point 
M. It is obvious that the second family of limiting curves can be 
obtained by rotating curve Q0= Q(- @). 


The extreme paths of simple loading are shown in Fig. 3. 
In the neighborhood of point M we have 
_ dQ _ 
AQ, = (— 43) —Q sin 843, 4Q,= A8) + Qcos 8A8 
but since # is small, 
AQ. As, AQ, = Q48 


We note that 


dQ  dQdq 


qa 
It is natural to call this quantity the tangent modulus. We can now 

determine the slope of the limiting paths of simple loading which pass 
through point 
AQy 4. 4 
AQ, E, ( 


Pig. 3. 

Here 
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The corresponding angle is equal to 7/2 when @ = 0, and @ = w/2. Its 
minimum value of 76°28" is attained when @ = 57°30’, 


We will now obtain the conditions of elastic unloading after simple 
loading. It is obvious that the elastic unloading is here possible not 
only by a proportional decrease of the moments. The neutral axis of un- 
loading can change position within certain limits. The extreme case will 
occur when this axis passes through the boundary of the plastic region. 
Let us suppose that a simple loading had been carried out along the x- 
axis up to a certain value of the dimensionless moment Q; the unloading 
has been realized in consequence of an additional bending relative to an 
axis making the angle d with the x-axis. In consequence of the unloading, 
the moment relative to the x-axis changes by an amount Q.’ and a new 
moment appears. 


Owing to the fact that the unloading occurs in the elastic region, we 
may set 


= — rw cos 9, Q,’ = — rosin? 


The corresponding stress is 


o’ = — wo, sin (a — 9) 


We will consider the unloading process along a path passing through 
point M. Then 


Q, = — cos Q, = — (5) 


Thus the stresses are determined as follows: 


=o, — wsin(a — 9)} (<a<x—6) 


The limiting path of unloading is given by the formulas (5) with d= 0. 
Therefore the curve, which in our model corresponds to the successive 
yield surface passing through M, has this point for a corner point. The 
limiting lines of unloading form an angle @ with the x-axis. 


Comparing the results obtained under conditions for which the formulas 
of simple loading are valid, and the results obtained under conditions 

of unloading, we note that they agree qualitatively with the consequences 
of the Batdorf-Budiansky theory. According to this theory, the tangents 
drawn at the corner point bound the region of applicability both of the 
deformation theory and of the region of unloading, while in our theory 
the angle of unloading is found to be less than the angle of simple load- 
ing. 


Let us next determine the boundaries of the region of unloading in- 
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posed by the demand that secondary plastic deformations can occur. For 


this purpose we must let o = — oO, in formulas (6). In the plastic region 
we obtain: 


1 


-@ Sin (a -—9) 


When a ~ = 7/2, we obtain w= 2. Thus, the boundary is the circle of 
radius 27, with center at the point x = Q, y= 0. The investigation of 
the possibility of the occurrence of secondary plastic deformations in an 
Original elastic region leads us to the discovery of a second boundary 
which is also a circle with center at the point x= Q~—q@ and of radius 
m/ sin @, In Pig. 4 the boundaries of the region of unloading (yield 
curves) for severa)] values of @ are constructed. 


Fig. 4. 


When @ is small, the elastic region is bound by straight lines and the 
arc of the first circle: when @ > 43°30’, it is bound by straight lines 
and arcs of two different circles. 


For unloading paths Originating at point M and not contained in the 
angles of simple loading and unloading, the analysis becomes more invol ved. 
We will limit ourselves to the consideration of smal] variations of the 
State of stress. Let us assume that the axis of the additional] rotation 
makes (with the x-axis) an angle & > @, and therefore intersects the 
Plastic zone. The additional stresses a’ - WO. sin (a — ) occur only in 
the elastic region, i.e. when - a < Comput- 
ing the moments due to these stresses, we obtain the results in the form 


(9) 


AQ. = Aq, Aq, (sin” o — sin® 0) 


AQ, 


Here, obviously, tan q When 6, we obtain from this 
the relations between the variations in the stresses and deformations 
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which are analogous to those of the deformation theory of plasticity 
AQ Aq,. AQ, Aq, 


When G= 7 — 4, unloading occurs, and it follows from relation (7) 
that 


AQ, -- 


The formulas (7) are quite complicated, and it is difficult to draw 
an analogy between their consequences and any one of the existing theories 
of plasticity. We can hardly, therefore, expect a simple description of 
the behavior of material under variable loads whose change of components 
deviates even slightly from proportionality. We note that if in the 
formulas (7) we separate the part corresponding to the plastic deforma- 
tion, we then find that the increment vector of the plastic deformation 
makes an angle with the x-axis which does not exceed 7/2 — @. From this 
it follows that our model] satisfies the wel]-known Drucker condition 


(Q, Ag,? > 0 


Here Q;° is the state represented by a point which lies inside the 
yield surface. We can easily verify that the relations (7) satisfy the 
fundamental] Drucker definition of hardening: 


AQ, Aq;! » 0 


Finally we come to the last question to be considered here, which con- 
sists of the following. In the modern theory of plastic flow it is assumed 
that the function expressing the condition of plasticity coincides with 
the flow potential. This means that under an arbitrary change of the state 
of stress, the increment vector of the plastic deformation is directed 
along the normal to the yield | or flow] surface, if this surface is smooth. 
This follows dirertly from the above Drucker condition. As we have ex- 
plained, the yield surface, in our model, consists of two rays passing 
through point M, and an are of one of two circles. Let us assume that the 
system is loaded. After this we follow an arbitrary path of unloading 
lying entirely in the elastic region to a point of the straight line part 
of the yield curve, for example to point N (see Fig. 3). The state of 
stress corresponding to point N is such that the stress is everywhere less 
than the limit of plasticity and reaches this limit when a = @, decreas- 
ing as a linear function of the coordinates on at least one side of a=@. 
Next let us suppose that we have subjected the pipe to an additional bend- 
ing with deformation components \q, and Ag... Over the entire cross- 
section of the pipe a change wil] take place in the stresses in accord- 
ance with Hokke’s law, except that at the point a = 0, where the stress 
was equal to the yield limit, this stress wil! remain unchanged. Around 
this point a small plastic region ¢ — €,<a< 04 €., will be formed. 


2 
The same phenomenon occurs at the diametrically opposite point, of course. 
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In computing the moment we first of all extend the integration over 
the entire cross-section of the pipe, and obtain 


AQ,’ FAq,, AQ,’ -= E,Aq, 


After this we evaluate the moment from the stresses exceeding the yield 
limit which we have as it were added over the region#0—¢«, c<ac@+e 
We denote this moment by Q,, and point out that it has the components 

Q) sin @ and Q cos @ along the coordinate axes. Thus, 


< 


sin 6, E.Aq,, 4 Q, cos 9 


In these formulas, the first terms on the right-hand sides represent 
elastic deformations, while the second terms stand for plastic deforma- 
tions. It can be seen that the increment vector of plastic deformation is 


perpendicular to the yield [or flow] surface. 


In these considerations it is of course essential for quantities ¢ 


i 


and €, to be infinitesimals of the same order as \q, and Nq,- For this 


to be so, it is necessary for the distance NM to be large. 


It is thus seen that the proposed simple mode! reproduces many pro- 
perties of a plastic body which have been either revealed by experiments 
or postulated in some theories of plasticity, in particular the restricted 
applicability of relations among deformations, the presence of a corner 
point on the successive yield [or flow] surfaces when the initial yield 
surface is smooth, the Bauschinger effect, and the direction of the in- 
crement vector of plastic deformation along the normal to the yield sur- 
face wherever this surface is smooth. Moreover, the example presented 


reveals the great complexity which arises in any description of the pro- 


cesses of non-proportional loading. 
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THE PRESSURE ON AN ELASTIC HALF-SPACE OF A 
STAMP WITH A WEDGE-SHAPED PLANFORM 


(0 DAVLENIT NA UPRUGOE POLUPROSTRANSTVO SHTAMPA, 
IMETUSHCHEGO V PLANE FORMU KLINA) 


PMM Vol.23, No.4, 1959, pp.169-171 


V.L. RVACHEV 
(Berdiansk) 


(Received 29 September, 1958) 


The solution of the problem of pressure on an elastic half-space of a 
stamp [die] with a flat wedge-shaped planform makes it possible to deter- 
mine the law of distribution of pressure in the neighborhood of corner 
points for stamps of polygonal (for example, rectangular) shape. This so- 
lution can also be used for computing the impression of plates on an 
elastic foundation. 


L.A. Galin [1] has proposed a method for solving this problem for the 
case when some additional loading is acting on the elastic half-space out- 
side the region of contact with the stamp. 


In carrying out the method suggested by Galin, it was found that the 
solution of the problem can also be determined when the indicated addi- 
tional loading is absent. We thus obtain the following formula for the 
pressure under the stamp: 


FE #9) 
(1 + cos te? Mog tg? 1/,6 


p(r, 9) 


where 2a is the angle at the vertex of the wedge, f(@) is some function, 
while y is a quantity which changes between the limits 0 to 1 in depend- 
ence on anglea. 


1. Let the region of contact S between the stamp and the elastic half- 
space z< 0 be included between two rays making an angle 2a with each 
other, and let the 0,-axis bisect this angle. 


The solution of the problem can of course be reduced to the determina- 
tion of a harmonic function over the entire space, except for the points 
of a planar cut having the form of the contact region and of a continuous 
function d(x, y, 2) satisfying the conditions 


; 
1 
q 
4 
: 
q 
229 


V.L. Ruachev 


y, 0) =const on (S) (1.4) 


?.(z, y, 0)=0 outside (S) (1.2) 
grad o— 0 for + y? + 22? x (1.3) 


y, z) = const 


After function d(x, y, z) has been found, the pressure under the stamp 
can be determined by the formula 


E 


Pz, ¥) = O) (1.5) 


where F and v are elastic constants. 


We introduce the spherical coordinates r, @, w by means of the formulas 


zr =—rcos8, y=r sin8 cosa, (1.6) 


Laplace’s equation then takes the form 


a9 2 ap. { 0 /, ap 
rt + > + sind 9 + Fat = 9 (1.7) 


In three particular cases, whena= 0, a=n/2 andae=nm, i.e. when 
the contact region degenerates into a semi-axis, into a half-plane and 
into the entire plane, we can easily find the following exact solutions 
of the problem: 


0 
for a=0 


@=Cr ) cos*@ + sin*’w — cos 6 + C, for a= (4.8) 


= CrsinOsinew + for 


where C, C, are arbitrary constants, to determine which certain auxiliary 
conditions are needed. 


The particular cases indicated lead us to consider the possibility 
that the required function might have the form 


r*dy8, w) + Cy (1.9) 


where it should be assumed that 0 < y < 1 for condition (1.3) to hold 
good. 


It can easily be verified that function 6 will satisfy equation (1.7) 
if ® (@) is a solution of the next equation 
1 


sind 56) + sin dar + + 1)O=0 


Bearing in mind boundary conditions (1.1) and (1.2), we conclude that the 
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problem is reduced to finding on the sphere (Fig. 1) a function ® (@, w) 
satisfying equation (1.10) and zero at the points of arc ABC (|@\< a, 
@= 0, orm). 


2. We make a change of variables from @, and w to p and wi, by means of 
the following relations: 


(2.1 


By means of this transformation, the sphere with a cut along arc ABC 
is mapped into the interior of the unit circle p < 1. Equation (1.10) 
takes on the following form in terms of the new variables 
1 


L(®) = 


a 
= 16tg*>- (y 4. 4) 


Let function ® (@, w) be denoted by ®,(p.v) after the change of 
variables. This function will then satisfy equation (2.2) inside the 
circle p <¢ 1, and will be zero on the boundary of this circle. 


Since function A f(p,w)> 0, it follows that any non-zero solution of 
equation (2.2) which vanishes on the boundary of the region can be ob- 
tained only for a certain spectrum of values of A. 


Bearing in mind that 0< A < 1, we obtain the next equation by means 
of formula (2.3): 


= —0.5+4+V0.25 + cig? act (2.5) 


Out of the spectrum of values of A indicated, those values which satisfy 


“a 
231 
aN 
Pig. 1. 
iz Z.z) 
where 
q 
7 


be 


232 V.L. Ruachev 


this last equation must be selected. 


3. Function 9, (p,t/) will satisfy the boundary condition if we assume 
that 


(¢, Y) = (1 — p*) F (p*, cos 


Expanding function Fi p?, p? cos 21’) into a double Taylor series, we 
obtain 


(1 — + + cos 2p 


+ 2h + agep*cos*2) 4+...) (3.4) 


We make use of the Galerkin method to determine the constants a,., 
Gini sce « (p,)] be the result of substituting function 
DM (p, ur) into the left part of equation (2.2). If formula (3.1) stops 


after the first n terms, and if we require function L [ , (p. vy )] to be 


orthogona] to each of these n terms within the circle p <¢ 1, we then ob- 


tain a system of n linear equations. Setting the determinant of the 


system equal to zero, we obtain an n-th degree equation in A. Among the 


roots of this equation we find the one satisfying condition (2.5). 


[> 


Thus, for example, in the case of a rectangular stamp (a = 7/4) we 


obtain the following six approximations for quantity y: 


= 0.429, = 0.341, = 0.340, 


Yy = 0.315, Y. = 0.314, ¥, = 0.314, 


When a = 7/2, the exact value of y is 0.5, and an analogous sequence 
is the following: 


of approximations 


Y, = 0.579, y, = 0.517, y, = 0.515, y, = 0.501, y, = 0.501, y, = 0.500, 


In Fig. 2 a graph is given showing the dependence of quantity y ona. 


It is constructed on the basis of the following data: 
24 68 65 24 j 24 3 2 2 
0 O13 0.23 O31 0.38 O44 O50 O56 062 069 0.77 O87 1.0 
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Taking the case of a rectangular stamp with y = 0.31, we can obtain 
the following formula for the pressure under the stamp 


cau te? 68 U.4 te 4 


2/1 ey) 


)) 
(1-:- cos / ar ty*'/,0 


For comparison we give the formula obtained by Galin: 
/ 


0) 
- ! rii + cos OW 2 
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ON A RIGID-PLASTIC ANNULAR PLATE UNDER 
IMPULSIVE LOAD 


(UDAR PO KOL’ TSEVOIL ZHESTKO-PLASTICHESKOL PLASTINKE) 
PMM Vol.23, No.1, 1959, pp.172-175 


G.S. SHAPIRO 
(Moscow) 


(Received 3 November 1958) 


Gvozdev [1 ] was apparently the first to propose an idea for utilizing 
the rigid-plastic analysis for the investigation of the dynamic behavior 
of plates. He used this idea in connection with the strength determina- 
tion of rectangular plates under the action of explosive loads. (A more 
detailed bibliogaphy can be found in the review [2] by Rakhmatulin and 
the author’). 


The theory of the axisymmetrical dynamic bending of rigid-plastic 
circular plates was established by Hopkins and Prager [3 aa They considered 
a freely-supported circular plate under the action of a uniformly distri- 

: buted load which was kept constant for some period of time and then 

. 2 suddenly removed. Wang and Hopkins [| 4 ] analyzed plastic deformations of 
_ a circular built-in plate, all points of which were given the same velo- 
city at an initial instant. Both solutions pertain to continuous plates. 
- > Nothing has yet been published on the annuli. 


Nor are there any publications on experimental verification of the 
theory of the dynamic bending of rigid-plastic plates. This is apparently 
due to the difficulties encountered in setting up experiments to corres- 
pond exactly with the cases for which theoretical solutions are found. 
For beams, however, experimental studies conducted by Parkes [5] have 
verified a series of theoretical] solutions. 


- i The problem of an annular plate under the action of a constant load 
and in its simple formulation, viz., assuming that the static deform- 
ations of the plate are preserved during the motion (which is charac- 
terised by the forming of a stationary hinge circle along the clamped 
; edge and by the transition of a flat plate into a truncated cone), was 
> : treated at MGU [| Moscow State University | by Tsimbal and Mitskevich. 
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On a rigid-plastic annular plate under impulsive load 


Fig. 


A simple solution of a problem which can be verified experimentally 
is given in this paper. Consider a thin plate in the shape of an annulus 
which is clamped along its inner edge r = a and free along its outer edge 
r= R, The outer edge is given a constant velocity v,, which at some 
later time t = T is suddenly removed. The subsequent motion of the plate 
consists of three phases. During the first phase, 0< t < t*, the hinge 
circle which appears at the initial moment along the contour to which the 
impulse was applied is moving towards the center of the plate and reaches 
the clamped edge at time ¢*. It is assumed that ¢ < T. (The case when 
t* > T can be considered analogously.) The second phase is characterized 
by the formulation of a stationary hinge along the clamped edge, r= a. 
The plate then rotates uniformly about this hinge, and no inertia forces 
are present. The third phase starts after the cessation of the applied 
velocity % along the free edge, r= R. The plate proceeds to rotate about 
the same hinge along the clamped edge r= a. The duration of each phase 
of the motion, the deformation of the plate and the distribution of the 


shear forces and bending moments are determined in this paper. 


1. Basic considerations. It is assumed that the plate is made of a 
rigid-ideally plastic material which obeys Tresca’s yield condition and 
the associated flow rule. Let us denote the bending moments in the radial 
and tangential directions by M and NW respectively. The yield locus in the 
MN plane for this case is a hexagon ABCDEF, Fig. 1. 


At the initial moment, t = 0, the plate is in the equilibrium position 
(Fig. 2a). Thus, the initial conditions for the deflections are 


w (r, 0) = w, (r, 0) = 0 (1.1) 


At the time t = 0, the contour r= R is displaced in the axial direction 
with a given constant velocity Y% during the interval 0< ¢< T. 


It is necessary for the solution of the problem to assume a certain 
deformation velocity field. Dynamic solutions of the plate problems fre- 
quently start with an assumption of the velocity field which corresponds 
to the static problem of the limiting state of the plate. Obviously this 
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approach is not applicable in the given case, for when a limiting ring- 
wise pressure is acting along the contour r= R, the hinge is formed along 
the edge r= a. The plate starts to rotate about this hinge and will 
change its shape from a flat to a truncated cone. If we assume the exist- 
ence of a similar velocity field in the dynamic problem, then, the rota- 
tion about the contour r= a being uniform, there will be no inertia 
forces, and we come to the absurd conclusion that no matter what the 
magnitude of the velocity v, is, the strength of the plate (the shear 
force at r= R) will remain constant and equal to the limiting static 
strength. Thus, some other velocity field has to be accepted. 


Let us assume that along the contour r= R at the initial moment ¢ = 0, 
there appears a non-stationary hinge circle, the radius p of which is de- 
creasing. At the end of the first phase of the motion p = a. For conven- 
ience the time for each phase is counted from zero. The times will be de- 
noted by ty. to, t, for the first, second and third phase respectively. 
Let us introduce the following dimensionless magnitudes 


where » is the surface density of the plate, Q the shear force and k_ 


and ky the curvature rates in the radial and tangential directions res- 
pectively. 


The dot indicates differentiation with respect to t; orrs, z denotes 
the total bending, z for the first phase (also t= t 
for the second and z = + 2, for the third. 


2. The first phase of the motion. Assume that during the first phase 
the velocity field is determined by the following relationship 


Parkes [5 ] used similar representation for a somewhat different prob- 
lem, viz., for a beam subjected to the impact of a finite mass. 


The distribution of the velocities and accelerations is shown in Fig. 2b 
and Fig. 2c. From (1.2) and (2.1) we find the rates of change of the 
curvature 


4 
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From (2.3) we conclude that for << 1 the curvature velocity vector 
is orthogonal to the side DE of the yield locus. To the circle n = 1 
corresponds regime £, and to the non-stationary hinge circle m = & corres- 
ponds regime D. The annulus a < n < & is also in regime D. 


Fig. 2. 


Hence it follows that in this region 


The equation of the dynamic equilibrium which takes (2.4) into account 
can be written as follows 


d (mn) 


Noticing that n=-—1, and using (2.2) 


d (mn) 
9 


Integrating this equation between the limits » = —- 1 forn = & and 
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: ag a= 0 for yn = 1, we find the velocity of the motion of the hinge circle, 

= —F) (4 + 

It follows that 

4 2 

: Where c is an arbitrary constant. This constant can be determined from 

: the condition that & = 1 for r, = 0, Thus, ¢ = 1. Hence, 

= (1 — &) (1 — &) (2.8) 

: The instant re the end of the first phase, can be found by letting 

= a. Thus we have 

= (1 — a) (1 — (2.9) 

C From (2.2), (2.5) and (2.7) it is possible to determine the shear y . 
of force 23 

: Along the edge of application of the impulse we have 7 = 1 

9 2 (1 4 28) ((4 — &) (4 + (2.41) 

. At the initial instant of the action of the impulse £ = 1 and shear 

‘ force has a singularity on the circle n = 1. This is to be expected, 

. since otherwise for 7 = 1 the radial moment could not reach its limiting 

: value a= -— 1. The shear stress is zero along the clamped edge 7 = a 

‘ 4 during the whole first phase of the motion. Radial bending moments are 

3 determined with help of the equalities (2.5) and (2.7). We obtain 

m= —1 + + (2 (4 — BE) 4 (2.12) 

7 = It is easy to verify that for n = € the moment a reaches an extremum, 

“ ee =-— 1. Thus, the yield stress is nowhere exceeded. 

For the determination of the deflection z,, we can employ several 

a different procedures. First of all & can be eliminated from (2.1) by means 

: of (2.8), and then (2.1) can be directly integrated with respect to Ts: 

; However, it is simpler to eliminate the time r, from (2.1) and (2.8) and 

5 then to integrate with respect to &. We get 

d: (n — (1 + 38) dz (2.13) 

Fa Hence it follows 

= + SE) dE 5 (1 + 26 +») (2.14) 


An alternative method for determination of the deflection was shown by 
Hopkins and Prager [3]. Since along the hinge circle & = & (r), there 


On a rigid-plastic annular plate under impulsive load 


exists a jump 
! 
and since it is known [3] that 
| 
Then, taking (2.7) into account, it follows that 
(2 17) 


Since the hinge circle is moving into an undisturbed region inside 


which 0° s/dn? - 0, the following must be satisfied 


18) 


Taking into account that in the disturbed region & « < 1 according 


to (2.1), 0, we have 


(2.19) 


Integrating (2.19) with the boundary conditions d2(&,1)/An= 2( —,n)=9, 
we again obtain (2.14). Putting & = @ in (2.14) we get the deflections 


+ 


z= 2 at the end of the first phase. 


Ps 


The diagrams of the distribution of 0, M and N along the radius r are 


shown in Figs. 2d, 2e, and 2f. 


3. Second phase. In the second phase the plate is rotating uniformly 
about the clamped circle 7 = a. The displacements z, in this phase are 


determined from 


(3.1) 


Let us denote the duration of the second phase by r.*, and let k= 
r.*. Thus, at the end of the second phase the deflection % @ zt," is 


| 


:,* k(n aj(i a*) 
The shear forces and the bending moments in the second phase are the 


same as for the limiting static loading, [6 Ba 


4. Third phase. The third phase is characterized by the rotation of the 
plate, due to inertia, about the stationary hinge circle 7 = a. The de- 


flections 2z.(,7.,) are sought in the following form 
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where Z(r.) is an unknown function of time. To determinate this function 
we utilize the dynamic equilibrium equation, which in this case we write 
as follows: 

dn, 
Here we have allowed for the fact that q= 0 for n = 1. Using the 

arguments which were applied for the first phase, it follows that n= — 1, 
Substituting (3.1) into (3.2) and integrating we find 


d( nr) 


dr’ 


Taking into account that a(a, r,)= a(l, r,) - 0, we have 


5a + a‘ + a’)7}, Noticing that 2(0) = 1 and 2(0) = 0, we get 


The plate will stop rotating at the instant r.* = 3- 5a +4 a* 4 a? 
and the total stopping time r* = ‘. ef. 4 ba a The magnitude of the 
total deflection at the instant r = r* is 


1 
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In examining the motion of a gyroscopic system, we usually omit the second 
derivatives of Lagrangian coordinates in the linearized equations [1-6 }. 


For the steady motion of gyroscopic systems in which damping is not pre- 


sent, such an operation was justified by Merkin [4]. In this paper we 


consider the case of a gyroscopic system with variable coefficients. The 


method suggested is based on ordinary substitution for the independent 
variables; this method is also of interest for the steady gyroscopic 


system, 


1. The small free vibrations of stabilized gyroscopic systems on a 


fixed foundation, for small disturbances of the position coordinates 94° 


*» 4, and their derivatives, are given by equations 


in which a sufficiently large positive constant H denotes the angular 
momentum of the system with respect to the axes of the gyroscopes and 


aT is the positive definite matrix of quadratic form. The coeffi- 
cients in equation (1) are bounded time-functions and are of zero order 
with respect to H. The solutions of the stabilized system cannot have an 


order with respect to H greater than zero. The indices i and j take on 


the values of 1 to s; presence of two equal indices in a term means 
summation. 


Let us consider the solution of the two systems of equations: 


+ Hy; :) 4 io 0 (3) 


If the determinant of the matrix of the gyroscopic terms || ¢ 
from zero, 


;; || differs 
then for a sufficiently large value of H, the system (2) is 


d . 
fi Inc 
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solvable with respect to qj" The system (3) always has a solution with 
respect to 952° 


We will show that the solution of system (1), satisfying the general 
conditions for t = 0, = for any finite time interval 
[0, T], is described in the coordinates q;, and in the velocities q,, 
with an accuracy to the order of H*. Then the system is subjected to the 
following initial conditions: 


V2 = 9, Vig = — 


Introducing in equation (2) the new independent variables t/H and in 
equation (3) the variables At, denoting by (1) prime the derivatives with 
respect to the new independent variables, we obtain 


(H 


where fi is a bounded function of zero order with respect to the quantity 
H, and is obtained by the solution of the first group of equations (7) 
with respect to V2 ° Derivatives fij cannot have an order higher than 


zero with respect to #. 


Conventionally, we call the precession and nutation of the gyroscopic 
system (1) the motion described by qj 1) and a respectively, having 
initial conditions corresponding to equations (4) and (5). The solution 


of the system (1) with general] initial conditions is equal to 1; = 49; 1), 
2 ( ) ( ) 

q; 4) + 2) + y;- The variables x; and y; 

are determined as a particular solution with zero initial conditions of 


the equations 


a,; 2; + (6;; + Hg; = H~*a, (8) 


(b;, 4 He; ;)u; + C5 = — jo (9) 


ij 


for a finite time interval 
[o, T] the variables Vi. have an order # and Q;2 are of order *. On 
the basis of equations (8) and (9) we obtain 


As we can see from systems (6) and (7), 


The variables Vi4 and 952 have an order wt; then, using equation (10) 
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we prove our assertion, namely 


9; = (tf) 


Moreover, the quantity q;, changes slowly, while q;, changes as fast 
as then equations (3) and (5) show that = O(H). 


2. If the system (1) is stable for a continuously applied disturbance 
and the variables 9;, 2nd q;, are bounded, then, as follows from the 
systems (6) (8) and (9), the result of equations (10) and (11) is valid 
for an infinite time interval. 


Forced vibrations of the stabilized gyroscopic system, caused by the 
action of a generalized force f(t), can be described with the particular 
solution, subjected to zero initial conditions, of the following system 
of equations: 


The magnitude of the permitted error in the coordinates and in the 
velocities is determined by the solution of equation (8), subjected to 
zero initial conditions. The q.,”-is replaced by the values obtained from 
solving the second group of equations (6) equated to Af ; and subjected to 
corresponding initial conditions. Then, the error has to be of the order 
q..”, divided by H*. If f,(t) has a zero order with respect to H, then 
the order of error is less than #* for any time interval in which f,(t) 
is bounded. 


We will now give a certain refinement in the value of equations (10) 
and (11). Letting r = Ht in equation (9), we have 


+ 8); ) = — + 95) (12) 


The quantity q a+ ¥ has the order #*. To compute the particular 
solution of equation (12), with zero initial conditions we integrate with 
respect tor from 0 to Ht; then the obtained particular solution, Yi» 
has the order of 4°. Equation (12) leads to 


= (fiz +O (A), y, = 


We say that the gyroscopic system satisfies condition (A) if FF and 
c,,; are equal to zero or have an order no greater than i As follows 
from system (6) q,,~ in this case has a zero order with respect to H; 


then, on the basis of equation (8), we obtain *). 


Hence, we have shown that the solution of equation (1) with arbitrary 
initial values satisfying conditions (A) is given by 


Thee 
4 
q 
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3. Consider an automatically regulated gyroscopic system with supple- 
mentary k equations: 


q; + (5;; Hg: + 59; qy, +e » = 0 
Any + + D,, (9; 


Here the indices i and j take the values of 1 to s; mw and v of s+ 1 
to s+ k; || a;.|| and || A, || are positive definite matrices of quadratic 
forms. Let the determinant of || €;; | not equal zero. 


Denote by! q,,, qs | the solution obtained from equation (13), with 
the initial conditions 


Vi, q Gur Cus Guy 


(0) + Hay; (0) + + + = 0 


for a;, = 0, Conventionally, we call 1) precession, which 


represents motion obtained by the solution of the system equation (13), 
with initial conditions, equation (14). We call the corresponding muta- 
tion the solution of the system, equation (13), subjected to the initial 


conditions: 


Therefore, we have 


ja Vi, 


Where Vi2 is the same as in Section 1. We find the unknowns us, o and 

vin v and also their derivatives with respect to time, as the particular 
solutions with zero initial values of a corresponding system, which 
differs from the system, equation (13), by the presence of the right-hand 
side in the first s equations of a non-homogeneous term. In the first case 
we have the term 55% j1 and in the second c..v.. Repeating the conclusion 


ty J 
of Section 1, we obtain 


Us, 


Hence, we have 


4 = +0(H-, V4 = t+ O (A) 
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equation (13), by the presence 


Forced vibration of the stable system differing from the system of 


-S. Novoselov 


on the right side of corresponding general- 


ized forces f(t) and fy (t). can be described by the particular solution 


of the following equations 


The permitted error, as fo)] 
the order of 


Krylov, 
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Pliss [1 ] investigated the stability of the zero solution of equation 


dé. 


4 (1) 

where the function f(m) is continuous and satisfies the Lipschitz condi- 

tion for all real 7. It was also assumed that f(0) = 0. He showed that 

the zero solution of equation (1) is in general stable, provided that the 

function f(m) is differentiable and df/dy > 1 for all n. 


Here we first consider an equation analogous to (1), namely 


+! 3 (2) 


Here a and 6 denote constants, and as in equation (1) the function f(n) 
is continuous and satisfies the Lipschitz condition, and in addition 
f(0) = 0, 


Using the assumed differentiability property of f(n), we will give a 
method somewhat different from that in paper [1] for the construction 
of the Liapunov function for equation (1). We wil] then show that by the 
same method the Liapunov function can be constructed for equation 


dt* +f de de bat (3) 


Theorem 1. If a > 0, 6 > O, the function f(n) is differentiable and 


for all 9; (4) 


q 
df_ a 
4 
247 


248 A.I. Ogurtsov 


then the zero solution of equation (2) is asymptotically stable for arbi- 


trary initial perturbations. 


To prove this theorem, replace equation (2) by the equivalent system 


dr dy dz 
2 (x)y = by — az 
di At zr) at / 


and consider the function 


\ f’ (x) rdr 4- 2ary by? + (6) 


and its derivative with 


positive definite, 
(5), 


is obviously 


This function 
respect to time, 


is always negative: 


owing to system 


dl dV 
— [bf’ (x) 0 for y=0, a -Oifor y=0) (7) 


Following [2 l, denote by ™ the set of points of the xz-plane. It is 


easy to see that it does not contain whole trajectories except the origin 


of the coordinate system. If 


lim J (2) J (x) 2a \ rdr (8) 


x co 


now holds good, then the function V(z, y, z) is infinitely large (al! its 


level surfaces are closed) and the proposition is proved (see Theorem 4 


of [2]). 


If, however 


converges, then among the level surfaces of the function V(x, y, 2), 
there will necessarily be open surfaces. In that case, repeating the 
relevant arguments of Shimanov [3 1, it can be shown that in general there 


is stability. 


consider the region 
V (x, y, 2) <1, (9) 


In fact, 


where | > 0 and N > O are certain constants. This region is bounded, 
since for |x| < N the boundedness of the y and z coordinates of the 
points of region (9) follows from the first inequality V< l. 


Let P(x, yy), 2) be an arbitrary point of the phase space. Consider 
an arbitrary trajectory y of the system (5) given by equations x= x(t), 
y= y(t), z= 2(t) and issuing from the point P. Further select the 
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constants | and N so large that the point P is inside the region (9), i.e. 
the inequalities 
V Yo, 20) 


are satisfied. 


Then for t > 0 all points of the trajectory y wil! remain inside the 
region (9), i.e. the inequalities 


V (x (t), y (2), z(t) < r(thi<wN 


will hold good. 


In fact, if some point of the trajectory y leaves the region (9), then 
there will be a value of ¢ = T for which the point [x«(T), 2(M, 2(M] 
will lie on the boundary of the region (9). Then one of the inequalities 
(10) (or both simultaneously) will become equality. The first inequality, 
however, cannot become an equality owing to condition (7), according to 
which 


V (x (T), y(T), z(T)) <V (29, yo, 20) < 
The second inequality can become an equality only if, being the bound- 
ary of (9), the set 
V tz, y, 2) <l, zi=WN (11) 


is not empty. But in that case the constant N can be chosen so large that 
for the points of (11) condition 


dr 
yN sgn N sgnz <0 (12) 


holds good. This ig because the y coordinate of the points of (11) satis- 
fies the inequality 


—aN sgnr F(N,2)<by< aN sng x + F(N, 2) 


F(N, 2) — (N) — 


(the expression under the square root sign in F(N, +2) assumes positive 
values not exceeding 2 bl. 


In accordance with (12), the integral curve on the set (11) crosses 
this set in the direction of decreasing x for N sen x> 0, 


Thus we have shown that for t > 0 all trajectories of system (5) are 
inside the bounded region (9). Together with the above deductions as to 
V and its derivative with respect to time, this guarantees the general 
asymptotic stability of the zero solution of system (5) and consequently 


for > (10) 
a 
where 
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of equation (2). Thus the theorem is proved. 


Now consider the equation 


) + og +45 =9 (13) 


where the function f(n) is continuous and satisfies the Lipschitz condi- 
tion and f(0) = 0. 


Theorem 2. If a > > 0 and the derivative df/dyn of the function 
f() is such that 
df df (21) 


holds good for all values of the argument, then the zero solution of 


equation (13) is asymptotically stable for arbitrary initial perturbations. 


Proof. Replace equation (13) by the equivalent system 


dy dz . du 


and consider the function 


23 (b? + ac) x* + 2bery + (c? — 2a) y*® + 4arz + 2byz + c2z* + 2bru + 


4 


+ 2cyu + 2u? + 2b \ 7’ (y) ydy (16) 


0 


function is positive definite and infinitely large. In fact, we 


2V = (b® + ac) + 2bery +(e? — 2a +—)y? + 4axrz + 2byz + 
\ / 


y 
b 
+ + 2bru + 2cyu + 2u* + 2b \ (y) — ydy 
0 


for 

0 
This inequality holds good because by (14) f’(y) > b/c and the quadratic 
form is positive definite. This assertion can easily be verified by the 
Sylvester criterion if we allow for the inequality ce? — 4a> 0, which 
also follows from (14). 


Since every positive definite form is an infinitely large function, 
our assertion as to the function, V(x, y, z, u) is completely proved. 
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The derivative with respect to time of the function V, allowing for 
system of equations (15), is 


dV 


9 


abx® — 2af’ (y) rz — cf’ (y) 2? + bz? 


It is easy to see that 


dV 
a <O for for =0, (18) 


The yu-plane obviously does not contain whole trajectories, except the 
origin of the coordinates. Thus the zero solution of equation (13) is 
asymptotically stable for arbitrary initial perturbations [2 }. 


The definiteness of the sign of the function V, and the fact that its 
derivative with respect to time is a function of fixed sign, also follow 
from the general propositions on the Liapunov functions of the type con- 
sidered, as established in paper {5}. 
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There is much theoretical and experimental work concerning detonating 
combustion of gas mixtures. Owing to the high velocity of propagation of 
jetonating waves (order of several km/sec), the experimental studies 
covered only the unsteady motion of a gas due to the propagation of deto- 
nation in an undisturbed medium, Theoretical] solutions also have been con- 
cerned mainly with the propagation of planar, cylindrical and spherical] 
detonation waves in an undisturbed gas of a constant or variable density 
[1-4]. 


Recently, in connection with the problem of burning fuel in supersonic 
flow [5-6], there has been a renewed interest in the study of detonative 
waves in steady-state flow, and reports on flow around a body of a gas 
capable of detonation are beginning to appear. 


In reference [7] is derived an equation which, for a given velocity 
and ratio of stagnation temperatures behind and ahead of the detonative 
wave, relates the velocity components behing the wave (equation of deto- 
native polar). Segment PS of a detonative polar (Fig. 1) corresponds to 
strong (or over-compressed) detonative waves where the normal component 
of velocity behind the wave is subsonic, Segment JQ corresponds to a weak 
(or under-compressed) detonative wave where the normal component of velo- 
city behind the wave is supersonic. Point J, dividing these two types of 


detonation (point J is obtained by drawing a tangent to the polar from 
point V, free stream velocity) corresponds to the Chapman-Jouguet detona- 
tion where the normal component of velocity behind the wave is equal to 
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Steady state flow of detonating gas around a cone 


the local speed of sound. Note that under-compressed waves of detonation 
do not exist [1 ] under usual conditions. 


In reference [8 ] the problem of the flow of detonating gas around a 
wedge is solved. If angle 0, formed by the side of the wedge and the 
direction of flow, is larger than the angle between the direction of flow 
and the tangent OR (Fig. 1,), then flow with an attached detonative wave 
is impossible and a detached wave is formed ahead of the wedge. At smaller 
values of @ a line formed by the side of the wedge has two points of 
intersection with the polar (points N and N’, Fig. 1). 


As in the case of a simple shock wave near point N’, velocity behind 
the detonative wave is supersonic (excluding a sma]! region in the vici- 
nity of point B), while near point N it is subsonic. As the wedge angle 
@ decreases until points N” and J coincide, i.e. 0 = 0., the Chapman- 


Jouguet detonation occurs, the velocity component of the burnt gas norma] 


to the wave being equal to the speed of sound, Then the wave coincides 
with the straight-line characteristics of supersonic flow behind it. If 
the angle is still further reduced, the detonative wave remains as the 
Chapman-Jouguet detonation, However, from the straight-line characteristic 
which coincides with the detonative wave there originates the Prandtl- 
Meyer flow in which the flow turns from angle @. in direction @ < 0; 

along the side of the wedge. In the limiting case when @ = 0, flow in the 
rarefied wave again assumes its origina] direction. In this case the so- 
lution corresponds to the propagation of a detonative wave from a straight 
line source of ignition perpendicular to the flow. An example of such a 
flow is shown in Pig. 2. 


It is experimentally easier to study the flow of stationary detonative 
waves around bodies of revolution than around airfoils. The simplest case 
of a flow around a body of revolution - a symmetric flow around a circular 
cone - is therefore examined here. 


This can be done by using the well-known theory of axisymmetric flow 
of a gas [ 9, 10 Bs According to this theory, the equation relating velo- 
city component uw in the direction of the axis of symmetry and v-norma] 
to it, is 

vv” = 1+ v’? (1) 
where the primes designate differentiation with respect to u, and a is 
the speed of sound determined from 
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Detonative 
Critical 


velocity 


(y is the ratio of specific heats, a the critical velocity ahead of a 

detonative wave, A the ratio of stagnation temperatures behind and ahead 
of the wave). The relationship between the planes uv and xy is given by 


z 


i.e. when the direction of the x and u axes is identical, the normal to 
the integral curve v(u) of equation (1) is parallel] to the corresponding 
line in the plane xy. 


In the problem of the flow of a detonating gas around a cone, the 
integral curve of equation (1) must begin on a polar of detonation, the 
equation of which [ 8 ] is 


Vui(V u) OV u)a,* 


(V — &) 1)) V? — Vu + 


(V is the velocity of the oncoming flow). According to the above relation- 
ship between the planes uv and xy, the integral curve at the initial 

point must be directed along the straight line (Fig. 3) which connects 
this point with point V. The integral curve must end at the point satis- 
fying 


Fig. 3. 


according to the boundary condition on the surface of the cone. The con- 
dition of a unique solution in the plane xy demands that, while moving 
along the integral] curve, the normal] to the curve must rotate monotonic- 
ally clockwise. 
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Equation (1) can be replaced by the geometric relation [9]: 


Here R is the radius of curvature of the integral curve, N is the ab- 
solute value of a segment of the normal to the integral curve between the 
curve and axis u, U is the velocity component tangent to the direction of 
the integral curve at a given point, i.e. velocity component v., is norma] 
to the corresponding line (Fig. 4) in the plane ry. 


Since the portion of the detonative polar to the left of J corresponds 
to the ever-compressed detonating wave, v, < 4% the integral curves de- 
scribing the flow behind the over-compressed detonating waves are initially 


convex toward the u axis. 


In accordance with the said fact about the normal curvature of the 
solution, these curves emerge from the initial point to the left and cor- 
respond to the conical compressed flow, analogous to the well-known cases 
of the flow through a shock wave around a cone. The ends of the integral 
curves, corresponding to the surface of the cone (the normal to the inte- 
gral curves at these points must pass through the origin of the coordi- 
nates in order to satisfy the required boundary condition ‘= 0), form 
segment PK in Fig. 3, analogous to the "apple" curve when A = 1. 


Fig. 4. 


At point J, which corresponds to the Chapman-Jouguet detonation, v= a; 
therefore the radius of curvature of the integral curve at this point 
infinite. 


Examining the mutual shape of the integral curve and the curves ,2 « 
(which, in the case of a perfect gas with a constant specific heat, are 
epicycloids), it is easy to show that the integral curve has an inflection 
point at J. Therefore it is possible to move from J along the integral 


a 
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curve not only to the left but also the the right while keeping rotation 
of the normal clockwise. To the latter case corresponds the beginning of 
rarefied flow behind the detonative wave, in which the direction of gas 
flow approaches the direction of the axis of symmetry. In this rarefied 
flow on each line emerging from the apex of the cone, the velocity com- 
ponent normal to the line is supersonic, and therefore each such line can 


be replaced by a conical shock wave. 


Let us examine a certain point N on the integral curve which describes 
a rarefied flow (Fig. 3) and draw through this point a shock polar, the 
initial velocity of which is ON. Point N” in the plane uv corresponding 
to velocity behind the shock wave must be the intersection of the shock 
polar with the tangent to the integral curve at N, 


From the condition of continuity in the plane xy it follows that the 
direction of the discontinuity, determined as the direction of the normal 
to the secant NN’, must coincide with the direction of the normal] to the 
integral curve at N. Since e, < aat N’, the integral curve corresponding 
to the flow behind the shock wave is concave toward the u axis and must 
initiate at N” in the direction of NN’. This curve describes a compressive 
flow and extends (as do the curves emerging from the points on the segment 
PJ of the detonative polar) to N”, where v, = 0. The intensity of the 
shock wave while approaching J reduces to zero, since at this point the 
shock polar is tangent to the integral curve. This is so because the shock 
polar and the epicycloid = 6 at this point have a common tangent to the 
integral curve. For the same reason, the intensity of the shock wave tends 
to zero when N approaches point L located on the u axis. The locus of the 
points N“. corresponding to all positions of N on the segment JL of the 
forms segment KS of the "apple" curve. 


integral curve, 


Beyond point L. the flow can be extended by various means. From this 
point, which is a singular point of the differential equation (1) (at the 
same angle as the integral curve JL), emerges a family of integral curves 
of various curvatures [9]. From the condition that the solution in 

the plane xy does not change sign, it follows that for the extension of the 
solution corresponding to the integral curve JL, those integral curves 
which at this point have curvature of an opposite sign than the curve JL, 
should be utilized. These integral curves describe a compressed flow con- 
tinually adjacent to the rarefied flow JL. The ends of the integral curves 
which satisfy the condition = 0 form the remaining part of the “apple” 
curve. 


The possibility of the continuity of the rarefied flow described by 
the integral curve JL with various compressed flows can be justified by 

the fact that the boundary line of the rarefied flow corresponding to the 
point L is a characteristic. 
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Detonative 
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The preceding analysis indicates that the flow of detonating gas around 
a cone may have several aspects. For each cone angle smaller than a cer- 
tain limiting value of Chsens depending upon Mach number A and y, there 
can be two regimes of flow around the cone with an attached wave of deto- 
nation. Evidently, as in the case of an inert gas, in a free-stream flow 
of a detonating mixture around a cone, there will be a regime which cor- 
responds to a weaker detonative wave. If the cone angle is less than _- 
but more than or equal to @. (Pig. 3), then between the detonating wave 
and the surface of the cone a continuous compressive flow (at 0 > @. the 
wave of detonation will be over-compressed) takes place. This case is 
quite analogous to the well-known flow of an inert gas around a cone with 
an attached shock wave. Since the velocity component normal to the rays 
is subsonic in this flow, the characteristics outgoing from the surface 
of the cone or from the Mach line (if it exists) touch the wave of deto- 
nation, and when the cone angle is changed the angle of the conical wave 
of detonation also changes. The mechanism of the flow is shown in Fig. 5. 


When the cone angle is less than @., between the wave of detonation, 
which remains unchanged and corresponds to the Chapman-Jouguet detonation, 
and the compressed flow near the surface of the cone there originates a 
rarefied conical zone bounded by a shock wave. As the cone angle decreases 
the width of the rarefied zone grows, while the intensity of the shock 
wave first increases and then begins to decrease. When @ = 6. the width 
of the rarefied zone is maximum, and the shock wave which bounds it de- 
generates into a characteristic. The flow on this characteristic is along 
the symmetry axis of the flow and changes its direction continuously in 
the compressed wave until the required direction is reached. When the 
angle @ is decreased still further, the intensity of the compression wave 
reduces and when the cone angle is zero it disappears entirely. Then, be- 
hind the conical zone of rarefaction, the flow advances along the axis of 
symmetry. This limiting case corresponds to the propagation of a detonative 
wave from a point source of ignition and also describes the flow of a de- 
tonating gas around an arbitrary finite body (including a cone when 
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max) at @ great distance from the body. 


Critical compression Detonative - 
velocity ritical 


Detonative 


Fig. 6. Pig. 7. 


Since in the conical wave of rarefaction vn > a disturbances coming 
from the surface of the cone along the characteristics cannot penetrate 
this region or influence the location of a detonative wave. 2 


Flows with a rarefaction wave with and without a shock are shown in 
Figs. 6 and 7 respectively. 


The fact that, as against the case of the rarefaction wave in a planar 
flow, inside the conical zone of rarefaction the formation of conical 
shock is possible, is connected with the peculiar behavior of the charac- 
teristics in the conical wave of rarefaction (compare Figs. 2 and 7). 


The motion of a cone in a detonating gas in the presence of a shock 
behind the wave presents an interesting example of a flow in which there . 
are two gaps between particles moving in the same direction: the detona- 
tion wave propagating so that the particles of gas behind it have a normal 
velocity component equal to the speed of sound, and following it the shock 
wave which propagates supersonically with respect to the gas particles 
ahead of it. 


In conclusion let us note that when the velocity of the detonating 
mixture is much higher than velocity of the propagation of the detonative 
wave, the problem of the flow around a cone can be reduced approximately 
to the problem of the expansion caused by a cylindrical piston moving with 
constant speed in a detonating gas [11 ]. 
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We consider the one-dimensional] axisymmetrica] unsteady motion of an 


electrically conducting perfect gas, subject to the force of Newtonian 


gravitation. We wil] assume the conductivity of the gas to be infinite, 


the magnetic field perpendicular to the trajectory of the gas molecules, 


and the viscosity and thermal] conductivity negligible. 


to the axis 


The (1) 


of symmetry; (2) concentric circles with centers on the axis of symmetry; 


magnetic force lines may be: straight and paralle}) 


(3) helical lines. 


Let H, be the component of the intensity vector along the axis of 
symmetry, and Hy, the transverse gomponent of the same vector. We introduce 
the notation h, - H,* 1/87, hy, HH,” 1/8, Then in case (1) above we will 
have h_ # 0, h,= 0; in case (2), h 0, hk, # 0: and in case (3), h, % 0 


and hey 0. 


The equations of magneto-hydrodynamics for these cases may be written 


in the form 


(h. Gmo). 


dal or r 


dm 


dr 


t the time, wv the 
velocity, p the density, p the pressure, m the mass, G the gravitational 
constant, and y > 1 the Poisson coefficient. We shal] assume that the 


Here r is the Euler coordinate of the particle, 


velocity v of the gas particle is proportiona!] to its distance r from the 
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axis of symmetry. That is, 


(2) 
where w(t) is an arbitrary function of time, and w’(t) is its derivative. 


The linear dependence (2) of the velocity on the radius has been used 
previously in the work of Sedov (1, 2, 3), Lidov [4 }, Kulikovskii [5 }, 
Iavorskaia [| 6 and Korobeinikov {7 


It can be established by direct substitution that system (1) has the 
following particular solution: 


[b;P 


where w(t) satisfies the equation 


Here b, and 6, are arbitrary constants and P(€) an arbitrary function 
such that its derivative P’(€) > 0. The function P,() is related to P(é) 
by the relation 


& is the Lagrange coordinate. In the particular case where hy, = 0, the 
function P(é) has the form P(é) = aé e. where a, is a constant. This 


case, and also the case where h, =0, and P(é) ait? + a,, where a, and 


a, are arbitrary constants, were derived and investigated by Iavorskaia 


[6]. 


A solution was obtained for case G= 0 by Kulikovskii, who investigated 
it in detail, for case h, = 0. We proceed to a consideration of the be- 
haviour of function f(z). Its form depends on the magnitudes of the con- 
stants and b,; and it distinguishes different types of motion 
of the gas. 

Case b, > 0 gives the motion described in reference [6]. Also, if 
b. = 0, function f(z) has the same form as in reference [5 ]. Consequently, 
in that case, the same motion of the gas is possible as was considered in 
reference [5]. For b, < 0, b. # 0, the following cases are possible: 
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In case I the type of motion depends on the number of roots of function 


f(u) and their distribution. 


(1) If for function f(z) there is one double root Hy = 1, the gas will 
exist in the state of unstable equilibrium, 


(2) If the double root pw, # 1, a limit motion of the gas can exist, 
that is, expansion (or compression) of the gas at infinite time up to some 
finite volume of radius r = &p,. For this, v + 0 as t + ». 


If the limit motion does not exist, there will] also be the following 


possibilities 


(2a) For Ho > 1 and v, < 0 complete compression of the gas takes place 
to the axis of symmetry, in finite time. 


(2b) Por pz 1 and v% > 0, the expanding gas reaches the limiting 
distance r = Re from the axis of symmetry; and thereafter, under the 
action of the force, a reverse motion starts; that is, a complete com- 
pression of the gas takes place to the axis of symmetry, at infinite 
time. If in this case we assume that at the moment of constriction of the 
gas the velocity changes discontinuously, we have an example of pulsing 
periodic motion of the gas. 


(2c) For pz, < 1 and v, > 0 a complete scattering of the gas would take 


place in infinite time, with the velocity v + ~ as t + », 


(2d) For Ho < 1 and v, < 0 the gas is initially compressed to some 
volume with radius r = Epo, and thereafter is completely dispersed. 


(3) Function f(z) does not have roots. Then for v, < 0 the motion is 


analogous to case (2a), and for v, > 0, to case (2c). 


0 


(4) Function f(p) has two roots H, and p,. If Hy < By < 1, there will 
be complete dispersal as in cases (2c) and (2d). If 1 < Hy < Hos there 
will be complete condensation, as in cases (2a) and (2c). 


In case (2) we have f(z) > 0. Complete dispersal of the gas occurs as 
in cases (2c) and (2d). 


For b, = 0 and b. = 0, motion of the types (2a), (2b), (2c), (2d) and 
(3) are possible. In the cases when the gas is dispersed, the velocity 


— 


v> Ey b, as t +» ow. Detailed investigation was carried out in the book 


>0, b5<.0, +>2 >0, 65<0, +<2 
I | bh<0, bb>0, b<0, >0, 
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have the following cases: 
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b, < 


In case 3 the same motion is possible as in case (1), except that for 
complete dispersal, v + & y¥ 6,. In case (4) the motion exists just as in 


case (3), except that v + & b, as t + 


In case (5) we have complete dispersal of the gas (see (2c), (2d)) but 


v+ Ey b,, as t + 


In case (6) complete condensation of the gas takes place in a finite 
period of time, as in cases (2a) and (2c). 


In case (7) a periodic oscillation of the gas takes place with a 
period depending on the quantities b. b., b. and 6,. In special cases, 
where f(z) has double roots, we have stable equilibrium of the gas. 


From the research presented here, it is evident that in the presence 
of gravitational force and the magnetic field with spiral lines fo force, 
complete dispersal of the gas is shown to be impossible, if b. > 0. Also 
if b, < 0, dispersal is shown to be in some cases possible and in some 
cases not possible. In the particular case when the magnetic field di- 
rection is along the axis of symmetry, dispersal of the gas is not 
possible [6], because b, > 0 for hy, = 0. In the other particular case 
when the magnetic force lines are essentially closed concentric circles 
(h, = 0), for 6, < 0 dispersal is possible, and for 6, > 0 it is not. 


We remark in conclusion that in the case where y = 2, equation (1) 
permits of an exact particular solution, containing two arbitrary func- 
tions: 

P’ (=) 


ru 


fe, P(E)— 11 (=) + 
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where c,, «++, are arbitrary constants, P(é) and '1(é) are arbi- 


trary functions. A solution with two arbitrary functions can also be 
obtained for y = 1. 


Note added in proof. After this paper had been submitted for publica- 
tion, the author discovered that a solution analogous to (3) had also 
been published in a recent paper by McVittie [8]. Analysis of the possible 
motions of the gas is missing in reference [es]. 


The author is indebted to Korobeinikov and Kochina for several valu- 
able comments. 
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LEGKOVA 
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Fal’kovich [1] has derived an exact solution of the problem of the out- 
flow of a compressed gas with subsonic velocity *, in a jet from a syn- 
metrical rectangular vessel! of finite width AH through an orifice of size 
h (Pig. 1). This note presents a detailed analysis of the flow field 
described by this solution. For T, ¢re T; the latter has the form: 


72)Z,,(7) 


vector w with the x-axis, «x is the adiabatic exponent, and T and T, are 
the velocities of the gas corresponding to the interior of the vessel 
far from the orifice and in the jet respectively. 


If by h” we designate the width of the jet at infinity, for the out- 
flow Q we have 


Q = wy (1 — t%2)* h’ (2) 


The quantities ZT) and Cnr) introduced in (1) are linearly independent 
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where wv is the stream function, @ is the angle formed by the velocity 2 
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Outflow of a gas jet from a wessel of finite size 


integrals of the equation 
(1—t)y,” + t[1+(8 —1)t)y,’ — [1 — (28 + 1) y, = 0 (3) 


the first of which is known in gas dynamics as the Chaplygin function 
[2 }, bounded at the point r = 0, 


£0 


1. Pollowing from solution (1), the coefficient of contraction of the 
jet is given in form[1 ] 


1)" Z,,"(*o) 


| Z(t) (4) 


and k. indicates the coefficient of contraction for infinite width of the 
vessel, r, = 0 (H= ), analyzed in detail by Lighthill [3]. Thus (4) 
shows the influence of the width of the vessel A on the form of the jet 
in all ranges of speed of the gas within it (0< rs < r,) including the 
speed of sound (2B + (for air, 1/6). In particular, for in- 
compressible liquids 

= 2", 
and as a result of the summing of the series of (4), it is not hard to 
obtain 
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The computations according to formula (5) and (4) were carried out 
‘ with precision up to the fourth place after the decimal point. The results 
$ of the computation are presented in Tables 1 and 2; and in Fig. 2 they 


are presented graphically. 


In the computations, the values of the functions Zr) and Zz, «) were 
taken from the tables of Lighthil! [3], in which n< 7. For n> 7 the 
asymptotic formulas of Lighthil) [4 ] 


{ 


Z_(t.)=al2n) *e"™ 144+ O \\ 
n n { 


a = (x41) 


and of Seifert [5 ] were used. 


ens 
(7) 


\ 


. a In view of the inadequacy of the tables (3) of Z,, (0.0025) and Z,,° (0.01) 
! for n< 7, they have been computed directly from the hypergeometric series 
: which comprise these functions (2). In the case of r, nearly equal tor,, 
the convergence of the series in (4) was improved by the method of deriv- 
ing an asymptotic series from it. This latter, as can readily be verified 
by means of formulas (6) and (7), up to a multiplicative constant has the 
form 


— In [1 + 


2. As has been indicated, for sonic flow r =f, the jet straightens 


out at finite distance from the orifice, and downstream of the orifice a 
constant flow is established with a velocity equal to that of sound, 


~= 6. This distance may be determined by use of solution (1) and the 


formula for transformation to the physical plane (2) 


cos 


w 


q _, sind 


w 


“ 
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Outflow of a gas jet from a vessel of finite size 


TABLE 1 


0 
0 0.05 0.3577 
Incompres- 20 6614 
sible 0.49 | 0.8479 


liquid 0.60 0.9425 
0.30 | 0.9885 


1.00 1.0000 


If we take into account Chaplygin’s equation [| 
2t ay 
an 
in the jet, equation (8) gives 


cos 


dr 


@, (1 


Introducing (1) at this point, and integrating over the segment (0,7/2), 
after computation we obtain the following formula for the length of the 
portion of the jet in which equalization takes place: 


or, as a result of the substitution of (2), 

ike, 

(9) 
4n2 


Whereupon, using the fact that the Wronskian of two linearly indepen- 
dent solutions of (3), Z, and ¢, is expressed in the form 


h 


W(Z,,, 


the function x, ,) may be introduced 


n 


Hence, in the particular case of infinite width of the vessel (r 5 


i Hn \*s 


Z(t) 
n=1 
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‘ TABLE 2, 
a 0.6233 0 0 0.6364 
0.0025 0.5543 6668 0.0025 0.4184 0.6580 
2 0.02 | 0.04 0.9091 0.7973 0.04] 0.01 0.7312 0.7246 
. 0.02 1.0000 1.0000 0.02 0.9174 0.8115 
0.04 1 1.0000 
: .6504 0 0 0.6654 
0.0025 0.3559 0.6653 0.0025 0.3196 0.6770 
0.04 0.6548 0.7097 0.01 0.5968 0.7116 
0.06 0.02 0.8340 0.7683 0.08 | 0.02 0.7740 0.7565 
0.04 0.9725 0.8849 0.04 0.8432 0.7818 
0.06 4.0000 1.0000 0.06 0.9878 0.9251 
: 0.08 1.0000 1.0000 
0 . 6988 
- 0.0025 0.2957 0.6914 0,0025 0.2792 0.7073 
2 0.01 0.5574 0.7200 0.01 0.5291 0.7324 
. 0.10 0.02 0.7308 0.7572 0.12 | 0.02 0.6988 0.7646 
e 0.04 0.8979 0.8277 0.04 0.8698 0.8251 
2 0.06 0.9672 0.8928 0.06 0.9478 0.8798 
. 0.10 1.0000 1.0000 0.08 0.9831 0.9281 
0.12 
0 0 0.7175 0 0 0.7447 
: 0.0025 | 0.2670 0.7252 4 | 0.0025 | 0.2554 0.7516 ; 
4 0.14 0.41 0.5108 0.7438 Fs 0.01 0.4882 0.7719 : 
4 0.02 0.6747 0.7766 0.02 0.6513 0.7977 
FE 0.04 | 0.8476 0.8303 0.04 0.8254 0.8454 
: 0.08 | 0.9724 0.9204 | 0.06 0.9135 0.8877 
Fy 0.10 | 0.9908 0.9557 | 0.08 0.9601 0.9244 
bi 0.14 1.0000 1.0000 | 1/6 1.0000 1.0000 
0 0.6007 
0.0025 0.2554 0.6007 
0.01 0.4882 0.6007 
0.02 0.6513 0.6006 
0.04 0.8254 0.5911 
0.06 0.9135 0.5677 
4 0.08 0.9601 0.5307 2 
0 = 


The computations according to formulas (9) and (10) are carried out 
in a manner analogous to Section 1. The value of the function Zz, & ,)/ 
Zz, ,) is derived from the author’s asymptotic expression [6 ] 


: 
¥ 
| 


Outflow of a gas jet from a vessel of finite size 


fo | +1)" 


Z 


(2n)' + 
v(0) 10(x +1)’ 2t, 
where v(x) is Airy’s function [7]. For improving the convergence of 
series (10), the method of evaluating an asymptotic series was used, which, 
as follows from the previous case, has the form, up to a multiplicative 
constant, 


Fig. 3. 


where C(x) is the well-known zeta function of Riemann [8]. The results 
of the computation are presented in Table 3 and in Fig. 3. They show in- 
teresting properties in the magnitude of the outflow of the constant 
sonic flow from the orifice. In particular, with decrease of width of the 
vessel to h/H = 0.65, the ratio x /h remains constant, and only with the 
approach of the vessel towards a tube (h = H) does it fall rapidly to 0. 
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ON THE SIMILARITY OF HYPERSONIC VISCOUS 
FLOWS AROUND SLENDER BODIES 


(0 PODOBIIT PRI OBTEKANIIT TONKIKA TEL VIAZKIN GAZOM 
PRI BOL’ SHIKH SVERKHAVUKOVYKH SKOROSTIAKA) 


PMM Vol.23, No.1, 1959, pp. 193-197 


VvV.V. LUNIEV 
(Moscow) 


(Received 20 November 1957) 


The equations of the laminar boundary layer on sharp flat and axisymmetric 
bodies are considered for high flight Mach numbers MW. For the flat plate, 
similar equations have been studied by Shen [1] and Lees [2]. Criteria 
for the extent of the influence of the boundary layer on the outer in- 
viscid flow are established for 4 >1. For thin bodies, conditions for 
the similarity of the flows are determined. 


1, Let (x, y, 6) be the curvilinear coordinates, where y represents the 
x the distance from the nose along the body 


surface, and @ the meridional angle. Let uw and wv designate the x and y 


distance normal] to the body, 


components of the velocity, respectively, r the radial distance from the 
axis of symmetry, and R the radius of curvature of the body profile r 


ra(*)- The components of the velocity-deformation and stress tensors then 


have the form (3), (4): 


usin § + rcos 


= — Adiv V =—p+rdivV + 2ue,, 
Pop = —P + AdivV + 2ue,,, xy’ Pye = 9 


Here V is the velocity vector, and m# and A are the coefficients of 
viscosity. Denoting the unit vectors in the directions of x, y, and @ by 


and ky, we obtain: 


. 
| 
xx Ri y \ Or R) Cuy 7 dy 
er ar 
= 0, sin 6 cos 6 Py 
1 
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Py +kyPyy Po ku + 
ak k, ak dk, Ok, @k, ak 


9in@, = —— = —— = 0) (1.2) 
° oy oy Ox oy 


y Ok, 
—— =k, cos6, cos6 


The laws of conservation of momentum, 
differential fluid element, 


energy and mass, 
yield the equations: 


|+ + | 


ry / y fu \ fa] 
(1+ div( gradi) + (rp,-V) + 


applied to 


fa] y \ fa) y 
+ <I, (1 +7) py¥ 1+ (1.4) > 
a a R fa) y 
r(R+y) 3 + I 0 (1.5) 


In these equations p, ¢«, i, and o represent density, internal energy, 
enthalpy, and Prandtl! number respectively. 


With the aid of (1.3), (1.5) and the obvious equality 


de_ di { dp 
at at div V 


the equation (1.4) can be transformed into 


R+y di \ 
4 
Roy 


ov 
+ pri i- + + div( gradi + 


ay 


av 


)Py Ps (1.6) 


Substitution of (1.1) and (1.2) into (1.3) and (1.5) leads to the equa- 
tions of motion of a viscous, heat-conducting gas in curvilinear coordi- 
nates in an expanded scalar form. In the limit r+ o, these equations 
transform into the equations of two-dimensional flow. Let the thickness 
ratio and length of the body be of the order of 8 and |, respectively, and 
let the region in which viscous effects are significant have the dimension 
Then, 


z~l, y~ 8, u=V_, 1, r~Bl+8 


Subscripts o and » refer to the values in the undisturbed stream and at 
the body surface respectively. 
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We will assume that 5/!I << 1, 1/R << 1. Then, using customary estimates 
of relative magnitudes and neglecting terms of the order (8/1 + 1/R) (6/1), 
the equations (1.3)-(1.6) of motion are transformed into: 


(1.7) 
(1.8) 


(1.9) 


A (r'pu) (1.10) 
oz oy 


Here v = 0 corresponds to the two-dimensional case and v = 1 to the 
axisymmetric case. We will postulate 
p i, 


“ 


co ( 

We will assume that cooling, if any, will not change the order of 

magnitude of the temperature in the boundary layer.* Then, designating 

the order of magnitude of the shock angle at the nose by a, in this layer 

we will have 


\* 2.2 2 


oo 7 Pn ® 


(1.12) 


Let Wp represent the flux of mass crossing the plane x= Il, which is 
intercepted by the bow shock wave, and v, the influx of mass into the 
boundary layer. Then 


Yo _ ~ + — 


Clearly, whenever 5/1 << 1, the ratio vb, /V is small and there aust 
exist a region of flow where the influence of viscosity becomes insigni- 
ficant?* It follows therefore that 


a~i/M_+38/148 


* When co = 1, >> 1 and i, = 0 in the two-dimensional case 
M2 u x 


** In the two-dimensional case this fact has been established by 
Stewartson [5 ] on the basis of the solution of equations (1.7)-(1.9). 


Ou du’ Op a/ du 
or — + — L. 
_{ Ov Ov \ , Op 0 f 
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On the basis of (1.12), the inertial and viscous terms in (1.7) are of 
the order of 


2 2n 


(8 + Bl)” 


2 V 2n (8 + 18)" 
x l 1)C 2 


respectively. In the viscous layer the ratio of these terms must be of 
the order of unity so that 


Vp, *(1 2)’ 


8 


R 


where Ap is the pressure drop across the boundary layer. 


In this manner, equation (1.8) can be altogether neglected in the 
viscous region and equations (1.7), (1.9), and (1.10) will represent 
Prandtl’s equations for compressible gas generalized to the case of axi- 
symmetric flow. When 8/r. << 1, we may set r= r,(*), and these equations 
take on the generally accepted form (6) with v = 1. 


Let us introduce the parameter K = 8/A 1, which characterizes the 
relative influence of the boundary layer on the flow in the inviscid 
region. (When K << 1 the influence of the boundary layer is negligible in 
comparison with the influence of the body itself; when K >> 1 the bound- 
ary layer plays the dominant role in shaping the outer flow. ) 


It follows from (1.13) that 


K ~ - ( = (1.14 
(1 + MBA) > ‘ oo Re ) 


In this manner, the influence of the boundary layer on the outer flow 
depends only on the relationship between the parameters® y anc wp. 
Through equation (1.14) the cases 


MB (1+ MB), x > + MB) 


correspond uniquely to the cases 


K~1, K>1 


* The present parameter y differs from that in [1] and [2] only by a 
constant multiplier. 
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Simultaneously, the condition 8/1 << 1 will automatically be satisfied 
for arbitrary bodies in the first case, and for thin bodies for the other 
two cases. For the case K >> 1, the parameter K together with Mf no 
longer represents the determining factor and is replaced by K, = w 5/1 
because it is the interaction between the boundary layer and the Mach cone 
which emerges as the dominant flow phenomenon. 


From (1.14) it follows that K, y/(1+ K,) and with 5/1 << 1 we must 
have K, << Mw. This last case includes the flow around the flat plate 
{2], [5] when B<< 1. 


Analysis of all possible combinations leads to the following general 
formula, which contains as special cases those just discussed: 


8 | 
~ Br = 1+ + 


In the inviscid region the flow is described by equation (1.8) without 
the viscous terms, by equation (1.10) and by the adiabatic energy equa- 
tion in which [7] we set u = ¥ when the body is slender. 


2. As in Section 1, let us assume that the flow between the body and 
the bow wave is divided into the viscous and the inviscid regions by the 
sharp boundary r = rg (x), which must be determined by the simultaneous 
solution of the appropriate equations in both regions. This latter assump- 
tion is well borne out when M_>> 1. For instance, for the flat plate 
(cone) with o = 1 and «x = 1.4 


2 


(are = const + 0.484," 

Here é is the Blasius variable and the subscript refers to the quanti- 
ties at the dividing surface. The edge of the boundary layer corresponds 
to&=4.3 5.3, where w/a, = .97 .995. It is clear that changes of ¢ 
within these bounds correspond to small changes in y with the order of 
magnitude given by A y/y 2/(k - im, Analogous results were obtained 
by —e [5] for the case of pressure variation p Q 93/24 Q, + 
x ). 


Let us introduce the dimensionless quantities 


P 
Po Poo * (Ba 


+ 


+ 1(By + 8) 

Also, let us set p = p/p, and T = T/T, in the inviscid region, and 
27 and i, = 2i/(«k - in the viscous region. The equations 


then become 


| 

| 

, 

— 

— 
V., (3s + 
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4 

: in the inviscid region, and 

4 in the viscous region. 
: The continuity equation remains unaltered. 

; The boundary conditions at the shock wave have the form 

2 (x— 1) { (x + 1) 

: where r (x) represents the shape of the shock wave. 

‘ At the dividing surface between the two regions, r, = rog(s,), we set 
us = 1, ig at (2.4) 
; Here 4 and v,, correspond to the velocity components in the inviscid 
z and viscous regions respectively. At the body surface dimensionless bound- 
F ary conditions read: 

ig = t,, (zo) OF = (29) at y=0 (2.5) 

‘ With the exception of the last of conditions (2.4), all the equations 
e and all the boundary conditions contain only the two flow parameters y 

oi and Mf (in addition to the dimensionless body profile and wall tempera- 
es ture variation) because @ itself depends on y and MB. The last condi- 
® tions (2.4) contains M_ alone. However, this condition states that 

= + (Br + t ( 2.6 
(e— 1) M2, 1 a 0 = (2.6) 
e Within the boundary layer i, = 1, Therefore, the decisive role in the 
# determination of the temperature profile, and hence of the other viscid 
4 and inviscid quantities, is played by the processes of dissipation and 

; heat conduction, and with respect to the overall formulation of the 


¥ 
- 
> 
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problem the last of conditions (2.4) is immaterial. 


We can thus put forward the following similarity rule for the flow of 
a viscous heat-conducting perfect gas around slender bodies at 


For bodies with similar shape ry (2) = r,(z)/Bl and similar dimension- 
less wall temperature distributions i,(%) or A(x) in (2.5), the dimen- 
sionless quantities Por Pye are functions only of the dimensionless 
coordinates i) and Yoo and of the parameters y and wp. Furthermore, the 
dimensionless shock shape r 9 and edge of the boundary layer 
depend only on y and Wf. 


When the flow field about an arbitrary body is known for a given set 
of conditions, it is possible to compute the flow field under different 
conditions around a body obtained by affine transformation from the 
original body subject to the conditions Mf = const, y= const. 


The known [8 ] hypersonic similarity rule for inviscid flows emerges 
as a special case of the proceding rule when y << wpa + WB) i.e. 
when B, << f. 


When B, >> B, the parameter Mf becomes unimportant and the flow is 
determined by y. 


It should be noted that the similarity in the boundary layer is dis- 
turbed near its outer boundary where [ (x — 1)/2 /up*) 1, and 
consequently the ratio T/T 5 is of the order of unity (even though it 
exceeds unity in magnitude). In this region we cannot neglect condition 
(2.6). Furthermore, the ratio (Op/dy)/(Op/dy), (where the subscript 1 
refers to the inviscid region) is on the order of Ts /T 1. Strictly 
speaking, this means that the system of equations of the boundary layer 
should be supplemented by equation (1.8) without its viscous term, How- 
ever, as discussed earlier, the relative size of this zone is small, and 
hence its influence on the overall flow is unimportant. 
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SELFSIMILAR MOTIONS OF GAS WITH SHOCK WAVES, 
SPREADING WITH CONSTANT SPEED INTO GAS AT REST 


(AFTOMODEL’ NYE DVIZHENIIA GAZA S UDARNYMI VOLNAMSI, 
RASPROSTRANIANSHCHIMISIA S POSTOIANNOI SKOROST’ IU 
PO POKOITASHCHEMUSIA GAZA) 


PMM Vol.23, No.1, 1959, pp. 198-200 


G.L. GROZDOVSKII, A.N. DIUKALOV, V.V. TOKAREV 
and A.I. TOLSTYKH 


(Moscow) 


(Reveived 1 September 1958) 


The class of solutions of selfsimilar uniform motions of gas discovered 
by Sedov [1] in connection with the "theory of planar sections" has led 
to the study of a number of practically important hypersonic flows, such 
as the flow around blunt bodies of revolution with profiles in powers of 
distance from the nose [ 4 F [5 Be the flow corresponding to a parabolic 
shock wave in a diffuser [6], etc. 
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In studies of flows in ducts, those with shock waves propagating into gas 
at rest are of special importance. Sedov [1] has investigated two partic- 
ular cases of selfsimilar motions when the pressure P; and the density p; 
in the quiescent gas are given: (a) the problem of a piston which moves 
with constant speed after a sudden start; (6) the problem of focussing on 
to a point for which the initial velocity of all particles is concentric 
and of constant magnitude. We will examine all flows in which the shock 
waves propagate with constant speed Uy. We will seek the variations of 

the speed v, the density p and the pressure p. The independent variables 
are the distance coordinate r, and the time t, while other dimensionally 
independent parameters are the density Ps of the gas at rest and the speed 
u (the dimension of the pressure Py being dependent according to [p,) = 
[pJCu, 7) ). The similarity solution will be a function of the dimension- 
less combination A = f r/u,t, and is determined from the integration of 
the system of equations (1) (for the sake of .definiteness we discuss the 
case with cylindrical symmetry): 


Z 1) 1)} 2) —2Z 
(Vv 


- 


xP 
R 


p PO), a= 


In the quiescent gas ahead of the shock (right-hand corner of Fig. 1 of 
the V, Z plane) we have: 


| 

\ 

t ft 23 
cane 
Fig. 2. 

4 

4 

. di — 27) 
where 
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Z,— 


while points (V,, Z,) corresponding to the possible states immediately 


behind the shock lie on the segment of the parabola 


(2) 


between 


The integral curves, which represent the solutions of (1) and there- 
fore the selfsimilar motions of the gas behind the shock wave, all issue 
from the points on the parabola. Examples of such curves are shown in 
Fig. 1. Pour modes of motion correspond to the class of solutions under 
investigation: (a) flow behind a diverging shock propagating into a 
quiescent medium [1 ], (the piston problem, Zz, < 1.0 and ¢ > 0); (6) flow 
in front of a diverging shock which leaves the gas quiescent behind it- 
self [1 ] (the focussing problem, Z, > 1.0 and t > 0); (c) flow behind a 
converging shock propagating into quiescent gas (Z, < 1.0 and ¢ < 0); 

(d) flow into a converging shock behind which the gas comes to rest 
(Z, > 1.0 and t < 0), 


Note. When the intensity of the shock wave, used as parameter, is de- 
creased, the initial points of the integral curves approach point A in 
Fig. 1. The dotted integral curves issuing from A correspond to nonsta- 
tionary isentropic expansion and compression flows. The corresponding 
stationary axisymmetric flows are found in the supersonic conical flow 
regions aroung the sterns of ships [7] and in the supersonic conical 
compression diffusers [8 }. 


Flows of the type (6) and (d) in the V, Z plane of Fig. 1 are bounded 
by the parabola Z= (V— 1)?, which corresponds to the speed of sound. 
There are corresponding limitations in the physical plane, Pig. 2. For 
all the cases under consideration, the physical motion is represented in 
Fig. 2, shock motion by continuous lines and particle (piston) motion by 
striated lines. Fig. 3 shows the corresponding instantaneous dimension- 
less spatial distributions of velocity, density, and pressure. 


The unsteady cylindrical flows investigated can be utilized to deter- 
mine steady axisymmetric hypersonic flows on the basis of the "theory of 
planar sections’ [2 F [3 ]. In the unsteady problems the Mach number all 
characterizing the motion of the shock into the gas at rest is 


M 
xP) 
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In the related stationary problems this same value of M, corresponds 
to the component normal to the shock wave. 


The results of computations by this method of cone angle 6,, shock 
angle 6. and the usual pressure coefficient p = 2(p,” — P,)/KM p, at the 
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cone, for case (a) are shown in Fig. 4. As a check on accuracy of the 
method, comparison is made with exact solutions for the cones (circles in 
Fig. 4) corresponding to conditions P,/ Ps = 3.16, r, 728, with 


Z, = .4 and al = 1.58. 


~ 6, 
uv 
Pig. 4 
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Starting from a certain simple tractable solution of a system of equa- 
tions of the Chaplygin type for the plane motion of a gas, a method is 
presented by which other systems of equations of a type containing arbi- 
trary constants in their coefficients can be obtained. By selecting the 
constants it is possible to obtain good approximations to the equations 
of adiabatic gas flow over a wide range of velocity variation. Peres 
[1,2] has proposed a similar method. 


However, with the transformations employed in [i] and [2], important 
properties of the initial solutions are not preserved. In our work, after 
the application of each Legendre transformation and the generalization of 
the functions which generate the coefficients of the system of equations, 
the inverse transformation with these generalized functions is applied. 
As a result, such important properties of the initial flow as continuity 
of the subsonic flow into the supersonic domain and uniformity of the 
flow at infinity are preserved. The method is applied to gas flows with 
transition through sonic velocity. The Tricomi equation is taken for the 
initial equation, A better approximation to real flows is obtained over 
the range of relative velocity variation 0.1 <A < 1.2. The calculation 
of a family of nozzles is given. 


1. Presentation of the method. From the condition of total differ- 
entials of the expressions 
cos (A) de, sin 82, (A) dv = dz, (1.1) 
sin oP, (A) doy + cos §Q, (A) dv = dy; 


where P, (A) and Q, A) are certain given functions of the independent vari- 
able A, the following system of equations for the unknown functions 
(4, A) and 6, A) can be derived: 


Qi(?) Ov 


Pyar) 


4 
2 
| 
\ 
| 
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In canonical form the system (1.2) has the form: 


Formulas (1.4) can be transformed into the form 


dl’, 


According to the behavior of functions P,(A) and Q, (A) and their 
derivatives, system (1.3) and formulas (1.5) are taken together with 
either the upper or lower signs in front of y K,. 


In particular, with 


Q(a) = (1.6) 
z : the system (1.3) is the Chaplygin system of equations for the plane motion 
- of a gas. For this case the functions @, = ¢& and t/, = ts will be the velo- 
. city potential and the stream function, x, = 2 and y, = y the Cartesian 


coordinates of the plane of flow, @ the angle at which the velocity vector 
inclined to the x-axis, A the magnitude of the relative velocity, and 
= (kK + 1)/(kK — 1). With (1.6) 


i 


1 
and the upper signs must be placed in front of vy K in formulas (1.3) and 
(1.5). 'The canonical form of the Chaplygin equations is convenient for 
investigation and was first widely used in the work of Khristianovich 


p [4,5,6 ]. With a given function \ K, (a) system (1.3) can be obtained with 
[ various functions P, and Q,. In fact, with a given function VK, formulas 
: (1.5) represent a system of equations with respect to P, and Q,- Eliminat- 
ing one of the unknown functions, we obtain a linear differential equa- 

z i tion of second order with respect to the other unknown function, There- 

’ fore, in general form functions P, and GQ, will depend on two arbitrary 
constants which do not enter into the expression for y K(o). 


We will now present a way of obtaining from the system of equations 

4 (1.3) analogous equations with new arbitrary constants contained in their 
coefficients. We pass from the functions py: Uy, to the functions ®, ¥ 
with the help of the Legendre transformations: 
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= UG UG Uv 
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a(2) \| (1.4 
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dts, 
CV K,P Q, == -FV AK, 1.5) ; 
ds dc 
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We have 


P; cos 9, )sin 9, n=Q; 112) cos (A) sin & (1.10) 


If in system (1.9) we pass from the variables u,, Vie Pye ty to the 


independent variables @, A and then further reduce to canonica) form, we 
finally obtain 


The functions Pi (A), Q, A) are a particular solution of the system of 


equations 


( (A) QS) 
\ P30) PFO) 

where P,* and Q.° are the unknown functions, The system (1.12) is trans- 
formed to the form 


‘ dp,* 
+ de (Pe 


ds 


{ 1.14) 


d*p,* diny, dp.* 
do? + “de do 


Employing the Liouville formula to calculate the general solution of 


equation (1.14) and taking (1.13) into account, we obtain 


p:* + a;J;), J; VR da 
0 
a 


q.* qi (i + a,J»), J \ V K, (1 15) 


where Po and Q59 are the values of P, and Q, with o = O(A = 1), and a, 
is a constant of integration. The functions e,° and q,° are calculated to 
within an arbitrary constant factor which does not affect the generality 
of the investigation. By an inverse transformation from the functions ®, 


Y to the functions $5. Ws, according to the formulas 
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= (A) cos 9, p.* (A) sin 9, $, = (1.17) 
we arrive at the system of equations 


OP2 
Ov 


(A) Q2*’ (7 : Vi 1+ a,J; 9 


VK, 
The function VK, may contain two more arbitrary constants than Vv K,. 
The second essential constant c, is contained in functions P, and Q, 
if they are computed with the general solution of system (1.5) for a given 
function y K,(@). 


Increasing by one the indices in (1.1) and (1.5), we obtain formulas 


for computing the plane x Y> which corresponds to system (1.18), and 


we also obtain a system of equations for functions P, and Q,, which are 
computed from their particular solutions P, = P,*, Q, = Q,°. To within 


an arbitrary constant factor we obtain 


c 


where Poo° and 9o9° are the values of P,* and q,° with o = 0, and c, is 

a constant of integration. This method of acquiring constants can be 
continued farther. Increasing the indices in (1.19) by one, we obtain a 
formula for v K;, etc. The function v K, will already contain four arbi- 
trary constants more than y K,. Supposing the initial system (1.3) 
sufficiently simple for solution, by selecting 2(n — 1) arbitrary con- 
stants we can try to make VK, approximate the V K of adiabatic gas flow. 
The dependence between and will be apparent if we find them 
for n= 2. 


We will denote 
= y2* (1.21) 


Taking into account formulas (1.16), (1.13), (1.10), (1.9) and (1.5), 
after simple calculations we obtain 
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where 

ae, 
3 7 

. a 

P, = P.* (1 + ¢ ds O do (1.20) 
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. 2 ; 2 2 
= | Py 3 4 D, sin $ cos dy; 


Q.* . 2 <2 \ 
y2* — FE) sin 9 cos a2; p, 4 ) 


From formulas (1.8), (1.16), (1.21) and (1.22) it follows that 


Q,* 1 \ 
— (cos Hx, + sin dys) 


} (cos — sin $r;) (1.23) 
Increasing by one the indices in (1.23), we obtain formulas for func- 
tions $3, v,, etc. Punctions P,*, Q,° are calculated according to form- 
ulas analogous to (1.15). On the basis of formulas (1.23) and (1.1) we 
conclude that function wv, preserves a series of important properties of 
the initial flow. For instance, if v, has a singularity which represents 
an undisturbed translational flow at infinity, then , also contains this 
singularity. At the transition line the condition of continuity of the 
subsonic flow into the supersonic domain is also preserved [5,7 ]. Por 
P,*\= P.. Q° = Q,, system (1.18) coincides with system (1.3). On the 
basis of (1.23), - in this case. 


We note that coinciding systems of equations are also obtained in ana- 
logous circumstances by Peres, but that every concrete solution wv, varies 
according to the formula = + 0" . Consequently, the trans- 
formations used in [1,2 ] do not preserve such important properties of 
the initial flow as, for instance, continuity of the subsonic flow into 
the supersonic domain [7 }. 


2. Application of the method. Calculation of nozzles. We will apply 
the method to gas flows with transition through sonic velocity. In the 
initial system (1.3) we assume 


a (A) = s(A), V K, As'!* = - An! A< 0) (2.1) 
The variable 7 = (— 3/2 s)?/3 takes positive values in the elliptic 


region and negative values in the hyperbolic region. With (2.1) we obtain 
for P, and Q, the Airy equation 


(0) 
nP, (n) = 0 (2.2) 
Py = eyk + eal F A (n) + eel’ (2.3) 


where k(n) and I(m) are linearly independent solutions of equation (2.2), 


4 
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represented by the following series which are convergent for all values 
of 


= 0.6293 | 1 


Tables of these functions have been computed by Fok [8]. With (2.1) 
the system (1.3) is the principal part of the Chaplygin system of equa- 
tions in the neighborhood of A = 1, if 


Fig. 1. 


Fig. 1 curve (1) depicts with «x = 1.4 the function 


Agn'* (2.5) 


whose deviation from unity is an indication of the site of the transonic 
range of variation of 7 in which solutions of the system (1.3) with (2.1) 
and A= A. can represent real flows. Curve (2) shows the dependence of 

A on 7. But in many problems such as, for instance, the calculation of 
nozzles we have larger intervals of velocity variation. 


For a more precise approximation to V K we shall here confine ourselves 
to the function y K,. When the condition 


A= Ag (1 4 fa1P (2.6) 
is satisfied, the function 
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k(n) = 1.0899 (1+ 553+ 5 4 0.7946 | 4+ + +... (2.4) 
2-3 (Ze. ») 3+4 (4-6) t- 4) 
+ + 4 - 0.4587 | + 
209 (2-9) (3-6 0.4 + 34 + i) 
1 = Ao 3° 
i and if the upper signs are taken in front of y K,. >2 
4 race 
i 
| 
4 
7 
9 05 15 2 
7 
5 
(3 
-|- (2.7) 
~ Agn 
equals unity at the point 7 = 0. With values of e, = 0, c, = 1 and 
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(2, 3)i/3 a, A=-— 1.5 curve (3) of function f. is close to the exact curve 
over a Lares interval of variation of n (Pig. 1). From (2.6) we find that 
A= — 0.7773, We now note that with ¢, = 0 the positive functions P, and 
Q, vary oppositely from the functions of the real flow. Therefore, in the 
case under consideration, all the formulas in Section 1 are taken with 
the lower signs. Thus, the functions P, and Q, satisfy a system of equa- 
tions of type (1.5) with a plus sign é front of y K,. whereas the func- 
tions P and Q of an adiabatic gas flow satisfy an analogous system of 
equations with a minus sign in front of Vk. From the proximity of VK 
to y¥ K it follows that the functions . and - of the system of equations 


dQ dP, 


can always be chosen close to the functions P and Q. For this it is 
sufficient to require that P and Q be coincident with the exact values 
for some A within the interval where y K, is approximately equal to y K. 


In accordance with the particular solutions P, = P,*, Q, =< Q° we cal- 
culate the general solution 
» *2 
= (14+ b, \ ds {14 b:Pr0*q20* — be \ (2.9) 
rf 
With values of the constants b= 1.589 and 6, =- 0.9702, functions , 
and Q coincide with the exact values at the point A = 1. In Pig. 1 curves 
(4) and (5) represent functions P/P and Q/2. . The _system of equations of 
the form (1.18) with the upper signs in front of y K corresponds to 
formulas (2.8). We have and - where and are the 
velocity potential and stream PP of the approximation to adiabatic 
flow achieved. Taking into account that in formulas of type (1.1) with 
index 2 for the case P, = P,*, Q, = Q,° we have z,* and y,° 
for the calculation of the plane of the gas flow we obtain the following 
formulas: 


sin cos $ 


dy. = — (pis + sin + cost®— (2 10) 

We consider the flow velocity A. From the proximity of VE, to VK it 
follows that the results are not essentially changed if the system of 
equations with respect to ?. and vy is considered to be exact for a 
fictitious gas and if, in accordance with this interpretation, the magni- 
tude of the velocity is determined according to the formula r 1A). 


For calculating nozzles from initial data we will take the following 
solutions of system (1.3) with (2.1), found by Pal’ kovich: 
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v1 mn) + 4,3 (9, n) 

a (9, = —(%/2)* {(9 + V + (9 —V } 

210° Ve 7 

9 

¢ a where F(a, 6, c, z) is the hypergeometric function and d, is an arbitrary 

ee constant [9,10]. Solution (2.11) realizes a family of nozzles whose up- 

% stream flow due to the function 8 (0, 7) tends to the uniform subsonic 

‘ velocity with corresponding magnitude No: With » < 0 the argument of the 

’ function F is larger than unity. According to the formula for the analytic 

continuation of the hypergeometric series [11], it follows that for 
é 

(2.14) 

z The function a (6, 7) in the neighborhood of n = 0 is the principal 


2 . part of the solution (2.11) which guarantees that the continuity condi- 
2 tion is satisfied [7]. 


By vs we denote the magnitudes of which corres- 

pond to the initial solution (2.12). Let Yoo 9 correspond to 

. . function (2.13). For greater diversity in the choice of nozzle forms we 


will add the solution 


bys = (2.15) 


4 We have 

Tes = Q, cos — Q, (0), Yes Q, (ny) sind (2.16) 
3 Thus, the family of nozzles 
Ye = Yer + Cider + Te = Ter + qs, Ye = Yor + diver + (2.17) 

x is calculated according to the above formulas and they depend on two iS 
¢ arbitrary constants d, and d,. We have computed these functions in the ‘ 3 
§ variables a, n. Solving (2.12) with respect to 9, we obtain 
3 


= (2.18) 


All the necessary integrations are carried out initially for n along 
the axis of symmetry (@ = 0), and then along a line 7 = const. The point 
6 = 0, » = 0 corresponds to the origin of the coordinates 24° 34° 


O(t= 1, 2, 3). 


| 
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y (i= 1, 2, 3) have been tabulated for a series 


Functions ., x ;, 
et et 
of subsonic values of m in the interval of variation of @ from zero to 


unity, and can be obtained from the author. 


The coordinates of the nozzle wall «ts = const are determined on each 
line » = const by integrating with respect to a. Fig. 2 shows a nozzle 


with d, d, 0 and 0,388, 


It is possible to use the given nozzle form to determine the outflow 
from a container of gas with transition through sonic velocity. The walls 
of the nozzle can be computed up to a smooth junction with the walls of 


the container. 


For nozzles with subsonic translational flow at infinity the magnitude 
of the half-width on the basis of formulas (1.23) and (2.13) cannot be 


larger than 


Fig. 3 shows a nozzle with d, = 1/2, d, = 0 andy 21. Because of 


the effect of the function wv the transonic section of the nozzle will 


lar 


be less steep than that obtained with d, = d, = 0. By an appropriate choice 7 
of d, the effect of the second term div 2 can be cancelled in the neighbor- 
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hood of 7 = 0. 


According to [7] satisfaction of the continuity condition guarantees 
the potential nature of the supersonic flow only up to the characteristic 
which is tangent to the axis of symmetry of the transition (Fig. 4). 


Since the calculation of the supersonic part of the nozzle is more con- 
veniently carried out from the characteristic, and since nozzles with 
steep walls are of interest to us, we may expect that on the character- 
istic of the second family cd we are already sufficiently far from sonic 
velocity to use the well-known approximate solutions of the fundamental] 
boundary value problems of supersonic gas flow [12, 13 ]. The flow in the 
region ocd will be potential if the Jacobian 


D Ye) 
(9, 


() 


for all points of this region. In the independent variables @, » proof of 
the potential nature of the flow is reduced to verification of the in- 
equality 


the validity of which can be demonstrated. 


The transonic part of the nozzle can be calculated approximately by 
the formulas 


(2.20) 
dy* \ 1 /d*y* \ 1 /d3y* \ 


* * | * 34. * 38 
+ dx* Jewo' dzr** /» 6 \ dxr** 


where @,, xo*, Yo° are the values of the quantities on the line 7 = 0 and 
the derivatives are taken along a streamline. 


Along vs *= const we have 


3 
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With the help of formulas (2.3), (2.12), etc. it is not difficult to 
compute all the necessary quantities. For instance, 
‘ dy* /d y* 
(1—a, P, (0)Q, oy) || os — sindx,) 
(1 P, (O)Qy ay (QO) sindy, t-cos$r,) (2 23 
R=) 


5% 


(2.24) 


sindy, cos 


Along the characteristic oc we have 
=: 5 (2.26) 


Solving the system of equations (2.26) and (2.20), we find the values 
of @= andy = 7, at point c. Along the characteristic cd we have 


( n,)*/s (2.27 


We compute the coordinates x, y along cd by formulas (2.10), (1.22) 
which correspond to the function (2.12) 


and (1.1). The values of tie My 


in the variables 7, @ are equal to 
r;(a@, 20,9) — (+, AP,(m) \ cos +> ada + Qu(n) sin(n2 +3 jae 
0 ~ 0 

x 
jada + Qi (n) | cos na +> jda (2.28) 


/ 


a? 
AP, sin 2% + 


3 
0 


The solution (2.12) is not unique in the region aodc. For the regions 


obec and ocd we have respectively 


ae 
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/ 
(309) ; d, O (%p*) 
(2.25) 
a | in (39,) d O (8,3) 
Mo 
q 3 


ve \ 1 2 
V 3sin( arclg 


1 2 
V 3sin| — are tg 
3 Vv 


-2(—n)'*+ 9 (2.30) 
3 
On v = O and é = 0 the arc tg is equal to 7 and 0, respectively, and 
on od it equals 1/2 7. 


In concluding this paper we note that we have applied the method we 
have presented to constructing nozzles with a straight transition line. 
For instance, if the exact solution of the problem of the outflow of gas 
from a Borda mouthpiece contained in [14] is constructed with our function 
dw as then we obtain a nozzle with a straight transition line in the 
case of uniform translational flow at infinity upstream. 
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Consider the system of differential equations 
dr 


7 f(x, th + q(t) n(t) (0.41) 


where f(s, t) and q(t) are known functions of their arguments. In what 
follows small roman letters (with the exception of the letter ¢ which de- 
notes the time and n the order of the system) will denote n-dimensional] 
vectors, small greek letters scalars, and capital roman letters square 


matrices of order n. The symbol || y|| will denote the norm || y|| = (y,? + 
+ “7 2 of the vector y. We will assume that the functions f are 
defined and continuously differentiable for t > t, at all points of the 


space x, except at the points lying on the surfaces 

(0.2) 
of the space xx t. The surfaces (0.2) do not intersect, and in the 
neighborhoods of these surfaces the functions a are supposed to be con- 
tinuously differentiable. The functions q(t) are piecewise smooth and have 


(if any) only a finite number of discontinuities of the first kind in 
every bounded interval ¢«. < t<¢ T°. 


Under the condition 
(t) (0.3) 


let the problem of optimum regulation of fast operation for the system 
(0.1) be formulated [1-3,4 l, i.e. it is required to determine a piecewise 


smooth function n° (t) such that for a given initial instant t= ¢., a 


point z= xz, and a smooth curve z= 2(t) the moving point x(z,, t,, t, 9) 


* The capital letter T will also denote the time. 
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of the trajectory of system (0.1), where n(t) = n°(t), reaches the curve 
x = z(t) in the shortest possible time T’ = t — t,. Obviously, without 
loss of generality, we can assume that t. = 0 and z(t) = 0, since in the 
contrary case it is sufficient only to carry out the transformation of 
the time r = t — t, and of the coordinates y = — z(t). Henceforward, 
therefore, we will assume that ¢t, = 0, z(t) = 0. 


In the papers [1-3 | a maximum principle for the solution of such 
problems in the most general case of smooth stationary functions f(x, u) 
(u being a p-dimensional control vector) is proposed and justified. 


In conformity with the approach to the problems of optimum regulation 
as described in paper [4 l, in the present paper certain existence prob- 
lems as well as necessary and sufficient criteria for the existence of 
optimum trajectories of a nonstationary system (0.1) with discontinuities 


(0.2) are considered. 


The argument is carried out for the general case of systems of order n. 


However, for n an efficient formulation of the theorems is difficult. 
The difficulty in passing from systems of order two to systems of order n 
originates in the fact that for nonlinear systems in the case n> 2 it is 
in general impossible to give an efficient rule for the verification of 
the condition of complete linear independence of the resolving functions 
h(T, r) (see below p. 211). In particular we will note all cases for which 


the assertions are correct only when n= 2. 


l. Let us introduce certain definitions. 


l. The surface €,'% t) = 0 is a section for the trajectory x(x,, t, )* 
if in a neighborhood of the point of intersection x(x., ta» n) with the 
surface €, = we have €, < 9 fort < t,, €, > % for t > t, and the in- 
equalities 


are satisfied. 


In conformity with the choice t, = 0 the letter t, in x(x,, t,, t, ) 
is omitted, denoting the trajectory of (0.1) by the symbol x(x,, t, 7). 
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Here it is assumed that on the surfaces (0.2) the functions f and their 
derivatives have discontinuities of the first kind, 


2. Assume that in the interval 0 <¢ ¢ < T the trajectory x(x, t, n) 
intersects the surfaces (0.2) at the points ¢ - t,{a= 1, ..., mw). More- 
over, we will assume that these surfaces are numbered in the order of in- 
creasing tae Let us assign to the function n(t) the variation 5n(t) and 
let us construct the system of linear equations for the variations along 
the trajectory x(x., t, »). If for the trajectory under consideration the 
surfaces (0.2) are sections, then in constructing the variational equa- 
tions it is necessary to follow the rule justified in the papers [5,6 ], 
1.e, the system of linear approximation for the perturbations due to the 
variations 5n(t) include linear differential equations 


d&xr 


P(t) bx + q(t) dy, (t) (1.3) 


where the elements of the matrix P(t) are to be calculated by the formlas 
Of, 
{P), = for (1.4) 
5 z x(x,, f 
and the linear discontinuities of the quantities 5x, when passing through 
the points ¢ = t,» are determined by the relations 


bx (ta + 0) = A (ta) dx (tg — 0) (1.5) 
The coefficients of the matrix A(t.) are to be calculated by the form- 
ulas [5 ] 


A OF. dz, 
(A (ta) = + Mp (2) 


(1.6) 


where Sap = l, 5a, = 0 for B4 y, and \pg (a) denotes the magnitude of the 
discontinuity fr at the point x = x(x., ta» 


Applying impulse functions, linear discontinuities (1.5) can be in- 
cluded into the system (1.3). This, however, does not essential ly sump |i fy 
the argument. 


The system, consisting of equations (1.3) to (1.5), will be called the 
variational system. 


3. The trajectory x(x., t, 7) of system (0.1) will be called admissible 
if the function n(t) satisfies the condition (0.3) and the surfaces (0.2) 
intersected by this trajectory are sections for the latter. 


4. To the variational system corresponding to a certain admissible 
trajectory x(x,, t, n), let us apply the Cauchy formula for the solution 
of nonhomogeneous linear systems [7 ] (p. 172). Putting the initial varia- 
tions 5x(9) equal to zero and taking into account the rules (1.5) we can 
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(t) = B, \ Fo (=) (2) de (1.7) 
4 
+S) Bas, \ Fg (tay1) (2) q d= + \ Fy (t) (2) (2) d= 


where F(t) is a fundamental matrix of the solutions of system (1.3) for 


ta 1? 


F(t.) = £, B, = F(t) A (ty) (ty). . (ta+1) A (ta) 


and » denotes the number of surfaces (0.2) intersected by the trajectory 
OF. 


If the right-hand side of (1.7) is written down in the form of a single 


integral, the quantities 5x(t) are determined by the formula 


t 


ba (t) = \ A(t, 2) 8% dz (1.8) 


where the vector h(t, +) is expressible in a well-known manner in terms 
of the functions which are on the right-hand side of (1.7). In what 
follows the solutions of the variational system will be written at once 


in the form (1.8%). 


The function A(t, +) will be called the resolving vector of the varia- 
tional system. In what follows the vector function h(t, r) will also be 
written in the form A(t, 7) = D(t, r)q(r) or (for B<?< &. 1? in the 
form h(t, r) = G(t, a)F ~*(r where the matrices D(t, and G(t, a) 
can be expressed in a well-known manner in terms of the functions which 


are on the right-hand side of (1.7). 


5. The resolving vector h(t, +) will be called nonsingular if the 
scalar product (h(t, 7).l) of the vector h by an arbitrary nonzero vector 


1 can vanish only for separate isolated values of r (for fixed t). 


Let us note here a criterion which allows us to decide when for a non- 
linear system of the second order the resolving vector h(t, r) is non- 


singular’. 


As the dimension n inereases, these criteria become extremely com- 


plicated. Therefore we will not quote them in their general form. Later 


in Section 2 we will quote a criterion for a vector h(t, 7) to be non- 


singular in the case n= 3. 
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Lemma 1.1. Let Q(x, t) be matrix determined by the equality 
(Q(x, t)}a (1.9) 


where, at the points on the surfaces (0.2), the limit values 0* and Q~ 
are to be taken according as the approach to the surfaces takes place 
from the domain €, > 9 or &, < 9, respectively. If for all x from the 
domain G of the space | x} and for 9< t < T the vector q(t) is not col- 
linear with the vector dq/dt — Q(x, t)q(t) (including the limit values 
of Q, q, dq/dt at the points of discontinuities), then the resolving 
vector h(T, t) of the variational system, calculated along an arbitrary 
admissible trajectory x(x,, t, 7) and lying for 9< t < T in the domain 
G, is nonsingular. 


Proof. For t = t* let the equality 
(h(T. (1.10) 


be satisfied. It t = t* is a point of discontinuity of Q(x(t), t) or 
q(t), then A(T, t*) stands for the right- or left-hand limit of A(T, t). 
For reasons of definiteness assume that in the equality (1.19) A(T, t*) 
denotes the right-hand value of A(T, t), and let us calculate the right- 
hand derivative d(h(T, t).1)/dt*. By formula (1.7) we have 


1(h(T, t)-l) 
(1.11) 
for (> t,. 
where G(T, a) is a certain nonsingular matrix which can be expressed in 
a well-known manner in terms of the matrices F\ and Bp (see p. 211). It 
is well-known [7] that (p. 171) 
dF (t) 

de 


F(t) P(t) 
and therefore it follows from (1.11) that 


d(h(T, 
dt* 


((ac7, a) (t) P(t)q(t))-l 


(P (t)= Q(r‘z,, t, 0) 
According to the assumptions of the lemma the vector dh/dt™ = G St 
(t)(dq/dt* — Pq) is colinear with the vector h - GF~*(t)q and, con- 
sequently, the two equalities 


h-l 0, dh /dt*-l=0 for 


cannot be satisfied simultaneously. Consequently, at the point t = t* we 


have 
d(h(T, t)-l) 
dt* 
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i.e. (h.1) 4 0 in a neighborhood of the point t = t* and to the right of 
it (for t > t*). 


Similarly, it is proved that from the condition (h.1) = 0 for the left- 
hand limit A(T, t*) follows (h. 1) 4 0 for small t — t* < 0. Hence the 
Lemma is proved. 


Notes. 1. If the vector q(t) is piecewise constant, then dq/dt = 0 
outside the points of discontinuity. Therefore from Lemma 1.1 it follows 
that, in order that the resolving vector h(T, t) is nonsingular, it is 
sufficient that the vector q(t) is not a characteristic vector of the 
Matrix Q(x, t). If the domain € is bounded and the inequalities (1.1) and 
(1.2) are satisfied uniformly for all admissible curves, then in the 
domain G for te T!, (h. 1) = 0 and = 1, the quantity | d(A(T,t). 1), 


+) 
dt ~| has a positive minimum, In this case, under the assumptions of J ° 


Lemma 1.1, the resolving vector A(T, t) is nonsingular in a stronger sense. 23 
Namely, there exists a constant number y > 0 such that the measure of the ] 
set on fo, T], where 


(h(T, 


Satisfies the inequality 
mes 2, * 


no matter what is the vector | (|! 1 || = 1) and the admissible curve 


x(zx,, t, 7) along which the system of variational equations is calculated. 


2. Along with the vector A(T, t) consider also the vector 


g (t) (t) q(t) for 


C(t, 1 (t,) 1 (t,) wa Fas 


Since for 0< t< T the vector functions A(T, t) and g(t) are connected 
by a linear nonsingular transformation g(t) = H.h(T, t), the conditions 
of nonsingularity of the vectors A(T, t) and g(t) coincide. Therefore the 
conditions of nonsingularity for A(T, t), which were proved above and will 
be deduced below, are also the conditions of nonsingularity for g(t). 
Later on we shall not make particular mention of this fact. In what follows 
functions of the type n(t) = sign (h(T, t).l) will be considered, where I 
is a certain nonzero vector and 0< t< T. The same function can also be 
determined by the formula n(t) = sign (g(t).1’), where the vector I” is 
connected with the vector I! by means of a well-known nonsingular linear 
transformation. 


6. Let us quote from the book [8] a result which will be of essential 
use in what fol lows. 


Consider the problem of determining a function C(t, c), satisfying the 
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condition 
(O<t<T) 
and being such that the equality 


T 
c \ t)(t, c) de (1.15) 
0 


holds. 


According to a theorem from[8] (pp. 171-179) the function ¢(t, c) 
for the given vector c, the time T and the resolving vector A(T, t) exists 
if and only if the inequality 
min (\ (7, | d=) > 1 (1.16) 


(I-c) 
0 


is satisfied, 


If the vector A(T, t) is nonsingular and in the condition (1.16) the 
equality sign holds, there exists a unique solution of the problem (1.15) 
(to within values on a set of measure zero which we neglect). The function 
€(t, c) is defined by the formla 


C(t, c)= sign (h(T, t)-T) (1.17) 
1° being the vector which resolves the problem (1.14). 


In the paper [9%] it is shown that the functions ¢(t, c), which solve 
the problem (1.15), can be selected in such a way that they are continuous 
in measure with respect to the vector c, i.e. the function ¢(t, c) will 
converge in measure to the function C(t, c*) as c+ c*. 


In the. vector space |} c} the set of points c for which, for a given T 
and a resolving vector A(T, t), the problem (1.15), (1.14) is solvable, 
is a closed and convex set containing the point c = 9[8] (pp. 171-179). 
For the given T and h this set will be called the domain of attainability 
and will be denoted by A (T, h). From the results of the book [8 ] it also 
follows that in the case of nonsingular vectors h the domain A (T, t) + 
\ (T, h*) whenever T+ T* and A(T, t) + h*(T*, t) in measure on the 
segment [0, 


2. For a piecewise smooth system (0.1) the necessary conditions of 


optimum control, briefly presented for smooth functions f and in detail 
for nonstationary linear systems in an earlier paper [4] are justified 
in this section. By means of more complicated proofs, the arguments given 
below can be extended to the case of several control functions n,(t), 

-, n,(t), each being subjected to the condition (9.3). In this article, 
however, we shall restrict ourselves to the case of one control function 
n(t). 
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Let the system possess an optimum trajectory x(x, t 7°), T° be the 
optimum time of control, and »°(t) the optimum control function itself, 
determining the optimum trajectory under consideration. 


In conformity with the plan outlined in paper [4], to deduce the 
necessary conditions of optimum control it 1s necessary to consider the 


quantity 


[7] sup) (0) for |) t 7 (2.1) 
strictly speaking, it is necessary to consider the quantity 
3° =rraisup!7(t)! for y 


i.e. the upper bound of the quantity |n{t)! on the segment [ 0, T°1, ex- 
cepting subsets of measure zero. This circumstance, however, will be 
neglected in what follows without justifying it specifically. Therefore, 
instead of (2.2) we will consider the quantity (2.1) ]. We will assume 


the fulfilment of the following conditions: 


1. The optimum trajectory x(x,, t, » ) connects the points x = x, and 


x = 0, and intersects p hypersurfaces (0.2) for t = 


2. For the variational system, consisting of equations (1.3) and (1.5) 
and calculated along the trajectory x(x., t, 7°), the resolving vector 


h-(T~, #) is nonsingular. 


Theorem 2.1. Let the assumptions | and 2 be satisfied. Then on the 


optimum control function n° (t) the functional of | assumes a relative 


minimum 


min 


for the variations 45n (t) restricted by the condition 


\ k°(T°, 2) (x) dz = 0 (2.4) 


Proof. Assume the contrary, i.e. that for the optimum control frunction 


n° (t) the conditions (2.3) and (2.4) are not satisfied. First let 


(2.0) 


be satisfied. Then under conditions (2.5) and the result mentioned in 


part 6 of Section 1, for an arbitrary vector c, such that 


cl< 3 (3 ~ 0) (2.6) 


and for sufficiently small 5 > 9, there exists a function ¢,'t, ¢) which 


satisfies the conditions 
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Sv (t, x upp (2.8) 


where |r, | is a certain monotone nul! sequence of positive numbers, 

r, < 1/2 T”. For every fixed value v > 1, according to the results of 
[9 ] mentioned in part 6 of Section 1, the functions ¢ y(t, c) can be 
selected in such a way that they are continuous in the measure of c, taken 
from (2.6). Let us define the variations 5n, (t, c, w) of the functions 


n°’(t) by the formulas 


c, 2) = (t, c) (2.9) 


‘ 


where 7 > 9 is a small parameter. Consider the solutions of the varia- 


tional system 5x'"’ (t, c, mg), corresponding to the variations (2.9), 


By forma (1.8), as a consequence of (2.7) and (2.9), we have 
Ty 
(T., c, \ (T,, uw) de = ue (2.10) 


0 


From equality (2.19), according to the definition (2.9) of the varia- 
tions 57n,,, we conclule that the endpoint of the vector y = 52\” Tes c, p) 


for every v > | describes a sphere 
(2.11) 


whenever the vector c runs through the domain (2.46). In addition, because 
of (2.5) and (2.8) the inequality 


4 (t) 84, (t, c, 0 (2.12) 


is satisfied. 


Now consider the behavior of the trajectories of system (0.1) corres- 
ponding to the control functions y(t) = n°(t) + 4 ", (t, c, pm). 


The deviations 5”x'") (t, of these trajectories from the considered 
optimum trajectory x(x., t, 7°) will satisfy the complete equations for 
the perturbed motion 


ap P (OB x + (t, (2.13) 


which, in contrast to the variational system consisting of (1.3) and (1.5), 
contain on the right-hand side additional functions r(S"x, t). In every 
interval of continuity (t, + > 0) the functions x,t) 
are small and of higher order with respect to 4 x, i.e. 

r(é°z, 2.14) 
In the neighborhoods of the points of discontinuity t = t, the functions 


a 
r(5"x, t) contain, besides the terms of the order of (2.14), terms which 
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are compensated for, up to within the order of (2.14), by linear jumps 
(1.5) of the solutions of the variational system. Taking into account 
(2.9) and repeating the arguments of the papers [5,6] it can be verified 
that for the variations 4 (t, c, the actual deviations c, 
differ from the solutions 5 x/”) (t, c, m#) of the variational system by a 
quantity of the order higher than p, 1.e. 


We will not here give the derivation of estimation (2.15), since it 


can be obtained by methods well-known in the qualitative theory of diffe- 
rential equations and in the theory of stability [7] (pp. 19-22). Let us 
further remark only that the estimation (2.15) is determined by properties 
of continuity of the functions f, df,/dxg, Af,/dt, ~~ d€ ,/dt 


(in the domains of their continuity) and the values of T° ande from (1.1) 
and (1.2). Therefore, if instead of a single unperturbed trajectory 

x(x., t, n°), as hitherto, but a set of such trajectories is considered, 
as will be done incidentally in the sections which follow, and if the 
estimations of the continuity and the numbers T° and are uniform with 
respect to the whole set of unperturbed trajectories, then the estimation 


(2.15) will also be satisfied uniformly, 1.e. 
will hold good for the whole set of trajectories. 


Let the number p, > 0 be selected in such a way that the condition 


c, p)—b2™(t, c, p) |< for O<t<T, (2.17) 


holds good. 


Then from (2.11) and the inequality (2.17) we conclude that the points 
x(x,, T,, n + 5n,(t, c, pw.) for every v > 1 fill up a certain mani fold 
S(v) which embraces the point x(x,, T,, n ). Since for every fixed v 2 l 
the variations 6 " (t, c, #.) change continuously in measure with the 
variation of ¢ in (2.6), the manifold S(v) is a continuous image of the 
sphere 


2.18) 


and the points x « S(v), being images of the points, lying on the bound- 
ary of the sphere (2.18), are at a distance less than 1/19 5p, from this 
boundary. Owing to. the fact that, for sufficiently large values of v,r,, » 0 
the inequality 


! 


) ig (2.19) 


is satisfied, and therefore for such values of v the manifold X{v) will 
embrace the point x = 9, Here the manifld X(v) can be considered as a 
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continuous image of the sphere 


< pd (2.20) 


such that the points of ={v), being the images of the points lying on the 


surface of the sphere (2.20), are at a distance less than 1/8 p.5 from 
the boundary of this sphere. 


On the basis of a theorem on the roots [10] we can conclude that 
there exists a variation 5n,, (t, c*, #.) for which the equality 


is satisfied. This means that if the condition (2.12) is satisfied the 
trajectory x(x,, n° 4 5n,,(t, c*, will reach the point x= © in 
the time t= T, < T° 
vev,), 1.e. the considered original trajectory x/x,, t, n°) is not an 
optimum trajectory. The contradiction obtained shows ‘chat for the optimum 
control the inequality (2.5) is impossible. 


(for a sufficiently large and fixed value of 


Now assume that the equality 
oly (2.22) 
is satisfied but the quantity ofn’] is not minimal with respect to the 


perturbations of the control function 5 (t) restricted by the condition 
(2.4). Then there exists a variation pSn(t) such that 


[4° + poy] = sup| 7 O<p<t) (2.23) 
holds. 


Here « = const > 9, » > 9 is a parameter and 
= 
\ °(T°, d= = 0 (2.24) 


Owing to the condition (2.24), the solutions 4x(t, mw) of the varia- 
tional system, and the corresponding variations »4n(t), satisfy the con- 
dition 


62 (T°, = 


Since for t = T° the optimum trajectory x(x,, t, 7’) reaches the point 
x= 9, and the deviation of the actual trajectory of (9.1), corresponding 
to the variation »Sn(t), from the solution of the variational system 
satisfies the estimation (2.15), then 


20%) o (4) 


holds good. 


On the other hand the difference l-oly + = is small and 
of the first order with respect to uw. Therefore, repeating the arguments 
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used at the beginning of the proof, we arrive at the conclusion that for 
the sequence = ri > 9) it is possible to indicate a smal] 
number #, and a variation 5n(t, c, p,) of the function n(t) = n°(t) + 
25 (t) such that the solutions 5x”(t, c, #,) of the variational system 
fill up the sphere (2.11) (for » = », and a certain constant 5 > 9), and 


the deviations of the linear approximation 5x'”) from the solutions of 
the complete equations 5”x'"’ are less than 1/16 5y,. Since the radius 
of the sphere (2.11) decreases linearly with variation of p, and the 
distance (2.25) is of higher order of smallness with respect ot p, the 
number #, can be selected so small that the condition 


Ug 07 — & 
7%) ~ je 


holds. 


If the number +, = r?.. T,, is so small that the inequality 


|| (2p, 2 


v9 % 99%) —Z (Zo, = 


0 il . 
O%) 


is satisfied, then it can be asserted that the points 


fill up a manifold ={v), when the endpoint of the vector ¢ runs through 
the sphere (2.6), where X(v) is a continuous image of the sphere (2.20). 
The points x« X(v), being images of the points lying on the boundary of 
the sphere (2.20), are from the points of this boundary at a distance 
less than 3/16 ».6. 


Now, as before, according to a theorem on the roots [10], we conclude 
that there exists a trajectory x(x,, t, + Sn (t, c*, arriving at 
the point x= 9 for t = 7, T° where the control function n(t) = 
+ + 6n(t, c*, satisfies the condition (9.3). This fact 


again contradicts the assumption that x(x,, t, 7°) is the optimum trajec- 
tory. 


The contradictions arrived at prove the theorem. 


The theorem proved allows us to establish the form of the optimum 
function n°(t). Namely, the following assertion holds. 


Theorem 2.2. If under the assumptions | and 2 °(t) is the optimum 


trajectory x(x,, t, 7°), then 
4° (t) = sign (h° (T°, t)-T°) (2.26) 


where 1° is a certain nonzero vector !. 


According to the remark 2 of Section 1 on p. 9 the optimum control 
function n°(t) is also determined by the formula n° (t) = sign (g(t). 1’), 
where |” is a certain nonzero vector. 
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Proof. Consider the vector 
I 


t)y, (t)d- (2.27) 
0 
The assertion of Theorem 2.1 means that there does not exist a function 


n(t) satisfying the conditions 
\ (T°, 4 (2) d= (2.28) 


sup|7,(t)| = 2. for 0<t<17 (2.29) 


In conformity with the results of paper [8], mentioned in part 6 of 
Section 1, the function 7’(t) satisfying these conditions is determined 


uniquely and has the form (2.26). This proves the Theorem 2.2. 


Note. According to the results of paper [8] (see Section 1) the 


vector l° satisfies the condition 


min (h° (T°, de (2.30) 

In the case of nonlinear systems it is most difficult to make use of 

conditions (2.26) and (2.30) for an effective determination of the optimum 
control since neither the vector e nor the resolving vector function 
ror, t) are known in advance (in the case of a linear system the resolv- 
ing function A(T, t) is one and the same for all trajectories (for a given 
T), and ef is the vector F(T)x.). In the nonlinear case the function 
h(T, t) depends on the trajectory which in turn is determined by the 
control function n(t). The basic difficulty consists in the choice of 
such a vector 1 for which the corresponding optimum trajectory arrives 
at the prescribed finite point x= 0. As a rule, for the determination of 
the vector 1° it is impossible to obtain equations which can be effect- 
ively solved, since the equations (0.1) in the majority of cases cannot 
be integrated in an elementary form for n° (t) given by (2.26). This diffi- 
culty can be avoided by selecting the vector ' on a trial basis. In such 
a case it is necessary to pass from the system of differential equations 
to the corresponding system of difference equations with a small step 


At: 
— [f (x (pAt), pAt) + (pAt) At (2.31) 


The connection between the problem of optimum control] for difference 
and linear differential equations is discussed in the paper {11 ]. The 
difference equations (2.31) can be integrated stepwise as follows. Let us 
give the numbers In’, being the projections of 1°, and let us calculate 
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at the initial point the values hg (T, 0) factually, at the point x = Xp, 
p = 0 only the quantities ga(9), being projections of g(t), can be cal- 
culated. These are obtained from he (T”, 0) by a nonsingular linear trans- 
formation (see the remark 2 of Section 1 on p. 9). As a consequence of an 
arbitrary selection of 1° this circumstance is inessential, and in formula 
(2.26) we can write g(t) instead of nor? t)]. Given 1° and g(0), deter- 
mine n° (0) from the condition (2.26). Afterwards, given n° (0), determine 
s(At) = 2, —Ax'°) trom the system (2.31) for p = 0. Now determine 


ge( At) at the point «= x(At), and again n( At) by the formula (2.26), 
and so 


If after a sufficient number of steps the trajectory determined in this 
way does not come close to the point x= 0, another vector 1° must be 

tested, and so on. Since there is no definite rule for the determination 
of 1°. the conditions which are given by the stated necessary criterion 


must be considered mainly as guiding ideas for the determination of the 
optimum trajectory. 


Let us note a corollary of Theorems 2.1 and 2.2 in the case of second 
order systems. 


Corollary 2.1. Let for all x from the domain G and for 0 < t < T” the 
vector q(t) be not colinear with the vector dq/dt- Qq, where the matrix 
Q is determined by the equality (1.9). If x(x,, t, 7°) is the optimum 
trajectory and the hypersurfaces of discontinuities (1.2) intersected by 
it are sections for it, then the optimum control function n°(t) is a 
piecewise smooth function of the form n°(t) - sien (h°(T® ¢). 1°) Lor 
n°(t) = sign (g(t). 1’)). For 0< t < T° the quantity o[ 7] = sup |n(t)| 
assumes on this function a relative minimum 


|7, 1 (2.32) 


for variations 5n restricted by the condition** 


(T°, 2) 81, (2) de = 0 (2.33) 


For the determination of g(pAt) (9p = 0, 1, ...) it is necessary to 
calculate the fundamental matrix of the solutions of the variational 
system consisting of equations (1.3) to (1.5), which also can be re- 
placed by finite difference equations, 


** Or, what is the same, by the condition 
T° 


n 
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In particular, if the functions f are smooth and the vector q(t) is 
not colinear with the vector dq/dt— Qq, the conditions (2.32) and (2.33) 
are necessary for a trajectory to be an optimum trajectory. 


The truth of Corollary 2.1 follows at once from Lemma 1.1 and Theorems 
2.1 and 2.2. 


Now consider the system (0.1) for n = 3. Let the functions f(x, t) on 
the right-hand sides of (9.1) be continuous and have continuous second 
order partial derivatives with respect to all arguments while the vector 
q 1s constant. Let us prove first sufficient conditions for which the 
resolving vector h(T°, t) is nonsingular. 


Lemma 2.1. For the variational system (1.3) constructed along an arbi- 
trary admissible trajectory x(x, t, 7), lying for 9 < t < T in the domain 
G, the vectors A(T, t) will be nonsingular provided that the following 
conditions are satisfied: the vectors q, 0q and Rq are not coplanar for 
xeG, 9< t< T and -1 <7 < 1. Here the matrix 0 is determined by (1.9) 
while the matrix R is defined by 


n 

A, 

— (7. (2, f) 7.7% 


To prove the lemma it is sufficient to note that the following equal- 
ities hold (the verification of which is omitted): 


29-5 cee 8-5 (T°, t) (2.35) 


dt dt? 

where D is a nonsingular matrix such that A(T° ¢) = D(T® thq (see p. 
211). Since the vector q, Qq and Rq are not coplanar, there does not 
exist a vector | 4 ( satisfying the conditions 


dh 


(h-l) = 0, 1) —0, 


dt 
i.e. the function (h(T° ¢).1) can vanish only at separate isolated points 
of t, i.e. the vector A(T”, t) is nonsingular. 


From Lemma 2.1 and Theorems 2.1 and 2.2 follows the following assertion. 


Corollary 2.1. If for 9 < t< T° the trajectory x(x., ¢t, n° ), connect- 
ing the points x = x, and x = 9, is the optimum trajectory and lies in 
the domain G, where for 0< t«< tT® -l1lsg n < 1 the vectors q, Qq and 
Rq are not coplanar, then the optimum contro! function n°(t) generating 
this trajectory, is a piecewise smooth function 7°(t) = sign (A°(T® t¢). 1°) 
(or else n°(t) = sign (g(t).1’)). Here 1°(1’) is a certain nonzero constant 


vector, the function 7°(t) is a solution of the problem for 0< t < T”, 
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min max |n(t)| = 1 for the variations 6n restricted by the conditions 


\ (T°, (=) d= 
; 


where h°(T, t) is the resolving vector for the variational system (1.3) 
constructed along x = x(x,, t, n°). 


3. In this section we will clarify certain problems concerning the 
existence of optimum trajectory with a piecewise smooth control function, 
taking into account the nonlinearity of system (9.1). We will assume 
that the finite point x = 0 does not lie on a hypersurface of the family 
(0.2) and that the functions f and q on the right-hand side of system 
(0.1) satisfy the conditions 


f(z, OW + lq (t) || = const) (3.1) 


for all x and te[0, T]. The conditions (3.1) are satisfied in any case 
if the functions f possess, in the domains of their continuity, uniformly 
bounded partial derivatives 5fp/5x,. For further investigations the con- 
ditions (3.1) are not necessary but they make the discussions simpler. 


Let there exist at least one control function nt) which satisfies 
condition (0.3) and is such that the corresponding trajectory x(x,, t, 7) 
connects the initial point x = x, with the final point by an are 0< t <T. 


let T,(v = 1, 2, ...) be a monotone nonincreasing sequence of numbers 
such that for every v > | there exists a contro! function 7,,{t) which 
satisfies the condition (0.3) and is such that the corresponding tra- 
jectory x(x, t, ) satisfies the condition 


Moreover, assume that there does not exist a control function n*(t) which 
satisfies (9.3) and 


(Xp, t, == (3.3) 


for t < T_, where = lim as v + 


If for a certain v > | the equality a ~ in is satisfied, then, assum- 
ing that the trajectory x(x,, t, n,,) intersects the hypersurfaces €, = 9 
and satisfies the section conditions (1.1) and (1.2) while the resolving 


vector AMT, t) of the corresponding variational system is nonsingular, 
it can be asserted that as a consequence of (3.3) the trajectory x(x,, t, 
n,,) is the optimum trajectory and according to Theorems 2.1 and 2.2 there 
corresponds to this trajectory a piecewise smooth contro! function n,(t) 
of the form 7, (t) = sign (T,, t).l). 
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Therefore it is of interest to consider only the case when for every 
v > | the inequality 


le (v= 1,2,...) (3.4) 


is satisfied; and, consequently, there exists an infinite set of tra- 


jectories x V(t) = x(x,, - Ny)» forming a minimizing sequence | x' v) (t)}. 


Let us make the following remark. The functions f on the right-hand 
sides of system (0.1) may have discontinuities on the hypersurfaces €, = 0. 
We will assume that the curves x”) (t), beginning with a sufficiently 
large number v, intersect the hypersurfaces €, = 9 and satisfy the section 
conditions (1. 1) and (1.2), 


We will restrict the class of admissible control functions n(t) to 
piecewise smooth functions only. If we admit a larger class of functions 
for which there exist solutions of the system (9.1) in a generalized 
sense defined in the paper [12], then the proof can be simplified. Here 
in our argument we will confine ourselves to classical solutions only, 
although this lengthens the proof somewhat. 


We will prove that under certain restrictions such a piecewise smooth 
control function n°(t) actually exists and determines the optimum 
trajectory x(x,, t, n°), this being the limit trajectory for the sub- 
sequence | x “)(+)}, while the function n°(t) itself is the function to 
which the functions n,,(t) converge in measure on the segment [0, TJ. We 
will here give a short outline of the proof. A detailed proof for the 
existence of the optimum control function in the case of smooth functions 
has been given by Kiril lova. 


First, using condition (3.1), by arguments typical for problems on 
continuation of trajectories [7] (pp. 17-19), it can be rrr that 
the family of functions x'”’(t) is uniformly bounded for 0< t < T_, and 
therefore as a consequence of {3. 1) this family is also equi- -centiausne. 
Therefore from the sequenc “)(t)} we can extract a uniformly con- 
vergent subsequence | Wak, sec). 


Assume that the limit function x“(t) satisfies conditions (1.1) and 
(1.2) and that the resolving vector h™(T_, t) of the variational system 
constructed formally along the curve x = x™(t) is nonsingular. 


The further problem is to prove that the curve x = x™(t) is the 
vptimum trajectory for the system (0.1) and that this trajectory corres- 
ponds to a piecewise smooth control function 7° °(¢). Let us prove this. 
The subsequence | x‘ “B)(+)} will be reenumerated by the numbers v = 1, 2,... 


Let nV )(T, t) be the resolving vector functions of the variational 
systems calculated along the trajectories x‘"/(t). Since for v + « on the 
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t< t+ y ly > 0) the matrices of the 


intervals of continuity y < 
coefficients of these systems P\”’ (t) converge uniformly to the matrix 
P*(t) of the coefficients of the limit variational system, evaluated 


of intersection of the trajectories with the hypersurfaces ec. = 0), then 

the resolving vector functions h'' (T_, t) converge in measure to the 

vector function , 


Consider the sequence of vectors 


\ see pp. 213). The potnts ast converge to a certain 


set of points, lying on the boundary of \/ T _h™). If this were not the 
proof of Theorem 2.1) (pp. 214-217), we could construct a trajectory 
x(x., t, arriving at the point x= for t= where r* > 9, 


This, however, is impossible. 


Now consider a certain convergent subsequence c "Y’. Let lim = 
c™, where c = c™ lies on the boundary of \(T_, h™) and n™(r) is a piece- 


wise smooth function which satisfies the conditions 


for 


Since c™ lies on the boundary of A(T_, h™), then in conformity with 
part 6 of Section | and by virtue of certain theorems from paper [| % |, 
the function n™(t) is determined uniquely by the condition 


(t) = sign (h® (T., ( 0, 1% < const) (3.8) 


Let us prove that the function n,,,\t) converges in measure to n~(t). 
In fact, the sequence of vectors 


ely 


= 


satisfy the conditions 


lim e!’y) (3.10) 
and 


(t)) (3.11) 


,) 
along x = x(t), the numbers converge to (¢ - t, are the instants 


Since|7,, (t)|= 1, all the points c\”’ lie in the domain of attainability 


case, then, repeating with inessential modifications the: arguments of the 


# 
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Multiplying scalarly the left-hand side of (3.11) by I”, we obtain 
Ts 
\ (T 20, (2) dt (3.42) 


As a consequence of the equality 7™(t) = sign (A°(T_, t).l.) the 
function under the integral sign on the right-hand side of (3.12) does 
not change its sign (the sign of c'%y)(e), obviously, can be only opposite 
to that of n™(t)). Because of (3.10) the left-hand side of (3.12)tends to 
zero as y + «. As a consequence of the remark just made about the con- 
servation that (h™. I) can vanish only on a set of measure zero, it 
follows that the functions ¢ ¥y)(t) tend in measure to zero on the seg- 
ment [0, T_]. Thus the functions My ‘t) actually converge in measure to 
n™(t). 


Now it is not difficult to verify that after the substitution 7°(t) = 
n™(t) in the right-hand side of (0.1) the corresponding solution x(z,, t,n” 
on the segment [9, T_] coincides with the function x = x(t), since other- 
wise the functions x”) and n,{t) could not simultaneously converge 
uniformly to x“(t) could not simul taneously converge uniformly to x“(¢), 

and in measure to n™(t), respectively. 


If we assume that the sequence c'”) has at least two different limit 
points (c™) and (c™)*, then two control functions (n™(t)) and (n™(t))* 
should exist which are different on a set of measure zero and such that 
the corresponding trajectories x(x,, t,(m™)) and x(x,, t,(n™))* coincide 
for t«{ 9, This, however, is impossible. 


The contradiction obtained shows that the sequence n,,{t) converges in 
measure to a uniquely determined piecewise smooth function 9™(t) = 9° (t) 
which at the same time is the optimum contro! function. Hence the assertion 
is proved, 


Now consider a second-order system (0.1). 


Let the system (9.1) be smooth and let the assumptions of Lemma 1.1 be 
satisfied in the shole space, i.e. 1) for all x and 0 < t < T the vectors 
q(t) and dq/dt - Olx, t) q(t) are not colinear. Then as a corollary of 

the results obtained above and Lemma 1.1 we obtain the following assertion. 


Corollary 3.1. If a second-order system satisfies the assumptions 1) 
and (3.1), and there exists at least one trajectory x{x,, t, 7) connect- 
ing the points x = x, and x = 0 by an arc 0 < t < T, where the control 
function n(t) satisfies the condition (0.3), then the system (0.1) 
possesses an optimum piecewise smooth control function 9°(t) of the form 
n°(t) = sign A(t), where the function A(t) may vanish only at separate 
points of te[0, T]. 
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If the nonlinear system (0.1) is of higher order than two and the 
trajectory x = x(t) along which the variational system is calculated is 
not known in advance, an effective verification of the fulfilment of the 
conditions of nonsingularity of the resolving vector h(T, t) becomes very 
difficult.* If, however, for the variational system, calculated along a 
known admissible trajectory x = x(x), t, 7), the verification of the non- 
singularity of the vector h(T, t) is considered, this nonsingularity can 
be verified without solving the variational system and without determin- 
ing the vector A(T, t) itself, But also in this case with the increase 
of n, the sufficient conditions of the nonsingularity of h(T, t) become 
very rapidly more and more complicated. Let us here quote one sufficient 
condition of the nonsingularity of h in the case of a quasi-linear system, 
assuming that the vector gq is constant. 


In the case of a linear system all variational systems calculated for 
various trajectories coincide, and therefore the conditions of the non- 
singularity of the resolving vector A(T, r) can be formlated effectively 
without knowing the trajectory in advance. Let us here quote, for example, 
such conditions for a third-order system under the assumption that the 
vector q is constant and the functions P(t) in the linear system under 
consideration 


_ + (3.13) 


dt 


are piecewise smooth with discontinuities (if any) of the first kind only. 


Lemma 3.1. If for te[0, T] the vectors q,Pq and p*q - (dP/dt)q do not 
lie in a linear two-dimensional space, then the resolving vector A(T, t) 
of the system (3.13) is nonsingular. 


The truth of Lemma 3.1 follows from Lemma 2.1 since in the case of a 
linear system along any trajectory x = (t) the equalities Q = P(t) and 
R = p* — dP/dt are satisfied. 


Calculating successively higher order derivatives of (h.1), analogous 
conditions for the nonsingularity of the resolving vector h(T, t) can be 
derived for the linear system (3.13) and for the general case n. Since 
these conditions have a cumbersome form, we shall not give them here. 


Consider a quasilinear system (0.1), i.e. a system of the form 


= P(t)x + ur (a, t) + q7(t) (3.14) 


* See, for example, Lemma 2.1 in which are stated the sufficient condi- 
tions for nonsingularity of h when n= 3. 
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where the functions r(x, t) — cont inuous and uni forml y bounded 
partial derivatives arp /dx, ‘4 /at, Ox 4 a rR dxdt. Since 
for small p» the and (see 2.1) differ slightly from 

the vectors Pq and (P* — dP/dt)q, then from Lemmas 2.1 and 3.1 we obtain 


as a corollary the following result. 


Corollary 3.2. If q is a constant vector and the vectors q, Pq and 
(P?— dP/dt)q do not lie for every t from 0 < t < T in a linear tw- 
dimensional subspace, then for sufficiently small » the resolving vector 
h(T, t) of the variational system, calculated along any admissible curve 
x = x(x,, t, m), is nonsingular. 


From Corollary 3.2 follows the validity of the following conclusion. 


Corollary 3.3. Let the parameter p# in the right-hand side of the 
system (3.14) be selected sufficiently small, and suppose that the con- 
stant vector q and the vectors Pq and P?q - (dP/dt)q do not lie in a 
linear two-dimensional space for every t«[0, 7]. If there exists at least 
one admissible curve x(x,, hy n), connecting the points x = Xp and x = 0 
by an arc x(x,, t,n) (0<¢ t < T), the system (3.14) possesses a piecewise 
smooth optimum contro] pli Be n°(t) of the form n °(t) = sign A(t), to 
which corresponds the optimum trajectory x(x., ¢, n°). 


Let us here quote without proof a corollary which can easily be derived 
from the results of Section 3. 


Corollary 3.4. Consider the system of equations 


= f(x) + bu 


dr 


and denote by A the matrix 


If the vectors bh, Ab, , A™*b are linearly independent, there exists 
a neighborhood of the point x = 9 such that for an arbitrary point x= x, 
there exists an optimum trajectory x(x», t, » ), connecting the points 
x= x, and x= 0, the optimum control Runetion n°(t) having the form 
n°(t) = sign A(t), where the function A(t) vanishes only at separate iso- 
lated points 


4. In this section certain sufficient conditions for optimum control 
will be proved. We will consider systems of order n, assuming that the 
only hypersurfaces of discontinuity * = 0 are the hypersurfaces t = t, = 
const. Among the admissible curves the optimum trajectory x(x,, t, n), 
according to the results of Section 2, is that one for which the control 
function 7°(t) has the form 
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(t) = sign (h° (T°, 


(4.1) 


where 1° is a certain constant nonzero vector. 


Let us prove that under certain restrictions conditions (4.1) are also 
necessary for the existence of a local optimum trajectory of the system 
(0.1). The latter term is to be understood in the following sense. 


Definition 4.1. The trajectory x°(t) = x(x,, t, 7°), connecting the 
points x = x, and x = 0 by the arc 0 < t < T°, where the control function 
n°(t) satisfies the condition (0.3), will be said to be a local optimum 
trajectory if there exists a number « > 0 such that no motion x(t) = 
x(x., t, 7) exist which satisfies the system of equations (0.1) with the 
control function n(t) subject to condition (0.3) and which connects the 
points x = x, and x = 0 by the are 0< t < T with T< T° and is such that 


|| (29, t, 4°) —2 (xo, t, for 0<t<T 


holds. 


In other words, the trajectory x°(t) mst be an optimum trajectory 
with respect to arbitrary variations 5y restricted by condition (0.3) and 
with respect to sufficiently smal] displacements of the trajectory itself. 


Theorem 4.1. Let the following assumptions be satisfied: 
1, The trajectory connects the points x = x, and x = 9 by the arc 


O0<t<T°, ive. 
(Xo, 0,4,°) = (4.2) 


(2%, T°, 4°) = 0 (4.3) 
2. The control function 7°(t) is of the form (4.1), where hA°(T®, ¢) is 


the resolving vector of the variational system calculated along 
a(x,, t, n°). 


3. For the vector 1°, determining the control function n°(t), the pro- 
perty of being nonsingular is satisfied in a stronger sense, namely the 
measure of the set 2» , where the inequality 


| t))| <4 (4.4) 
holds, satisfies the inequality 
mes (Ls) < 78 (7 = const) (4.5) 


Obviously, for conditions (4.4) and (4.5) to be satisfied, it is 
sufficient, at the points for which (1°.h°) = 0, for the left- and right- 
hand. derivatives of (1°.h°) to satisfy the conditions 
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d (I°-h°) 


d(l°-h°) 
dt* t 


( 
dt- 

4 The vector e which is tangential to the trajectory x(x», t, n°) at 
the point t = T- 0 and is in the direction of increasing t, satisfies 
the condition* 


(e-1°)>0 (4.7) 


5. Denote by a(t,) the vectors defined by the equalities 
z° n 
(x° (t), t 
a (ty) = \Fa ty) F hy ty) Ay te) 
te i=], 
where F(t, t,) is a fundamental matrix of solutions of the variational 
system 


(F(t,, t,), h,(t, r) is the component of the resolving vector of this 
system and t, the time instants for which the equalities 


(I°-h° (T°, = 0 
are satisfied. 
We will assume that the inequalities (a,.e) > 0 are satisfied. 


Under these assumptions the trajectory x = x(x, t, n°) is a local 
optimum trajectory. 


Note. If the same control function n°(t) can be determined by formula 
(4.1) by means of various vectors 1°, it is sufficient for condition 
(4.7) to be satisfied for at least one such vector 1°, In the formulation 
of Theorem 4.1 it is naturally assumed that the trajectory 2(2, t, n°) 
does not intersect the points z= 0 for t= T < T°. 


Condition 5 can be replaced by the requirement that the second partial 
derivatives 0°f, /dxgdx,, shall be sufficiently small. 


Let us note also that by means of an example it can be shown that in 


* Obviously the vector e is defined by the equality 
e = lim [f (x (zo, t, n°), 2) + t-- T° 


provided that this limit is different from zero. 
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the general case the conditions 1-4 are not sufficient for x(x), t, n°) 
to be a local optimum trajectory. 


Proof. Assume the contrary, i.e. that there exists a sequence of 
numbers Pe 0 (= 1, 2, ...), converging to zero, and a corresponding 
sequence of control functions n,(t), satisfying condition (0.3) and such 
that the trajectories x(x), t, n,,) satisfy the conditions 


T°—t, 4,)=Ofor 2,...) (4.8) 
and 
| %,)- (Xp, t, (v (4.9) 


let Co =, - n°. Since the functions n,, and n° satisfy the condition 
(0.3), and the function 7°(t) is defined by the formula (4.1), the sign 
of ¢)(t) is always opposite to that of (h°(T°, ¢).1°). Let us calculate 
the scalar products of the vectors 8x\”’(t), which are solutions of the 


system of variational equations 


bx) (T,) = +) 8m, (2) (3x, (t) =. (t),T. = 7° (4.10) 


with the vectors . [ (F(T, ).F-*(7°)4 1°. We have* 


Ty 
(Gx) (T,)-10) = \ (h° (Ty, Bx, (2) de (4.14) 


From conditions (4.4) and (4.5) we conclude that the functions 5n, (t) 
converge in measure to zero as v + «. The deviations 5”x‘”’ of the actual 
trajectories of (0.1) from the trajectory x(x), t, n°), caused by the 
variations 5n, from the corresponding solutions of the variational system, 
are of the order ofe,,). For v + « the left-hand sides of the equalities 
(4.11) mist converge to zero. On the other hand, if the measure of the 

set under condition 


| dy, | > 6 for 0<t<T, (4.12) 


The sign * in the formula for 1{¥) means the transpose of a matrix and 
F(t) a fundamental matrix of solutions of the variational system (1.3). 
As a consequence of €,> 0 we have ‘> 0 for v + ow, Therefore by the 
definition of the vectors | v) and the vector n°(e, r) (see p. 211) we 
have, obviously, the equality (n° t). 1°) -(h°(T,, ), and, 

in addition, 1\¥) + 1° as vy + «©, Without loss of generality we shall 
assume that {|1°|| = 1. 


| 
d 
7 
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0 
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is greater than a > 0, then according to condition 3 of the theorem we 
have 


(T.)) | > = const) (4.13) 


From the inequality (4.13) we conclude that for v + « the functions 
converge in measure to zero. Denote 


Ty 


Hence lim 


First consider the case when from the sequence ,, a subsequence can be 
extracted (in order to simplify notations let us identify this subsequence 
with the original sequence y,,) for which the conditions 


T 


| \ (h (T° 84, (t) dt | > Bu, (4.15) 
are satisfied and where ff is a fixed, sufficiently small, positive number. 
The deviations of the actual solutions 5”x of the system (0.1) from the 
linear approximation 5x, i.e. 5”x = x(x», t, n° + 5n,,) - x(x), t, n°) 
caused by the variations 5n,, will be of the order o(p,,). This fact can 
be easily verified by the usual arguments of the qualitative theory. How- 
ever, we will not carry out this verification here. At the same time by 
virtue of condition 3 of the theorem and the above coincidence of the 
signs of 5n,,(t) and (h°(T,, t).U'%)) the quantities (4.11) are small and 
of the first order with respect to #,, and negative forv= 1, 2, .... 


Thus the vectors 6¥x(") (7) will also be small and of the first order 
with respect to y,. In addition, these vectors must converge to the vector 
e since, by the definition of 5x‘”’ and the trajectories x(x), t, n° + 
5n,,), we have 


x 


62°" z(Z, T., 4) 


The scalar products (sx'¥).1()) and (a¥x(¥)_7(¥)), as it was proved, 
differ by an infinitely small quantity of higher order, and consequently, 
the quantities (5¥x'¥)1'¥)) mst be small and of the first order with 
respect to #,, and negative for large values of v. This contradicts the 
convergence of |\”) » 1° in direction and condition 4 of Theorem 4.1. 


Now consider the second possible case when 


a 
= 
4 
4 I 
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where q,, + 0 asv +o. In this case it cannot be asserted that the 
variations 5x” (T,) are small and of the first order with respect to y,,. 
Therefore second-order terms in p,, must be taken into account. These 
additional second order terms, as it can be verified by solving the 
complete equations of the perturbed motion by successive approximations, 
will be equal to the vectors determined by condition 5 of the theorem and 
mltiplied by certain positive quantities f.,. 


Denote by 5,x"(t) the second approximation of the solution 5”x”(t). 


Now, as in the first case considered, we arrive at the contradiction, 
namely the scalar products (8x, v) and which differ 
from each other by infinitely small quantities of higher order than p,, 
mist be negative for large values of v. This fact, however, cuntrediets 
the conditions 4 and 5 of the theorem. 


The obtained contradictions prove the theorem. 1Qc 


Notes.1. In the conditions of the theorem it was assumed that the 
hypersurfaces of discontinuities a = 0 are the planes t = t,. This 
assumption was needed in order to Bake use of the estimation || 8"s - 8x||- 
o(p,,) in the process of the proof, the derivation of which without the 
assumption that these hypersurfaces are sections for the trajectories 
under consideration, would be in general impossible (in any case on the 
basis of the nongeneralized solutions x(t) of system (0.1)). In con- 
sequence of the boundedness of the right-hand sides of the system (0.1) 
along the trajectories z(z,, t, 1) which differ from the trajectory 
sth, by a small « > 0, the property of being sections 
for these trajectories is possessed also by the hypersurfaces C. = 0, not 
necessarily coinciding with ¢ = tor but being such that the normal vector 
grad A is inclined to the t-axis at a sufficiently small angle. Therefore 
the assertion of Theorem 4.1 remains in force in the case of such hyper 
surfaces of discontinuities also. 


2. If we consider only variations which are restricted by the condi- 
tions |5n,| <«,, then from the fact that the kopereersnese of discontin- 
uities = 0 are sections for the trajectory x(z,, t, will follow 
that they are sections also for the yey t, + 5n ), i.e. 
to prove that the trajectory x(x, , t, 1 °) is a local sniane trajectory 
in the sense of small variations _ as well as in the sense of small 
variations of 5n, it is sufficient only to assume in Theorem 4.1 that the 
hypersurfaces e = 0 are sections for the trajectory x(z,, ¢, n°). 


3. For condition 3 of Theorem 4.1 to be satisfied, it is sufficient 
that the vectors 


h° (T°, t), (T°, th) = D[Pq—q'| 


> | 

4 
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where the matrix D(T°, ¢) determines the vector h = D(T°, t)q(t) (see 
Pp. 211) do not lie simultaneously in the hypersurfaces (1°. kh?) = 0, 
(1° .h*) = 0. In fact, in such a case, repeating the arguments of the 
proof of Lemma 1.1, we would obtain that 
ty = const) (4.16) 
| 
holds at every point of the trajectory, where (1°. A®) = 0, i.e. condition 
3 of the theorem, in fact, is satisfied. 


4. In the case of a quasilinear system (3.14) with sufficiently small 
# for condition 3 of Theorem 4.1, in conformity with Corollary 3.3 and 
the previous note, to be satisfied, it is sufficient for the vectors 


dq 
F (T°) F-* (t) q(t) F(T*)F | 


where F(t) denotes a fundamental matrix of solutions of the linear system, 
not to lie for simultaneously in the hypersurface (I°.h) = 0. 


5. In the particular case of a second-order system for condition 3 of 
the theorem to be satisfied, it is sufficient for the vectors q and Qq - 
to be noncolinear. 

6. Finally, let us note that conditions 1, 3 and 4 of Theorem 4.1 
correspond in the stationary case to the rule for the construction of the 
optimum trajectory on the basis of the Pontryagin maximum principle [1 }. 


Exzaaple. Finally, consider a simple case of a concrete system by means 
of which we shall illustrate the possibility of verifying all the condi- 
tions imposed on the systems considered in proving the theorems of 
Sections 2-4, 


Let the equation 


be given, where x and f are scalars, the function f(z, t) is continuously 
differentiable for to and its partial derivatives admit (if 

any) at the points ¢ = ¢. only discontinuities of the first kind. We shall 


also assume that the following conditions 
f(0, t)=0 for any 2 


are satisfied. 


The system of two equations, equivalent to (4.17), 


dx dy 


| 
q 
= 
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The variational system corresponding to (4.19) has the form 


dy of 
at p (x(t), t) 8x + 8y (t) ( p(z(t), (4.20) 


Let us verify that the resolving vector A(T, t) of the system (4. 20) 
is nonsingular. 


In fact, in the case under consideration the vector q has the form 
q =| ) 


while the vector Qq has the form 


0 


Qq =| af 
and, consequently, the vectors are not colinear. JOL. 
54 
The trajectories of the system (4.19) for 7 = 0 have the form of 19000 


spirals described about the origin of the coordinates x= 0, y= 0. 
According to the nature of the function f(z, t) these spirals may be 
either periodic curves, or they may spiral towards the origin or away 

from the origin as t +» ~.In the particular case when f(x) does not depend 
on the time ¢, all solutions of (4.19) are periodic and are given by the 
level curves v = const. of the function 


Let the function 7, be determined as follows: 7, = — 1 if the traject- 
ory passes through the domain x > 0, y > 0; nn, = 1 in the domain x < 0, 
y < 0 and 7, = 0 for all other x and y. Then for the initial values Xp. 
Yor lying sufficiently close to the point x= 0, y= 0 (in the stationary 
case for all Xs Yo) the trajectories (4.19) have the form of spirals 
which asymptotically approach the point x= 0, y= 0 as t + ~ (see figure). 


If the time length T, of such a trajectory is chosen sufficiently 
large, the point No)» Yor Ny) will be sufficiently 
close to the point x= 0, y = 0, and it is possible to indicate variations 
5n of the function 7,(t) such that the point y), dn), 
¥ (+ Yor Ty» Mo + Om) will reach the point z= 0, y= 0. We will not 
verify this here since it can be done by methods similar to those con- 
sidered in Section 2. Consequently, there exists a domain CG which embraces 
the origin of the coordinates x= 0, y = 0 and is such that for each point ‘ 
Xe Yo of this domain there exists a control function n(t) which takes the 4 a 
trajectory x(x), t. 1). Yo» into the point x= 0, y= 0. 
In particular, in the case of a stationary function f(z) such a domain .. 
will be the whole plane. Now, according to the results of Sections 2-4, a 
it can be asserted that for every point (y+ Yo) of G there exists an 


4 

is 

v(x, yy = + 2\ (E) dE 

§ 0 

ie 

+ 
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optimum trajectory x(t, n°), y(t, n°), connecting the points x= Zo: 


y= y, and z= 0, y= 0, and the corresponding control function 2¢) 
being a piecewise smooth function of the formn’(t) = sign cre ees Ga 1°), 
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1. Statement of the Problem. In practice cases are encountered 
when it is required to know stability characteristics of physical systems 
not for the whole time interval t > t, (stability in Liapunov’s sense) 
but for some finite interval of time t,<t< T. 


We will call the unperturbed motion stable with respect to given « and 
C in a finite time interval t,< t<T, if at t = t, the following holds 
good: 


(1.1) 


and for att t in the interval t,<t< T the following relationship is 
satisfied: 


(1.2) 


Here T, «€, and C are given. 


Let us find conditions for stability (in the above sense) of unper- 
turbed motion of a system for a few cases. 


2. Linear Systems with Variable Coefficients. In this case the 
equations of the perturbed motion of the system have the following form: 


dr 


Poy By +. Pon (0) (s = 1, ..., ay (2.1) 


s 
dt 


where p,(t) are real bounded continuous functions of time t and may de- 
pend on some parameters. 


To solve the problem let us consider the function 
QV = (2,2 +... (2.2) 


where a is a positive number which we are leaving undefined for the time 
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being. This function was first used by Liapunov in his proof of the 
theorem of boundedness of characteristic numbers. 


In virtue of (2.1) we have 


“ates + + Dia, = (2.3) 


dt 


Here 


Per Prs for s=r 
for sr 
sr 
Let us choose a and the parameters of the coefficients p,, such that 
the quadratic form W would be negative definite. In accordance with 
Sylvester’s theorems it is’ sufficient and necessary to this end to have 


the inequalities 
Pry 19 


| 2+ Pe 
| Pu 5 — 
| 


dD, 


Under these conditions — will be positive definite quadratic form 
and, therefore, it is always possible to find a positive number p such 
that the following will hold good: 


Ta (_Psr * Pre 


(2,2 +... + (2.5) 


Substituting inequality (2.5) into (2.3), by virtue of (2.2), we obtain 


Let us assume that at t = t, the point (x55 +++, X,o) lies on the 


sphere i.e. +... + = € and that at some instant t the 


point reaches the sphere (C), i.e. a,* sic = 


Let us find this instant. Let t, = 0. Then, integrating inequality 
(2.6), we obtain 


V < 
But, according to (2.2) 


Therefore 


4 ; 
‘ 
|| = > 0 (r 1, (2.4) a 
Pry + Py, Pre Por a 
) 7 
; at 
> 
1 
2 
3 
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2.7) 


From this we can see that if the last inequality has the opposite sign 
then the point (x,, +++, X,) cannot reach the sphere (C). Therefore, if 


r= (2.8) 


then for all t < T no trajectory can extend beyond the sphere (C). Further, 
it may be seen from (2.7) that the smaller the sphere («), the greater the 
time t. Therefore, if conditions (2.8) are satisfied then inequalities 
(1.1) and (1.2) will also be satisfied. 


Equation (2.8) contains @ and yt, which must be so chosen that equation 
(2.5) is satisfied. Let us write (2.5) in the following form: 


Thus w, is a positive definite form. 


Let 
(2.10) 


The necessary and sufficient conditions for the quadratic form (2.9) 
to be positive are of the form 


Pie + Pa 


Pu 


(2.11) 


From the above considerations the following conclusion for system (2. 1) 
can be stated, 


Theorem 1. The unperturbed motion will be stable with respect to given 
« and C in the finite interval of time t. < t < T if conditions (2.11) are 


~ 


satisfied. 


3. A Special Case of a Linear System and a Linear System 
with Constant Coefficients. Let us consider a special case when for 
system (2.1) in the time interval t. < t < T the following equations hold 
good: 


Dor (t) = Cor + Of (3.4) 


335 
q C alt 
+ Osr| (2.9) 
P, Pir Pro + Por 
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where c,, are constants, 8 is a sufficiently smal! number, and f(t) are 
bounded functions. In this case system (2.1) has the form 


dz 


The total derivative of function V (2.2) by virtue of this system has 
the form 


Ogr 


- 


The coefficients of the second quadratic form in brackets on the right- 
hand side of this equation are sufficiently smal! for the sign of the 
function in brackets to be completely determined by the sign of the first 
quadratic form. 


Performing calculations analogous to those of the preceding section we 
obtain stability conditions of form (2.11), where all p,,(t) are replaced 
by constants Ca 
Let us now consider a linear function with constant coefficients: 

at Ca CenZ n (. 

The total derivative of the function V (2.2) by virtue of (3.2) has 
the form 


a 
} 


Under these conditions - ¥ will be a positive definite symmetric 


quadratic form. Its extremum on the sphere x,° + ... 4 a" = A is defined 


i 
by the expression 
W — “sr “rs 


8.7 


where 1/2 « are the roots of the secular equation 


: = J 
s.r 
. wet, (et, 
s.r 
_ To make dV/dt < 9, the following conditions must be satisfied: ‘ 
2 C12 + C21 ur | 2 
‘ 
"rat “tr 12 er a 3.3 
a 
3 
3 
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J 


(3.5) 


According to Sylvester’s theorem all these roots will be real and 
positive, since the quadratic form is positive definite. 


According to (3.4) we have: 


Carrying out a calculation analogous to that of the preceding section, 


we obtain an equality for the time of arrival of the point on the sphere 
(C): 


1 ( 
t= —In 
x € 


let a-x =A. It is seen that A will be roots of the equation 


= |— ab (3.6) 


All the roots of this secular equation will also be real. 


Let us examine only positive roots of equation (3.6). Let these be 


Ay, and let 0<A, <A,< 


Then on the basis of the equality t = A~* In(C/e), the greatest possible 
travel time of a point from the sphere (« ) to the sphere (C) is equal to 


A" In(C/e), and the least possible travel time is equal to A,-? In(C/e ). 
If we take 


(3.7) 


then conditions (1.1) and (1.2) will be satisfied. Therefore, we have the 
following theorem. 


a Theorem 2. For the unperturbed motion of the system to be stable with 
2. respect to given « and C in a finite time interval t,< t< T, it is 
4 sufficient for conditions (3.7) to be satisfied. 


4. Nonlinear system. Let us consider a more general case. Let 


dz, 
Poy + Pon (t) 2a X, (s=1,.... 9) (4.1) 


where X, = X(t, Ryn cess x,) are holomorphic functions of the variables 
X,» +++, *, and first terms of their expansions are not lower than of the 
second order. Coefficients of these functions are real continuous bounded 
functions of t. 
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l. « and C are sufficiently small. The total derivative of the func- 
tion (2.2) in virtue of (4.1) has the form 


In this case the sign of dV/dt is completely determined by the sign of 
W, so that the inequality dV/dt < 0 is satisfied for conditions (2.4). 


Satisfying (2.4), we have 
Vv 


As in Section 2, we obtain 


Then (1.1) and (1.2) will be satisfied. Or, let us proceed this way: 
let 


Introducing [3] the notation S = = xX, we have 
s 


where R(t) is a positive function which is the upper exact limit of the 
function 


(——a— — Sete + R(t) +... +... + 20%) (4.4) 


Obviously, if this condition is satisfied, then condition (4.3) applies 
Let us write (4.4) in different form: 


WwW, Pat R (1))| > 0 


For W, to be a positive form it is necessary and sufficient to satisfy 
the following inequalities: 


338 
: 
at pm 9 sr 2 
s.r 
— 
T =— In < (A =a —y) 
; 
Osr > 4 ; <  ..4 Zn") (4.3) 


Stability of motion during a finite time interval 


R (t) Pia Pa 


Therefore, we have the following theorem for (4.1). 


Theorem 3. For the unperturbed motion of system (4.1) to be stable 
with respect to given « and C in a finite time interval t,<t< T, it is 
sufficient for conditions (4.5) to be satisfied. 


Conditions (4.5) contain R(t). We can obtain other sufficient but 
simpler conditions without R(t). 


Indeed, from the inequality (4.3) it follows that in case 1 the sign 
of the function on the left-hand side of this inequality is completely 
determined by the quadratic form. Thus for (4.3) to apply it is sufficient 
to satisfy the inequalities (2.11). 


2. Case when « and C are finite. In this case 


dt 2 2 


but « and C are finite and, therefore, the sign of dV/dt is not deter- 
mined by the sigm of the quadratic form ¥W. Let 


S 


After carrying out computations analogous to those performed for case 
1, we obtain conditions of form (4.5) and a theorem analogous to theorem 3. 


It should be noted that in this case « and C mst be verified by con- 
ditions (4.5), which contain R(t) and permit only a limited range over 
which the variables x. may be varied. 


Resides, in this case (« and C are finite) conditions (2.11) do not 
apply. 


3. Case when p, (t) = Css 


+ 5f,,(t), i.e. (3.1), In this case, in con- 
formity with (4.1), we have 


(4.7) 


+ Con Tn + (fet, 4 


q 
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The total derivative of the function V (2.2) in virtue of (4.7) has 
the form 


f.+f 


. If «and C are sufficiently small, the sign of the function in brackets 
4 p on the right-hand side of the equation is completely determined by the 


sign of the first quadratic form. In that case we obtain stability condi- 
tions of form (2.11) with. all p,,\t) replaced by constants c,.. 

: When « and C are finite, the sign of the function in brackets is 


completely determined by the signs of the first two terms of this function. 
In that case we obtain stability conditions of form (4.5) with all p,,(t) 
replaced by constants c,. 


5. Nonlinear System with steady Disturbances. Let us consider 
a system 


az 


a = Pay (t) + + Pen (t)tn+ Xs (s (5.1) 


where R_ describe the steady disturbances. For R, we assume (in con fornm- 
ity with [3]) that R, ft, x,) are real continuous bounded 
functions of t and x. and that Rt, 0, ..., 9) = 0; and further, that 


(t) +... + (0) 2n + AX, (5.2) 


where L(t) and A x, have the same characteristics as the functions 
se p..(t) and X_. In general R_ are unknown functions, but in many cases 
sr. s s 
y their values can be estimate. 


According to (5.2) we have 


dz. 
= (Poy + 1+ + (Pon + len) tn + + AX, 
. 3 1) Let us consider a case when « and C are sufficiently small. 


The total derivative of the function V (2.2) in virtue of (5.3) has 


4 the form 

a =e [> — + Dd, (X, +AX,) 
s.r 

In this case dV/dt < 9, if 


dV (Ser + 
é 
22 
(t,%,....%)- 
vs 
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tis (Prat bis) + (Pai + Pn tly) 


(Pre + lr) T 


We will state the results for system (5.1) without computations. 


Theorem 4. For the unperturbed motion of system (5.1) to be stable with 
respect to given « and C in the finite time interval t, < t< T, it is 
sufficient for the following inequalities to be satisfied: 


— (py + by) +5 — R(t) 


S = 2, (X, + AX,), <OR(t) 


8 


Function R(t) is positive and is the upper exact limit of the function 


S'z, (X, + AX,) 


n 
addition to (5.5), the following sufficient conditions also apply: 


— (pu 4 
D, = 
(Pre + ber) 4 | 
(r= 1,..., ”) (5.6) 
2. If « and C are finite, then Theorem 4 and conditions (5.5) apply, 
while conditions (5.6) do not. 


3. An investigation of the case when p, (t) = c, + 5f,,(t), and 
1. .(t) = C’,, = constant, may be carried out in the same way as in 
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Section 4; the results will |} 


ve analogous to those of Section 


Examples. Let us consider a second-order system 


Pu Poy (t) x, Pos (t) (6. 
\ecording to Theorem | and (2.11), the necessary conditions will | 


using (2.%) through (2.19). we have 


If 't) contain parameters, 


then they 
equalities (6.2) 


must so chosen that the in- 
are satisfied. 


hen, according to the 
P 
the following 


considerations of 
con hit 1ons hold roo | 


Accor ling to |! GP we have 


Ri(t)>0O 


Pes Mit) 


Here R(t) 1s the upper exact limit of the function 


\ 


fomparison of (4.5) and (4.2) 


reveals that stability conditions for 


4 

= 

‘oll 

‘ 

Diy (0) > {) 

Pa» (l ) 
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system (4.4) are narrower than for the linear system. The larger R(t), 


the narrower is (6.5). Thus, for R(t) = 1/2 A, we have 


Pu > (— Prd (— fee) (6.6) 
These conditions are analogous to conditions (6.2) for linear system 


(6.1) when 


In this case « = C, and T is arbitrary. 


When « and C are sufficiently small, the R(t) is also verv small. In 


this case, in conformity with (2.11), we have 


This is identical with (6.2) derived for the linear system. 
3. For a system with steady disturbances 


dr; 


PulOry + 


and with conditions (5.2), we have (according to (5.5) and (5.4) ) the 


following stability conditions: 


— (Pry 


(Partlo 


and for sufficiently small « and C we have 


(Pu ly) + 


In conclusion, the author expresses his deep gratitude to N.G. Chetaev 
for the statement of the problem and valuable comments. 
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Many investigations of problems dealing with parametric resonance (with- 
out considering resistance forces) lead to the necessity of finding 
boundedness conditions for the solution of equations of the type 

u” (t) + q(t) u(t) 


where g(r) is a real periodic function of period T= 27r/m Assuming 


| p(t) q (2t / @) y 


equation (0.1) may be reduced to the following form: 
d*y 


( 0 (0.2) 
ade Apityy 


where p(t) is a real periodic function of period m7, andA is a certain 
parameter, inversely proportional to the square of frequency of parametric 
disturbance of which p(t) is independent. 


The characteristic function A(A) of equation (0.2) is 


A (>) {p (m, + 


where d(t, A) are solutions of equation (0.2) satisfying initial condi- 
tions 
2 (0, >) 1. (0, A) 0. A) 0. (0, a) 

As is known, the entire real A-axis is decomposed into open intervals, 
so-called zones of stability, in which all solutions of equation (0.2) are 
bounded on the real t-axis, and into a supplementary set of points, which 
generally speaking are isolated points, and also into closed intervals 
(zones of instability). 


Liapunov [1,2] (see also [3 ]), investigated the distribution of 
stability zones, on the A-axis, requiring the analysis of relative dis- 
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tribution of the roots of the two equations 


1 / 


Let the characteristic numbers of the periodic 


boundary value problem 


us designate by 


(| y” Ay y (0) y (7), (0) (7) 


and by A, the characteristic numbers of the "semi-periodic" boundary 


value problem, 


Obviously, A, ~’ is also the root of the first equation in (0.3) and 


is the root of the second equation in (0.3). 


The 


Liapunov may be incorporated into the follow- 


results obtained by 


ing theorem: 


Liapunovw’s Theorem. If 


the characteristic numbers of the boundary value problems (I) and (IT) 
may be so numbered that the following arrangement of inequalities wil} 


hold 


good: 


If 1 0, the law of alternation of these numbers wil] remain the same, 


‘ 


q 
provided the interval] (A . A, ~’) is considered as being shrunk to 


the point zero, which is also a simple characteristic number of the bound- 


ary value problem (I). 


All intervals having at their ends adjacent characteristic numbers of 


various boundary value problems (1) and (II) are zones of stability. The 


remaining intervals, including their ends, are zones of instability if 


they do not degenerate into a point. In the latter case the points wil] 


indicate stability, with the exception of the single point A = 0, 


In each unstable zone, with the exception of the interval (A_ P 
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lies one and only one characteristic number of the boundary 


value problem 
y” (t) 


At present the basic part of this theorem is derived from a graph of 
function 7 = A(A) (see for instance [4 1), as follows: any maximum of the 
curve A(A) is not lower than the line 7 = 1 and any minimum is not higher 
than the line 7 = —1,0o0r, more precisely, if A A*, which is a stationary 


point of the function A(A), then 


According to Liapunov’s theorem the parameter A may assume arbitrarily 
large values (which will result in arbitrarily smal] values of frequency 
@ of parametric excitation), for which equation (0.2) will have unbounded 


solutions. 


Consequently, the investigation of various problems concerning para- 
metric resonance without allowing for resistance forces leads to para- 
doxical results. For instance, investigating the dunamic stability of bars 
by using linear equations without considering damping leads to the con- 
clusion that for any small] amplitude of a lingitudinally pulsating force 
there will be a small pulsating frequency at which the dynamic instability 
must take place. This approach to the problem of an attempt to determine 
zones of instability gives only a first approximation for the first zones 
of instability, so that in such a case is impossible to determine the 
lower (or upper) limits of the values of unstable frequencies of the puls- 


ating longitudinal forces. 


This article defines certain values of the characteristic function and 
the characteristic indices of equation (0.2) for sufficiently large values 
of the parameter A, at which values even a linear formulation of the 
problem indicates a scheme of computations free from the above paradoxes. 
As an example of how a paradox is encountered and how it may be avoided, 


we consider the dynamic stability of a prismatic rod with hinged supports. 


Assuming for the sake of simplicity that function p(t) in equation 
(0.2) is partially continuous, it should be noted that all results obtained 
here will hold good for any periodic function p(t) which can be integrated, 
and may be specifically extended to cases of dynamic stability under 


periodically repeated longitudinal impact. 


1. Investigation of the Increase of Characteristic Function 
A(\). Some ideas related to the theory of increase of complete functions 


[5,4 ] will be used subsequently. 


From the work of Liapunov (see [7] and [8] p. follows that 


4 
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{(A) isa complete function, where 


The fol lowing proposition will now be proved. 
Theorem 1. The index of convergence of the sequence of zeros of the 
characteristic function A‘A) is equal to 1/2, 

Proof. All zeros of function A(A) 


are real (see, for instance [4]). 
Let tl 


le sequence of zeros of function AfA) be lesitenated by la} (n = > ] 


), arranged 


r of increasing values of their modulus: let the positive values 
of a, be associated with the positive indices and the negative value of 
with the negative indices 


\ccording to [4] and the Liapunov’s theorem mentioned above, the 
following inequalities hold good: 


for ! (1.2) 
where A, is the characteristic number of the boundary value problem given 


by (9.4) (Fig. 1). 


Let us first consider a case when plt)>9 


. In this case the asymptotic 
values apply (for instance see | 9] p. 35)) 


\) 


\ p(ijdl 


The symbol o(n*) here means that + 0 when n » 
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According to equation (1.2), the following may also be obtained: 


a o(n*) 1.5) 


This leads to the conclusion that an infinite series having a general 
term |a. “4/<*€ is convergent, but the one having a general terms 


is divergent, which means that the sequence | aii,” has the 


index of convergence 7 1/2. 


l'sing — A instead of A when p(t) < 9, and applying the same reasoning, 
the following asymptotic formula is obtained: 


(1.6) 


. 


The theorem is thus proved for the case of a constant sign function. 


Let it now be assumed that function p(t) changes sign in the interval 
), Let it have only one change of sign, for instance, p(t) > 0 when 
t< t.), and plt) <9 when ( t. tem). 


If another boundary condition y(t is added to the boundary value 
problem expressed by equation (9.4), then, according to the theorem of 
frequency changes when the above additional boundary condition is applied 
(for instance see [10] Ch. 5), A, _, when n 


< when n = -1, -2, -3 ..., where A_* is the characteristic 


n 
number of the boundary value problem (9.4) with boundary condition y(t, )=0, 


Then, according to equation (1.2), A hg a 1 whenn-= 3, 4, 5 
n- 4 n n 
and A, a. A, ,> when n = -3, -4, -5 However, the positive and 


negative characteristic numbers are respectively the characteristic numbers 


of the following two boundary value problems: 


ap (t)y(t), 


Ap(tyy(t), 


for which the asymptotic values (1.5) and (1.6) hold good: 


a 7 o (n*) 


where 


a 
Lie 
(fy 
an —2, —3,...) (1.7) 
t 
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In these equations 
(t)=1/, {| p(t)| + p(t}, p(t)} 


Following similar reasoning, it is also possible to obtain asymptotic 
formulas for the zeros of function AA) when function p(t) changes sign 
any finite number of times in the interval (9, 7). Thus in this case the 
sequence of zeros ba, hp of the function AfA) also has the index of con- 


vergence 6 = 1/2, 


Theorem 2. The order of increase of function AA) is equal to 1/2, 


Proof. From (1.1) it follows that the order of increase of function 
A(A) is not larger than 1/2. On the other hand, since the index of con- 
convergence of the sequence of zeros of the complete function does not 
exceed the order of increase of such a function, then, allowing for 
Theorem 1, the order of increase of function A‘A) is not less than 1/2. 
This proves the theorem. 


It follows from Theorem 2 that AA) may be expressed as 


x 


A(h) || 


Here the known relation A{9) = 1 was used. 


2. The Asymptotic Values of the Characteristic Function and 


of the Real Part of Characteristic Fxponents. Let us consider 
two complete functions 


where a (n= 1, 2, 3...) are positive zeros and b. = -a_(n=-1l, -2 


-3 ...) are absolute values of the negative zeros of the function A‘A). 
According to this, the infinite products (2.1) are convergent and 
A (7) PO)O(Q) (2.2) 


Let the number of zeros of the function P{A), in a circle of radius r, 
be designated by N,‘r). Also let r > a,; then, for a certain NV, we have 


a. < *{NV(r) + + o(f N }- 1]*) 


therefore 


( V p. (dt 
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Also, designating the number of zeros of the function Q(A) in a circle 
of radius r by Np{r), we may similarly obtain 


li N ofr) 

If for the sequence r,, r., r, «+. the relation N(r) orf holds good, 
N(r) being the number of terms of the sequence in the circle of radius r 
and ff the exponent of convergence of the sequence, then such a sequence 
is called regular. Since lim r ?N_(r) and lin r~ ‘No(r) exist when r + 
(8 = 1/2), then the sequences | andtb. are regular. 

Thus, for the functions Q(A) and P(A) the following expressions for 
the limits will apply (see [11] p. 20): 


In (re’* id 
lim \ (r) exp $< =) 


In P (re’”) 


rexp 
N Ar) on) 


lim 


Utilizing relations (2.3) and (2.4), it is established that 


In Of 


lim OXp Vp (dt 


V 


where the first limit is for (— 7 < @ < mw) and the second for (0 < @ < 2m). 


Therefore,the index of increase of function A(A) along the ray argA = 6 


In QO (re >) 


2 
and since the index of increase is the periodic continuous function @ of 
the period 277 the relation obtained holds good for any @ if | cos 1/2 6! 
is substituted for cos 1/2 @, 


Anclogously, one finds that the index of increase of function P(A) 
along the ray arg A = @ is 


r(odt 


Since the increase of functions P(A) and Q(A) is regular, that is, 
there exist 


limr In, P (re'*) | and lim r—"* In | Q (re*®) 


ia 
GE 
) 
>2 
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then, according to (2.2), for the index of increase h, (0), of the function 


A(A), we obtain 


sic 


(9) = ho (9) + hp (9) cos p(tyjdt 4 | sin p(t)dt (2.5) 


0 


and consequently, along the positive direction of the real axis, 


hy (Q) \} p{(t)dt 


0 


The value obtained for h,(90) permits the following proposition to be 
stated. 


Theorem 3. For any « > 0 it is possible to find such Rle) > 0, that 


for all A, satisfying the condition A > Rle), the following estimate holds: 


A(h) <exp| \Vp (t)dt + ¢)} 


In the inequality (2.6) the value of the integral may not be replaced 


by any smaller value. 


From this proposition follows the corollary below. 


Corollary. For any « ' it is possible to find Rle) such that for all 


A Rle) the followine estimate holds good: 


p(tjdt (2.7) 


— 


where a(A) is the real part of the characteristic exponent. 


3. Equation with Damping. Let us conside 


equation 


(t) 2uvy’ (t) (t) y(t) = 0 (3.1) 


where 1 ) 1s a constant coefficient of damping, pp > © is a real coeffi- 


cient, q(t) 2 9 1s a real function of t having period 7 and continuous in 


the segment {9, 7). This equation differs from (1.2) by the introduction 


of the damping factor »v, which increases with ». Such an equation may 


be called a "damped" equation. 


The solutions of (3.1), bounded on the real semi-axis, will be called 


stable. Bounded solutions based on the condition that lim y(t) = 9 when 


t + ~ will be called asymptotically stable. 
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Ifv > max q(t) (0< t¢m), then it follows from[12] that the so- 
lutions of (3.1) are stable for any value of #; and when min q(t) > 0 
(N< t <¢m), the solutions are asymptotically stable. If v* < max q(t) 
(0 < t <m), the solutions may be unstable (for certain values of para- 


meter A). However, for such a case the following theorem may be formulated. 


Theorem 4. If the function q(t) > 9 is not identically equal to zero 
in the interval (0, 7), then for any v > 0 there will be Rlv) > 9 such 
that for » > R(v) all solutions of (3.1) are asymptotically stable. 


Proof. By substitution y(t) = ult) exp(—pyt ) the equation may be re- 
duced to the following form: 


u" (t)-- [q(t)- 


ju (t) (3.2) 


Obviously, the only case which need be considered is when p“ is inside 
> 

the unstable zone of (3.2), i.e., when A*(p*) > 1. In such a case any 

solution of (3.1) may be given in the following form: 


y(t) = (Lt) (t)| 


and f,(t) are certain periodic functions and a(*) is a real part of the 


where c, and c., are constants determined by the initial conditions, 


characteristic exponent which lies in the right half-plane. Thus the 
theorem will be proved if it can be shown that for sufficiently large 
values of » the inequality aly“) < pv holds good. 


It follows from the corollary of Theorem 3 that for any « > 9 there 


Rle) > 9 such that for all pw > Rle ) there will be 


In conformity with condition q(t) 


max p(t) 


where the equal sign holds good only for those values of t for which 
a(t) =- 0 


On the other hand 


max p_(t) > \] (O<t<r) (3.5) 


where the equal sign holds good only when p_(t) = const (consequently, 
q(t) = const) in the interval (0, 7). 


Comparing (3.4) and (3.5), we may conclude that if q(t) # 9 in the 


| : 
| 
is 
— | } =). p (/) (323) 
| for q (t) 
’ 
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interval (0, 7), then 


p{t)dt>0 
This difference will be designated by «(v). According to (3.3) there 
will exist Rle(v)) = Rly) such that 


« iz) p_(t)dt + == BY for p>R (v) 


0 


This proves the theorem’. 


Corollary. Equation (3.1) either has no zones of instability (as for 


instance when v* > max q(t) (0 < t <7), or it has only a finite number 


of unstable zones. 


4. Om a Possible Paradox in the Problems of Dynamic Stabil- 
ity.Let us consider the usual problem of dynamic stability of a pin- 
supported prismatic rod under the action of longitudinal periodic forces 
p(t) (Fig. 2), first investigated by Beliaev [14]. This problem leads to 
the investigation of the stability of solutions of the differential equa- 
tion 


vF 


Ox? 


0 (4.4) 


ot 


with boundary conditions 


(0, t) (1, t) 


Ox? ox" 


y (0, t) = y(l, t) = 0, = 


Here EI is the stiffness, y is the specific weight, F is the cross- 
sectional area, g is the acceleration of gravity. Following Beliaev, let 
us consider a special form of the function P(t) = P, cos wt. We find the 


solution in the form of a series 


y (x, t) = (t) (x) + T2(t) +... 


* It should be noted that when q(t) is not reduced to zero and has a 
bounded derivative, the asymptotic stability at large values of p 
follows from the work Leonov [13]. In this case 


i 
be 
j . 
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where | (x)} is the normalized system of the fundamental functions 
characterizing the problem of natural vibrations of the same rod; these 
vibrations coincide with the fundamental functions dealing with the 
problem of static stability; then, considering the independent variable 
r = 1/2 wt, we find the following equations for the Fourier coefficients 


T(r): 
n 


cos 2t)T,, U, 


Pu, 
where k_ is the natural frequency of vibrations and P_ is Fuler’s critical 
forces of the given rod. 


Equation (4.2) is of the form of (0.2), in which A = 4k? ar? and 
p(t)=1- b, cos 2t. According to Liapunov’s theorem, even when P. < P 


there is an infinite number of unstable zones, which develop with the 


infinitely increasing values of parameter A. Next, considering parameter 
@, we come to the following conclusion: 


There exist an infinite number of series (for n = 2, 3...) for un- 
stable zones for the frequency of the periodic longitudinal force equal 
to w; also in each series there is an infinite number of zones of in- 
stability which concentrate to the point w= %, 


The determination of the boundaries of such zones of instability for 
various equations (when n= 1, 2, 3...) leads to the diagram shown on 


Fig. 3, where 


the zones of unstable frequencies for the first three equations (4.2) are 
indicated. This distribution of unstable zones leads to the paradoxical 
conclusions mentioned above. 


Such a paradox is the result of extreme idealization in the formulation 
of dynamic stability problems. 


However, even in the frame work of the linear treatment of the problem, 
the paradox may be removed by allowing for damping forces. It may be 


: 
nm 
| \|\ 
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assumed (for instance see [15 ]), that there are external resistant forces 
proportional to the speed of rod particles, and internal resistant forces 
proportional to the speed of deformation. With these assumptions equations 
(4.2) take on the following form: 


cos 27) 7, (t) = 0 
where € is the coefficient of internal friction, and» is the coefficient 


of external friction; the meaning of other symbols remains the same. This 
leads to equations (3.1) with damping, where 


If only external resistance exists (i.e. when € = 9), for each equa- 
tion of type (3.1) of the infinite system (4.3) there will be a series of 
a finite number of unstable zones, as follows from Theorem 4. However, 
since there is an infinite number of such series and a rapid reduction of 
damping coefficient v with the increase of the index n, allowing for the 
external resistance alone does not resolve the said paradox’. 


If v_* > max q_.(t) = 1+ 6, which takes place when 
n n n 


2P 
EVyFEI 


then, according to Theorem 4, the unstable zones will be absent, i.e. with 
the inclusion of linear internal damping there will be only a finite 
number of series of instability and only a finite number of unstable zones 
in each series. Thus when q(t) > 0, and the frequency of the longitudinal 
force is low enough, the rod is always stable. Since exact estimates have 
been considered here, it may be said that if q,‘t) changes sign, then in- 
stability will occur for sufficiently low frequencies. The function 

q,(t) = 1- P(t)/P, may change sign only when there are values of P(t) 
larger than the critical force; thus if max P(t) > P,, then with suffi- 
ciently slow changes in the magnitude of applied force, instability of 

the rod occurs; this accords with experimental results. 


Beilin and Dzhanelidze, in their review of works on the dynamic stabil- 
ity of rigid systems, doubt whether the paradox can be resolved by 
considering only external linear resistance. They do not allow for the 
fact that there is an infinite number of series having unstable zones 
when only external resistance is present. 
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RELATION BETWEEN DISLOCATIONS AND CONCENTRATED 
LOADINGS IN THE THEORY OF SHELLS 


(SVIAZ’ MEZHDU DISLOKATSIIAMI I SOSREDOTOCHENNYMI 
VOZDEISTVIIAME V TEORIT OBROLOCHEK) 


PMM Vol.23, No.2, 1959, pp. 249-257 


K. F. CHERNYKH 
(Leningrad) 


(Received 6 February 1958) 


Quantities are introduced which directly characterize the deformation of 
a& normal element related to a given arbitrary line of the middle surface 
(in [7 - [fs] they were introduced for a line of curvature). 


By means of these quantities the displacement vector is determined by 
using one contour integral (in contrast to [4]. This (by analogy with 
the procedure used in the plane problem) permits the construction of a 
theory of dislocations and the separation from the stress function of the 
nonsinglevalued parts related to the nonselfequilibrated loadings on the 
contours of the multiply connected regions. A dislocational approacli to 
problems of the action of concentrated forces and moments on a shell is 
indicated. 


l. The middle surface of the shell is referred to lines of principal 
curvature a,, @,. Thereby A., R., are Lamé parameters and the 
2 2 
principal radii of curvature respectively. With regard to the boundary 


contour L, we assume that it consists of several closed smooth contours 


LG - 0, 1, ..., mn), which may not coincide with the lines of principal 


curvature. Together with the basic system of unit vectors/e,, @,, e i, 


n 
we introduce a system [1], related to the given line 


(Fig. 1). Obviously (Fig. 2), 


We also introduce 


cos- ¥ 


We relate to the line L’ the displacement vector 


U = te, -}- ve; + we, = ue, + ve, + wen 


23 
ant 
— 
I Ry hy Ht, Ry hy Rh, Ry 
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and the rotation vector 
2; — W)C, Oe, de, 


It is not difficult to establish the following relations 


Sir 


YY, sin 


sin cus (2 — — sin* yo, 


i 


The deformation of a normal element, whose middle line is L’, is 
characterized by the stretching of the middle line 


cos sin 7 cos Y@ + sin* 


and the vector of change of curvature 


where 


(OA\e, dAw 


Ode oad 


Ee) — COS- 


Ar daz 1 — £2) + sin® yoo] 


Using the relations written down above and the known rules of diffe- 
rentiating unit vectors [2], we may establish two basic relations 


360 

Ly 

- 

M, 

L; 

\ 

Ly 
Pig. 1. ‘ 

J 
(1.4) “ 19059 
= 

¥ 

(1.6) ‘ 

vt 

‘ 

sin ¥ COS — + (cos" — sin- 

h, Ry = 
siny 

—< 

a 
. 


Dislocations and concentrated loadings in shell theory 


L. -— Wye, = ee; + Xe; 


, cosy @ 
Ae O22 


is the derivative along the tangent with respect to L’. 


ay osy @Az , siny 
O22 


OA, 


relationship: 


Fig. 2. 


The following quantities are associated with the element considered: 


the traction vector 


(1.12) 
where 


(cos? y — sin* y)S 


cos 


(Me — AN) 
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Thereby 
We also have the following 
ty = — “A; ba, + As (1.11) 
1 4 indicating the derivative with respect to the normal of L’. 
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cosy dAoM, 2H AAs 


= 
i, AyAs\ da, 
sin y 1,2 OA, siny @ 
+ M,\)— sin ycosy(V,—M 
Ay Ag On) Ay 1( 2 1) 


cos* 2H] 


[sin cos (Mz — M,) —2H sin? 


and the bending moment 


M,cos* 


2H sin y cos y + M, sin* x. (1.13) 


Let us express the displacement vector through the components of strain 
From (1.8) 


and rotation. 


Taking into account 


(r, r. are respectively the radius vectors of the point L’ and its original 
position), and taking into account (1.9), after integrating by parts we 


obtain 


“t 


Q, x (r—ro)+- \ (ee; — (r — ds, + | \ (r —r,) (1.15) 


2. Following Love ([3], p. 232), we shall define as dislocations non- 
singlevalued displacements (in a multiply connected region) corresponding 


to unique components of strain. Therefore, assuming x, and, to be 


singlevalued, we investigate the character of possible multivaluedness of 


displacements. 


We consider contour lL.” originating and terminating (Fig. 3) at point 


M and embracing L.. The initial value of the displacement vector is 


“a 
362 
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U, +2 (r—r;) 


Following the contour L. we may, in conformity with (1.15), return to 
M with a different value of a displacement vector: 


U" U, + x(r — 4 \ — X(r —r;)} d x (r 


L’; L 


Thus the increment of the displacement vector in the passage along L,” 
is given by the expression 


2.1) 


The constants 


<(r —r;)} ds, 


will be called the parameters of dislocation. 


We note that they do not depend on the shape of the contour which 
embraces L.. This can easily be verified by considering the integral on 
the summary contour formed by two arbitrary contours L.” and L.”, which 
embrace L.. Transforming the contour integral in the region enclosed by 
this contour, with the aid of (1.1), (1.6) and (1.7), we verify that the 


integrand will vanish by virtue of the continuity equations of the middle 


surface. This proves U; and a; to be independent of the shape of L,’. 


A fairly simple procedure may be advanced for the construction of the 
dislocational part of the displacement vector. To this end we consider 
the expression 


r—r))@D 


With regard to ® (a., a,) we assume: 


(1) that it gives in passing along L an increment of 1, and in pass- 
ing along the remaining contours, zero; 


(2) its derivatives in an arbitrary direction are singlevalued func- 


tions. 


It is not difficult to verify that the expression (2.3) satisfies the 
requirements imposed on a dislocation. Examples of construction of dis- 


locational functions will be considered below. 


Problems regarding the analysis of shells from which a small portion 
is removed for added) and then one edge is joined with the other by means 
of a rigid body displacement, lead to dislocational displacements. It is 
assumed thereby that the edges of the cut are congruent. 


U,=4 te — 9, = ads, (2.2) 
Lj 

q 

(2.3) 
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We shall also assume that the magnitude of the dislocation parameters 
are known. Then the dislocational displacement sought may be given the 
form 


(r—r))} 


where U°° is the singlevalued part, permitting the boundary conditions 


and the surface loading which obtain in the problem considered to be met. 
From (1.8) follows 


Using these relations, and also (1.10), (1.14) and the obvious equal - 
ity +2 we obtain the expression for the components of 
de formation 


W.-e,— 


We illustrate the statements made above with an example of a shell of 
revolution (Fig. 4), from which a portion has been removed; this portion 
was bounded by two close meridians and the edges subsequently brought 
into contact. 


We have ({ 1], p. 241) 


Ag =o = 1, (9)sin 9, 


We put 


Since 


(U, + + (2.4) 
‘ 
OSs, Os, OSs, 
. Wy-en + [-- Wy- — 
Os, | . os, 1A 1; 1,02 
©O..@ | W 
Os, hi, ds, 
: 
| 
a 
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(r — F,) — pe, + 2e2, us 


Finally, using (1.6) and (1.7), from (2.6) we obtain 


| 


0) 


With the aid of these expressions, together with the relations combin- 
ing the stress-resultants with the components of deformation, it is not 
difficult to obtain the expressions for the stress-resultants, and with 
these to determine the static boundary condition and the surface loading 
which correspond to displacements (2.46). 


In the preceding discussion we made no assumptions regarding the magni- 
tude of the contour L.. Only its existence was of importance. From this 
it follows that the relations obtained will also be valid when L. is 
shrinking to a point, if the close vicinity of the degenerate contour in 
which the quantities obtained may lose their significance and may become 
infinite is not considered. 


3. Using the similarity of the equations expressing equilibrium and 
the continuity of the middle surface [2], we introduce the stress func- 


tions u’, v’, w by means of the following differential relations: 
T, =7,° + Ehex,’ (u’, v°, ) M, = M,° — Ehee.® 
T. Ehcx,°, M, = M,* — Ehe:,° 
S = S* — Ehex’, H = H* + Ehe = 


Here and later the superscript indicates that the quantity is con- 
structed by means of the stress functions. Let 7T.*, 7T,*, S,*, M.*, M,* 
be a solution of the nonhomogeneous system of equilibrium equations. 
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It is not difficult to show that the expressions written down give the 
general solution of the system of equilibrium equations. Relations (3.1) 


generalize the Lur’e and Gol’ denveizer functions [4,5] in a natural 


manner for the nonhomogeneous problem of the theory of shells. Using the 
functions thus introduced, with the aid of (1.12), (1.13), (1.46) and 


(1.7), the traction vector and the bending moment applied to a given con- 


tour may be given the following form: 


The starred quantities correspond to the system of functions (T,* 


H*). 


4. 


principal traction vector, applied to the arc s 


Let us consider the portion of the contour Sen? (Fig. 5). The 


is 


t 


7 


Recalling (1.9), we obtain 


Lhe {2 (9.1) 


The principal moment of all tractions and moments, applied to $408 


is 


M \ \ (rx T,’)ds, 


-eds, 4 \ (rx TL )ds Khe A\ -eds, + \ (r> 


Substituting K, by its expression from (1.9) in the last integral, and 
integrating by parts the integral thus obtained, and taking into account 
(1.8) and (1.14), we derive 


M=M — Elec {((r — x2, U° — (3.5) 


Solving (3.4) and (3.5) with respect to U°, we obtain 


= + Qu? — 


) — + (F — F’) (3.6) 


The last relationship is formally analogous to the displacement vector 
(1.15). Therefore, as was done for the dislocations, it may be shown that 


in the passage along L, the stress functions vector will receive an 
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increment 


Here F. and M. are the principal vector and the principal moment of 
all the tractions and moments applied at Li. 


tw \ 
\ 
\ 
\ 


M ” 
Fig. 7. 
Fig. 6. 


Further, an arbitrary stress functions vector may be represented in 
the form 


where ® is the same dislocational function and U°°° is the sing] evalued 
part, ahich ensures the satisfaction of the equations of contimity with 
tractions and moments constructed by (3.8), 


let us assume that F. and M. are known. The quantities F,* and M.* 
should also be considered known, because they are constructed by means of 
the partial solution of the system of equations of equilibrium we have 
selected. Thus, U.° and .° are assumed to be known. The fundamental 
difficulty in finding the nonsingular part lies in the construction of 
the dislocational functions ®.. As soon as these are found, with the aid 
of (2.5), (3.2), (3.3) and (377), we obtain the following expressions for 
the tractions and moments: 


ds, ; j 


| 
q 367 
(3.7) 
: 
M.—M F F 
e 
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M,; = W;°-e, (M. — M.*) 

: As before, the size of the internal contours is quite immaterial. If 
* one of them (for example L.) is shrunk to a point, conserving the magni- 
tude of the principal vector and the principal moment, then (3.9) gives 
the values of the tractions and moments for a concentrated loading of 

q given intensity. Let us investigate the character of the singularity of 
t the solution (3.9) in the neighborhood of the application of concentrated 
, a loading (assuming that the point considered is not singular for the middle 
surface). 

4 Let us introduce a local semigeodesic system of coordinates at the 
a point ([6], p. 445). With an accuracy within small quantities of higher 
x order for v << 1 (Fig. 6, 7) (the subscript j is omitted) we may obtain 


~ ~ ~ 


=U (r—r,) 


Vi 


The index © indicates that the corresponding quantities are evaluated 
at the pole. 


. We resolve the principal vector and the principal moment into com- 
& ponents tangential and normal to the surface: 
F = F;-e/ M = + Me 


Obviously, 


= COS (Yo x Sin (y, Tu) 


Sin (¥ Yy Ty) Yy te" 


V 
92 
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: 
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With the aid of these relations, retaining in (3.9) only the terms 
with singularities, we obtain 


where 


Yu) ‘ 
My) (3.11) 


If we retain only the principal singularities in expressions (3.19), 
then 


2:T,’ ~ 


From (3.11) and (3.12) it may be seen that the character of the 
principal singularity does not depend on the form of the middle surface 
or the choice of coordinates. 


4. All the above is of a static-geometrical character and does not 
depend on the form of the relations between the tractions and moments and 
the components of strain of the middle surface. We have considered only 
such singularities of the solution as are static. In particular, the well- 
known logarithmic singularities are lacking. 


The latter will occur if, assuming a generalized Nooke’s law, we de- 


termine the periodic part of the stress functions vector U’””, 


A detailed study of this question requires the use of additional 
mathematical apparatus, and will be presented in a separate paper. 


We shall here confine ourselves to the consideration of a simple 
illustrative example to clarify what has been said above. Consider a 
circular plate subjected to a central normal load P (Fig. &). We have 
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Ry 


Further 


M, = 0, (r —r,) = rope, 


we have assumed F,* = M,* = 0. Further, letting y = 9 andy = 1/27, from 


expressions (3.9) we obtain 


M, P, 7, = T.=8S M,.=H = 0 (ny N,’' =0) 


Let us now determine the periodic part of the stress vector U°°°, From 


the character of the state of stress it follows 


== =a = 0 


The total bending moments take on the form 


. Ehe du 


ro ag 


M,=—-— —— M, (4.1) 


+ (1+ p)(M,—1»M,) = 0 


Substituting the expressions for the moments (4.1), we obtain a diffe- 


nnn 


rential equation for the determination of u°’~: 


d2y4°°? (1 Ehe 
do2 do Po / 


} 


Its particular solution has the following form: 


P P The 


Using it, we obtain from (4.1) the well-known expressions (see [9 ] ) 
for the bending moments: 


Thus the treatment of a simple example by means of the dislocational 
procedure has permitted all the singularities of the solution to be 
isolated. 


In the general case the problem is reduced to finding particular solu- 
tion of the system of equations in terms of complex displacements [8 ], 
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Fig. 8, 


in which the quantities (T°, T°, 3°, M,*, M,*, H*) are constructed with 
the aid of the method discussed here. 
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ON THE SYSTEM OF DIFFERENTIAL EQUATIONS OF 
EQUILIBRIUM OF SHELLS OF REVOLUTION 
UNDER BENDING LOADS 


(0 SISTEME DIFFERENTSIAL’ NYKH URAVNENIT RAVNOVESIIA 
OBOLOCHKI VRASHCHENIIA, PODVERZHENNOI 
IZGIBAIUSHCHEI NAGRUZKE) 


PMM Vol.23, No.2, 1959, pp.258-265 


V.S. CHERNIN 
(Leningrad) 


(Received 14 October 1958) 


Bending or wind pressure loading is called a loading which varies with 
the angle ¢ (see figure) according to the formulas 


91 = 91 COS = Jn Sin Gn = COS 


All stress resultants, as well as the displacements in the shell, vary 
with @ in conformity with the same law: 
T, = t, cos ¢, T, = ¢, S =ssin¢ 
M,=m,cos¢, M,=m,cos¢, H=h,sin¢ 


u = v = sin >, w= wu, 


N,=n,cos¢; & = &), cose, = COS = @, 2 


N, = sing, % = % COS = %q, COS sing 


YT? 


Therefore, in the case of the loading just indicated, the system of diffe- 
rential equations of a shell of revolution becomes a system of ordinary 
differential equations, but this system is of the eighth order, as in the 
general case of loading. 


The possibility of lowering the order of the system was first dis- 
covered by Schwerin in the case of the spherical shell. It is also known 
that the analysis of a cylindrical shell under bending loads can be re- 
duced to the treatment of a differential equation of the fourth order 
with constant coefficients [1]. 


Novozhilov has reduced the problem of analyzing shells having the shape 
of any surface of revolution, under wind pressure loading, to that of one 
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differential equation of the second order with respect to an unknown conm- 
plex function, To this end he introduced a complex transformation, of the 


fundamental equations of the theory of shells. In this way the order of 
the original system in terms of real quantities becomes halved. In carry- 
ing out Novozhilov’s complex transformation the original system of diffe- 
rential equations can be simplified, however, in one of the following 
ways. (1) Poisson’s ratio » is assumed to be zero; (2) If » # 0, a number 
of terms is omitted in the compatibility equations (formula (16.5), p. 71, 
[3 }). 


The present note shows that the order of the system can be lowered 
from eighth to fourth with no changes at all in the original system. 


As such a system we use the five equations of equilibrium of shells 
((1.5) [2]), the three equations of continuity (5.1), p. 29[3]) and 
the six elasticity relations ((12.1), p. 56[3]). 


After differentiation with respect to the coordinate 4, the equations 


of statics ((1.5) [2 1) assume the form 


— cos 8 + mR, sin 9 + sin = 0 


d 


+ nl, sin + R, sin = 0 


d 


(n,R. sin 9) + Ryn, 


Zz 
| 
as 
“ a ~ 
d 
sind] a Ry R, In = ( 
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! 
fi, sin 0 


(m, sin 9) + - R, cos 


(4) 


where R, and R, are the principal radii of curvature of the middle sur- 
face of the shell. Multiplying the first and the third of (3) by — cos @ 
and — sin @, respectively, and adding the reults to the second, we find 


cin cos 4 
(t, 2, sin cos 


(n,R, sin? 0) + R, sin 4 


+ cos 9 + go, — qm sin 9) R, sin = 0 
Integration of (5) leads to the first integral of system (3): 
sin — nR, sin? + R,sin6(s 
Joy — Gn, Sin 9) RyRy sin (6) 


The elimination of the quantities m, and n, from (4) and the third of 
(3), allowing for (6), gives another integral of the equations of statics: 


n,R,* sin® 6 cos + sin 9 cos 6 — sin® 9 — m,R,sin 9 


\ R, sin 1+ go - gn, sin 9) sin 6d6 


\ €08 g,, sin 9) R,R,* sin? = C, 4 R, sin §d6 (7) 


The integrals (4) and (7) represent the conditions of equilibrium of 
the end element of the shell enclosed between the two parallel sections 
6° and 6, Stating these conditions directly, we find the constants C, 
and C,. 


The system of stresses in the section @ = const is statically equivalent 
to the stress resultant K, vdd@d and the moment M, vdd (v= R, sin @): 


K, = + + On = (7, cos 9 cos — T,. sing + sin 9 cos 9) i + 
(7, cosOsing + cos Q +- Q, sin sin j + (—T, sin 9 + Q, cos 9)k 
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M, = — = (—H,,. cos 9 cos + M,sin¢)i 4 (8) 
+ (—H,, cos sin + M, cos ¢) j + (—H,,.sin 6 + M, cos 


The shear force 0,, the stress resultants T,., 7,, and the twisting 
moments H 


91 are connected with the quantities § H and N by relations 
of the form [2 f 


2) 


(9) 


r 


Equating to zero the resultant force and the resultant moment of ex- 
ternal and internal forces at the section @ - 


0 
+ Pi+- \ + + Gam) sin 6 didp = 0 (10) 
0 


const, we get 


+ 7) xvK,)d> + \\ rx + Get, + + 


(M—P R, sin J = 0 (11) 


= yj, z = R,sin cos 9, y = R,sinbsing 


(12) 


0 


r=zi- uj — R, sin 6d6 


Integrating (10) and (11) with respect ot and allowing for (1), (2), 
(8), (9), we find 


t,R, sin 9 cos — sR, sin 9 —h, + sin? 9 + 


(9, cos — qx q sind) R R,sin 


-m,R, sin 6 — sin") +n, sin®* 9 +h, Rysin 4 


9 


\ q,, sin 9 gp, cos 9) 2, sin® 


4 

‘ 

= 
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\ (911 COS 9 — Gey 4- Qny Sin 0) sin R, sin = 


= 4 \ R, sin 9d 


0’ 


Comparison of (4), (7) with (13), (14) shows that 


(15) 
7 i.e. the constants C, and C, of integration are proportional to the force 
and the moment, respectively, applied at the end section of the shell. 
: Having derived two integrals of the equations of statics, we obtain 
2 without difficulties two integrals of the continuity equations as well. 
; z. To this end it is only necessary to make use of the statico-geometric 
a analogy, that is, in the case under consideration, of the circumstance 
- that the continuity equations in terms of the strain components ((5.1), 
2 p. 29, and (8.2), p. 39, [3.]) and the homogeneous equations of statics, 
after the elimination of and contain the same differential opera- 


tors, while the quantities 
7',, 


appear in these equations in the same manner. 


etc.) in 


Py Transforming (4) and (7), allowing for (4), putting 9414 = 124 


es and replacing the variables (t,, t,, ...) by (x,,, x 


conformity with (16), we get 


‘ 


cin deny 


— a cos + sin") + ¢,, cos? 0 — sin? 0 = 


fio ‘ 


The strain components in terms of displacements are given by the 


formulas 


w,sin®O + + cos 9 
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r, cos 0 
dts sin 


! u, \ 


1 wy, + r,sind cos 0 diy \ 
= — — — - u 
ft, sin 0 li, \ dO 1} 


cos », sin 0) 


1 [ 1 
ka hy Kissin 0 


Hie sin U 


Substituting these expressions into the equations (17), (18) and consider- 
ing that this substitution must satisfy these two equations identically, 
we find 
C;=C,=0 
As a result of the determination of four integrals of the original 
system of differential equations, the order of this system is halved. To 
show this explicitly we write down the system arrived at: 


scos — 2h, sin 9 cos + m,sin 9 


+ cos \ go, RR, sin db (20) 


iv 


+ msR, cos 0) -ssin§ + (cos? 6 —sin?9)— (21) 


sf) 


Fy + (P, M) = - | gx sin 6 


vz, cos 9 sin 9 — 0 
rt, sin 9 


. 
2sh, cos f) ; 2 ; sin 9 a 2h, cos 9 — Rit, +. 
ficos R sin § 
2 12 


v 


be 377 
- 
It, «ad 
aca 
; 
| 
4 
(23) 
(24) 
— 
— 
= 
iJ : 


V.S. Chernin 


dw 
2R, cos + weos 9 + sin 9 
di 


R,sincos9 R,sin4 
® + Gos = 0 


cos 


fo(q) \ (91, cos 9 gn, Sin 9) R,R, sin 9 dé + 


g,, sin 9 + q,, cos 9) R,R.* sin? d4 


—{ (9x, 8 — doy + gn, sin 9) sin R, sin 8 d9 | 


‘Me. Pe sin 4 


\ R, sin 8 d9 —— (26) 


c089 + qn, sin 9) R,R, sin 9 dd — 


v 


qx, Sin 9 + qn, cos 9) 


a 


\ (741 €089 — gay ++ guy sin 9) sin [\ R, sin 9 d8| 


0 


F,(P,M) +(= + Asin do) 


Equation (20) is derived from the integrals (13) and (14) by eliminat- 
ing the quantity n,; (21) is obtained from the same integrals by the 
elimination of t,; (22) and (23) are continuity equations derived from 
the integrals (1/) and (1%) by eliminating the quantities des, d@ and 
Koy) respectively; (24) is the second equation of statics obtained by 
eliminating n,; (25) is the second continuity equation. We note that the 
compatibility equations (22), (23), (25) can be expressed, with the aid 
of elasticity relations, in terms of stress resultants; this would lead 
to a system of six equations sufficient to determine the six unknowns 
ti» tos S, My» Mo, h,. This system would, however, be a very complicated 
one in spite of the lowering of the order of the differential equations. 
To reduce it to a simpler form we use a procedure similar to that intro- 
duced by Meissner for transforming the system of equations of the axisym- 


IOC ¢ 


378 
dt 
(25) 
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metrical shell problem. 


From relations (19) we immediately derive 


v 


(27) 


cos 9 — u, sin 9 
— —u,) + (28) 

It is not difficult to verify that eliminating « from the three equa- 
tions (27) leads to two relations identical with (22) and (25). Thus, with 
the aid of (27), one of the integrals and the second compatibility equa- 
tion are identically satisfied. 


Similarly, we represent the stress resultants by means of a certain 
function in connection with loading terms selected in such a manner as to 
satisfy the two nonhomogeneous equations of statics: 


6 


1 dV V sf nesin cos 


R, dd 


ty’ 


V cos m, sin 


+ fo(9q) + (P.M) 


Qhy 
—! sin 8 — —\ go,/?,R, sin db 
v J = 


The elimination of function V from (29) actually leads to two equations 
identical with (20) and (24). 


To obtain equations for determinating the functions and V, it re- 
mains to make use of the equations (21) and (23) and the elasticity rela- 
tions, which permits all stress resultants to be expressed in terms of 
and V, 


Indeed, from (27), (29) and from the elasticity relations ((12.1), 
[3]), disregarding quantities of the order of magnitude of h?/v? as com- 
pared with the unity, we obtain 


(i+n)deos) , 12 V sin Ocos9 


+ 


4 
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1 dy 
cos 9 ) 
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23 
4 
(29) 
V 
s= - 
v 
= 
— 
q 3 
— >> 
ind 
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sinO (1 — 
Ki, dv 


—\ R,sin dd, 
0 
)sin O° 


sin 8 db 


(30) 


0 
n)ysin AD { 


\ sin 9 dd 


Vv 


dD 


Substituting the expressions for the stress resultants, that 


is form- 
ulas (30), into (21), and into (23) expressed in terms of stress result- 


ants, 1.e 


for the functions w and V we obtain two equations: 


ior (cos? sin® 0)| + Fy (P.M) 


a 

a 

= 
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hy (1 — 1) 2 (1 Vsind 

‘ Lh v Liw 

0’ 

V cos 6 sin AD { dd cos 0 

0 Lact 

a 4 0’ : 

where 

m 

‘ 

Ky he ; (¢; — pl.) —- = 0 (31) 

dD 
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sin® 0 


+ (P. M)] 
dv 


f 
[fo (9) + (P, + 


0 
d [cos 6 1 


| 
(92) R, dv 


\ quilt, R, sin 0 


0 


0 
+ [ucos*§—2(1 + R, sin db 


We now introduce new functions v and w,, connected with V and uw by the 
relations 


and subsequently we use the notation 
12(1 — u*) R?? 
he 
Multiplying (32) by 12R, (1 - p?)/h? and (33) by (- 2iy?), and adding 
the results term by term, we obtain one equation for the complex function 


- 
= 4Y 


1 dit | Ry sin® 


sin*§ +4 (35) 


Ry, sind 


«Vv 


—cos* 0 4 —(1 2 sin*0)| ®(q, P, AM) 


® (9, P, M) = [Fo(q) + F,(P, My) 


he 


+ 7 (42) (36) 


To remain within the accuracy limits of the theory of thin shells, in 
the coefficient of the unknown function o in (35), we omit terms of the 


q 
1 dv 1 dR, , cos) , 
Ky d\- dy hy? dv hiyy 
2 (4 — = | (1 *) De 1: sin 9 sintcos 9 cos? 
+—— 
where 
A | 
aco 
da da / 
av hi; adi v \ 
| 
Risin). 
2i 
where 
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order of magnitude of h/R, and of h?/v* as compared with the unity. This 
ultimately leads to 


= P, M) (37) 


Vv 


v 
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This article considers a problem describing the dynamic response of an 
elastic half-plane to the impact of a system of stamps in the absence of 
frinction and cohesion. 


It is assumed that the reader is familiar with Sobolev’s results, con- 
tained in Sections 3-4, chapter 12, fi]. 


1. Uniqueness theorem. The following basic mixed boundary value 
problem will be considered. We are given a set, L= L, + ... + L,, of 
intervals (a,, 6,) arranged along the positive half of the x-axis in such 
a way that the endpoints of these intervals form a sequence {a,, b., a,, 
b,, The following displacements are given on these intervals: 


u(x, 0, t)=/f,(z, d,(z, 0), v(z, 0, t) = fo(z, 1) + t) (1.4) 


where d.(x, t) = d.(t) (i= 1, 2) on L, We are also given the principal 


vector (X°, Y¥°) of external forces applied to L (problem A), or d ,(x, t)= 


d.,(t) (k= 1, ..., nm) om the segments L,, and the principal vectors 
(X,°, ¥,°) of external forces applied to each of the segments L, ‘problem 
B). On the remaining part L’ of the boundary are given the stresses 


t), txy(z, 0, 1) = Biz, (1.2 


In addition, we are given the body forces X, Y and the initial con- 
ditions. 


u(z, V) = Uy 


v(z, y, = ! 


959 
cy (x, O, t) = A (7 ) 
(1.3) 
4 (—)_ = (z, y) 
4 383 


Problem A and B as formulated can easily be reduced to a system of 
integral equations for stresses o, and ry on the segment L of the x-axis. 
For this purpose, on the basis of a result given in reference [1], we 
may write the following equations 


= M (2, Yo, 


2u — \dt = N(Z5, Yo, to) 


\\\ X + v,°Y) dt + \\ (u,°txy + ¥,°s,) dxdt + 


Ou Ov 
—— v,° —) drdy 
ot ot 


We obtain a similar equation for N from the expression of M if we replace 
the fundamental solution i” v, of the longitudinal type by the funda- 
mental solution u.”, 1 of the transverse type. The volume T is bounded 
by the surface of the characteristic cone and by the planes y = 9, t = 9, 
as shown in the figure. In equation (1.4) we let y, go to zero, and in- 
troducing the notation P(X, t) = a (X, 0, t), Ole, ther mF 0, t), we 
obtain 


T,.U,. te) 


(to —t) t) dt \\ Q (2, t) + 


+ ly P(x, + D, (x5, to,) 


(to —t)Q (xo, t) dt = \\ [us 4 


oP (x, t)|)drdt + Dy (x, ty) 


Here the expressions ®(x,, t,) stand for known quantities. We next 
show that the solution of equations (1.5) is unique. In point of fact, 
let us suppose these equations have two solutions P,, Q,, and P,, 0). 
Then there will correspondingly be two solutions, u,, v, and u., Vo, of 
the equations of mtion for the half-plane To the difference solution 
U= U, — Un, V= vy — Vd, there will correspond the zero values of the 
initial data, of the body forces, of the stresses on the segment L’, and 
also of the principal vector (X°, Y°) on L in the problem A, and of the 


vector (x,°, Y,°) on L, in the problem B. On L,, this difference solution 
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(to—t) (ey, + 2u dt 
0 
45 t, (1.4) 
(to — — 
where 
+ \\ ot ot 
5, 
CSG eu 
: 
2 + | y, (15) 


Dynamic problem in theory of elasticity for a half-plane 


depends only on time: 
on L, in problem A 


d,,(t) on L, in problem B 


and, in accordance with the difference stresses P - Pp. - P,, 0 = Q, - Q, 


this difference solution can be expressed in terms of the latter by the 
formas [ 1 | 


aN aM 
(Zp, Yo» ty) --+ 270 Ta. Wa, f = 
Yo 


where 


The fundamental solutions make it possible to enlarge the region of 
integration S somewhat and make it independent of x. and y,. We can there- 
fore easily justify the interchange of the order of differentiation and 
integration in (1.4), and obtain 


) P(x, t)| dx dt 
(1.8) 
\ P(z, t)| dz dt 


The region S of integration can be replaced by a set of rectangles of 
height @, = t. - r,/a, where a is the propagation velocity of the longi- 
tudinal wave constructed on segment L,. The equation (1.8) then takes the 
form 


) P(e, t)|dz} de 
(1.9) 


ous") t) + (2 P(x, t)} az} dt 


We note that the difference solution u, v and its derivatives are zero 
at the moment t, at all points of the half-plane where r. > at.. 


Let B be a finite region bounded by the contour L in the x, y-plane, 
and let n be the exterior normal to L. Then 


16 
(1-8) 
23 M \\ [u.°Q (2, t) + (zx, dxdt, 
(1.7) 
N = \\ t) + 02°P(z, drdt 
( Oyo / * (z, t) \ 
Ss 
s 
= 
é 
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4 V) \\ LY + \ (Xn +¥n 2) de (1.10) 


it 
l L 


Here T is the kinetic and V the potential energy of the elastic medium: 


a4 eu 


+(G) 
B 


(1.11) 


\| (ce, + + (ex? + ey? + dady 


Let us construct the region Bp, in the half-plane y > under consider- 
ation as follows. With the origin as center we describe a semicircle Lp 
with a radius R so large that all segments L, will lie on its diameter 
inside the semicircle. Applying (1.10) to the region Bp, and to the diffe- 
rence solution, we obtain 


Y¥n—)dl (1.12) 


We will show that for al] 


lim \ (A + as R- c (1.13) 
Lp 


Indeed, the integrand in (1.13) is equal to zero at all points of the 
half-plane where R > c + at, (here c is the larger of the numbers la,|, 
|b.|). Hence equation (1. 13) is also valid at any moment at all points 
of the half-plane T+ V = const. 


But since the initial data are equal to zero for the difference solu- 
tion, it follows that T+ V = 9. Thus, 
— (1.14) 
vl ol 
that is, the difference solution corresponds to the rigid displacement of 
the body. The stresses corresponding to this solution are zero; therefore, 
the difference stresses are zero at the points of the boundary of the 
hal f-plane: 
P P, P, Q, = (1.15) 


The uniqueness theorem is thus proved. 


2. Integral equation of the problem. Subsequently we will con- 


fine ourselves to considering the problem under the following boundary 
conditions: on the entire boundary y = 9 the tangential stresses r zy are 
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given; on the part L of the boundary the displacements v are given, while 

on L’ the stresses 0, are given. We write the second of equations (1.4) 

in the form ; 
(2.1) 


Av 


\ (to — t) (txy dt y + + N, (Xo, Yo, to) 


where 


“6 


3 Letting the point M. approach a point P. within the region}! y = 9, 
xe L, 0< t < where r and v are given, for a, we obtain the inte- 
gral equation 


\\ cy (x, t) lim vi drdt = Ny (25, 9, to) (2.2) 


ores 
where NV, includes known quantities which can be computed from the initial 
and boundary conditions, while S is the limiting value of the common part 
of region S and region D which is the set of al! rectangles of height t, 
constructed on segment L,. It is easy to evaluate the kernel of the equa- 
tion (2.2): 


lim = Ky(x— t, —?t) 
(2.3) 


where b is the velocity of propagation of the transverse wave and F(&) is 
Rayleigh’s function. We note certain properties of kernel (2.3). It is 
singular with a singularity of order (x — x.)~* in the neighborhood of 


as x,; it has a logarithmic infinity for values of @ equal to the roots of 
- Rayleigh’s function, and is equal to zero on the boundary and outside the 
3 region S’, This latter circumstance makes it possible to write equation 
eae (2.2) in the form 
aa 


\ \ - P(x, t)drdt Vi(Zo, O ty) 


L 
where the kernel 


Lo, to 
On D—S 


K, (iz — ly t) 


is bounded in the neighborhood of x.. 


a 
7 
| 
4 


= 
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The integral equation (2.4) of the Volterra type is of fundamental 
importance for the given problem. 


3. Reduction to the Singular Equation. The validity of al! 
following operations is assumed in order to obtain the solution function. 


This, of course, will necessitate an ultimate verification of the assump- 
tions. We rewrite the equation (2.4) as 
t, 


K,(j2—29|, t) —t) P(x, t)dedz = (3.1) 


L 


Applying the Laplace transform and making use of the convolution 
theorem, we obtain an equivalent singular equation for the problem 


L 


P(x, s)\dx = s) (5 s+ > 0) (3.2) 


Here K,(|x- x,|, s), Plx, s), flx,, s) are the transforms of the 
functions K, (|x t), t), No(x,, 9, t). It is easily verified 
that K,(0, s) = Ms* , where M is a known constant whole value can easily 


be found. 


We rewrite the equation (3.2) in the form 


1 P (x, K (ao, r. s) P (a. s)dx s) (3 


I 


A x, 8) 


When A = » (Poisson's hypothesis), the following expression can be 
given for the kernel 


uy (t) t 


K (x, s) A (0, s) = sign(a ro) | \ 


2 
23 
i 
L I 
Here 
K, (0, s)(2 ry) 
3 
u 
Aj, \ aretg e—tdi+ Y \ In e—Stdt - 
— A,! \ dt} 6; (3.4) 
(t) | u* a. a,* a@,* 
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i i 
Here A, ', A ip: A,‘ are known constants, s is the velocity of propaga- 
tion of Rayleigh’s wave, and a,= 4, @,= b, a,=a, B, 
are real roots of the function 


(3) == Ya?— 2 2:2)2 


It is not difficult to prove that 


K (2, = lim Ki (u, 8) - 0 as (3.5) 
and to show on the basis of (3.4) that the kernel K(x., x, s) on L satis- 
fies the Hoelder condition with v < 1. 


Regularizing equation (3,3), we obtain [ 2 ] 


P (zo, s) + K*AKP (x, s) = A*f + P,_, (ro, 8) Z (xo) (3.6) 


Here Z(x_) is a canonical solution of the given class and x) 


is a polynomial of degree n — 1 whose coefficients depend on s,: 


Kep= 200 = Nia, 2, 8) P(z, 8)dz 
i 
(3.7) 


Xo) 


The homogeneous equation (3.5) has no roots different from zero (this 
is a consequence of the proved uniqueness theorem). Hence there exists 
one solution of equation (3.5), and one only. By means of the resolvent 
R(x., x, s), this solution can be written in the form 


P(r, s)=|K* + 2, 8) + 4 
+ \ Ry (x. x, s) Z (x) de 
i 


R(t», 8) (3.8) 


The constants C,(s) are found from the auxiliary conditions of problem 
A and B. In problem B, the forces Pi(t) are given on each segment L,- In 
the image space we obtain 


(s)=\ P(e, (3.9) 
L 
In the problem A, al! d,, in formula (1.1), taken on the segments L,, 


are equal, 


(8) = (8) = = dyn (8) (3.10) 
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N z, $) Z (20) ( K (2 na) dz, 
Z (2) | 
| 
4 


> 


we are given the entire pressure on al! segments 


P(s) = \ P(x, s)dx (3.11) 
i 
Substituting (3.8) into (3.9), or making use (as in the static case) 
of conditions (3.10) and (3.11), we obtain (in either problem) a system 
of equations for the unknowns C,(s). This system has a unique solution 
which follows from the established uniqueness theorem. 


The resolvent R,(x,, x, s), considered as a function of s, has no 


singularities distinct from those of the kernel 


This resolvent is, therefore, holomorphic in the half-plane Re s = 22 
ao>a 0, and is bounded at infinity because the kernel N has this ,aQc¢ 


property. As is to be seen from the expression for N,, the behavior of 


this function of s is determined by the behavior of the kernel 


A (x 8) - 


where, in accordance with (3.3), 


Ay (u, s) = —uexp 


uexp 


If u= 9, namely, x= x., then K, = Ms‘, and K(x,, x, s) = 9 for all 
s. Let u# 0. We will show that 


(3.13) 


Fry 


remaining uniformly bounded, and tends to zero as |s| increases. Indeed, 


setting t, st, we obtain jie 


ae 
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and 

us) { 

FF, 

0a 

Here 

t { t 

ee a u b u 

II, (s, u) ‘u\ \ die—*' dt 
= 
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“1 


ayn 


FF, 


II, (s, u) = su 


a 


Here the integration has to be carried out along the ray arg t= 
arg s = }= const ¢ 0. However, it is easy to show that this path of inte- 
gration can be replaced by one which passes along the real axis, if the 
function F, has no imaginary zeros. Assuming ¢ = s, let us estimate 


\7.(C-*, u)| for small values of ¢. For the path of integration select- 
ing a segment of a ray starting at the origin, 


The parentheses (...) indicate the integrand, and we take 
of its absolute value on the segment indicated. Since 


max |(...))/< max 


and since the expression standing between the absolute value 
bounded by, say, L, we have 


Vp 


Thus the term7,(¢~!, u) approaches zero as yp goes to zero, and re- 
mains uniformly bounded. The same properties are possessed by the coeffi- 
cient of exp(— sb™*u) in the second term in expression (3.12), and hence 
by function K,(u, s). Consequently s + « may be taken as the limit under 
the integral sign of the integral determining V,. Since the limiting value 
is finite, the boundedness of the kernel NV, (x., x, s) with s = ~ has thus 
been proved. In consequence of the boundedness of the resolvent R,, the 
first two terms in formula (3.6) and the function K*F belong to the class 
of functions that can be represented by means of a Laplace integral. It 
follows from this that all the C,(s) belong to this class. Thus the 
function P(x., s) given by formula (3.8%) can be represented by means of 
a Laplace integral and by using a Mellin transform we can find the original 


4 
(3.14) 
23 ; we have 
) F iam! + Fy, u 
7 the maximum 
F (tun Fy z~*) | u u 1 
on 
q 1,(—, u)| <LVp\tea-L (3.17) 
= 
= 
q 


Sveklo 


(3.18) 


Let us verify that function P(x,, t,) is a solution of (2.4). In point 
of fact function P(x,, s), being a solution of (3.5), is a solution of 
the equivalent equation (3.2). 


Let c.(j = q+ .«+, m) be the values which Z(x) takes on at infinity. 
Let us set 


Z (xz) = (Z, (2) 2 (x — (— 1 < Rey;< 9)) 


q+1 


where Z.(x) is a function bounded in the neighborhoods of the c.. Then 


P(x, s) = Z,(x) s), where s) is a function bounded near the >2 
, c. and belongs to the class H. The equation (3.2) can be written in the 195 
orm 


Z; (2) Ky | r- 


z z 


P, (x, s)dx = f, (x, s) (3.19) 
L 


We will establish the uniform convergence of the integra! 


Kil 20), s)ettds(s = 29 + 29 > 0) 
6,—ice 
a After division by the factor e?s‘', we have 
| 8) P,(z, | < 
< \ Td dt lel? at (3.21) 


because ,s)| Als), |P,(x, s)| < Bls), where Als) and 

B(s) are bounded nonnegative functions. Hence, taking the Mellin trans- 
form of both parts of (3.20) and changing the order of integration, we 
obtain 


Z; (x) 
L 


\ Ky (|x —2o|, to—t) Py (x, t)dadt = Nz (xo, 0, to) 


t) Ps (z, dxdt 
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2, 
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Function (3.18) is thus seen to be in fact a solution of our problem. 
The existence theorem has thus been proved. 


In conclusion we note that if t + ~, and if during this process the 
functions tend to definite limits, then, owing to (3.8), on the boundary 
we obtain the familiar solution of the static problem on the pressure of 
stamps on an elastic hal f-plane. 
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The indentation of punches of wedge-like and rectangular planform into a 
plastic half-space is investigated in this paper. 


These problems are further developments of known results obtained by 
Prandt! [1]. It should be noted that the corresponding axisymmetrical 
problems have been solved by Ishlinskii [13 ] and Shield fo]. 


First, the thedry of the state of a spherical deformation, of which 
the theory of the state of a plane deformation is a special case, is con- 
sidered. The generalization is based on properties of various coordinate 


systems, to include some other systems as special cases. Thus, the 


rectangular cartesian coordinate system can be looked at as a degenerate 
case of a cylindrical and spherical systems, etc. 


In the case analyzed in this paper the spherical system constitutes 
the original. 


1, The equilibrium equation in spherical coordinates has the following 


form. 


60 esind de 


de e 09 


The angle 6 is measured between the radii and the positive direction 
of the z-axis, ¢ is the angle measured around the z-axis to the right. 


Denoting by u, v, w the displacement velocities along the axes, the 
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Phi 


expressions for the components of the rate of deformation tensor are 


{ Ow Ov 
> -( sin — — + — 
Ao 2esin9 08 0? 


+-u), 


— abe u sin + vcos 6), Eon — | : (1.2) 


esin® 


us assume that 


u =ou*(9, ow” (8, 


Obviously, in this case the components ¢ ,, are independent of the 
quantity p. It then follows that it is possible to seek a solution in 
the forme..=a,. d). 

Let us further assume that 


Then from the first equilibrium equation we get 


= + 34) (1.5) 


It should be noted that relationship (1.5) follows from (1.4) and the 
equilibrium equations. 


We also assume that the Tresca plasticity condition is fulfilled. From 
(1.4) and (1.5) it follows that the state of stress cannot correspond to 
the edge of the Tresca prism (the condition of full plasticity). It 
corresponds to the face of this prism. Because of (1.4) and (1.5) the 
third invariant of the stress deviation tensor is zero. Thus, fol lowing 
[8], we get 


(1.6) 


sin 0 


sind w* cos 9 ght 


It is easy to see that under conditions (1.3) and (1.4), relationships 
(1.6) and (1.7) will also be satisfied for the von Mises plasticity con- 
dition (except for a constant term on the right-hand side of (1.4). The 
equations (1.1) will now have the following form: 
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(s z.)ctg 9 


sin 


The resulting state is called a spherical deformation state, analog- 
ously to the plane deformation state. Indeed, if the latter is considered 


to take place on some plane, the former takes place on some spherical 


surface. Obviously the spherical deformation state also includes the 
plane deformation state as a special case. To show this it is sufficient 
to perform the following change of coordinates: 


z= he, R (6 0, 0 liex, R ~) 


Rw’, 


u, 


where u., u, are the displacements along the x- and y-axes, respectively. 


The relationship (1.4) is satisfied by setting 


2kp—keos2h, to, = ksin (1.9) 


Substituting (1.9) into (1.8%) we get 


Op. 
De f 
COS 2 () 4 
9.) 1 sin 20 


The characteristics of equation (1.19) are 


taly 
dt /19 sin 6 


(1.11) 


It is easy to prove that along the line (1.11) the following relation- 
ships are satisfied: 


dp+d¢ + = 0 (1.12) 


These relationships are generalizations of well known Hencky integrals 


[3]. 


Now consider equations for the displacement velocities. The relation- 
ships (1.7) yield two equations for the determination of the two compo- 
nents v* and w*. One of these equations is 


and the second can be recorded in the following form 
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(1.13) 


Rewriting these equations in terms of displacement velocity components, 
taking into account (1.9), and dropping the asterisks, we get 


Ov , 1 dw 


() 
% Gnd de 
Ov. Ow 1 
2 sin 2p cos 2b ( = ) (1.14) 


It is easy to show that the characteristics of (1.14) can be expressed 
by (1.11). Along these characteristics the relations which are the general- 
izations of the known Hencky relationships [4] will be satisfied, 


cos [v tg (b 3/22) —w] + dv + dwtg(o = 0 (1.15) 


-+ 


(This is seen if we consider (1.15) as a relationship between the velo- 
city components along the characteristics. ) 


In order to investigate the properties of the characteristics, we 
utilize the method of investigation proposed by Khristianovich [5 ],[6]. 


Let us assume that a(@, d) = const and A(@, &) = const are the equa- 
tions of the two families of characteristics. 


Then 


a ay AD 
P cos 6 2? =0 (1.16) 
sin§ On Ox | 


tg + cos w | =0 (1.17) 


Assuming that w= Ww (a), v = v (a), w= w fa), it will be possible to 
consider a as a parameter of ws. Hence, equations (1.7) will acquire the 
form 


¢—tg(¢— ; Intg— —|\Insin = (1.18) 
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The first family of the characteristics consists of the lines (1.18) 


| 
397 
ee 
al | 
da 
a so 1 ae 
me as well as 
_ ¢ l/ f ap 
08 sin 05 04 os Os 
Av 
me 
Pes 


4 


D.D. Ivlev 


for wu = const. The second family is found by integrating the systems (1.16), 
sind a6 ®, (8) 


\ctg = @, (8) (1.19) 


The case ws = ts (8) is considered in an analogous manner. Let Ww = const. 
In this case 


¢—tg(o+ =) Intg+-- (8) (1.20) 
tg(¢- = \Insin =@,(8) 
lw \[ote(y —w] cos Ode =9;,(P) 


tg(¢——-} Intg> 0, (a) 


d—tg(d }In sin 8 (a) 


w+ \[vtg(p— —w] cos = 8, (2) 


2. The results of the theory of plane deformation can be generalized 
for the case of spherical deformation. 


Consider a generalization of Prandtl’s solution [1] of the problem of 
a rigid punch on a plastic half-space. Let @ = const; this respresents a 
part of a half-space bounded by a circular cone. The generalized Prandt! 
punch in this case will be in contact with the half-space over a part of 
a surface bounded by two radii. 


1, 


Of the greatest interest is the simplest case, when @ = 1/27. In this 
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case we have the indentation into a plastic half-space by a wedge-shaped 
punch. Figure 1 represents the projection of the punch on the boundary 
plane. Note that an analogous elastic problem has been considered by 
Galin [7]. 


Consider an auxiliary @¢ plane (Fig. 2), 1/2 
Assume that normal pressure is acting along the line AB which produces 
a plastic state in the region CAOFE, and similarly in the symmetrical 
region. 


The stress distribution in the regions CA F and AOE is clearly in- 
dependent of ¢. From (1.19) we therefore obtain 


sin 20 const (2.1) 


‘sin? 6” 


Since, however, rTag7-% for 0 = 1/2 7, then c, = 0 in (2.1), and, con- 
sequently, = everywhere in the regions ACF and AOF. 


Next we find that in these regions 


p =~Insin® + (2.2) 


where xk =-1 forwWw=0, ..., ; k= 1 forw=+ 2/2, 3/2 7. Assm- 
ing that in the regions CAE the stress component o, is a compressive 
stress, we can put w= 9, Thus, from the condition og = 9 for @ = 1/2 2, 


for this region we get 


Assuming that in the region AOF the component 4 is a tensile stress, 
and that the pressure on AQ equals q, and putting w= 1/27, for this 
region we get 


(q+ 2k)/k 


The unknown pressure gq is obtained by matching the regions CAF and 
AOF by the construction of a plastic region EAF. The latter is obviously 
a generalization of the fan-region introduced by Prandt!. 


The integral should be taken 
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- 4: From the matching condition we obtain 


q k (2 2) 


Thus, the pressure necessary to produce plastic deformation by a wedge- 
shaped punch on a half-space is shown to be identical with the pressure 
to produce the same effect by a punch in the shape of an infinite strip 
(Prandtl’s solution). 


The displacement velocity field is determined from (1.14). Now consider 
the plastic flow along the rigid boundary OF EC, Figure 2. On the bound- 
ary AO the normal velocity is given, v = l. Since in the regions CAE 
and AOF sin 2uv/= 9, the flow in these regions is shearless. On the 
boundaries AF and AEthere are possible velocity discontinuities along 


the tangential directions to these boundaries. 


The problem of the determination of the displacement velocity field 


can be solved numerically. It will give the change of the coordinate net 
in some instant close to the initial instant of indentation. Clearly, the 


maximum value of the angle AOB (Fig. 1) in the case analyzed here is 
2/3 


3. Applying Prandt!’s method [2], we obtain another exact solution of 
the theory of ideal plasticity. 


Assume that rg u= f(0). From (1.6), (1.%) we get 


Putting 


we find 


(¥) sin- 0 


From (3.1), (3.2), (3.3) we find that 


2u\ PO ctg + 


24 \] (9) eto ~ #2 (9) ete 9 


It is obvious that 


E 23 
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Putting v = v (0), w= w (@), we determine the displacement velocity 
field as follows: 


\ — sin 9 


JV k?—f*(6) 


Where B, and B, are some constants. 


4. Assume that the punch pressing on the half-space has a rectangular 
projection, shown in Figure 3 as a rectangle ARCO. 


Assume also that the plasticity condition is as expressed in [® }. 


k) (zy 
k) (2; 


ky (s 


mst 
The plasticized portions of the material appear on the surface of the 
half-space in the regions BCE F and ABCH Figure 3. 


We wil! assume that in the region ABCOa uniformly distributed pressure 
q 1s acting. 
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Obviously, the equilibrium conditions and the plasticity conditions 
(4.1) are satisfied for 


‘xy = “27x z y 2k (4.2) 


It is also obvious that in the plasticized regions BCEF and ABCH 

we must put 
= 0, 2k (4.3) 

The unknown pressure q is determined from the matching conditions of 
the plastic regions under the areas ABCOand BCEF,ABCH, Figure 3. For 
this purpose we utilize the regions of the type shown in Figure 4, which 
we will call sector regions. To find the stress and strain distribution 
in these regions we use cylindrical coordinates p 0&. Assuming that al! 
stress components in the sector depend only on the angle @, we get 


(4.4) 


we obtain 
2k — 6) 6 < !/,n) 
se = 2h(c — 6) —k, c = const (4.5) 


In the regions which lie at the angle 1/47 to the axis, where the con- 
ditions (4.2) and (4.3) are fulfilled, we have 


k, t=—k, k (4.6) 


Thus, from the matching conditions it is easy to find that 


q k (2 =) (4.7) 
On the matching boundaries of the plastic regions all stress components 
are continuous except for o¢ on AK and CN, Figure 3. 


The value of the discontinuity of the modulus is 2k. The discontinuity 
of the o¢ stress is statically admissible. 


We note that Shied and Drucker [11] have showed that the pressure 
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satisfies the inequality 


5k <1q'<5.71k 
We now proceed to construct the velocity field. For this purpose we 


use the following relationships, [19], 


Following Prandt!, we assume that the plasticized region of the material 
under the punch is moving with a unit velocity downward. 
te-=u,=0, u,=1 
In the sector regions 


(4.9) 


It is clear that the velocity field (4.9) satisfies relationships 
(3.8). In the plasticized regions under the areas BCE F and ABGH we put 


It is not difficult to verify that the solution can be now constructed 
following the work of Ifill [12]. The stress distribution is determined 
in an analogous manner, as has been done above. The construction of the 
velocity field, however, requires some smal! modifications. 


In summary then, it has been shown that Prandt!’s formla (4.7) is 
also valid for rectangular punches acting on a hal f-space. 


A further extension of the results obtained would be the solution of 
problems of polygonal punch. The solution of these problems, however, 
would require numerical computations, since the magnitude of the pressure 


in this case is not constant. 
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All known theories of plasticity which include the concept of the angle 
on the yield surface contain in one form or another a specific assumption, 
i.e. the principle of independence of plastic response of certain elements. 
In the physical theories, such as those by Batdorf and Budiansky [14 }, 

Lin [2 a etc., the principle of independence of plastic response is 
accepted for each plane or for sliding systems. In the phenomenological] 
theories of the type of Koiter [3] and Sanders [4], the principle of 
independence of response is stipulated for each regular surface or plane 
of yielding. A survey of such theories can be found in reference [5 Ba 
However, the application of the principle of independent response in 
plasticity calls for certain known criticism. It can be only hoped that 
the errors induced into such theories are little dependent on the state 
of stress, and that this theory, verified in a simple experiment, gives 
sufficiently accurate results for arbitrary states of stress. 


Therefore, it is natural to establish a theory of plasticity which in- 
cludes the concept of the angular point, without application of the prin- 
ciple of independent response in any form, Such an attempt has been made 
by the author [6] for problems of plane loading paths. However, one of 
the assumptions introduced in that paper, namely the plasticity conditions 
for radial loading, is not quite satisfactory. In place of that assump- 
tion, in the present paper we consider a more general one, which seems to 
be the more natural assumption D. In addition, the local-minimum property 


of change of the plasticity curve as described in [6 -B which leads to 
angles on that curve, will be formulated somewhat differently (assumption 
C). The new system of assumptions leads to improved results. Thus, one of 


the conclusions difficult to explain on the basis of the theory advanced 
in [6] consisted in the fact that at the end of simple loading there 
existed another region besides the elastic one; if an additional loading 
was directed into this other region, the plastic shear modulus became 
equal to the elastic one. In the present paper the plastic shear modulus 
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is dependent on the direction of loading, as in the theory by Batdorf and 
Budiansky, which appears to be more natural. 


By virtue of the method of presentation used in[6], it may possibly 
be somewhat difficult to obtain an appreciation of all the assumptions 
which are truly necessary for the derivation of the relation "stress- 
strain". In the present paper we have made an attempt to delineate pre- 
cisely these assumptions and to formulate them in such a manner that the 
following investigation bears a geometric character. 


1. Definitions and restrictions. Denote by P the stress vector 
and by 3 the strain vector, whose components form a deviator, and let 
these vectors be constructed in a nine-dimensional system of coordinates 
such that the deviator components with a single subscript are measured 
along the same axis. Further in place of the vector J we will often in- 
vestigate the vector of plastic deformations J? = 9—P/2G, where GG 
is the elastic shear modulus. Evidently, components of this vector can 
be written as) 4;;? = 95; — §i;/2G. We will call the hodographs of the 
vectors P, 9 and 9P the paths of stress, strain and plastic strain 
respectively. We call the small change of the state of stress, character- 
ized by the vector AP, the additional loading. The magnitude of tht 
vector P, AP and 9” is denoted by p, Ao and 3” respectively. 


We confine ourselves to considering the case when the loading path lies 
in a two-dimensional plane of the nine-dimensional space indicated above. 
The stress-strain relation is then applicable, for example, for stability 
investigations. The assumed properties of the material will be formulated 
with respect to the plane stress vector. 


2. Assumptions. A. If a relation can be established for two diffe- 


rent paths of loading, such that the distance between two corresponding 
points is less than 5, then the strain between corresponding points is 


less than ¢, which depends on 5 and which approaches zero as « approaches 
zero. 


B. For any state P, obtained by a given loading, there exists a closed 
piecewise smooth convex curve in the plane of stress, called the plasti- 
city curve, such that moving along the curve, or inside the curve, re- 
presents purely elastic deformation of the material. 


C. During the plastic deformation the plasticity curve changes con- 
tinuously, possessing the following local property: during additional 
loading AP, the points on the plasticity curve in the neighborhood of 
loading may be displaced only in the direction opposite to the origin of 
coordinates, tending to pass along the shortest path. 


D. Let there be given two states of stress P, and P,, and the addi- 
tional loading \P, and AP, corresponding to the plastic deformation 
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AJ,” and AD,” respectively. If the differential element of the curve of 
plasticity at the point P, can be superposed by a rigid displacement or 
reflection, with the differential element on the curve of plasticity at 


point P|, and if the vector \P, can be superposed with vector AP,, then 


the vectors AD,” and AD,” be superposed too. 
FE. The volumetric strain is elastic. 


3. Discussion of the system of assumptions. Assumption A is 
the usual condition of continuity and geometrically expresses the fact 
that a small change in the loading process causes a small change in the 
deformation process. Assumption B represents a geometric interpretation 
of the generally accepted concept of the loading function [7 ]. 


There is reason to believe that the sequence of the plasticity curves 
on an arbitrary loading path is such that in the neighborhood of the 
points on the path the preceding plasticity curve does not pass outside 
the following one. This proposition is obvious in the case of a smooth 
plasticity curve. Its violation in the presence of angles on the plasti- 
city curve may lead to a non-elastic response of reversed loading, which 
seems to us impossible [6]. It is regrettable that no special experiments 
have been conducted to clarify this point. The majority of experimental 
studies, the investigation of the laws governing the changes in the 
plasticity curve, have hitherto been conducted for the case of simple 
loading, for which the detail of the behavior of the plasticity curve in- 
dicated above is fulfilled. The most significant study in this direction 
is admittedly that by Naghdi, Essenburg and Koff, in which (as also in 
some other papers) it is pointed out that in the process of simple load- 
ing the plasticity curve changes continuously, and in some regions, near 
the end of the stress vector, tends to be linear, becoming more acute as 
the stresses increase. Assumption C is an idealization of the propositions 
expounded above. We note that this assumption is a special consequence of 
the method postulated by Sanders regarding the construction of plasticity 


curves. 


It is known that in the process of plastic deformation the shape of 
the plasticity curve depends on the loading history. We may assume that 
this is a reversible one-to-one relation, that is a given plasticity curve 
corresponds to a unique loading path and vice versa. It follows from this 
that the vector AQ” will be completely determined if the plasticity curve 
and the additional loading vector AP are given. Indeed, this is true if 
the plasticity curve is smooth, and it further turns out that the direction 
of AQ?” is influenced not by the whole plasticity curve, but only by its 
differential element at the point of additional loading; thereby the in- 
fluence of the differential element and the vector AP on the direction 
of the vector AQ” is invariant with respect to the group of rigid dis- 
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placements in the stress plane, that is it is the same in the local system 


of coordinates connecte! with the differential element and the vector AP. 
As regards the magnitude of the vector AQ”, it depends on the whole 
plasticity curve. Since the laws of change of the plasticity curve for an 
arbitrary loading path are not known, the tendency has been to select a 
simple scalar function, whose influence on |A9”| can to a certain extent 
replace the influence of the plasticity curve ‘for example, stress in- 
tensity, plastic work, etc. ). 


If a singularity occurs (plasticity angle) at the point of additional 
loading, then together with a considerable increase of the complexity of 
the study, a positive characteristic appears which consists in the fact 
that a scalar function ts introduced which ts relate! to the point of 
additional loading in a natural way, namely the magnitude of the plasti- 
city angle, which may possibly be used as a measure of plastic deforma- 
tion. On the other hand, the possibility that the occurrence of an iso- 
lated singularity on the plasticity curve violates the feature that the 
plasticity curve influences the direction of AD” only locally, established 
in the case of smoothness, seems remote. At any rate, it appears that the 
influence of the parts of the plasticity curve remote from the point of 
additional loading on the direction of AD” may be neglected as compared 
to the influence of other factors. On the basis of what has been said 
above, in the case of occurrence of angles on the plasticity curve there 
arises the possibility (whose presence in the case of smoothness is not 
clarified) of determining the vector AD” completely by means of the diffe- 
rential element at the point of additional loading and the vector AP, 
that is of making this dependence a more local one. Thus, it may be 
assumed that the vector AU’ will be completely determined if the magm- 
tude and position of the plasticity angle and the additional loading AP 
are known. Assumption I) asserts that the position of the plasticity angle 
does not influence the relation between the vector AD” and the additional 
loading and represents a simple extension of the property of local in- 
variance, which occurs in the case of smoothness for the direction of the 
vector AQ”, and for the direction and the magnitude of AD” when the 
plasticity curve has angles. 


We note that assumption D contains more than we need for what follows. 
We will merely require assumption ID to be satisfied when the vector A3’ 
is along the bisectrix of the plasticity angle. 


Finally, assumption F is the usual one in plasticity theory. 


1. Some consequences. To determine the relationship between the 
vectors of stress and strain, the given loading path can be replaced by 
some other neighboring path, which may be composed of separate curves or 


of straight lines on which the plasticity laws are know or are postulated 
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in a more natural manner than on the original path. In accordance with 
assumption A the deformation path found will pass over into that sought 
if the changed loading path approaches the given one. 


From assumption B it follows that the plasticity curve changes during 
the process of plastic deformation in such a manner that it always passes 
through the tip of the stress vector. At this point the differential 
element of the plasticity curve, in general, is represented by an angle 
which we will call the plasticity angle. The magnitude of this angle will 
be measured by the angle y which is formed by one of its sides with the 
extension of the other. A point of smoothness corresponds to the case 


0. 


Let there be an angle y at some point P of the plasticity curve. Around 


the point P we isolate a sufficiently small region H whose diameter is of 


the order of magnitude of future additional loading. Further, let an 
additional loading AP act within the curve at some point of the region H, 
which leads to a point P*. Then the new plasticity angle at the point P 
differs from that constructed by the method of tangents from the point P* 
to the original plasticity curve (for the point P) in distance by a magni- 
tude of the highest order of smallness in comparison with |AP!. In fact, 
in accordance with assumption B, the angle of plasticity at point P* may 
not cross the original plasticity curve in the region M. Further, since 
the plasticity curve is convex and changes continuously, it follows that 
the sides of the plasticity angle at the point P* may not get closer to 
the origin of coordinates than the tangents from the point P* to the 
original curve, within an accuracy of deviations ‘in distance) of an 
order of magnitude higher as compared to AP! . On the other hand, these 
sides cannot be further away from the origin of coordinates ‘within the 
same degree of accuracy) than the tangents indicated, because the latter 
(taking into account the non-concavity of the plasticity curve) corres- 
pond to the smallest displacement paths of the points of the plasticity 
curve, as is required by assumption C. 


As is known, the condition 


dv 


= D(p) dP (p) 


is satisfied for simple loading from an initially isotropic state. 


From the condition of symmetry it follows that the plasticity angle in 
this case is always symmetric with respect to the ray of loading. Let 
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From assumption 1) it follows that if on some loading path (not necessa- 
rily a simple one) the vector of additional loading is directed at each 
point along the bisectrix of the running plasticity angle (bisectorial 


loading path then for this path, as well as for the simple one, the re- 


lationship 


(ye) dP (4.3) 


holds good, where Y, is the magnitude of the plastic angle at the running 


point of the given bisectorial loading path. 


5. Derivation of relations between the vectors of stress 
and plastic deformation. Let some loading path be given (Fig. 1). We 
replace 1t by a neighboring broken path constructed by the following rule. 
From some point a, of the given path we go along the sides of the plasti- 
city angle at this point, directed to the same side of the bisectrix angle 
which 1s also tangent to the given path at the point a,. Next, from the 
point 6,, close to a, and situated on the given side of the plasticity 
angle we go along the path b.a, which possesses the property that its 
tangent at each point coincides with the bisectrix of the running angle 
of plasticity (bisectorial path). Further, it will be seen below that such 
a path will lead from 6, to some point a, on the given path of loading. 
Next, from the point a ‘we go along the side of the plasticity angle at 
this point to the point b,, and again by the bisectorial path from this 


point , 


We isolate a path element a,7,,, and the corresponding broken path 
aba. (Fig. 2) and calculate the increase of plastic deformation along 
the broken path. Along the part a,b,, in accordance with assumption B, the 
increase of plastic deformation is equal to zero. On the basis of the 
results of the preceding section, relationship (4.3) is valid at each 
point of the path on the portion b.2,. 1 and the plasticity angle y, is 


a, 

\ 

\ 

\ 

\ 

a 

b; 

a 2 | 

1 
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Bisectrix 
of the 
initial 
angle 


Pie. 2° 


constructed as follows: the upper side of the plasticity angle at the 
running point of this path is parallel (with an accuracy indicated above) 
to the direction j, and the lower passes through the point a, if 0; 

A <y, and parallel to the direction ka, if A > y (Fig. 2). Here y is 
the initial plasticity angle at the point a, and A is the angle formed 
by the running radius vector r of the bisectorial portion with the direc- 
tion j. It is seen that y, = A on the portion A < y, while the bi- 
sectrix of the plasticity angle forms the angle 1/2 A with the perpendic- 
ular to r at each point. Therefore, the equation of bisectorial path on 


the portion from hb to k is the equation 
n 
or (5.1) 


Let \P designate the additional loading alone the given path from the 
point a to the point a, , and let ff be the angle formed by the direction 


+1 
of \Pwith the direction j. 
It 1s then not difficult to show that 
Azscos-! a9 


On the portion ka, , the bisectorial path is a straight line parallel 
to the bisectrix of the initial plasticity angle andy, = y. It 1s now 
obvious that the bisectorial path leads to the point on the given loading 


path. 


The general increment of plastic deformation on the path aba. 
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\F (y,)dr = \F(Q) dr=F (5.3) 

0 

Let us designate below by indeces 2 and 3 the zones  < A y and 

i‘ 8 >y, and the elastic zone 8 < " by the index 1 (Fig. 2). (For example, 
¥ AJ,” is the increment of plastic deformation if the additional loading 

Ed \P is derected toward the zone 2.) Inasmuch as dF /dA= 9 for A >y 

- and inasmuch as the constant C takes on different values in zones 2 and 
‘ 3, we obtain two different expressions for the increment of plastic de- 
4 formation in the two zones. (We should bear in ming that F(9) = 0, r Ro 
\P.) 

* 

Ad,” = F (8) AP — Ac cos’ 


A3,” = F (7) AP 


For simple loading f = 1/2 2 2y d and for the equation for 
the third zone, we find 


Hence 


(Dp () 
17 i 


a The integrals on the right-hand sides of equations (5.4) are particu- 
* larly simple to evaluate if we set 

(x) 1 (4 in (5.8) 


It is important to note that the function F selected in such a way 
provides the possibility of sufficiently wel] approximating the curves of 
uniaxial experiments. Taking F in the form (5.%), we integrate this rela- 


tionship; taking into account that \P = i sin « j cos as a result 
we obtain 


= AAc [8 sin 3 


sin 3 + sin sin (8 — x) i + [(y cvs 


These equations, with an accuracy within small quantities of an order 
higher as compared to \o, give the increment of plastic deformation 
along the broken path. Proceeding to the limit as \o is made an arbi- 


= 


a 
4 


412 
V T 
1959 
n pcos (5.5) 
do F (y) dP (5.6) 
| 


On a possible manner of establishing the plasticity relations 413 


trarily small do, in accordance with assumption A we obtain that along 


the initial loading path.an infinitely small additional loading 5P pro- 


duces an infinitely small increment of plastic deformation 4)’, to be 


evaluated by equation (5.9%) in which the symbol \ has to be replaced by 4. 


Let us switch in the formulas obtained from reference vectors i, j to 
re ference vectors 
P 


= > (5.10) 


The position and magnitude of the plasticity angle with respect to 
these vectors will be characterized by angles «) and «’ (Fig. 3). We intro- 
duce the convention that the angle ¢ characterizes the deviation from the 
direction Sp of that side of the plasticity angle whose projection on 
this direction has a positive sense. The position of the vector 5P in the 
new system of base vectors will be characterized by the angle a formed with 
the direction 5p. From Fig. 3 it is seen that 


We now evaluate the modulus of dp. On the basis of the definition of 


the vector p we have 


= 8(pp) = “ep 


Hence da . There fore, 
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On the basis of formulas (5.11), (5.12), the expressions (5.9), where 
we put \= 5, are easily transformed to the form 


COS 
S@ 


\s is easily seen, the components of the vector p are the components 


of the stress tensor Si (p* - Therefore, the tensorial 
form of relationships (5.13) is obtained by simply replacing 49” by 69 
p by and sin a by (50% - ); & and are unknown scalar 


functions. 


6. Certain supplements. let an additional loading SP act from the 


state P which was reached by a simple loading. In this case we have to 


put in formulas (5.13) d= , y = 2y= y(p). If the vector 5P is in the 


zone 3 (a > 1/2 y = d), then by formulas (5.13) we have 


(y + sin y) + p(y — sin 7) ag] (6.1) 


Relationship (6.1) is reminiscent of the deformational law of Hencky- 
Nadai. For a full conformity it is required that 


ip (y —sin = \M(p)ép 


(6.2) 


Then, taking into account (5.7). in fact we have 


let us clarify the meaning of condition (A. 2). Mhnfferentiatineg with 


respect to p, we obtain 


Hence we find p = c/ cos 1/2 y. For p = p. we must have } , there- 


fore 


Thus, for the relation (4.1) to coincide ful}y with the theory of 


Hencky-Nadai, the plastic angle in the process of simple loading should 


change in such a way that its sides alwavs touch the initial plasticity 


circle p= p.. (The latter is postulated in the theory of Sanders and 
© 


follows from the theory of Ratdorf-Pudiansky.) There are grounds for 


assuming ‘experiments on stability of elasto-plastic structures) that the 
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deformational theory should be valid within the limits of certain angles 
of additional loading. Within the framework of the assumptions laid down 
in the present paper this is possible for the zone 3 and therefore the 
change in the plasticity angle represented by equation (4.5) may possibly 


be close to the actual one. 


We emphasize that the importance of the result obtained lies in the 
fact that it discloses the possibility of satisfying the deformational 
theory (within certain limits) without violating the basic assumptions of 
the mechanics of solid media (for example, the condition of continuity). 
This assumption coincides with the conclusion of the slip theory of 
tatdorf-Budiansky, even though the latter is based on entirely different 
assumptions from the present paper. We note that condition (6.5) of the 
present paper represents a particular case, and the theory admits, for 
example, of the introduction of an additional constant, which may improve 


the theory. 


Even for condition (6.5) the relationships for the center zone remain 


very complicated, and we will not write them down. 


If at the end of simple loading an additional loading occurs which has 
a component in the direction of 5p, then the relationships obtained pre- 
dict the appearance of plastic deformation in that direction. Let us de- 
termine the magnitude of the ratio of the component of plastic deformation 
in the direction 5p to the component of the additional loading in this 


direction 4q = So cos a. 


From relationships (5.17), taking into account | 5p! = p~'do cos a, we 


obtain 


If condition (4.5) is assumed to be valid, then by formula (6.2) we 


have 
) 
1 (+ CoS (6.7) 
/ 
Hence 
1 p.* 
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by virtue of elastic compressibility of material 


Ps 


§,9) 


where Eis the shear modulus on the curve of simple extension, F is 
Young’s modulus. Further, let the additional loading be given as a com- 


bination of extension 50, and shear 5r Thereby = y/OS xy 


The angle a will be determined by the relationship 


in : (6.10) 


P (vss, 


and on the basis of what has been said above and (4.%) (the subscripts 


x, y are omitted) we have 


2 art tg 


The instantaneous plastic shear modulus G, is determined by the form- 
ula 


(6.12) 


and thus it is completely determined by the relationship (4.11). As is 
seen, for alditional loading into zone 3, G, does not depend on the 
direction of the additional loading 50/5r and coincides with that pre- 
dicted by the deformational theory. For additional loading into zone 2, 
G, changes smoothly with the change in direction of additional loading, 
from the value indicated above to G. = G on the boundary of the elastic 
region. For orthogonal additional loading 50 = 9 we have 
26 (6.13) 
These results coincide with the consequences of the slip theory of Batdorf- 
Pudiansky. 


7. Some qualitative deductions. It follows immediately from 
assumption 1) that for an additional loading from an arbitrary state P 
associated with the smooth point of the plastic curve, the same effects 
take place as for the passage beyond the initial plasticity circle, pro- 
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vided the orientation of additional loading with respect to the two diffe- 
rential elements is the same. In particular, it should be expected that 
for an initially extended specimen the shear curve in the vicinity of the 
yield point (possibly a changed one as compared to the initial one) may 
be of the form as the initial one. 


As is seen from Section 6, the function y = y‘p) must be known in order 
to determine the increments of plastic deformation for an additional load- 
ing from the end of simple loading. In our calculations we determine this 
function by formula (4.5), and this was the only possibility of making 
the deformational theory valid not only for simple loading. Formla (4.5) 
permits of changing the plasticity angle in such a way that it can easily 
be generalized for the case of an arbitrary loading path in the form of 
the method of external tangents postulated in [4]; To provide a rigorous 
justification for such a method of construction of plastic angles does 

not appear possible within the framework of hypotheses which have been 
introduced; however, the application of the method of external tangents 

is reasonable for the verification of the theory and for the clarification 
of possibilities for its improvement. 


The most essential conclusion of the theory employing the method of 
external tangents is the fact that for paths which deviate rather strongly 
from simple loading, a conformance with relationships of the theory of 
Hencky-Nadai is obtained. (The tangent vector to the path of such loading 
at an arbitrary point mst lie within the angle formed by the tangents to 
the initial plasticity circle from the given point.) If, however, the 
tangent vector to the loading path at each point lies outside the indi- 
cated angle on one of its sides, then along the whole of such a path the 
relationships of the second zone are fulfilled, whereby the angle & 
entering the relationship, will be equal to the angle which would be ob- 
tained at this point for simple loading. A circular loading p = const, 
produced at the end of simple loading, falls into this class. 
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We examine the problem of flow around a body from whose interior a mag- 
netic field is excited in the flow of electrically conducting fluid; the 
solution of this problem is carried out for infinite and large values of 
the magnetic Reynolds number. The magnetic forces acting on the body are 
determined. It is shown that for large values of the magnetic Reynolds 
number the magnetic forces on the body are analogous to viscous friction 
and profile drag, and can accordingly be called the magnetic friction 
force and the magnetic profile drag. 


We examine the case for which not only a magnetic field but also an 
electric field is excited from inside the body. It is shown that electric 


field sources located inside the body have no influence on the flow out- 
side the body. 


1. Formulation of the Problem. With the increase in the speed 
of flying apparatus there is an increase in the ionization of the air 
flowing through the shock wave ahead of the body. The air flowing around 
the body becomes electrically conducting, and it becomes possible to 
influence it by means of a magnetic field. 


Let the body, filled with dielectric and containing magnetic poles, 
be immersed in an electrically conducting fluid. It is necessary to de- 
termine the hydrodynamic, magnetic and electrical fields to find the 
fotces acting on the body. 


The equations of motion have the form[1, 2]: 


(V-V)V ++ Up = + RotH x H 


r 


div¥V=0, divH=0, Rot(VxH)+——AH=0 
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Here V, H are, respectively, the velocity and the magnetic field in- 
tensity, p is the pressure, p the density, c the speed of light in vacuum, 
o the specific electrical conductivity, v the kinematic coefficient of 
viscosity. Equations (1.1) are written in the Gaussian system of units. 
The magnetic permeability of the fluid and the body is taken equal to 
unity, andp, a, v are assumed to be constant. 


For simplicity, incompressible flow is considered. Allowing for com- 
pressibility will not introduce any changes in the formulation of the 

problem if there are no shock waves in the flow. Flows with shock waves 
are not considered in this paper. 


Once equations (1.1) are solved, the intensity of the electrical field 
E in the flow is determined: 


E = + [VxH] (1.2) 


Inside the body the following equations hold good for the magnetic 
field: 


RotH=0, divH=0 for H grad, Ab=0 (4.3) 


where wy is the scalar potential of the magnetic field. Inside the body 
the source of excitation of the magnetic field is given, namely, currents 
flowing in the coils of solenoids. Mathematically, this is equivalent to 
the specification of the singularities in the solution for vw. 


Assuming that the dielectric constant of the dielectric which fills 
the body has a constant value, as in (1.3) we have the following equations 
for the electric field 


E grad ¢; Az = 0 (1.4) 


where vw is the potential of the electric pole. 


Next we consider the formulation of the boundary conditions. At in- 
finity the velocity vector and pressure are given, and the intensity of 


the magnetic and electric fields reduce to zero: 


V = Va, Pros H = 0, E=0 (1.5) 


ae 


On the body we have the usual hydrodynamic condition that there shal! 
be no flow through the surface, that is that for non-viscous flow V, = 0 
(here the subscript n denotes the velocity vector normal to the surface), 
or that for viscous flow there shall be no slip, that is, V= ©. 


For the component H, of the magnetic field intensity, on the boundary 
of the body we have [3 |] His - H, = 9 (index 1 denotes the region inside 
the body and index 2 denotes the region in the flow). Further, on the 
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body we have 


i=n- (H,—H,) (1.6) 


where i is the surface current density and nm is the unit external normal 
to the body. 


Let us analyze condition (1.6) in more detail. For this purpose, we 


return to the last of equations (1.1). Putting this equation in non- 
dimensional form, we obtain 


Rot{v h] 


Ah = 0 (Ry, =) (1.7). 


(The non-dimensional velocity and field intensity are represented by v 


and h, respectively.) The dimensionless quantity R_ is usually called the 
magnetic Reynolds number. In the expression for _ the quantities V_, 


the magnitude of the velocity at infinity, and L (a characteristic body 


length) appear as characteristic quantities. In equation (1.7) the coef fi- 


cient of the second term characterizes the influence of the dissipation 


of magnetic energy on the general flow picture. In the limiting case, 


with R. infinite, equation (1.7) (returning to dimensional quantities) 


becomes 


Rot x = 0 (1.8) 


which expresses the conservation of magnetic lines of force for a fluid 


contour and the absence of dissipation of magnetic energy. 


Since on our assumption the body is a dielectric, the surface currents 
(1.4) flow in an infinitely thin layer of fluid next to the body. If the 


number Rk. is finite, the presence of surface currents leads to an intense 


dissipation of magnetic energy and a diffusion of the discontinuity; 


therefore, in stationary flow of an electrically conducting fluid, tan- 


gential discontinuities of the magnetic intensity vector are impossible 


pot only in the fluid [2] but also at the wall. Therefore it follows 


that i = 9 in equation (1.4), so that 


or H..—H,, =0 (1.9) 


where H is the component of the magnetic field intensity vector paral lel 


to the wal ¥ 


Finally, the condition ), and (1.9), for finite R give 


i, = 0 (1.10) 


For R, equal to infinity, the conditions on the body remain in the 


form H, - Ms - 9, together with (1.4), where i is to be found from the 


solution of the problem. 


Fquation (1.19) may be regarded as a *no-slip" condition between the 
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outer and inner magnetic fields. 


Besides the conditions already enumerated, yet another boundary condi- 


tion has to be satisfied on the surface of the body; this expresses the 

fact that current cannot flow through the surface. The projection of the 
vector of the volume density of the current j on the normal to the body 

must be zero: 


n = (Rot H) 12 0 


It is not difficult to see that this condition is fulfilled automatic- 
ally for finite R,. This follows from equation (1.3) and (1.9). As will 
be explained below, for R, equal to infinity this condition is inessential. 


After solving equations (1.1) and (1.3) with boundary conditions (1.5), 
condition V_ = 1) 


for V= 9 in the presence of viscosity), and condition 


(1.10) for R, equal to infinity, equation (1.%) is used instead of the 
last of equations (1.1), and instead of (1.19), equation (1.6) and the 


equation of continuity of the normal components of the field are used; 


the electrical field outside the body can then be found from equation 
(1.2). To find the field inside the body we have boundary condition [ 3 | 


E.. — E-, = 0 (1.11) 


where the index r denotes the tangential component of the electrical field 
intensity. 


With F., found, we determine the electrical field potential ¢ on the 


body surface; then from Dirichlet’s solution of Laplace’s equation we 


find & inside the body. 


We may note that on the boundary between the fluid and the body there 


appear surface charges, whose intensity y may be found from the relation 


4 my = EW - E aa: From equation (1.2), and allowing for the non-slip con- 


dition and the condition that there shall be no flow of current through 
the body surface (Pot Ht = 9 at the wall), we have E = , and therefore 
y=- 


It is evident that the electrical field sources located inside the 


body, which change the field inside the body, exert no influence on the 


external flow. In fact, in this case the Laplace equations for the 


electrical field potential will have to be solved, allowing for the pre- 


sence of electrical field sources, which is mathematically equivalent to 


the appearance of certain singularities in the solution. In the final 


result, only the polarization of the bordy changes (y changes). 


Next let us determine the forces existing on the body, owing to the 
flow. The magnetic field will alter the hydrodynamic force. In addition, 


there appears a magnetic force 
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\\ pads = — \\ 2H, H]ds (1.12) 


In this integral over the surface s of the body, the stress Pp, is 
applied to the unit area having the direction of m, the external normal 
to the body. The vector p, with the Maxwell stress tensor for the magnetic 
field: 


Py = — | 


tA 
If we enclose the magnetic field sources inside the body by a closed 
surface w lying entirely inside s, and apply the generalized Ostrogradsky 
formula to the volume r between s and 3%, we obtain 


\\ prds = \ \ div Pd- 


Since div P = (1/47) Hx Rot H= 0 everywhere in the volume, in 
accordance with (1.3), equation (1.12) may be rewritten in the form 


F, = — 2H,H) do 
"Ja 


a 
Here nm is the outward normal relative to the volume enclosed inside a, 


The magnetic force, formally calculated by integration over the sur- 
face of the body according to equation (1.12), thus acts on the magnetic 
field sources, as was to be expected. 


2. Flow around bodies at large values of R,. In problems of 
external aerodynamics, even at very high flight speeds, the number R. is 
of order unity [4]. However, an investigation of the flow at large values 
of the number R_ is of considerable interest, for the solutions show how 
the magnetic and hydrodynamic fluxes change places with increasing values 


of R.. 
m 


As a preliminary we will examine the problem of R, = ~. From equation 
(1.8), which expresses the fact that a magnetic line of force moves with 
the fluid particles attached to it, and from the condition at infinity 
H- 9, we obtain H= 0 over the whole flow. From the condition of con- 
tinuity of the normal component of the field it follows that H,, = 9. To 
calculate the field inside the body it is then necessary to solve equa- 
tion (1.3) with this boundary condition. Thus, the surface of the body is 
a surface of tangential discontinuity of the magnetic field. The density 
of the surface current flowing on the boundary between the body and the 
fluid is determined by equation (1.4) together with H, = 0: 
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(the vector H, lies in the plane which is tangent to the body surface). 
The surface currents shield the magnetic field existing inside the body, 
so that in the flow we have H = 9, 


For example, consider a circular cylinder of infinite length and 
radius r, along whose axis there flows an electric current of intensity 
J, in a flow at right angles to its axis. The intensity of the magnetic 


field on the surface of the cylinder is equal, in absolute value, to 


H, = 2J/er; from this, we find that surface current density, which is 


constant over the surface, has the absolute value i = J/27r; the total 


surface current is J. Thus we conclude that the net current flowing on 


the cylinder surface is equal to the given current, and in the opposite 


direction. 


For the case of flow over a body of revolution in whose interior a 
solenoid is arranged along the axis, the currents flowing on the surface 


are closed and in a direction opposite to those in the solenoid. 


Now let us consider flow at large but finite values of R.. In this case 


the tangential discontinuity becomes diffused over a region of thickness 


6. = LA Ri where L is a characteristic length [2]. Near the surface of 


the body there appears a thin layer whose properties are similar to those 


of the Prandtl boundary layer. The components of velocity and field in- 


tensity, normal and tangential to the body surface, are of the order 


> > 


Vi~Ve He 


H.~H, (2.1) 


L 


where V. and H. are a characteristic velocity and magnetic field intens- 


ity, respectively. The flow in such layers has been studied in detail by 


Zhigulev. 


Since in practice the case R_~ 1 is of interest, it is certain that 
in all cases the magnetic boundary layer is much thicker than the viscous 


layer. This makes it possible to omit the viscous terms in equations (1.1), 


putting vy = 9, After solving the equations for the magnetic boundary 


layer, the problem is solved for the viscous boundary layer, taking the 


boundary conditions from the magnetic layer problem already solved. 


Let us consider the flow in the layer for this flow regime, restrict- 


ing ourselves to the case of plane flow. We will first make the following 


observations. From equation (1.2) it follows that the electrical intensity 


vector 1s in the direction perpendicular to the plane of the flow, along 


the z-axis, so from Pot E = 9 we obtain FE = const, and from the condition 


at infinity (1.5) it follows that E. - 0, 
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Therefore the last of equations (1.1), which express the connection 


between the magnetic and hydrodynamic fields, may be taken in the form 
of (1.2), with E = 0: 


[Vx H]- Rot H = 0 


Thus, in plane flow there is no polarization of the fluid. This is 
true also for axisymmetric flows. 


With this observation, we now write out equations (1.1) (the last 
equation is taken in the form (2.2), making the usual boundary layer 
assumptions based on (2.1): 

Ou Ou Op 


u x 
Ox ¢ ro oy 


Oh 
x 


(vhy, — uhy) 


ov 


In these equations, x and y are the usual curvilinear orthogonal co- 
ordinates for a boundary layer, y is taken normal to the body and x along 
the curve defining the body, u and v are the velocity components in the 
directions of x and y respectively, and h, and h| are the components of 


H. 
The integral of the second of equations (2.3) is 
p+ ha = 
where p.(x) is the pressure on the outer edge of the boundary layer. 


The boundary conditions for solving equations (2.3) are taken from the 
solution of the problem with R, equal to infinity. On the outer edge of 
the boundary layer the velocity assumes a given value, determined from 
the solution of the flow problem in the absence of a magnetic field, and 
the magnetic field intensity goes to zero: 

u = U,(x), h, = 9 for (2.5) 

At the wall we have the condition that there shall be no flow through 
the surface, and we have the value /I.(x) of the tangential component of 
the magnetic field, here given after being found from the solution of the 
field equations inside the body for fi, = ~: 

v=0, tor y (2.6) 

Note that uf h, = 0 at the wall for R. - «0, then for finite R. this 
quantity is different from zero, which leads to the appearance of 
"magnetic drag". 


Let us determine the net (hydrodynamic and magnetic) force acting on 
the body, calculated for unit length of the body. Taking into account the 


4 
23 Ou Ov 0) dh, | | ims 
4 (2.4) 


ab 
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order of magnitude of the terms, putting H? = m*, H-=; H, in equations 
(1.12), we obtain 


P H? (zx) ® 
[p+ ndz + \ H, (x) 
Here x is again a length along the curve defining the body, + is the 
unit vector in the direction tangential to the body. The integration is 
in the direction of increasing +x. 


Using equation (2.4) we have 


IT? (x) (D’ Alembert’s 
(x ix = 0 


Therefore, for the magnetic force we obtain the expression 


Fr = Ho (2) hy (2.7) 


The expression in (2.7) is the integral of the tangential forces applied 
as it were to the body surface, although in fact this force, which may be 
called the magnetic drag force, is really applied to the magnetic field 


sources, as noted above. 


The force i is directed away from the direction of motion of the body, 
since magnetic energy is dissipated in the boundary layer and transformed 
into Joule heat. Therefore, to maintain stationary motion it is necessary 
to get rid of the energy which is used up in drag. Introducing the dimen- 
sionless coefficient of magnetic drag c,,, from equations (2.1) (and 
allowing for the orders of h, and h.) we obtain 

const F 


C — = Co. (2.8 


The constant in the expression for the magnetic drag depends on the 
geometry of the body and the geometry of the magnetic source distribution. 
It will be noted that 
resistance, where c,~ 1/2 when R is the ordinary Reynolds number. 


“, by analogy with the case of viscous 


We may also note the possibility that the magnetic boundary layer, 
which thickens toward the rear of the body, has in turn an effect on the 
potential flow; this leads to the appearance of a drag which depends on 
pressure forces. This drag may be called "magnetic profile drag’. 
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This paper establishes the distribution of luminous radiation from a point 
source located in a scattering medium, It is assumed that the scattering 
is isotropic: that is that any element of the medium emits radiation in 
all directions with equal intensity. This problem was first considered 

in a paper by Ambartsumian [1]. Some problems of a similar type have 

been considered in connection with the diffusion of neutrons (see, for 
example, [2 ]). 


1. A number of quantities are determined in this article which have 
interest in connection with radiation from a point source. Thus a quantity 
B exists, equal to the radiation absorbed in unit volume, and also the 
intensity of radiation arriving at a given point from a given direction, 
which permits the determination of the intensity of the halo around a 
point source. Further, the total quantity of luminous radiation falling 
on the unit area from the source, is determined. 


We first give the solution of the auxiliary one-dimensional problem 
(depending on the coordinate z) of the distribution in space of radiation 
from a specified layer, which consists of point sources, and which co- 
incides with the plane xoy. In this connection it is assumed that the 
layer is transparent in relation to radiation being propagated from one 
half-space into the other. The original integral equation can be obtained 
on the basis of the equation of ray propagation (see [3] ). In the present 
case, however, in view of the fact that the radiation is isotropic, the 
equation can be derived by a simpler method. 


Suppose a certain elementary volume is the source of illumination in 
which the emission is isotropic; that is, with equal intensity in all 
directions. In such case, the intensity of the radiation at a distance R 
from the source will be [ 3 | 


| 
| 
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(1) 


Here k is the coefficient of absorption characteristic of the given 
medium. The quantity « characterizes the strength of the source; it may 
be measured, for example, in heat units. 


The quantity of radiation absorbed by an elementary volume dV, as can 
easily be shown (see [3]), will be 


q kJ dV (2) 


Here J is the intensity of the radiation falling on the given element 
in a given direction. 


The total quantity of radiation absorbed in this case will be 
BdV = k\\JdQdv (3) 

Here the integration is carried out over the whole solid angle. Since 
the volume absorbing radiation is itself a source, that is radiates some 


part of whatever reaches it, the intensity of the illumination from the 
element will be 


av (4) 


| 


J; 


Here o is the ratio of the quantity of light scattered to that ab- 
sorbed. 


On the basis of the relations (1), (2), (3), and (4), the fundamental 


integral equation can be derived for the current function B, 


We define the radiation which comes from a layer with coordinate ¢ and 


is absorbed by the element A, which is located for convenience at the 
origin of coordinates by: 


dB (2) = skB(:)dz \ \ ae dy (5) 


We transform the double integral introduced in equation (5). For this 
purpose, we introduce the following substitutions 


exp [ -kV 22+ y? 
\ 


J= 

q = 

q 
4 oe In this case 
° C ¢ expl—sV¥ 
an (x? + y* + &*) 
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exp | kVr r do exp[—kVr rdr 
of { 
\ —- dd + Ei (— | 
— Fi Ei (— |< 


Here Ei (a) is the integral-exponentia! function determined by the 
following expression 


On the basis of this relation, equation (5) takes the form 


dB (z) = - Ei (— —w |} ) — dw Ei ( (7) 


Proceeding in an analogous manner, we get the radiation from the layer 
of point sources located in the plane xoy 
By (z e —- Ei kz} ) (8) 


Here « is a coefficient related to the density of the distributed 
sources. 


Since the element A receives radiation from all layers of material in 
space, and also from the layer of sources distributed on the plane xoy, 
the integral equation for determining B(z) will have the following form: 


B ki ( ti) \ B (w) Ei ( t w!)da 
oD 


2. We develop the solution of equation (9). For this purpose we intro- 


duce into consideration the functions 


G(u) = \ (10) 
F (u) B e'™ dz (11) 


Multiplying both parts of equation (9) by e”" and integrating in the 
limts from — ~ to + ~, we obtain 


= 
= 
7 (x) \ — dt — 
>> 
= 
| 
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F (u) = | —e-5 \ Ei( — delet de 


Introducing the variable t, such that r = t + w we obtain 


\ B (w) den Ei(—jt|)e-™at 


F (u) = —e — 


F (u) G(u) — V (u) F (u) 
From this, finally, we obtain 


1 
F (u) = 2 ek G (u) (12) 
22 G (u) 


We determine the function Glu). Taking advantage of the symmetry pro- 
perties of the integrand, we have 


G (u) 7 (cos tu 


isin tu) dt 


Ei (—|+| ) cos tu dt= 


yo (— \t|)costudt 


= V - Ei (— +) cos tu dt 


Or finally, after integrating by parts, 


G(u) = Ei (— |t|) = Ei( t) cos tu dt 


1 
4 
=: VY — — are tg u (14) 


l'sing the inverse Fourier transformation, and allowing for the sym- 
metry properties of the integrand, for the function AB(r) we obtain 


= 
4 


B \ du F (u) costudu 


Using euqations (12) and (14) for Flu) and Glu), and setting r - k 
we finally obtain 


B (t) 


cos du 


4 
q OF 
1 
13 
(13) 
i 
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3. We now set up the relation between the solution for the one- 
dimensional problem, and the spherically symmetrical problem. For the 
case of a point source, let the quantity of radiation absorbed per unit 
volume, at a distance r from the source, be represented by the function 
d(z). In this case the function Blz), giving the same quantity for the 
one-dimensional problem, may be used by means of a summation of the solu- 
tions corresponding to different sources; that is, by means of an inte- 
gration of the spherically symmetrical solution 


r 
Biz) \ \ (7 4 di dy, 

== 

oz \ ¢(V 2° + 9°) od 
Or, setting y z° + p* = ¢, we obtain 


B (2) \ (16) 
From this, we get 
{ R’ (r) 
(17) 
r 
Now if we take advantage of expression (15), obtained for the one- i 
dimensional case, the formula base! or (17) for radiation absorbed in the ; 
ease of a point source is 4 


cos kru du} (18) 


pr dr \ ou retigu 


We transform this expression. Using the inverse Fourter trans forma- 
tion as applied to (14), we obtain 


\ arct@u)jcoshru ker (19) 


In this case 


Equation (1%) for d(r) may be transformed in the following manner: 


23 
195° 
dae 
gee 
a 
Re 
on arc ton cos heru du > (20) 
| 
|— Ar)| ds ek —— 
4, 
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-|cos kru du\ 
uj 


cos kru du | 


sinkrudu (21) 


In this formla.e is the strength of the source of radiation, which 
can be measured, for example, in calories per second. 


The form of this expression makes it possible to establish the effect 
of scattering. The first term in (21) corresponds to absorption where 
scattering is absent, and the second term allows for its effect. 


4. We derive the intensity of the halo formed around a point source. 
We consider point A located at a distance R from the source. We construct 
a cone with solid angle d . Its vertex is at point A, and its axis, with 
the radius from the source to point A, forms an angle equal to a. 


We isolate an element located at a distance p from point A, the volume 
of which is equal to p*dp dQ. The distance of this element from the 
source of radiation is designated by r. In this case, the radiation reach- 
ing point A from a direction forming an angle a with the radius is de- 
termined in the following form: 


J(R, 2) dQ so(r) — dQ 
Re, 


Since r = V p* — 2pR cos a + the expression for J(R, a) can be 


expressed in the form 
J(R, 2) = \ 2eosankt +R?) de 


Substituting (21) in this expression, we obtain 


4 
d ke are te? u 
q p dr 2x* a arc tg 
| e As a result, allowing for (20), we obtain 
e—kr {1 df ke ou-arctg?u 
23 
4 - 
(22) 
a r 
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We note that the first of these integrals can be expressed through an 
integral-exponential function with a complex argument. 


The current q(R) falling from the direction of the source on an area 
normal to the radius is made up of radiation coming directly from the 
source and of radiation coming from the halo. In order to find the second- 
ary component, it is necessary to integrate the current falling on the 
area from different directions. 


On the basis of (1) and (23) for this quantity, we obtain the follow- 
ing expression 


ock (—kV 6? — 2cosaeR + R 
q(R) = \? sin 2a da| — apR + dp + 


0 0 


@ 
an* are Ge } Re 


0 


This expression can be transformed as follows: 


—kR “ar 
q (R) = \ sin 2a da p* — 2cos + dp| + 


o 


0 0 4 

u~* arc tg*u sin (ku — @ 

+ sin2adz =  e—kedo 
2x {—cu-larctgu 

0 0 0 


V — 2cos ack + R? 
(24) 

fe We introduce the dimensionless quantities 6 = kR andy = p/R. There- 

. as upon (24) can be transformed into the final form: 


1 


@ 
» n-—2c0san+1 
e ‘ 

q(R) =e 1! + \ sin a.cos 


0 0 


—2eosan+i’ + 


452h%8 \ sinacos a da 


0 


sin (ud V 2cos an + 1) 


1- are tgu Va 2cos an + + 4 4 


When scattering is absent, then o = 0, and we obtain the elementary 
formula. In an approximate computation of scattering, where the coeffi- | : 
cient o is small, the only significant terms are the first two in the + 
brackets. 
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ON THE THEORY OF GASEOUS JETS 
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. This paper contains the solution and analysis of a number of problems in . Ihe 
2 the theory of gaseous jets. The first section discusses the question of 23 
‘ a converging gaseous jet: the second considers flow past a plate under 12 
a the assumption that in front of the plate there exists a region of gas at 
2 zero velocity. In spite of their apparent diversity, these problems have 
#@ common property, namely, that the first problem is obtained from the 
4 ; well known problem of the jet flow of a gas from an infinite vessel by 
w means of substituting the point of zero velocity at infinity by a whole 
: unbounded region of stagnation: a similar stagnation region in the second 
4 problem is considered to be in front of the plate. 


The third section contains the solutions of a number of problems on 


the jet flow of a gas which were studied earlier by Zhukovskii for the 
case of an incompressible fluid. For the solutions of these problems we 


make use of new particular integrals of Chaplygin’s equation 


I. The problem of a contracting gaseous jet 


1, Let us consider a stream of gas, flowing with velocity V,; let us 


2 assume that the width of this stream, and also the density of the gas, 
: are known. Let us assume further that, in its motion, the gas encounters 
: two straight walls, symmetrically disposed relative to its direction of 


motion, and including between them an angle 2A, and that a jet with free 
surfaces issues from the orifice formed by these two walls. Our problem 


. consists in determining the entire motion of the gas by means of the 

q methods described by Chaplygin [1] in his paper On gaseous jets. In what 
. follows we adopt the notation of that paper for all the principal quanti- 
ties. 

4 Let us assume that the gas flowing from infinity has a velocity 

‘ parallel to the positive direction of the x-axis; this axis is the line 
g of symmetry of the two guiding walls, and the origin of coordinates is 


taken at the point of intersection of this axis with the line joining the 
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ends of the walls, from which the gas jet emerges. Let us denote by Vy, 

the constant velocity of the stream at infinity before its encounter with 
the walls. This is also the velocity of the gas particles on those stream- 
lines along which these particles move before striking the walls.* Let 

us, moreover, denote by V, the velocity of the gas particles along the two 
streamlines issuing from the inclined walls and bounding the jet directed 
along the positive axis of x. 


Adopting Chaplygin’s notation, we set 
vy Ve 


Let us denote by p, the density of the incident gas, and by p, the 
density of the gas in the remote parts of the emergent jet. If we call 
the width of the incident stream 2 | 
at infinity 2l,, we shal! then have 


,» and the width of the emergent jet 


= (1.1) 
From Bernoulli’s equation, written in the form 


Po (1 - 


(1.2) 


If the axis of x delineates the zero value of the stream function ¥, 
then along the streamline A’B’C’D’ the function w is equal to a constant 
value q = p,!,V,/p, > 9, and along the streamline ABCD it is equal to 
the constant value — q (Fig. 1). 


Fig. 1. 


The function vw, considered as a function of r and the angle of incli- 
nation @ of the gas particle velocity to the axis of x, satisfies the 


* Translator’s Note: This refers to the two free streamlines A°R’ and 
AB inside the vessel. These free streamlines separate the moving stream 
from the stagnant fluid which fills the remainder of the vessel. 
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following equation: 


‘ 98 Aud 
2 AN) ray 0 
Ot la = Ot 


22 (1 — +! (1.3) 

We find the integral of this equation subject to the relevant boundary 
conditions for those values of @ andr which correspond to the lower half 
of the stream between ABCD and the axis of x; here the angle @ varies 
from zero to A, and the variable r varies fromr, tor,. The boundary con- 
ditions for the determination of the function Ad, r) are written thus 
(Fig. 2): 


when and for? <@<A_ the function 
when ana fort:<t<‘t: the function $= 
when t=, and for, >8>0 the function 
when 0 and the function 


Together with the function v/(@, +r) we will determine the function * 
Y(@, +), the integral of equation (1.3), connected with the function 
+) by the relation 


The new function ¥ mst satisfy the following boundary conditions 
(Fig. 3): 
when t= 7, and for? the function — — 8) 
when A and fort; the function ( 
>O0>0 the function (2 —§) 
when =0 and fort. the function 


when t= te and ford) 


To determine the function VY we find particular solutions of equation 
(1.3). This equation has a particular solution of the following form: 


(6, t) = Zn sin (1.6) 


wheren is any integer greater than or equal to unity. The function ¥ (6,r ) 
evidently satisfies the condition 


(0, t) = t) = 0 


E t a Z 
Pig. 2. Fig. 3. 
b= + (¥ 8) (1.5) 
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The function z,(r) is the general integral of the equation 


d 1—(28+1)t _ 

Let us now construct a series of particular solutions of equation (1.7). 

Let us, however, first introduce the following notation: we will denote 

by z,,(r) the integral of equation (1.7) satisfying the conditions 


d 
(1) = 0, = 
and by z 42 (") we will denote the integral of equation (1.7) satisfying 
the conditions 


dine (te) 


Zne(t2) = 9, | 


With this notation we can write 
Zn(t) = (t) + Ene (*) 
where Cu and Ci. are two arbitrary constants. 


Let us now expand the function ¥(@, r+) in the series 


n=) 


and determine the constants C,,, Cio from the following boundary conditions: 
(8, = — — 6) for 0<8<A, ¥ (8, = 6) for 


Applying the theory of Fourier series, we obtain 


2, 


Crs —- 


whence we find that 


( 7) mar Fa (a) + in-— 


Returning to formla (1.5), we find the stream function: 


Using the formlas 


1— (23 + 1) tay 


00 (4 at’ oT 27 (1 om 


we then find an expression for the velocity potential: 


7 
>2 | 
520 
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(2) 
n2 ; | cos (1.9) 


(71) 
2. With the help of formlas (1.8) and (1.9), let us find a number of 
geometrical quantities relating to the dimensions and shape of the stream. 


First of all, let us calculate the distance b of the point B or B’ 
from the axis of the stream. 


We have the general formla: 
OY 1. OY 4) 
dy = de + dy 


Applying this to the streamline ¥ = — q from the point A to the point 
B, we obtain 


Let us integrate this equation from the point A to the point B; taking 
into consideration the formla 


we obtain 


2 

-=4hsink Vi 
1 jaa 


(—)” 


a 
53 =) 7 (1.10) 
n=] 
Let us now calculate the difference between the distances of the 
points B and C from the axis of the stream; denoting the distance of the 
point C from the axis of the stream by c, we get 


| 
(1 — 2arJ- 


and expanding (1.9), we obtain the following expression for b - c: 


Ts 


Z 


n=) 
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3 
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Making use of the formlas 7 
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n=1 


Let us now develop a formla for the determination of the width of the 
jet going off to infinity. We have the following relation: 


Substituting therein for dy /d¢ its value of sin @/V2ar, and for 
06/00 its value, found from formula (1.9), we obtain 


| 
We notice that if we combine the formulas (1.19), (1.11) and (1.12), 
then after cancelling similar terms we obtain an identity. Hence it 
follows, as indeed it should, that there is only one formula to determine 
namely, 


(4.13) 


and since for subsonic flows r. and r,< (28+1)7*, then l, < le 
3. The formulas of the two foregoing subsections represent the complete 

formal solution of the. specified problem on gaseous jets. The solution 

obtained, however, is in a very abstruse form, and accordingly we now 

turn to the deduction of simple relations which will enable us to deter- 

mine the required dimensions, under the assumption that the velocities 

V, and V, are close to one another. Under this assumption the formlas 

(1.10), (1.11) and (1.12) can be reduced to a very simple form, by 

employing the transformations applied by Poincare [2] to the study of 

the propagation of radio waves. 


Let us consider the following functions of the variable index n: 


We notice that, by virtue of the relation 
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Zn (t2) = — 


we can express the function f,(n) by means of the function f ,(n) accord- 
ing to the formla 


fa(n) = 


Since the parameter n* enters the equation (1.7) linearly, and the de- 
termination of the functions z_,(r) and z,2 (7) obeys specially determined 
initial conditions, then according to one of Poincare’s theorems [3] the 
functions z_,(r) and z,,(r) are entire functions of the variable n. Hence 
it follows that the function f,(n), f,(n), f,(n) and f,(n) are meromorphic 
functions of the complex variable n. Our first problem consists in ex- 
panding these functions in series as regards the principal parts. 


Let us first consider the function f,(n) and find its poles. The affix 
n. of a pole is a value of n for which the function z,,(r,) vanishes; but 
according to its construction the function zai") also vanishes when r =1,. 
Consequently, n ; is a number such that, simultaneously, 


= 9, = 0 (1.14) 


i.e. n., or rather 7’n.*/A*, are the fundamental numbers of the diffe- 
rential equation (1.7) for the boundary conditions (1.14). Since the 
variable r does not exceed 1/(2 8+ 1), then the fundamental number 
7’n.*/* can only be a negative number. Let us introduce the real number 
m. by setting n. = im.; then 2’n.2/A? = — 2*m.*/d*, where the index j 


take the values + 1, + 2, + 3, ... We observe that a, 


For the further study of the function f ,(n) it is convenient to trans- 
form equation (1.7) into a new form. 


Let us introduce, instead of z, a new unknown function u, by setting 
u=F(x)z 


and in place of r a new independent variable v by the formula 


4 — (28 + 1) 


The function u(y) will satisfy the equation 


dy? 
where 
1 
F dy? 4 i—*¢ 


2 
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Let us consider the solution of equation (1.15) for large |p|. Accord- 
ing to a well-known theorem in the theory of differential operators [4], 
equation (1.15) has in each quadrant of the Plane of the complex variable 
p two fundamental integrals u 1)(y) and u\?)(v), which, for large |p| and 
for v lying in the region of regularity of the function (1/F)(d°F/dv? ), 
are represented by the following asymptotic formulas: 


= ml +0/( | (v) =e "11+ ] 


Hence it follows that, as the parameter p varies in each of the 
specified quadrants, there exist fundamental integrals z 1) and 2! 
which the following asymptotic formulas hold: 


(2) for 


= 


This shows that in each of the specified quadrants there exist, for 
large | p| the following asymptotic representations of the integral z,,(r) 
and its derivative: 


(1.16) 


Similarly, for the integral a) we have 


+ dy 


dt 


Hence we obtain the following asymptotic representations of the func- 


tions f,(n), f,(n), f,(n), f,(n) for large |p| or for large |n| in all 
quadrants: 


(nm) 


Starting from these formulas, we can establish the convergence of the 
series which appear in formlas (1.10), (1.11), and (1.12); using form- 
ulas (1.16) and (1.17), we can also demonstrate the convergence of the 


| 
2) (2) (4 4 
+ 9G) 
where 
where 
2Vi—(234+1)t Vi 23 ‘ ee" 4 
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series (1.8) and (1.9), which define the stream function and the velocity 
potential. 


Let us now carry out the expansion of the functions f,(n), f,(n), 
f,(n), f,(n) in series as regards the principal parts. We will start with 
the function f,(n). 


The expansion of this function in series as regards the principal 
parts is 


Zo1 (T2) + 


where the real number &) is determined by the formula 


We observe that 


Let us rewrite the foregoing expression for f(n) in the form: 


{ E.m. 


(Te) aa 


j=1 


Using the relation between the functions f,(n) and f,(n), we can also 


write down the expansion as regards the principal parts of the function 
fy(n): 


= 


Now let us expand the function f,(n) in series as regards the principal 
parts. Taking into consideration the asymptotic formla for f,(n), we 
find after some minor transformations that 
13m 
j 


(1.20) 


Similarly for the function f,(n) we obtain this expansion: 


r 
(”) Zo) (2) “Ld n?+ m2 
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(Ta) 


4. Let us now take the formulas (1.10) and (1.12) and transform them 
into a new form, replacing therein the functions f,(n), f,(n), f.(n), 
f,(n) by their expansions (1.18), (1.19), (1.20), and (1.51), We obtain 
the following results: 


\ Zon & 1 
A (T2) > m; + 
j=1 
=m 


sh =m,/ 


Now replacing é; in the right-hand side successively by nj Ci and 
@;, we shall have the new expressions respectively for 


Nom] n 


Let us return now to formulas (1.19) and (1.12) and substitute in them 


the expressions obtained for the sums under consideration. Bearing in 
mind the equations 


Zo1 (T2) éo2 (Ta) 


we obtain 
= sin — Kese bh 


44 02 + sh xm,’ 
j=1 


5. Formas (1.22) and (1.23) can be reduced to an exceptionally : 
simple form in the case when the numbersr, andr. are close to one an- 
other. In order to obtain these new formulas let us take equation (1.15) 
and rewrite it in the following way, replacing n by im: 


445 
where 
= 
nt 
j=1 
(71) z, (t1) 
Zo1 + Zo2 
q (1.22) 
P (1.23) 
5, = + sh mm,’ 5: = m + (1.24) 
j=! 4 j=1 
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n2m? 4 d*F\ 
Sa 


Let us introduce in place of v the new independent variable 


We observe that when the difference between r, andr. is not large the 
parameter v’ is very small. The last differential equation is rewritten 
in terms of the variable é as follows: 


Let us calculate the integral of this equation under the following 
conditions: 


u (0) = 0, (Fen. 


dé 
The original variable r can be expressed in terms of the variable & 
in the form of the following series in powers of v’&/n: 


2B 
By virtue of this we obtain 
1 


1 
Fodor = + + +... (a, 


Hence we can rewrite equation (1.26) in the following way: 
We shall seek a solution of this equation in the form of a series in 
powers of the parameter v’; we set 
(E) = Uo + (E) + (E) + +... (1.28) 


In order to determine the co-efficients u, (¢), u, (€), ..» we have the 
following system of equations: 


dus 1 
+ S*us + Aol), 


This system of equations has to be integrated under the following con- 
ditions: 


uo(0)=0, u,(0)=0, ug(0)=0, ug(0)=0, u,(0)=—9,... 
uo (0)=1, u,’(0)=—0,... 


Integrating the system of equations so obtained under these conditions, 


446 
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we have 


Uo (§) = sin u,(—)=0, [st cos st — sin sé] 


ae 
us = — cos st — sin sf] 


+ (27a, — 3aq*) Ecos s§ — (2n*a, — 3a,?) 


: 2 j 
(5) = — ao) sin s§— cos st + 


In this way the series (1.28) is constructed. Let us find the number 
s from the condition that the solution (1.28) of equation (1.26) shall 
vanish when = 


The equation for the determination of s is written thus: (1.29) 


sin xs — [ts cos rs — sin rs]"* — 
2n*s* 4n*s 


[xs cos rs — sin rs] v?+...=—0 

When v’ = 0 this equation has the solution s = j, where j is an arbi- 
trary integer. The partial derivative with respect to s of the left-hand 
side of this equation differs from zero when v” = 0 and s = j; consequently, 
equation (1.29) has a holomorphic solution when v* + 0; this solution can 
be represented up to and including second degree terms in v” by the 
series: 


f + (1.30) 


On the basis of the foregoing calculations, we can write down u(f) in 
explicit form thus: 


Un, = sin s§ — (s§ cos sf — sin st)v*+... (1.31) 


Let us take equation (1.26) once again and find the integral of it 
which satisfies the conditions 


u(x) = 0, (*) == 
Let us set 


u (E) = (E) + (E) + (&) +... (1.32) 


In order to determine the new functions Uo, Uy, Uy «os We shal! have 
the previous equations, but the boundary conditions are different, namely: 


Ug (=) = 0, u, (mz) = 0, u,(=)=0,... 
(x) = 1, (x)= 0, u,’ (x) = 0,... 


Under these conditions the new solution of equation (1.26) can be 
constructed in the form of the following series: 
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Ung (=) sin s (§ — r)— serls m) cos (1.33) 


We need to have the functions z ni and z n2° These functions are connected 
with the functions u,, and u a2? which are given respectively by formulas 
(1.31) and (1.33) and satisfy the boundary conditions, by the relations 


Uny y’ Uno y’ + dt 
Zn1 (t) = h(t) Fe) a? (t) = Ta h(t) = F(t) (1.34) 


Hence, using formlas (1.30), (1.31) and the relation 


= ; 
s§ cos s§ — sin sf 


[(3 — sin — cos sé] vy’? +- 


Now, setting & = m and replacing s by the expression (1.30), we obtain 


Making use of the second formla (1. 33), we find by similar manipul a- 
tions that 


Zan F(t) 7 


The formlas (1.35) and (1.36) so obtained make it possible to find 
the numbers introduced in subsection 3. We have 


Let us now use these expressions to evaluate formas (1.22) and 
(1.23). First of all we find the sum of the series S, for small v’, We 


have co 
5; 1 v’ F (te) { 7a 2a, + 1) 4 
m; 2 A(t) ) 240 


2 . nv 
s=>—l— 
we obtain the fol lowing result: 
23 
bos 
‘ ve A(t) ;2 
4 te \1 — 9) v2 A (to) 
: 9 Ae + 2422 h (7) 60 
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v’ 1 F (t2) 12a +1 fF F (t2) 


2422 (7) + 24. 60 Big this 7) T Alt, (a) 


The expression for the sum of the series S,, as determined by formla 
(1.24) for small v’, has the following form: 


— _ fF 1 F(t) 2a,+1 (F(t) , 7 F(t) 


If the number v’ is small, as we are assuming, then the infinite sums 
S, and S,, determined by formulas (1.24) and (1.25), are significantly 
ahal lee then the sums S, and S,. 


Therefore, substituting in formlas (1.22) and (1.23) the expressions 
(a) and (b) in place of S, and S,, and neglecting the terms containing 
the sums S, and S,, we obtain 

c—ls Tov" te) , 1 Fit) 12a 


l1,—b { F (z2)\ 1_ ig f F (1) 


(T2) 
(<2) 


Bearing in mind the value of the function h{r), we can transform these 
two formlas into the following form: 


1+ 


|- 60 


r 2 F 
7 F (72)) 
8 


(+ 


Let us take as our fundamental data in this problem the quantities 
r,, l,, ¢; then from formlas (1.13) and (1.37) we can determine r,, 
and b. If we know the value of the speed of sound in the inflowing gas, 
then by the same token we have the value of the parameter a, and can 
therefore determine the velocity of the gas issuing from the orifice. 


If in formulas (1.37) we set B= 0, then we obtain the formulas relat- 
ing to incompressible fluid. 


In this case we have Fir) = 1, 
assume the following form 


These two equations express Zhukovskii’s theorem [6 |: 


| 4 Hence 
q 
4 
AG 
(1.37) 
e—lp_ 7 , \ Vi-— (25 + 
4 had _ Vi-(@+in 
hob 
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It must be pointed out that this theorem is valid for incompressible 


fluid for arbitrary Ts and To and in this general form it cen be obtained 
from the complete formulas (1.10) and (1.12). 


II. The pressure of a gaseous stream on a flat plate 


7, The method described in the previous section can be used to solve 
the problem of a jet flowing past a flat plate under the assumption that 
the point of zero velocity, occurring at the plate, is replaced by a 
wedge-shaped region of stagnant fluid [7]. 


Accordingly, let us assume that a stream of gas, having a velocity at 
infinity of V, and a width of 2L, impinges on a plate of length 21, dis- 
posed symmetrically relative to the gas stream. Let us further assume 
that the stream separates from the ends of the plate with free stream- 
lines, and that it also forms, at the middle of the plate, a stagnant 
region along the curvilinear boundaries of which the particle velocity 
of the gas is constant and equal to V,. This stagnant region replaces the 
point of zero velocity which usually occurs at the centre of the plate. 
Our problem consists in determining the pressure of the stream on the 
plate and in finding the various geometrical quantities connected with 
the flow pattern under consideration. 


Pig. 5. 


In Fig. 4 the streamline GF and G’F’ are symmetrically disposed re- 
lative to the axis Ox and enclose the whole moving mass of gas; the 
streamlines DE and D’E’ spring from the ends D and D’ of the plate; the 
parts BC and BC’ of the complete streamlines ABCDE and A B C’D’E’ re- 
place the point of zero velocity. On the streamlines DE and D’E’ the 
velocity of flow is constant and equal to V; on the streamlines BC, 
BC’, the velocity is likewise constant and equal to V, < V,. 


Let the streamline ABCDE correspond to the zero value of the stream 
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function W(r, 8), and the streamline GF correspond to the value of the 
stream function equal to Q> 0. 


Let us denote by 9, the angle which is formed by the direction of the 
divided jet with the axis of x; this quantity is unknown. In Fig. 5, re- 
presenting the plane of Chaplygin’s variables, the flow occupies the 
region ABCDEFGA, inside which we require the integral of the equation 


with the given values of w on the contour of this region. 


We will seek the function w(r, @) in the form of the following infinite 
series: 


(2.2) 


where the co-efficients A, are to be determined, and the function z,(r) 
is the integral of the equation 


d { t dz| ei—(28 
dt 1 — dt ( ) 


and satisfies the following requirements: 


dz, 
Zn (t;) = 0, \ = 


The coefficients A, have to be found from the conditions: 


(0<6<8,) 
Ansin 2nd = 
n=} | (®<0< =) 


We find that 


4Q 

A, = — sin? 
An mn 


Accordingly, for the stream function Wr, @) we obtain the following 
expansion: 


oo 
( 
= 2 > 


t=] 


sin? nO S(t) . 
n z,,(T2) 


Hence we derive the following expression for the velocity potential: 


p(t, 0) = C cos 2 n6 (2.5) 


T2) 


. 
+ 
.., 
0) = >) sin 2n8 
(72) 
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8. Let us now calculate the lengths OC and CD of the plate, using 

the formas obtained in the previous subsection. 

i : To calculate the length OC, we observe that along the streamline BC 

the following formula is valid: 

in 

dy = d0 

V 2ar 06 

Integrating both sides of this formla with respect to @ from 0 to 

. 1/2 7, after replacing r by r,, we find with the help of formula (2.5) 

that 

sin? (2.6) 

: Along the segment CD of the plate, we know that é 
dy dt, § — 

& : Integrating both sides of this equation with respect to the variable 

eo r fromr, up tor,, we obtain: 

; or, effecting the integration, 


oO 


yy sin? nf, | 
! 


cp= 


Z,,(T2) — 


Combining the formula so obtained with formula (2.6) and making use of 
the relation 


— sin? n§, = (2.8) 


we find that 


oo 
n—l 


32 2'n (2). 
2l = - Sin 0 + — sin? 2.9 
nV Zate(1 — \s 4n?—1 2,(t2) 0 ( ) 


9, Let us calculate the magnitude of the pressure of the stream on the 


plate. We shall denote by P, the pressure at infinity in the region of 
stationary gas behind the plate, and by p, the pressure of the gas in the 


stagnant region in front of the plate. Then the resultant FR of the pressure 
forces of the gas on the plate is 


R=2 \ pdy — 2p. CD + 2(p, — OC (2.10) 


CD 


; = = 
1 d = - 
(V — 5} (2.7) | 
n=1 
} 
5 
4 
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pdy — 2p,l 2p, OC \p 
CD 


Along the segment CD of the wetted area of the plate we have 


— ——— — At 


n 


dy = 


Hence we obtain 


and therefore 
1 1 — 
pdy = Pl 4 


CD 


} 


Let us now evaluate the expression for R in formla (2.10); we event- 
ually obtain the following result for R: 


R= 0, p, (2.11) 


Accordingly, the problem which we formlated has been solved. Given 
the quantitiesr, +.,, | and Q, we can calculate the angle 4, from forma 
(2.9), and the length of the wetted portion of the plate from formla 
(2.7); then the magnitude of the pressure of the stream upon the plate is 
given by formula (2.11). 


10. From the formulas of the foregoing subsection let us recover 
Chaplygin’s results for incompressible fluid in the flow pattern under 
consideration. 


In this case we have 


(2) = (— 


Let us evaluate formulas (2.6) and (2.9): 


453 
or 
Lie But 
= (1 te) [V teZn(te)] + 
Ve dt (4 — +)® 4n* — | at 
Ty 
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4 4 Mn” we obtain 
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pV? 
“Po 


where Po is the stagnation pressure, Py is the pressure at velocity Vi. 
By virtue of these formulas we find that for incompressible fluid 


(2.11) assumes the form: 


Hence, formula 


R = 4QeV2sin® 6, 2.14) 


The collection of formulas (2.12), (2.13) and (2.14) in fact solves 

the stipulated problem of jet flow of an incompressible liquid. From these 
formulas we can eliminate @. and obtain the Chaplygin formulas in the 

case when the incident stream has infinite width; in that case Q= «. It 

is evident from formula (2.13) that, when Q tends to infinity, the angle 

6, approaches indefinitely close to zero. Let us investigate the law 
governing this approach to the zero limit. For this purpose let us find the 
sum of the infinite series in formula (2.13) for small @.. We have 


(—) n i+ _ sin? In cos 6, + 8, » sin® n8o 


Hence it follows that for small @,, 


co —1 co n—} on 
4 — in®@—1 4 en | 


Now, 


formula (2.13) gives the following result: 


for small 
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> 21 = (1 « sin? 6 + | (2.13) 

mV2\ 8 2 4n* 1 

n=} 

where 

V.\2 

1 

¢q=— <! 

‘2 2 

For incompressible fluid we have 

Po Pi Po 

— = — — J}, t= 

4 

| 
4 

1 

id 

+ 20,2 sin * n0, 

=, 4 n*6,? 

ba 
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Substituting this expression for 0A2 in formulas (2.12) and (2.14), 
we obtain the Chaplygin results [7]: 


Let us consider one more particular case. Let us assume that the region 
of zero velocity is absent from the front of the plate: in this case the 


number q is equal to zero and formula (2.13) takes the following form: 


2 


n 


is 
2 nay 48° —1 


or, after summing the infinite series, 


A 


20 


| sint + sin 6, Intg 


Using this equation to determine 6. from |, Q and V,, we obtain from 
formula (2.14) the pressure of the stream on the plate: 


+ ctg '/,6, In[(f + sin 0,)/(1 — sin 


This expression for R agrees with that obtained by Zhukovskii [ 6], 


section 10, 


and 9 


ll, Let us now return to the general formlas of subsections 
and find the geometrical dimensions and the force R for the case when the 


velocities V, and V, are close to one another. 


For the analysis of formlas (2.6) and (2.9) we need to consider the 
dependence upon n of the two functions: 


But these functions have been calculated: they are the functions f, (n) 
f,(n) (see subsection 3) when A = 1/2 w. By virtue of this we can use the 
analysis already presented and write down the expansion of these functions 


as regards their principal parts: 


1 


in (T2) 


(72) 


(t2) 
i 
$j (te)/on 82. nmimy ) 


n=1 
q 
23 
a 
q | 
> 
{ (ts) 
= 
(te z. (te 
where 
a 
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Let us substitute these expansions in formulas (2.6) and (2.9), ob- 
taining 


sh? m.6, 
4m2 


(2.17) 


i+4m2 sham, } 
j 


If the velocities V, and V, are close to one another, then these two 
last formas are appreciably simplified. These simplifications arise by 
virtue of the fact that, for values r, andr, differing only slightly 
from one another, the numbers m, are determined by the following formula 
(see subsection 5): 


which shows that all the m., starting from m, and m_,, are very large for 
small v*. Hence it follows that the two last infinite sums on the right- 
hand sides of formlas (2.16) and (2.17) can be neglected. However, by 
virtue of the formulas at the end of subsection 5, the sums 


take the following values respectively: 


| 


if we retain only the first terms in the expansions in powers of the 
small difference 


< 


Hence, from formula (2.17) we obtain 


) 
ts)"V Zate (2.18) 
Let us now take formla (2.11) and substitute therein for sin’? 1/2 4. 
its value from the last formla; we then obtain an expression for the 


pressure of the stream on the plate for values ofr, andr, which differ 


4 
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only slightly: 


R= Ti) Py 


1— 


We observe that, by retaining only the first power of the difference 
T,—7,, we cannot distinguish between the lengths OC and l. 


Formula (2.18) can be used to determine the angle 0, of separation of 
the jets to infinity. 


[I1l. Flow of a gas out of a vessel 


12. The partial differential equation, which is satisfied by the stream 
function v{@, r) in plane-parallel potential motion of a gas, has the 
following form: 


ot — t)” del 36? 


In order to construct solutions of problems on jet flows of a gas, 
Chaplygin found a number of particular solutions of equation (3.1). How- 
ever, for the solution of the problems we mean to consider in this 

section, it 1s necessary to find other particular solutions of the same 
equation (3.1). 


We will seek particular solutions of equation (3.1) expressible in the 
form of a product of two functions @ (4) and T(r), each depending upon 
only one argument. Substituting the product © (@) T(r) in place of the 
function «/ in equation (3.1) gives the following result: 


Let us equate the common value of the right and left-hand sides of 
this equation to a certain negative number — n‘; then, in order to deter- 
mine the unknown functions © and T, we get the following equations: 

dj 2t 


— — 0 
0, 


1—(28 


T=0 3.2) 
dt — +)® 22 (1 — rot! ( 


The first equation can be integrated in hyperbolic functions, and its 
general integral can be written thus: 


Achné Bshnd (3.3) 


Integration of the second equation can be achieved in terms of the 
hypergeometric series. Let us set 


T = (2) 


then for the determination of the function S‘r) we get the following 


d 
4 457 
1dy 2e aT), 1—(28+1)t 1 de 
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equation, due to Gauss: 


d2s 


<=(1—*) 


“2 + Lipn(t +ni)S =0 


dt 


The solution of this equation is the hypergeometric series Fla, b, c; 
r) with the parameters a, 6, c defined by the formlas 


at+b=ni—8, ab=—Lifn(1 + ni), 
Accordingly, the second equation (3.3) has the particular solution 


Here +, is an arbitrary constant number. 
Proceeding in a similar manner, we find that equation (3.2) also has 
a particular solution of the following form: 


F(a, b. c: 


where the parameters a, 5, c of the new hypergeometric series are deter- 
mined by the equations 


ab ifn(i—ni), ni (3.5) 


By means of the particular solutions T and T, let us now form new 
particular solutions 7” and T’” of equation (3.2), setting 


T’=1(T+17 T’ =! (T—T) 
These particular solutions can be expressed in the following form: 


T’ = n)cos(+nIn — N n) sin ( 


Te \ 
nin—) (3.6) 


= M(z,n)sin(+nIn = +. N (zt, n)cos(=nIn 


where the functions M(r, n) and N(r, n) are two functions of the variables 


r and the parameter n, expressed by the following series: 


M n) = 1 + p,(n)t + po (n)=* 

(3.7) 
where Pye Pov +++» are rational functions of the parameter n, 


containing in their expressions only even powers of this parameter. 


Let us write down the expressions of the first few of these functions, 
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(n) = 9, 


_ — 
Ps = — 


13, Let us consider a vessel bounded by two parallel walls, extending 
in one direction to infinity and supplied with a nozzle, formed by two 
small and equal straight segments of wall, inclined to the centre line of 
the vessel and joined to the free ends of the parallel walls mentioned 
above (Fig. 6). From this vessel, gas issues under pressure in the form 
of a jet into free space. Our problem consists of constructing the stream 
function of this gas flow’. 


Fig. 6. 


Let us assume that the value of the stream function wv’ along the line 
of symmetry FE of the stream is q > 9, and along the compound boundary 
ABCD, including the free surface of the jet CD, is zero. Let us further 
assume that in the distant part of the vessel, from which the gas is 
coming, the value of the variable r is given and is equal to rai let us 
assume, moreover, that at the points of the free surface of the jet the 


variable r has the value < 


At the point B the velocity of the gas is equal to zero, and this 
circumstance introduces a well-known complication into the given problem. 
In order to avoid this difficulty we will first solve a somewhat altered 
problem, obtained by replacing the critical point of zero velocity by a 
region of stagnant gas B’BB”, along the curvilinear boundary B’B” of 
which the variable r has the smal! value r’. 


S.V. Fal’ kovich solved the problem considered here by dividing the 
region of flow into two parts; in one part, containing the jet and the 
point of zero velocity, the stream function is given by a series of 
functions 2, (7); in the other part, containing the remainder of the 
pipe, the stream function is expressed as a series, the genera] term 
of which contains the second solution of the hypergeometric equation [5]. 
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Let us now consider the range of variation of the variables in the 
plane of @ andr corresponding to the gas flow under consideration 
(Fig. 7). This region is the rectangle AB’B”*CDEF, 


Fae, 


bounded by the straight lines r = 7’, = here A is the 
angle of inclination of the wall segment BC to the axis OX. The required 
function W(@#, +) has to satisfy equation (3.1) and the following boundary 
conditions on the sides of the rectangle under consideration 


¢=0 whent=?7, when? =i, >= 0 whens 
when9=Oand y= q when 9=0 and 7 


In order to find the function (0, +), let us consider this particular 
solution of equation (3.1): 


dn 1,7, (t) shn(, — 9) 
If we subject the function T(r) to the conditions 
= 0. T » (te) 0 (3.8) 


then the function yy will satisfy all the boundary conditions imposed 
upon the function v(@, +), apart from the condition on the side @ = 0. In 
order to satisfy this condition too, let us form a series with indeter- 
minate coefficients 


4 (0, t) = (=) shn — 9) (3.9) 
n 


summing over all the fundamental numbers n of the equation (3.2) which 
satisfy the boundary conditions (3.8). 


Two fundamental functions T(r) and T(r) of the equation, correspond- 


ing to two different fundamental numbers n and m, satisfy the integral 
relation: 


1 23 +1)t m on 
\ (2) Tm (2) dt = 0 
(1 rt 


Let us assume, in addition, that 
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2044 
On the basis of these conditions of orthogonality and generalised 
normality of the functions T(r), we can determine the coefficients A, of 
the series (3.9). Let us set 9 = 0 in this series and, multiplying both 
sides by 
3+ 1)* 


let us integrate the result with respect tor fromr’ tor.,. Taking into 
account the boundary conditions imposed upon the function w(@, 7), we 
find that 


q 


sh n 


Making use of the differential equation (3.2), we can effect the 
quadrature and in this way obtain for A, the following expression: 


q 2e 
(1 


dt 


n® sh n? | 
Accordingly, the series which is the solution of this preliminary 
problem can be written thus: 


2t 


Using this series, we can calculate all the elements determining the 


motion of the gas. 


14. In order to solve the problem originally formulated, when instead 
of the stagnation region BB’B” there is a single stagnation point B, we 
have to let the number r’ in formula (3.11) tend to zero.To achieve this 
passage to the limit, we have to record certain intermediate propositions. 


Let us first take equation (3.2) and transform it to a new form; in 
place of the independent variable r and the function T(r) let us introduce 
the new independent variable z and the new unknown function u(z), by 
setting 


We then obtain the following differential equation: 
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re [ne B (28 + 1) 4—2(3 + 2)+— 8B (28 


We observe that for subsonic motion of the gas the numerator of the 
second term in the square brackets is positive. 


In accordance with the boundary conditions (3.8) we have to consider 
those integrals of this equation which satisfy the following conditions: 


uy, (0) = 0, un(z’)=90 (3.13) 


where the zero value of the variable z corresponds tor,, and the value 
corresponds to the value of the variable r. 


From the formla determining z fromr it follows that, asr” tends to 
zero, the quantity z° will tend to infinity, and accordingly the second 
boundary condition (3.13) has to be satisfied for very large values of 
the independent variable z. Using the theory of asymptotic representations 
of integrals of linear differential equations, it is possible to give 
approximate values for the fundamental numbers of equation (3.12), corres- 
ponding to large values of the quantity z°; we have 

n; =~ = 1,2,3,... (3.14) 

Hence we see that the difference, between two successive fundamental 
numbers n appearing in the series (3.11), is equal to 7/z” and conse- 
quently tends to zero as z” tends to infinity. By virtue of this fact we 
can assume that, as z° + «, the sum (3.11) will tend to a certain definite 
integral. In order to construct this integral we shall need to consider 
in somewhat greater detail the general term of series (3.11). 


The function T(r), appearing in the general term of this series, can 
be represented in terms of particular solutions (3.6) of the equation 
(3.3) in the following way: 


Tn (t) = Cn Tn” (t) — Tn” (t2) Tn’ 
where the coefficient C., has to be determined from the condition (3.10). 


Let us present this condition in a new form, introducing in place of the 
variable of integration r the new variable o, by putting 


t 


We obtain 


a 


{ — 72 (28 4 1) e~* 
0 


IT, (e)P de = 1 
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We observe that the expressions for the functions T(r) and T,*(r ), 
in terms of the new variable o, are 


T’ = [1 + p, (nm) . . .] cosme —n[q, (n) tye . .] 


[1+ pi (n) 4 


..]Sinns + n[q, + .. .J cos ne 


Hence we obtain 
Tn (2) = Cn n' (t2) + + aye? sinns — 


—[Tn" + + cosine) 


where b,, are completely determined coefficients de- 
pending on the number n. We can now, moreover, write 


(3.16) 
[Tn(3)]? [M2 (xq, + + + hye 


+- (ly + +- .) cos (my +- +...) sin 2na | 


are certain numbers 


where k., k,, stag Gas Bas l,, 
depending on the parameter n. 


m m 
0? i’ 


We can also write down the following expansion: 


1 — te (23 + 


1+ A,e-* 


|. A,e~* 
2 


1 — 
Now, the condition (3.15) can be written thus: 


| n) + n)] \ ds +> 
(3.17) 


cos 4 > D; sin 


where B., Ci. D; are completely determined numbers. We have 


a’ 
\ dz 
0 


e (nsin2na cos 
23° cos 2n3d3 = ———— 


(j? + n*) 


‘ n—e (fsin2no’ 4 os 2na’) 
m=) 
0 


From these formas it follows that the relation (3.17), from which C,, 
is to be determined, can be rewritten thus: 


a 

q 

4 

4 » C; \e 

| 

| 
“4 
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n 


where the functions L‘o’) are certain functions of o” which tend to zero 
as tends to infinity. 


Accordingly, the functions T(r) appearing in the series (3.11) can be 
written thus: 


§ (t,n) ij 1 


T.(*) = V 


oVit+Lle) 
where 
m) = Tp’ (t2) Tn” (t) — Tn” (42) Tn’ (2) 


Now the series (3.11), which was the solution of the preliminary 
problem, can be written so: 19 


Sh n (A — 9) § (z, n) 


nishnd Nt n) i+ Lie) 


Here it is necessary to make one important remark concerning the nota- 
tion: the function @{r, n) depends on the quantitiesr, andr,, but when 
we write n)/dr, and 


4? 


, n) dr, we mean to signify the values of 
the derivative d@(r, n)/dr evaluated at r, andr, respectively; accord- 
ingly, r, and r,, which appear in the function @(r, n) as parameters, are 
not subject to differentiation. 


Between the numbers r’, z’, o” there exist the following relations 


Ts 
From the first relation we obtain 

2’ In + + 


Hence it follows that for small +r’ we can take 2° = o 


By virtue of this fact, the formmla (3.18) for the stream function 
be rewritten in a new form; taking into account the connection (3.14) 
between nj and z°, we have 


Accordingly, we obtain 
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An 
2 i+Lic’) 


Let us now pass to the limit, when the number r’ tends to zero. In the 


limit we find the following expression for wW(@, +): 
co 
271 ds (7, n) 


= at; (1 
0 


shal n)dn 2 AC 
3.19 
n*sh n? ) 
By means of this formla we can find the contraction of the jet and 
the pressure of the gas stream on the sides of the nozzle. 


Let us turn to Fig. 6 and find the connection between the ordinates 
of the points C and D; let us denote these ordinates by — H and — h, 
respectively. 


We have the following general formula of the Chaplygin method: 


if 


dz = 


(dz + i 


where p, is the density at that point of the gas stream where the velo- 
city of the gas is equal to zero. 


Let us apply this formla to the arc CD of the streamline W = 9; we 
obtain 


dé 


sin 


and consequently 


sin 


Substituting in the right-hand side of this formula for the function 
W(@, +) its expression in the form of the integral (3.19) and carrying 
out the calculation, we arrive at the following result: 
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dg (71, n) 


x sh — nsin nr 
n*(1+n*)shnda M? (to, n) + N*(t2, n) \dt 


15. Let us apply these formulas to the case of the flow of an incom- 
pressible liquid. 


In this particular case 8 = 0 and equation (3.2) has the following 
integrals: 


T’ =cos(4+nin-), T’ =sin( 
t t 


and therefore 


1 
n [1 — cos In 
2 


Let us now evaluate formula (3.19): we obtain 
shn (aA — 9) 


‘ 1 
sin|—nIln—)dn 
sh n? 2 t 


1 
7 


and V, is the velocity of the liquid in the remote parts of the vessel, 
whilst V, is the velocity of the liquid in the jet. 


From formula (3.21) we easily find the expression for the complex flow 
function w(o) of the complex variable o, introduced by the formula 


Ve 
= In +i(@—d) 
We obtain 
co 
1—cospn coson 


sh An 


Hence we find, on carrying out the quadrature, that 


dw q 1 (p + 0) 


—— if — — —§ — 
de hy 7 sh 5 ch 


From these formulas we find the relation between H and h, thus: 
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V o=i(@—2) 
Substituting herein the expression (3.22) for dwe/d, and taking o = 
i(@ A), we obtain 


H—h 


ic / 
=7 \ sindectg + 


0 
This integral can be calculated when A = 1/2 7, and we obtain 


H-h 2 


sh parc te( 
If in place of p we introduce the new parameter y, by setting 


V 
tg y = 


sh p 


then we put the foregoing formulas into the following form: 
H 4 
th 2y 
Let us introduce here in place of Ah the quantity 2L, equal to the 
width of the vessel; we then obtain the formula given by Zhukovskii: 


thy (142 


L 


From this formula we can, given H and L, determine the number y, and 
hence the velocity of flow in the jet, if the velocity of the liquid in 
the remote parts of the vessel is known. 


tg 


16. The problem of the flow of gas out of a vessel, which was solved 
in the foregoing subsection, is equivalent to the problem of the motion 
of gas through a grating consisting of bars of equal size. Let us suppose 
that A = 1/2 7, then we have a segment of the flow past a regular grating 
with jet formation (Fig. %). 

Along a bar of the grating we have 

- 3+ 
dy = — —— 


27 (1 — 


In order to determine the pressure P, acting on each bar of the 
grating, we use the formula: 


yr 


p=p(i- t 
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Hence we obtain for P the following formula: 


P= —2p,\ 22 V2 


0 


Substituting here in place of /(@, +) the expression (3.19), we obtain 


co 


ts 
dn 1 — (28 + 


M2? (to, n) + N? (2, n) 


2tV 2 


Consequently, 


co 


V 


x 1 = dn 
‘n(n? + 1)sh!/onn M2? (to, n) + N? n) 


co 

SP, 
tin \ 2 — 
| <2 « 
0 


x I(t, te, 


n(n? +1)sh!/enn M® (ts, n) +N? (tz, 


a 

Fig. 8. 
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(1 dt (1 dt 


r (11, Te, n) 


In equation (3.23) let us effect the passage to the limit; for smal] 
we have 


t 
T’ = cos(i nin), T* = sin(+nin=) 
t t 


Hence the second term of formula (3.23) can be rewritten thus: 
co 

1—cos In t2 / 

(n? + 1) sh! 


Pod jim 
2a 
0 


| 28 “+ 1 ? 
x} sin (2 nIn* n - COs In dn (3.24) 
Tt t t 


Let us calculate the definite integral 


1 


Hence it is clear that the quantity (3.24) has the following simple 


value: 
AP od w= (V2 


Let us now turn to formla (3.23); we can now recast this formula in 
the following final form: 


2at, 


t2(1 — t2) n) 1 dn 
0 


For incompressible fluid this integral can be evaluated, and we then 
obtain the following formla for the pressure of the stream on the bar 
of the grating: 


‘ V 1 > ] 
P= (V1 + V2) are tg V1 (V2— Vi) — 


where p, and Pp, are the pressures in the stream in front of the grating 
and in the jet, respectively. If we deduct from this value the back- 


pressure, acting on the bar from the side of the stagnant fluid and equal 


4 4 
| 
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to 2(L - H)p,, then we obtain Zhukovskii’s formula: 


{ \ 
P —2(L —H) pa = | 


* \sin Zy 


17. The problem of the flow of incompressible fluid out of a vessel 
into a pipe was first solved by Zhukovskii; we intend to solve this same 
problem for a gas. The configuration of the problem is illustrated in 
Fig. 9%. 


Fig. 9. 


Gas from an infinite vessel, in the remote parts of which it is at 
rest, issues under pressure from the orifice BB’, forms a short length 
of free jet bounded by BC and B’C’, and then enters an infinitely long 
pipe CC’DD’. 


Let us assume that along the free surfaces Chaplygin’s variable r has 
the value r., and in the remote parts of the pipe the variable r is equal 
tor, <7... Let us assume that the value of stream function wW(@, 1) along 
the tine ipcp is zero, and along the line CE is equal to q> 9. 


Let us consider in place of the function v(@, +) the new solution of 
equation (3.1) - the function ¥(@, +), connected with W(@, +r) by the 
formula 


(8,2) = $(0, 2) + 
The new function ¥(@, r) will satisfy the boundary conditions: 


Y—0O for 


¥ (9,2) =| 


0 when®? <t<t and 0=0 


The required function ¥(@, +) can be represented in the form of a sum 


470 
y 
8 \ Tt, . 
D 
A 
& 
‘ 


On the theory of gaseous jets 


of two functions ¥, (6, r) and ¥, (6, r), defined by the formulas: 


oo 
2a Zn (t) sin 2n8 
co 


2t2 d9 (2, n) sh — §) H(t, n)dn 
(1 — dt. n*sh M2? (<2, n) + N® n) 


This last function can be obtained from formula (3.19) by replacing q 
by — q and setting A equal to 1/2 7. 


18, Let us assume that gas issues from the open end of a pipe, at the 
far end of which the gas velocity is Ve on issuing from the pipe, the 
gas impinges on a plane C’BC and flows along it, forming free streamlines 
ED and E’D’ (Fig. 10). The velocity of flow along these lines is constant 


D 


Fig. 10. 


and equal to V, > V,. The construction of the stream function for the 


gas flow can be effected in this case also by using formla (3.19), 


Applying Chaplygin’s function z,(r), as in the previous problem, we 
can write down an expression for the stream function in the following 
form: 


419 2) — 49 sin 2n6 
Zan (2 


2a0 9 (te, m) | — 8) 9 n) dn 


= dt | M? (tg, n) + N?(t2,n) 


The sign “ (prime) in the sum indicates that the index of summation n 
can assume only odd values. 
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ON THE DEVELOPMENT OF THE FLOW OF A VISCOUS 
HEAT-CONDUCTING GAS IN A PIPE 


(O RAZVITIIT TECHENIIA VIAZKOGO I TEPLOPROVODNOGO 
GAZA V TRUBE) 


Vol>23, No.2, 1959, pp.333-346 


N.A. SLEZKIN 
(Moscow) 


(Received 9 December 1957) 


In the monograph of Targ [1] the flow of a viscous incompressible fluid 
is treated in terms of approximate differential equations which take the 
viscous and transport terms partially into account, and solutions are 
given for a number of problems. The solution for the development of the 
flow in a circular cylindrical pipe shows a satisfactory agreement with 
the results of experiments, not only with respect to the length of the 
entrance region, but also with respect to the development of the velocity 
profile at stations in the entrance region. The same approximate equations 
were used by Ovchinnikov [2] to solve the problen f the development of 
the flow in a diffuser for an arbitrary velocity distribution at the 
entrance. In this case the calculated results were well verified qualita- 
tively by special experiments carried out by the author, even for Reynolds 


numbers as large as 25 »« 10°. 


The cases just described suggest that suitable approximate equations 
might be set up to take the nonlinear terms partially into account, and 
that these equations might be used for the solution of various problems 
in the flow of a viscous heat-conducting gas. In the literature such 
problems have so far been treated by a method used by Schiller [3] to 
study the flow of an incompressible fluid; i.e. by ining the constant- 
velocity profile in the core with the velocity profile determined separat- 
ely for the boundary layer (for example, in the article of Kaul and Brown 
[4 TF Solutions for these problems on the basis of approximate linearized 
equations have not yet been presented in the literature, and such solu- 
tions may have theoretical and practical interest in the design of 
diffusers for engines on moving objects and in the calculation of certain 


losses associated with gas flow in ducts and diffusers. 


1. We will assume two-dimensional stationary motion of an ideal gas 


having the Clapeyron equation as equation of state and having constant 


Le 
> 
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specific heats. By analogy with another paper [5], we will introduce 
dimensionless variables and parameters in the following manner; 


= [z,, y = ely, oly, v= Uyr,, P= PoP 


(y¥ —1) Af? 


Using (1.1) and neglecting body forces, the differential equations 
for a viscous heat-conducting gas take the form 


Ou Ou, | Ou, 
Re*o, (uy — + 2, - hy = 
\ 


R dx, \' Ox 


{ Ou, Or, 


2 OX, OY OF, dy) 
= (7',), %, = *,(T)) 


These differential equations (1.2) are identically satisfied by a 
strictly parallel flow with constant velocity UU. and with constant-state 
variables, and for this case we may put 


20, p=1, =i, T,=—1, wm=i, (1.3) 


We will now restrict ourselves to cases in which the presence of solid 
walls exerts a relatively small disturbing influence on the departure of 
all the variables of the gas flow from their values in the undisturbed 
stream. If « is a Small parameter, and if the dimensionless variables R, 
M, and P are assumed at the outset to vary like powers of «, then the 
solution of equations (1.3) may be developed as infinite series in powers 
of the small parameter «. We will assume that in certain special cases 
we may terminate these series with terms containing the first power of the 
smal] parameter; that is, 


= 
col ol 
He 
C, 
4 
V ‘ 
19c0 
} Oly 2 Ou fa) Ov 
Ov, , Or \ { Op { 0 Ou 
| OY) yM* dy, R dx,\' 
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We will further assume that the characteristic parameters have the 
following orders of magnitude; 


M ~41, P~ (1.5) 


Substituting equations (1.4) into (1.2), taking account of (1.5), and 
equating the coefficients of terms linear in the small parameter, we 
obtain the following equations; 

Bu’ { dp’ 1 au’ 
ax, eR oy* 
ap’ 
Or 1 PRe® 
an 
) 
0), 

Using the equation of state (1.6), the density p may be eliminated 

from the continuity equation, which finally takes the form 


= 0 (1.7) 


Returning in equations (1.4) and (1.7) to the original dimensional 
variables; that is, putting 


=— = = — v —— 


fat T (1.8) 


we obtain the following approximate linearized equations of motion for a 
viscous heat-conducting gas; 


6T Op 


If we compare the approximate equations (1.9) with the familiar equa- 
tions for the plane boundary layer in a viscous compressible gas ([6], 
p. 282), we find that in our equations the transport terms for u, p, and 
T are partially accounted for in the manner of Oseen; moreover, the 
coefficients » and « are taken as constants, and the terms for the dis- 
sipation of energy are discarded. Equations (1.°%) are therefore rather 
rough approximate equations, and their solutions will not be as accurate 
for phenomena in pipe flow or in thin boundary leyrs as the solutions of 
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the corresponding boundary-layer equations. But a similar conclusion con- 
cerning the roughness of the approximation to the original equations 
applies for the equations employed in the solution of certain problems of 
the three-dimensional boundary layer for the flow of an incompressible 
fluid. Nevertheless, the solutions obtained in these problems, as was 
shown above, are not in bad agreement with the results of experiment or 
with the solutions of more exact equations. Therefore we may assume that 
for a number of problems of gas flow in thin layers or in pipes the solu- 
tion of equations (1.9) will give a correct picture of the flow, not only 
in a qualitative but also in a quantitative way. 


For problems concerning the boundary layer near a body, the pressure 
p entering into (1.9) may be considered a given function of the coordinate 
x measured along a contour of the profile. For problems concerning the 
development of the flow in pipes, the boundary conditions for the lateral 
velocity v allow a differential equation for the pressure to be obtained. 


2. If we assume that the motion of the gas is axially symmetric and 


if we take the transversal velocity component as zero, then the approxi- 
mate equations analogous to (1.9) will have the following form; 


r— 
or 


(rv,) 


We will apply these approximate equations (2.1) to a special case, 
namely to a circular cylindrical pipe with an open leading edge. Let the 
pipe move in a fluid with velocity U, parallel to its axis of symmetry. 
Let the pressure inside the pipe at a certain distance from the entrance 
be maintained by some means at a value p, smaller than the pressure p, 
in the fluid far ahead of the pipe entrance. Because of the evacuating 
effect of the pressure difference, a certain flow will arise in the fluid 
ahead of the leading edge, as well as a relative motion for the fluid in- 
side the pipe. If we interchange the motion of the fluid and the pipe, 
then the flow at an infinite distance from the leading edge of the sta- 
tionary pipe will have a velocity U, in the direction of the positive 
x-axis; the pressure will be p,, and the temperature will be 7,; this 
temperature will fix the coefficients uw, and«.. After a sufficient inter- 
val of time has elapsed since the start of the motion, steady velocity 
and temperature distributions will be established at the entrance to the 
pipe (x = 9). Depending on the distance from the leading edge, the nature 
of the velocity, temperature and pressure distributions across the section 
will change as a result of the no-slip condition together with thermal 
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effects at the walls of the pipe. 


If we consider a station in the pipe close to the entrance, and if we 
assume that the relative pressure difference (p, - P, \/p, is small, then 
the effect of the terms discarded in obtaining equations (1.9) from the 
corresponding boundary-layer equations may be considered small. With 
these assumptions there is some justification for applying the approximate 
equations (2.1) to the flow of a gas in a cylindrical pipe in the example 
just considered. 


If we consider the flow of a gas in a pipe laid in the ground, then 
it is necessary in addition to allow for thermal effects of the earth on 
the walls of the pipe. If we denote the temperature of the pipe at the 
entrance by T, and the temperature of the ground by T,, where it is 
assumed that 1 > T,, then we may suppose as a first approximation that 
the temperature of the pipe wall varies according to an exponential law 
(analogous to the law of Shukhov for oil pipe lines); that is, 


To = 7T,+ (T,—T,)exp|—8 


where a is the radius of the pipe and # is a dimensionless coefficient 
to be determined experimentally. 


For simplicity we will assume that the velocity and temperature dis- 
tributions are uniform at the entrance, at which point the boundary con- 
ditions will have the form 


u=U, T=T, p=p, tor r=0 and0<r<a (2.: 


The no-slip condition and the axial symmetry of the flow may be 
exhibited by means of the following equalities; 


u = 0, vy = 0 for *=@and7>” 
OT 
v, = 0, = 0, 0 for =Oand 


ir or 


If we change to dimensionless variables and put 
z=ar,, r=ar, u=Um, v=Uw, T=T)T, 
AUVs gC Ho 
= = | (y¥ — 1) M?2 
R, = M*, 


He xo 


then the differential equations (2.1) and boundary conditions (2.3), 
(2.2) and (2.4) take the following form: 


(2.2) 
| 4 | 
— 
4 | 
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{ 


yM? oz, 


for z,;=0 and0<r3,<(1 
gor r=aand2z,>0 (2.7) 


r=0 andz,>0 


We will solve the system of linear equations (2.6) with the boundary 


conditions (2.7) with the aid of the method of operational calculus. We 
put 


@ oo oo 
u* v* e on p* = _ T* 
( 0 0 
(2.8) 


Considering the first of the boundary conditions (2.7), we will have 


Vy 
OX, 0 Ox, Po 


co 


0 


When we construct the Laplace transformation of the equations (2.6) 

and the boundary conditions (2.7), taking into account (2.8) and (2.9), 

we obtain the following transformed equations and boundary conditions; 
Pi \| _ d*u* 1 du® 

— 7, + ( p* — ry 


dr,* ry dry 


dry? dry 


for =0 
(2.11) 


for m=1 


i 
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The solution of equation (2.19) corresponding to the first boundary 
condition (2.11) will have the form 


= ViR) + 


* = Calo (ry VOPR) + +? 


Using the second boundary condition (2.11), we obtain the following 
expressions for the transforms of the velocity components and of the 
temperature; 


To (rs V XR) (2.13) 
I» (V AR) 
T Te (riV XPR) 


The recurrence formula 


x 


\ = rl, (2) (2.14), 


0 


is well known in the theory of Bessel functions. Fvaluating the integrals 
(2.12) with the aid of (2.13) and (2.14) and using the boundary condition 
(2.11) for the lateral velocity component, we obtain the following equa- 
tion for the transform of the pressure: 


_ 2, 28 1 1, (V XPR) 


U,ViR *+B WdPR Ie(ViPR ‘ 
14 1) 1, (V 2PR) 1,(ViR 


Thus the complete solution of the transformed problem is contained in 
equations (2.13) and (2.15). We may invert the transformation to obtain 
the original functions, generally speaking, by the method of decomposition 
into simple fractions, provided that we can somehow find the roots of the 
denominator of (2.15). 


Inasmuch as the original equations (2.1) only describe the flow of the 
gas in the entrance region with a certain degree of approximation; that 
is, for not too large values of the coordinate x,, and inasmuch as smal] 
values of the factor x, in the exponent of the transformation formula 
(2.8) correspond to large values of the transformation parameter A, then 
with a certain error we may substitute for the Bessel function of imaginary 


> 
+(e" - 2) (2.12) | 
| | 
oO 
3 


one 
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argument in (2.15) the first term of an asymptotic expansion. That is, 
we may put 


In (2) 1; ViR) 1, V XPR) 


Substituting (2.16) in (2.17), we obtain the following approximate 
expression for the transform of the pressure; 


P Po 


= 2y 


Expanding the right-hand side of (2.17) in fractions, we obtain 


(y—1) M? 


= — 9 


Passing from the transform (2.18) to the original function, using the 
formulas (2.5) to change from dimensionless to dimensional variables, 
and introducing the usual notation 


erf(zx) = y= du, erfc (x) = 1 — erf (z) (2.20) 


0 


we obtain the following approximate formula for the variation of the 
pressure in a gas in the entrance section of a circular cylindrical pipe; 


— erfe \o + aV exp * ont (y/ =) (2.21) 


As an immediate check we may satisfy ourselves that equation (2.21) 
satisfies the condition (2.3) for the pressure at the pipe entrance. 


If the gas flow ahead of the pipe entrance is subsonic; that is, if 
the inequality 
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1—M?>0 (2.22) 


is satisfied, then the quantities a and C, defined by equations (2.19) 
will be negative, and at the same time we will have 


estele y=) = 1+ erf (ja! =)>1 


In this case the second term of the right-hand side of (2.21), repre- 
senting the influence of viscosity on the pressure variation in the pipe, 
will always be negative. Thus if the entering flow is subsonic the 
pressure in the entrance section of a circular cylindrical pipe will 
always be reduced by the action of viscosity. This situation is well know 
in gas dynamics ([7], p. 132). 


In order to determine the net sign of the third term in (2.21), re- 
presenting the effect of cooling by heat transfer at the walls on the 
pressure variation in the entrance region of a cylindrical pipe, we will 
resort to an expansion of the entire expression in square brackets as a 
series in powers of the argument. If we stop with the second terms in the 
expansions for the individual factors, we obtain 


1 — 6 
{—-—., [as exp —— 


3 exp “a erfc\a ry 


+aVY Bexp —-erf —11+ +| 

The net sign of the third term in (2.21) depends on the sign of the 
factor C, and of the parameter 8. If the inequality (2.22) is satisfied, 
and if it is assumed that the walls are cooled (T, <T,, B> 0), then the 
net sign of the third term will be positive. Consequently, if the flow 
into the entrance of a cylindrical pipe is subsonic, heat removal from 
the gas by cooling at the wall will lead to an increase in pressure in 
the entrance region of the pipe. This situation also appears to be 
generally known in gas dynamics ([8], p. 53). 


Thus the qualitative conclusions from formula (2.21) agree with the 
familiar formlas of gas dynamics. Besides these qualitative conclusions, 
however, equation (2.21) makes it possible to compute the pressure 
variation as a function of the distance from the pipe entrance, a com- 
putation which is not possible using the formulas of gas dynamics. 


In deriving the approximate formula (2.21) for the pressure we used 
the leading term of the asymptotic formas (2.16). As can be seen from 
these formas, the Reynolds number appears in the argument of the Bessel 
function. Consequently, the larger the Reynolds number the more accurately 
will the leading term of the asymptotic formlas represent the value of 


j 
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Besse] functions, and the greater will be the length of pipe for which the 
approximate formmla (2.21) will be accurate for the pressure. In such 
cases we may use this formla to estimate the length | of the entrance 
region of the pipe, or the length required for the pressure to change 
from the given value p, at the entrance to the given value p, at the end; 


— Pexp — erfe (a +aV erf | 
Provided that the length | of the entrance section is not large com- 

pared to the radius a of the pipe, we may expand the various functions 
entering into the right-hand side of (2.23) in powers of their arguments. 
In particular, if we terminate this expansion of the right-hand side of 
(2.23) with terms containing |/a to the first power, we obtain the follow- 
ing approximate formula for the length of the entrance section; 


We will now return to the formulas (2.13) for the transforms of the 
velocity and temperature. Inasmuch as the inverse transform for the 
pressure has already been found in approximate form, it is sufficient for 
the determination of the inverse transforms for the velocity and tempera- 
ture according to (2.15) to find the inverse transforms of the ratios 


V XR) To 

Io : To (V PR) 
and then to employ the convolution theorem of the operational calculus 
((9], p. 13). For an approximate determination of the inverse transforms, 


either expansions in powers of the argument or the asymptotic formlas 
(2.16) may be used. 


In the neighborhood of the pipe wall we may put 
To(r, 


> 


Then we obtain from equations (2.13) 
Uy { «6 UV; 
— (0° — 2) — exp — VIR + 
— [—(1 


3 


| | 
T 7 \P Po ry 
¥—! Py /TDR 
\P dt ] 
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The image function exp(— a VX) is the transform of ertcla/2V/x) ((9], 
p. 152). Using the convolution theorem, we obtain the following approxi- 
mate expressions for the velocity and temperature in the boundary layer 
near the walls of the pipe in the entrance region; 


+) ‘ 


@/2Ve 


“a 
T = T, (T,- T,) 


de 


0 


x 


0 


For the region near the pipe axis (r, = 0) we may use (2.16) as de- 
nominator in (2.13) and a power series expansion as numerator, stopping 
after the second term. That is, we put 

I, (z)=1+4+— 2" 

Then we obtain from (2.13) 


fag 


— PL) (am (2.26) 


V 2=(PR) 

= 22 (p* — + eV IPR 


To find the inverse transformation of (2.26) we may use formula (3.91) 
from the book ([9], p. 154), according to which the transform 


vie p—aV ik 


corresponds to the original fun-tion 


— a? a 
“exp | — 


where D is the Weber function. In the case we are considering the argu- 
ments of the Weber functions will be 


At 
+ — 
yMtVr (2.25) 
r VPR 
_+\_VPR_|p-p dt 
4 T° = 
a 
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R / 
Ver, Vs 
As was remarked earlier, for large Reynolds numbers R and for smal] 


distances x, from the entrance the arguments of the Weber functions wil! 


be sufficiently large so that we may use the leading term of the asymp- 
totic expansion {{ 10], p. 347); 


~ 2" exp | 


Thus the transforms A‘/* exp [-V(R)) and exp [-VQAR)] will 


correspond approximately to the following functions; 


‘exp——, V (22,)-** exp (2.27) 


For smal] values of x, and large values of R the reduced expressions 
(2.27) for the original Pencticis will be relatively small, 


as 


and therefore 
a first rough approximation we may neglect all terms in the expressions 

(2.26) containing the factor exp [~ (A R)]. Proceeding now to the inverse 
transformation, we obtain 


u=U, r=T,+T,- — (2.28) 
It follows from the approximate formlas (2.28%) that the velocity in- 


creases, but the temperature decreases, when the pressure decreases along 
the axis of the pipe. 


In order to obtain more accurate formlas for the variation of the 
pressure, velocity, and temperature along the pipe we have to expand the 
right-hand sides of (2.15) and (2.13) as simple fractions according to 
the roots of the denominator of (2.15). At present it can be said that 
the nature of these roots is fully established only for the case of 
Prandt! number P equal to unity. If we use the recurrence formula 


rly (x) = 1, (x) + (2) 


then we obtain in the case P = 1 the following transcendental equation 
from which to determine the roots of the denominator of (2.15): 


M? — 1 9 « 
(VY + V (VAR) = 0 2.29) 


Putting ¥ (AR) = ix, we obtain from (2.29) 


J, (x) =0 (2.30) 


Regarding equation (2.39) it is known ([ 11], p. 482) that if the in- 
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equality 
0/842. (2.31) 


is satisfied then two roots of equation (2.30) will be purely imaginary, 
and all the remaining roots will be real. The inequality (2.31) will be 
satisfied on satisfying the inequality (2.22). Consequently if the gas 
flow ahead of the pipe entrance is subsonic, and if the Prandt] number is 
equal to unity, then one root of equation (2.29) (with respect to A) will 
be real and positive, while an infinite number of roots will be real, 
negative, and simple. For this reason we obtain, on expanding the right- 
hand side of (2.15) in simple fractions, 


[Ci + 8C2/ (A + 8) (V2R) 


oo 


1. 


V + C2) 
2+ a) R 


V BJo(V BR) + (V BR) 


— _ 21C1+8C2/ (3 


FO) VW R—2a—at VR 


Ap, 
Fe’ (Ap) | R — 2a 


Substituting the expression (2.15) in (2.13), we obtain as transforms 
for the velocity and temperature 


Io (ry V AR) 
A (VW 


aR) | + 4 
(VAR) V Alo (VW AR) OR) 


VAR) 
} Alt) 
Io AR) V Alo (V At) + al, (VAR) 


D, 


ke! 
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where the A, are the negative roots of equation (2.29) and the A,’ are 
connected with the roots of the equation J,(v) = " by the relationship 


(2.35) 


The coefficients entering in the 


0 (A) yM? Jo 8H) 

lo (V dof) Io(} ‘x 
Jo(riv,) 
4 9 26 
Troy 38) JOL. 
To(ri} igh) 23 


V 4 Jo(r: V 3h) 
Jo(V BR) Jo(V SR) 
A 


\ Jolrrv,) 
Us 
v,2/ R) Jy (v,) 


a If we denote the real roots of equation (2.30) by Vp) that is, if we 
put 
y,2 


and if we proceed from the transforms (2.32) and (2.34) to the original 
functions, we obtain the following formulas for pressure, velocity and 


temperature: 
q — exp—" 4 BNexp 
lo (V AR) a a 


2 


B,’ exp | > (2.38) 


’ r 


lo (V XR) 


>; [ Duexp \— ) 


A. 
Ri | 
e Pee expansion (2.34) are of the form 
D,’ 23(T, Jo (Privy) 2(y¥—1) [¢ 
> k v,-/ dt) v, Jy (v,) + 
Ap 2.0 
exp — > 
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As was remarked above, the approximate equations (2.1) may be con- 
sidered correct only for the entrance section of the pipe. For this 
reason, arbitrarily large values cannot be assigned to the ratio x/a in 
the formlas (2.38) just obtained. Owing to the presence of the positive 
real root A,, the terms in (2.38) with the factor exp (A,x/a) will grow 
indefinitely; however, the sign of these terms depends on the sign of 
the coefficient A’. We will now show that the sign of the denominator of 
the expression for A’ will always be positive. According to the notation 


of (2.32) we have 


Fy(2) = 1, (2) 7, (2)| (2.39) 


Inasmuch as 


[> 


then the graph of the expression in brackets in (2.39) will approach the 
axis of abscissas from below at the point x = / (XR). That is, 


and therefore 


Fy (Vio) > 0 


Thus the sign of the coefficient A’ will be determined by the sign of 
the numerator in (2.33). However, because the inequality (2.22) is satis- 
fied the sign of the numerator will depend on the sign of the following 
expression: 


3 — (B + do) (2.40), 
0 0 


The expression (2.40) will certainly be negative if the inequality 

U T 

> 2 
is satisfied. Consequently, if the gas flow ahead of the pipe entrance is 
subsonic and if the inequality (2.41) is satisfied, then the pressure in 
the pipe can only decrease. At a certain distance from the entrance this 
pressure will become negative and will increase in magnitude according to 
an exponential law. Under these conditions the temperature will behave in 
a similar way, while the velocity of the fluid particles on the axis of 
the pipe will increase indefinitely. 


If we compare this behavior of the pressure and velocity during the 
development of a gas flow in a pipe with the behavior of these quantities 
during the development of the flow of an incompressible fluid, we can 
detect an essential difference. In the solution for the problem of flow 


»2 
9 
| 
= 
x 
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of an incompressible fluid in a pipe the pressure always decreases, but 
the gradient of pressure at an infinite distance from the entrance be- 
comes constant; for this reason the velocity on the axis of the pipe only 
grows to a limiting value equal to twice the mean velocity. In the solu- 
tion obtained for the problem of flow of a gas in a pipe, the pressure 
gradient at an infinite distance from the entrance does not become con- 
stant, but the magnitude of this gradient increases indefinitely; hence 
the velocity on the axis also grows indefinitely. The latter circumstance 
excludes the possibility that the method used to determine a represent- 
ative length for the entrance region for the flow of an incompressible 
fluid can be extended to gas flows. 


The representative length for the entrance region for a gas flow in a 
pipe has to be introduced either through the pressure or through the 
temperature. If we use the fact that the pressure cannot become negative, 
for example, we can obtain from the first equation (2.38) with p= 0 a 
formla for the determination of the possible initial length |. of the 
pipe. Putting p = p, and x = | in the first equation (2.38), we obtain a 
relationship connecting the three undetermined parameters Uy, Py, and T, 
at the entrance with the given parameters U/,, p,, and T, and the given 
quantities p, and |. For the case in which the difference (p. -P>)/Po may 
be considered smal] we may put p, = py), 7, = T,. Then the discharge of 
gas will be determined by the formula 


(2.42) 


In other cases we may use the same considerations which have been used 
in gas dynamics ({7], p. 48). 


3. If we write the equations for a stationary two-dimensional gas flow, 


neglecting viscosity and linearizing the transport terms in the manner of 
Oseen, we obtain the following approximate equations; 


0 (3.1) 


These equations have been applied to the flow around a thin profile 
both for the case M < 1 and for the case M> 1. Equations (1.9) differ 
from (3.1) in that certain terms are included to account for viscosity, 
while the inertial term Udv/ dx is dropped in conformity with the 
assumptions of the boundary layer. Consequently, equation (1.9) may also 
be applied to the case M > 1. The formulas obtained in Part | will be 
suitable for the case M> 1 except for the conclusions which were estab- 
blished by the use of the inequality (2.22). In the case M> 1 ahead of 
the pipe entrance a shock wave will appear, and the quantities U,, Py» 
and T, for the gas at the entrance will! then be connected with the 
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quantities U,, p,, and T, by the usual relationships for shock waves. 


= 
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This article describes an analysis of the general problem of the penetra- 
tion of a solid cone into a coaxial conical region which encloses ideal 
incompressible weightless fluid. The cone velocity is a power function of 
time. Both plane and axially symmetrical cases are reviewed. 


Cone penetration at constant velocity is a special case of this 
problem [1-5 ]. This problem also embraces that of a transient model of 
the cumulative explosion of a missile in a conical envelope. 


An approximate method of calculating the resistance and the velocity 
profile along the free surface is proposed (in particular, calculation of 
the velocity of the spray or the height of the accumulated wave). The 

method is applicable to any geometry. 


1. Basis of Problem. 1. We begin by discussing the penetration of 
ideal weightless fluid by a wedge. At the start (t = 9), the fluid is at 
rest and occupies a solid angle of coaxial with the wedge (Fig.1). It is 
assumed that the wedge and the region r occupied by the fluid share a 
vertical axis of symmetry. The penetration velocity of the wedge is 
vertically downwards and is considered to be known. It is a power function 
of time, represented by 


V = 
The fluid begins to move as a result of the pressure of the wedge. Be- 
cause there are no mass forces, this motion will have a potential d(x, y, t) 
which should satisfy the following boundary value problem (see Fig. 2 for 
notation); 


in region r 


d . 
52 
| 
4 
| 
= 
| 
490 


Automodel problems of penetration and stream impact 


on 


0? d9\? (a9? 
+ (2) |] =0 on S 


V cos (1.4) 


normal here is assumed to be the inner one with respect to the 
S is the free surface y = ¢(x, t). This is unknown at the outset 
determined from the kinematic condition 


_ (2 (1.2) 
dt OY 
following condition of regularity 

lim = 0 for z* + co (1.3) 


and initial conditions should also be satisfied 


(0,2, y) = 0, (0,2) = —|z\ctg8 


2. The wedge penetration problem will be a special case of this problem 
when the angle 8 = 7/2. The Wagner-Sedov constant penetration velocity 
problem can be obtained from the present one by putting the index y = 0. 
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The problem of symmetrical stream impact is also a particular case if we 
assume that streams I and II (Fig. 3) are geometrically similar and are 
symmetrically located with respect to the x and y axes. At the instant of 
starting, too, they should share point 9, whilst at infinity the velo- 
cities of the fluid particles are equal in magnitude, opposite in sign, 
and vary according to a power law. 


Because of symmetry the x axis wil! be a streamline. If we introduce 
a system of coordinates associated with a plane and put a = 9, the above 
problem becomes that of lateral flow of fluid against a plane (Fig. 4). 


Note. It is obvious that the problem of lateral flow of a fluid wedge 
under gravity, from an initial state of rest, can be reduced to the above 
problem, In that case we should put a = 0 and y = 1. 


3, Problem (1.1) to (1.4) is a similarity or "automodel" one. Because 23 
of this, the solution will depend on two dimensionless groups of the 1959 
variables x, y and t. 


Owing to symmetry about the y axis it is sufficient to study the flow 
on the right hand side of the y axis. 


Introduce the dimensionless variables € and n by means of the following 
transformations 


zr - 
sina — cosa — cosa (1.5) 


y 
COS & 7; Sina + sine 


The velocity potential @(x, y, t) and the equation of the free bound- 
ary €(x, t) can be represented thus 


where ® and f are the required non-dimensional functions. 


Our chosen system of coordinates €, 7 is convenient because the ex- 
pression for the free boundary n = f(€) is a single-valued function of 
the one variable é. 


To the region r in variables €, 7, whose shape varies in time, there 
corresponds a completely determinate invariable region? (Fig. 5). 


The function ®(€, ») in the ? region will be a harmonic in variables 
and n. aD 

The equation of the sides of the wedge in this coordinate system will ; 4 


be € = 0, Let us find the boundary conditions for function ®, 


4 
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Fig. 5. 


To do this, we first of all work out the differentials of the function 
d(x, y, t); 


4. —(4 +41) (E + — sine) 
(24+ — + 1) + cosa) 1) (7 sina) 5} 
= =cl’ Sine in cos 


> 


Let m° denote the vector of the normal external to the wedge surface. 
We then have 


— cos (n, cos (n, y) = SIN® + + 
+ cosa 4 — sin a}(—cosa)} = ct’ — 


Now put this expression into the first of the conditions (1.1) and we 
find that along B’AB the function ® satisfies the condition 


AD - 
cosa (1.7) 


The assymptotic relation (1.3) will apparently remain valid, i.e. 


lim‘\/ O=0 for (1.8) 


Moreover the constant pressure condition (the second in (1.1)) takes 
the following form; 


(2y + 1) (y + 1) + cosa) — (y+ 1)(4- sina) + 
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We now transform the kinematic condition 


dt \oy/y=s 


In dimensionless variables it will be: 


/ am om . \ 
= /cty| — cosa + “— sina 1.10 
\ \ ( ) 


Now we do some auxiliary calculation 
1) ct’ {/(&)sina —Ecosa — 1} 


ety+! (E) sin a — cos 2} 


oy al ot ° oxdoz oy oy 


or at 
“sina + (y +41) “.cosa = + 1) + cosa) 


cosa 


ett 


_(o®@ . am 
| + cosa) — 
on 


(y+ 1) (§ + cosa) + 


Both here, and in the expressions to follow, a dash denotes a deriva- 
tive with respect to €. Insert these expressions into condition (1.10) 
and, after some rearrangement, we bring it to the following form 


(y+ 1) {f/—sine — /’§—/f'cosa} +> 


Now introduce the expressions for velocity 


aD 

ae u, an = 
and, finally, the kinematic condition along the free boundary can be 
written thus 


v = (f —sina)(y + 1)—f' +1) + cosa) — (1.41, 


4, One important thing should be mentioned here for future reference, 
namely, if the equation of the free surface is known, i.e. if function 
f(€) is known (for instance from experiment), the velocity distribution 
u, v along the free surface reduces to solving an ordinary nonlinear 
differential equation. To obtain this equation we must eliminate v from 
equations (1.9) and (1.11). 
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In equation (1.11) all the functions depend on &. On differentiating 
it we obtain 


v —f" + 1) (E+ cosa) — (1.12) 
Moreover, bearing in mind that along the free boundary 
u+ fv 


we take the total derivative of the dynamic relation (1.9); 


qu + + (7 + 1) E-+ ) +0 sin a— — 


Replacing v’ by its expression (1.12), we obtain 


qu + — (7 +1) In’ + cos — — \+ — 


+ 1) (EF + cose sina— ~ 


v can be eliminated from this equation by means of (1.11). After some 
obvious rearrangement we arrive at 


+ 1) + cos 2) — uj (1 + + 1) + cos 2) — a} + 
+1) / —sina) (1.13) 


Equation (1.13) is an ordinary first-order nonlinear differential 
equation. We must solve this, putting € = ©. The solution should also 
satisfy the condition (1.7), i.e. uf) = cos a. We thus arrive at the 
boundary problem for a first-order equation. In general the problem can- 
not be solved. We will see below that a further condition can be used to 
get a reasonable shape for the free surface. 


Fquation (1.13) can be simplified if y = 9 (velocity of wedge or of 
the stream constant) 


(E+ cosa — u){[u' (1 + (E+ cosa—u)] =0 (1.14) 


At the surface of the wedge (€ = 9) the normal wedge velocity component 
is u= cos a. From physical considerations, it is evident, too, that 
u< cosa for any value of € > 0. Therefore the multiplier for no values 
& 4 0. Furthermore, from equation (1.14) we have 
cosa—u--0 
, (E + cosa —u) 
u (1.15) 
If f(€) is already given this becomes an ordinary linear differential 
equation in u. Thus if y = 9 it can be solved by quadrature. Moreover, if 


cr 
= ° 
+i/f 
: 
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we insert the solution so found into kinematic condition, (1.11) we deter- 
mine the velocity v without further quadratures. The case y = 9, it 


should be mentioned, does not exhaust all the values of parameter y for 
which equation (1.13) can be solved in quadratures. 


To explain this circumstance more fully, let us put equation (1.13) 
into a slightly altered form. Solving for u’, we get (1.16) 
»_ Uy + + cos a) — u] = yu + (y + 1) (f — sina) f’ 


1+’? 1+)" (1 + 7) [(y + 1) (E + cosa) 


Now introduce the new variable y = fy + 1)(& + cos a) — u., Then equa- 
tion (1.16) becomes: 


{+ 


({—sinaz)+&+ cosa 
) + § + cosa] 


{+ 


If y = 0, then B = 9, and we then have 


4 


This equation corresponds to (1.15). Equation (1.17) reduces to a 
linear one in the further two cases: 


1. When y = — 1. We have B = 9 and therefore 


2. When y = - 1/2, By making the change of variable y* = z we arrive 
at a first-order linear equation 


2 = B 


2. Determination of Resultant Fluid Pressure. We will work 
out the drag of the wedge. Denote the momentum within volume r by K, then: 


F=0 (2.1) 


where F is the vector resultant force of the fluid on the wedge. Because 
of symmetry its projection on the x axis will be zero. For the other pro- 
jection we have 


(2.2) 


ae 
y’ 
a V Ollie 
wh 
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a 
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dt 
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Work out K, 


K,= p\ vy de 


Introducing nondimensional variables 


z 


K, = oc*tsy+2K° K° = \ ) 


Region + in the variables é and is fixed, and therefore the drag 
force will be 


— + 2) 


Now transform the integral within expression (2.5) by Green’s Theorem 


K* - as 
Here S is the surface enclosing the volume 7. First of all let us 


assume that it consists of free surfaces S, and S,, the sides of the wedge 
, anda 


, > and an arc of sufficiently large radius R (Fig. 6). The normal 
here is taken external with respect to the fluid. 
‘On Gn ) ‘On 


R 
From symmetry, this expression can be put; 


K* 25, + 


Jy =| ds, 


Now let us deal with the integral 


J; O7° dS = — ® cos Id S 
SR Sp 


Here m is the normal external to the fluid, S is external to the wedge, 
n° is unit vector along axis 7. EvidentlyV 7 = n° 


Now let us examine the Laurent expansion of the complex potential W = 
®+ i in the neighbourhood of point ¢ = € + in = ~ 


. As the fluid at 
infinity is at rest, (dW/dz) = 0, so that the expansion M(z) will not 
contain positive powers of z. Thus 
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Fig. 6. 


We can put a, = 9 without losing generality. (At the starting instant 
the fluid is at rest; d= 0 for t = 0; as at infinity the fluid is at 
rest, for any value of t we have (¢)_ = 9, hence (W) = 0). Coefficient 
a, is zero likewise because owing to symmetry there is no flow through 
the ® axis, and therefore the circulation is zero. Thus the potential 
® = Re W can be represented by the following formula; 


(r, 8) 


(D (r, 6) 
where function y(r, @) is limited for any values of @ for r + «. There- 
fore in equation (2.6) 

lim J, for r 


For the integral J, in (2.4) we have 
-\ 2\ 


Denote the volume of wedge inmersed in the fluid by ry: 


-,- \ d= = \ divad:=2\ q-dS+ \ q-dS 
Along BB’ % = h= const. Thus, if L is taken as the length of BB’, 
then 
2 \q-dS= — 


However, as OA =1, from Fig. 6, we find 


/ 2(h + 
And thus 
2hih (1 
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because 


= (h+ 1fP 


We will write the integral in the coordinate system ¢, n (Fig. 5). 
Making use of the fact that 


4 = f (&)sina — Ecosa — 1, (vw — fu) 


dS 


Vit 


where n = f(&) is the shape of the free fluid surface in this system of 
coordinates, u and v, normal and tangential velocities respectively of 
the fluid with respect to the wedge, it is possible to express it in this 
form 


4 aw err: ‘ 
\ dS \ [/(E)sinz — Ecos fe dz 


~ 


And finally we obtain the following formula for K*; 


A* (1 2\ [/ (2) sin x — fe J dé (2.7) 


-where 


h = {(O)sina 


Therefore if the free surface is known, the problem of finding the 
drag force reduces to the solution of an ordinary differential equation 
and to quadratures. 


3. Three-Dimensional Problems. 1. We wil! now deal with two three- 
dimensional problems; namely, that of axially symmetric penetration of an 
infinite cone into an ideal incompressible fluid, and the problem of the 
axially symmetric cumulative.jet. To find the velocity potential f(x,y, t) 
we will solve the following boundary problem (notation the same as in 

Fig. 2. except that x is now a radius, the distance from the axis of 


symmetry y); 


in the region of 7 


' x Ox 


ao a 
4 0 


a 
? V cosa for B'AB (3.1) 
an 
( /Ao\2 Ao’ 2 
[( 4 (2 for § 
at 2 \dy/ 


As before, we here take the normal positive inward with respect to the 
fluid, S is the free surface y = (x, t) which is determined from the 
kinematic condition 
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at 
dt 


Additionally, the condition of regularity must be ful filled 


lim for y? + co (3.3) 


and the initial condition 


¢(z, y, 0) = 90, C(x, 0) = retgB (3.4) 


In view of symmetry about axis Oy it is sufficient to deal only with 
the flow in any semi-plane meridian section. 


Introduce dimensionless coordinates & and n (Fig. 5), connected with 
x, y and t by relations (1.5) and the velocity potential d(x, y, t), and ; 
the equation of the free surface y = ¢(x, t) will be put in form (1.4). 23 
The boundary conditions on the cone generator, at infinity and on the free 1959 
surface of the fluid in €, 9 coordinates, do not change their form as 
compared with the plane case and can be described by formulas (1.7), (1.8), 
(1.9) and (1.11) respectively, but the equation for potential ®(€, n) will 
be different. After some rearrangement it can be put into this form 


—— Sing +- — cosa} 
oe* o7,;* ~sing 7 on 
"i The analysis carried out for the relation for the free surface (see 4, 
+ para. 1) is also valid for the case of axial symmetry. 
: 2. We now work out the drag as the cone penetrates the fluid. From the 
% theorem of momentum it follows that the force FY, acting on the cone 
vertically, is; 
F, = dK,/dt (3.6) 
: | where K_ is the momentum component along the y axis of the matter enclosed 
es in volume +. Owing to symmetry, the other momentum components within the 


fluid are zero. 


a To work out K, 


Then we have 
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(3.9) 


(3.10) 


Because the region? in the variables f, ”, ¢ is fixed, it follows 
that K* is independent of time. Thus, for the drag force we have the ex- 
pression 


Fy = —p (47 + 3) cttr+2K" (3.11) 


Rearrange the integral in expression (3.10); 


\ qdidydt= 


where S is the surface enclosing the volume r. Surface S can be considered 
as consisting of the wetted surface of the cone co, free surface S and the 
surface of a sphere of sufficiently large radius Sp. Then for K* we have 
the expression 
A age +\ (3.12) 
OR 
After calculation similar to that carried out for the plane problem, 
we finally arrive at the following formula for K* 


K netg? a (1 +h)? (1 2h) + (3.13) 


+ 2m \ [/(§) sina —§cosa - 1) [/(&) cosa + Esinal[v—/ (E)ujdé 


where 7» = f(€) is the shape of the free surface of the fluid in &, 9 co- 
ordinates; u, v are respectively velocities normal and tangential to the 
cone generator, h = f(0) sin a — 1. Now, using (3.11), we are able to 
determine the force acting on the penetrating cone if the form of the 


free surface of the fluid = f(&) is known. 


4. Method of Numerical Calculation. To work out the approximate 
value of the force acting on the body, and the velocity distribution 
along the free boundary, it is sufficient to find the shape of the latter 
approximately. This can be done by the laws of conservation. In particular, 
if we use only the law of conservation of mass, the free surface can be 
approximated by the following expression 


7, J (E) -t > 0) A) 


As the fluid is at rest at infinity, the free boundary in (é, 9) co- 
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ordinates has the asymptote 


7 tg (8 


where a is the angle between the side of the wedge (cone generator) and 
the Ox axis, and fi is the half angle of the liquid wedge (cone) (Fig. 5). 


Therefore the coefficients a and b will be 


sin 8 
b (4.2) 
cos (5 — @) 


a tg (B — a), 


It follows from the condition of incompressibility of the fluid, more- 
over, that the immersed volume of the cone equals that of the fluid dis- 


placed. This condition gives one of the equations for finding coefficients 
c and d; 


in the plane case 


d 1 sin8cosa 
2 cos(8 


and for three dimensions 


{1 sin 8 2 sin? 8 cosa 
\ cos @ cos (S—@) 3 cos* (6 — a) 


The second equation, which connects these coefficients, can be obtained 


thus. To express the velocity u on the free fluid surface we have the 
ordinary first-order differential equation (1.15); 


+ cosa — u) 
u - i (4.5) 


The function u must here satisfy two conditions; that at infinity 

u(co) = 0 and that on the side of the wedge (cone generator) u!!) = cos a, 
We will use the first condition to find the arbitrary constant in solving 
equation (4.5). The condition on the side of the wedge ‘cone generator) 
will give the second tie-up between c and d, which, both in the plane 

and in the three-dimensional cases, reduces to one and the same transcen- 
dental equation in the following form 


(cosa+ —)(VI + —V T+ ya?) - [Yoo In 


1+ yx?'—yoo 


where 


Yo (0) = tg (8 — a) — ed, Yo = [' (x) = tg — 22) 


In this manner the free boundary of the fluid is determined, and both 
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kinematic and dynamic conditions are accurately ful filled on it. 


Now we can make use of the formulas deduced in the foregoing para- 
graphs. It is now possible to find approximately the value of the normal 
velocity at the free surface and also the total force acting on the 
immersed wedge (cone). 


5.Some Results of Calcitlations. The high speed computer "Strela" 
was used for working out calculations in accordance with the above method. 


These results are compared with known experimental results and some 
calculated results in the graphs shown below. 


For wedges of angle a varying from 10° to 80° in steps of 1® the shape 


7). A general 


of the free surface (splash stream) was calculated (see Fig. 
similarity can be seen in the relations between the distances from the 
cone vertex to the apices of the splash streams; with a + 7/2 this dis- 
tance tends to zero, and, conversely, with a + © it tends to infinity. 
Velocity profiles have been drawn along the free surface. It can be seen 
that the velocity at the tip of the splash stream increases rapidly with 
dicreasing wedge angle and tends to infinity when the wedge turns into a 
plate (Fig. 8%). 


Figure 9 gives calculated values of resultant thrust of the fluid on 
the wedge as a function of wedge angle a. Our results agree with experi- 
ment and with those worked out by other authors.over a wide range of wedge 


49° 


Fig. 7. 


angles. They can be recommended for practical application for angles a 
between 20° and 90°. Curve 1 gives the reaction of the fluid on the wedge, 
curve 3 the resultant thrust on a cone, and curve 2 represents a develop- 
ment from the plate analogy. (1) is the load integral obtained in [4], 
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(2) is derived from a more accurate analysis [4], and (3) comes from 


Wagner’s analysis for a = 18°. 


The theory is open to improvement for smal! wedge angles. It may be 
assumed that the plate analogy might give a satisfactory result here. 


The method of solving the penetration problem can be applied without 
any alteration to the problem of the lateral flow of a fluid wedge against 
a solid wall, with the condition that fluid particles at infinity go at 
constant velocity, and, at the initial instant, the fluid wedge touches 
the wall. Free surface shapes have been calculated, velocity profiles and 
the pressure of the wedge on the surface have been evaluated, all as a 
function of the half-angle of the wedge. (Fig. 19 shows the relation bet- 
ween the fluid thrust and the hal f-angle of a wedge). 


Lavrentiev [6] proposed an explanation of the cumulative effect of an 
explosion with a conical envelope. According to Lavrentiev’s model the 
movement of the envlope is similar to that of an impacting stream. 
Lavrentiev reviewed plane and axially symmetrical models, but the motion 
was considered to be stationary. Despite such an apparently rough method 
of approach, Lavrentiev’s model has at least succeeded in giving some 


qualitative explanation of phenomena which seemed very complicated 
hitherto. 


The approach to the solution of the stream impact problem in this work 
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opens the way to a study of the more complicated mathematical model of 
the cumulative explosion, the model of transient accumulation of plane 


and conical charges. 


10 


Suppose, at the initial instant, the fluid occupies a volume limited 
below by a solid conical surface with vertex angle of 25 (Fig. 11), and 
a free boundary which also represents a cone, but with vertex angle 


2(5 — 8). It is assumed that at the initial instant we have velocities Ve 


directed along the cone generator. It is easy to see that the problem put 
in this form reduces to the one discussed above. The forms of the free 
surfaces of cumulative streams have been worked out and the velocities 
along them have been calculated as functions of angles f and 4. 


The table shows values of dimensionless velocities at the apices of 
cumulative streams for various stream *thicknesses" (angle fi) and various 
envelope angles (5). The table reveals that the apex velocity, which can 


/ 6.1070 19. 4636 
B74 2497 19.0266 


16.4418 


+. 
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1.4627 | 1.9294 2.5032 2637 | 
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40° | 3.160% 0.4108 11.8570 | 
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exceed V. by factors of ten, increases rapidly both with increased stream 
thickness and decreased envelope angle. The whole effect is a transient 
one, and therefore stationary models will not give such estimates. 


It has been shown in 3 above that the solution of three-dimensional 
{axially symmetric) problems on cone penetration, on lateral flow of a 
fluid cone and impact of conical streams can be derived by direct analogy 
with plane problems. Free surface shapes and velocities along them have 
been calculated in terms of cone angles. 


It is evident from this that the general pattern of velocity variation 
is similar to that of a wedge, but the changes take place over a region 
which lies closer to the surface of the body. 


Figure ® shows how the velocity at the nose of a splash stream varies. 


In the case of the cone the velocity increases less rapidly with reduced 


apex angle than in the case of the wedge. Figure 9 shows the relation 
between the reaction of the fluid on the cone for various cone angles a. 
On comparing these with the results for the wedge we see that for large 
values of a the curve for the cone lies below that of the wedge, but for 
values of a within the range 3 to 40° the cone displays a sudden in- 
crease in reaction, and the curve becomes much steeper than that of the 
wedge. 


Figure 10 shows how the pressure of an outflowing fluid cone reacts on 
a conical surface for various angles of divergence of the latter, @. The 
pressure increases with increase in angle ( more rapidly than in the case 
of plane flow. 
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The flow of liquid from a container limited by infinite plane walls was 
first studied by Kirchhoff [1]. 


Trefftz [2] treated the outflow of liquid through a circular orifice 
in a plane wall. He constructed an integral equation for the velocity 
potential, which also included a function determining the form of the jet. 
In order to solve this equation he assumed certain forms of jet. 


The author determines the velocity potential by numerical methods, 
compares it with a known value of the potential at the jet boundary and 
selects the form of the jet with the smallest difference. 


In this article an integro-differential equation is set up also, which 
is solved by successive approximations; meanwhile the form of the jet is 
determined in the process of solution. 


The scheme analyzed is presented in Fig. 1. A liquid flows from a con- 
tainer of conical form CBB,C,, confined by infinite walls BC and B,C 
and produces a jet BDD,B,. The form of the jet and the velocity distri- 
bution along the solid wall are to be determined. Cylindrical coordinates 
are used for the solution of this problem. 


Coordinates of any arbitrary point are indicated as z, r and coordi- 
nates of a point at the surface of the container or the jet as z°, r’. 


Equations representing BC and B,C, are: 


(BC) 
r’ = — (1 — z’tg8,) (B,C}) (1) 


Circles r = r’ are considered, located in a plane z = z°. Vortices run 
along every circle. A circulation y(z’)dl’ is associated with an arc 
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element dl’ along the boundary. This circulation is assumed to be counter- 
clockwise in the meridional semiplane. Then the stream function is [3]: 


p cos ada 


where 


o(r (z 2')* — 2rr’ cosa 


Further 


(3) 


r 


Along the entire surface v, = 0, therefore 


since dr/dn = dz/dl, dz/dn = - dr/dl, therefore 


v,dz—vdr = 0, or =9 (4) 


At a sufficient distance from the outlet the value of y(z), which 
corresponds to the tangential velocity component, is inversely propor- 
tional to the square of the radius of the container in inifinity upstream. 
This follows from the discharge continuity condition. 


Assume that starting at a point z = z, 


\2 
1(z)= (+) (2<2), = = 7 (2) 


The value y(z) is constant on the surface, and can be taken as unity. 


The form of the jet may be assumed practically cylindrical at a certain 
distance downstream from the outlet, say, from the point z = z,. Equation 
(2) is presented in following form: 


Yb be + (6) 
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Ye \ 5 | a! (8) 


Equations (3) after substitution of (6) will be 


Abbreviations introduced here are obvious. Equation (4) may be pre- 
sented in the form 


Cir 


(11) 


When the radius of the cylinder is ro, then 


"de r \ \ az 
) OV, Po, 2, 


Zhukovskii [4] has shown that such integrals reduce to elliptic inte- 
grals of the first, second and third kind. 


Thus, integrating in parts for a, changing the order of integration, 
and substituting the variable a = 7 + 2¢, we obtain 


Po, =, @) 


ore con ede 


on 

dz’ \ \ dz 
at JL) (r, re, 2. @) 


r-r q > 
\ \ sin? 

Ze 


nr 


| ;, for 


(12) 
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\ dg 


. 
0 


da 


nsin®o) V1 A? 


+ (r + 


The formulas (12) substituted into (10) result in 
K, — (14) 
I 
Ky | for (15) 
ix V rr, | 0 for r>ro 
Values K, and E, are to be taken from the table of elliptic integrals. 
The complete elliptic integral of the third kind J resolves into partial 


elliptical integrals of the first and second kind by the following 
formula (4): 


Vi } F’ (4) KE’ (3) 


‘2sin8cos8 


(8) \doVi 


n sin? 


Thus, the complete elliptic integral of the third kind J may also be 
computed directly from tabulated values of the partial and complete 
elliptic integrals of the first and second kind. The radial velocity com- 
ponent v, is here continuous at the surface of the vortex cylinder, but 
has a logarithmic singularity at its edge. The axial velocity component 
v,, has a discontinuity on the surface of the cylinder, equal to unity, 
and this was to be expected from our assumption. One half of the dis- 
continuity appears in the expression v,, in explicit form, while the other 
half is included in the term containing J. 


As follows from (10), the values 0 and are necessary for 
the computation of v, _ and 
i= \ [rv 


0 


| 
where 
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therefore 


on 
Ope os ad 
at 
2; 0 


(r, 2, @) 


Vr ilVk 2x |} dl 


(r cos @ — r’ *a) | ai 


(r, 2, @) 


| 
—? 


*1 


Here K, and E, are complete elliptic integrals of the first and 


kind of modulus 


2V rr’ 


Substituting a = 7 + 24, it follows 


on 


(rceosa—r  cos*a) dx \ — 2r cos 2 cos* 


\ 


— (r +r’) + 2rk? + 8r’k® — Br’ 4r’ — (r + 2r’) k® 
(1 — V rr’ rr’ 


2 K om E Ja => 
r \ V rr’ 2V rr’ (1 — k*) 


(2') M (2, 2’) dl’ 


2’, r’)K, —[(2’ —2)*?+ E, 


M (2, z 5 


m? (z, 7,2’, m (2,—r, 2’, 


m(z,r, 2’r') = V —2)? + (r’ —r)? 


Similarly there follows 


Vor = x(2’) N (2, 2’)dl (19) 


m*(z, r,2',r’)K, —[m* (2, r, 2’, r’) + 2r’r] Ey 


N(z, 2’) 


(20) 


m? (2, m r 
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Integrals (17) and (19) are to be solved numerically. But the kernel 
functions have Singularities at z = 2’ and r « ag 


There fore integrals 
(17) and (19) are transformed in the following way: 


(21 
z+e Za 

= | \ M (2, 2’) al’ + \ M (2, 2’) \ 2’) dt’ | 
+e 
te 

Ver \ 1 (2°) N (z, 2’) dl’ + (2) N (z, 2’) dl’ \ 1 (2°) N (z, 2’) dl’ | 


Results of computations are presented, where expansions in powers of 


k* of the complete elliptic integrals of the first and second kind have 
been used in the vicinity of k= 1 


z+e z+et 2 -\2 
\ 1 M (2, 2’) dl’ = \ 1 (2’) m2 iP) a 
z—¢t 
+e 
—E,)) 1+r,’? P (2’) r’ (r- Bae 
= dz —2 \ a7 7 ~— 
m* (2, —r,2’,r’) m* (2, 7, 2°, 
z—e 
z+e ——. 
Sr ¥ (2’)r’ (r’—r) 1 +r’ dz’ 
= eln ———— +4? 
r e} 2 


In 


r 


~ 


Here and in the following pages the minus Sign corresponds to the case 


r-~r°++0, the plus sign corresponds to r - r* + — (); moreover: 


r,=dr/dz, r,’ = dr’ / dz’ (23) 
Similarly, there is 


a—¢ 


z 
Ty 
Vi+r,"dz’ = 


z—e 


\ m* (2, 7,2’, m (2,—7, Wiz (24) 


In virtue of (23) and (24) the relations (21) and (22) may be rewritten 


= v-p (2’) M (z, 2’) 


4 
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Hence it is evident that v,, and v,, have discontinuities on the sur- 
face of the cone and on the curvilinear part of the jet, equal respect- 
ively to y(z) cos B and — y(z) sin ff; here y(z) = 1 when z > 0, B= B, 
at the surface of the cone, and f is the angle between the tangent to 
the jet surface and the z axis on the curvilinear part of the jet. 


Finally, v,, and v,, are computed. For this ,/dr and dv, /dz are 
to be determined, as 1s known from (10). The function w/,, allowing for 
(5) is transcribed 


dl’ — 
a) 


| dl’ r \ cos* adadl’ | 


r’ \ pt%(r, r’, 2, @) r’, 2, a) 
0 


After some transformations and substitution of a variable r’ = 
z’ tan remembering that 


we obtain 


cos® adadr’ 


or cos, jatg§: (er’? + br’ + atg \ (er’? + br’ + 


bV« be 2ac b* 
| 4 ) cos ada \ (27) 
3) . A Ay bry +a 


a=r* + (z—ctg$,)*, b= 2(z—ctg —ctg*B, —rcosa), 


ry i— z, tg ctg*B, 


A = + 2retg B, (ctg B, — z) cosa — (1 + etg*B,) r? — (etg B, — 


All integrals included in (27) after some transformations may be re- 
solved into elliptic integrals of the first, second and third kind. 
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+ in 4+ | F — (25) 
Zz: 
y (2) er, (2) r, on 
Vor = (2') N (z, 2’) dl’ — 
2) 
23 
4 
r! o(r, r’, 2, a) 
“Boe 
where 
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ay , 4r 
Ar x! = An,J, Bn,J, DK, 4a 
aV rr; sin 3, 


(28 


[ (2a — (2a — 2r*— byx3) | 
ar sin 3 (re V (x2 ry 


etg 3, (cte 3; —2) +V V (ctg 3,— 
r 


etg 3, (ctg 8; —2) + Vc V (ctg 3, 


D = 2\ctg 8, (ctg 8, —2z) — r-+ 


(ctg 


re(ctg 3, —2)+ 
2r V (ete 3; z) 


fete 8 ctg 8, 
(ctg 5, ) 


ctg 3, - V ¢ [ete 3, ctg Vr (ctg 8, — z)*} 


B= —— ——— {ctg 3, (etg 8, — + ryc(etg3, — 2) + ctg 5, 
2r V (ctg 3, z)? + r* 


Vr? + (etg 3, — 


r ctg 3, (ctg 31 2) V « (ctg 3 z)? 


r clg 3, (ctg 3, z) Ve V (ctg 3 z)* +r? 


b, = 2rctg 8, 8, — 


Here J, and J, are the complete elliptic integrals of the third kind, 
that is 


J, = J,(—m, 
(1—m,sin*e9)V 1 —o* sin*» 


I, = J3(— ne, 3) = \ dp 


(1 — nesin*e) V 1 — sin*e 


K, and E, are complete elliptic integrals of the first and second kind 
of moduluso, see (13). 


Two cases are to be distinguished. Results for the function v,_ are 
developed simultaneously. 


First case: cot fh, > z 


q 
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0 
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= (Gra 


47V rr,asin 3! 


D (2, r) Ka — — |} 


4 sin® 8,a * 


nr "6 


ro(z, r)J,+rQ(z, (30) 


ix V rryasin 


D,*(z, r) K, 


The minus sign in the formla (29) corresponds to | (1 —- r)/z | > | 
tan 8,|, the plus sign to |(1~-r)/z| <| tan fA,|, but the opposite 
holds good in formula (30). 


Second case: cot 8, < z 


es z)o(z, r) J, + (ete 3, — 2) Q(z, r) J, 
47 V rriasin 3; 
ha’ * sin? 3, ha’ * sin? 9; 
- ro(z, r)J,+rQ(z, r)J2- (32) 
rryasin 3; 


4 


1a SIM 1a 


The minus sign in formulas (31) and (32) corresponds to | (r + 1)/z | 
tan B,\, the plus sign to | (r+ 1)/z | < | tan B, | , thus 


r) (ery (ete 31 — z) + actg 8; —[(etg By — =) + rr etg V ac} 


] ry (cto sy actg 3; [(ctg 4) r)+pr,ctg¢ ac; 


eta 3, By 


Complete elliptic integrals of the third kind resolve into elliptic 
integrals of the first and second kind. 


It is easy to prove that o? < n,, therefore J, will be (4) after an 
auxiliary angle 6, is introduced by the equation n, = l-o’ sin’d, : 


(K,— E,) F’ (6,) — 4 Be 


* SIN 6; COS 46, < 


Previous notations are retained here. 


The integral J,(- n,, 7) will be also expressed in terms of elliptic 
integrals of the first and second kind. In this case an auxiliary angle 
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isin? 
i sin?3,a ja *sin? Sy, 
: 91. 
(2. r) — 2[reta 3, —(2z—etg 4 
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5, is introduced by the equation 
— n, = ctg* 6, (mn, < 0) 
We obtain 


sin 3, cos 82 F’ (8s) (83) of. 


sind, | 2} 


ne, = K 


This formula was proposed by Frankl’. Formulas for J, and J, can be 
checked by a solution for the values in parentheses containing  pastial 
elliptical integrals, and by differentiation by the upper limit; see 
also (5), 


The singularities of the function v,, and v,, are to be considered. 


b) z> 2,. 


i 


1, When cot Bf, > z. These are two possibilities: a) z - 


The extreme values of axial and radial velocity components at the in- 
ternal and external sides of the cone are designated by vs , 8 and 


lz 
F . Then, for the case z < zy 


vers? 

= cos Say y(t) — sin 


Otherwise, the tangent of the velocity component has a discontinuity 
j 
¥iry r?, on the surface of the cone (for z < z.), which was to be ex- 


pected from our assumption 


In the case z > z,, this velocity has no discontinuity, since the 
member containing J, in formulas (29) and (30) gives discontinuities equal 
in magnitude and opposite in signs to those in explicit form in formlas 
(29) and (30), and they therefore cance! out. 


2. When cot fi, < z, the tangent of the velocity component has no dis- 
continuity, as in the case z > z,. 


Hence, v, and v, are completely investigated and computed. 
Substitution of values v_ and v, into (4) gives the integrodifferential 
equation for y(z) and r(z): 
(33) 


Usr — + + ) —- 
The solution of the integrodifferential equation determines the form 
of the jet and the velocity distribution along the solid wall. 


Equation (33) is to be solved approximately. 


Computations have been performed below for the case B= 1/47. For the 
first approximation to the solution of the equation (33) the form of the 
jet has been taken from the plane problem (1). In this case equation (33) 
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is reduced to the integral equation for y(z). After y(z) is determined, 
the form of the jet is computed by a second approximation, and so on, 


If 26 is the width of the jet in infinity downstream in the two-dimen- 
sional problem, the radius of the jet at infinity in a three-dimensiona] 
problem has a value r, = Vb. Then a cylinder of radius r, is drawn from 
infinity up to the curvilinear part of the jet in the two-dimensional] 
problem, and this shape of the jet is taken as the first approximation. 
The method of solution of equation (33) is as follows: dr/dz = — 1 when 
B= 1/4, therefore from (33) 


ap Voy + + Mg, = (34 


Here all terms, except >, and %,! are expressed in terms of complete 
elliptic integrals of the first, second and third kind, while Yo, and >, 
contain integrals solved numerically at the points 


0.1 -0.3 -0.5. 


The integral equation (34) is solved, as usual, by a system of linear 
algebraic equations: 


t- 0.804 vy + 1.264 y, + 1.993 v5 1.361 
1.232 + v4 — 0.879 vs = 0.817 
215 ve + 1 R70) v. “4 0583 +. 0). 437 
{ - ().984 272 247 


Approximate solution of this system gives: 


vs = (—0.2) = 0.296, (— 0,4) ~ 0.243. 


For the form of the jet we have taken as a first approximation: 
0.3 0.4 (). 
ric { 0.938 © 8957 0.8690 O.8645 0.864: 

for this form of the jet has been computed: 

‘V4 og 0.8 1.0 

0.184; 0.134 (41149; 
relationship dr/dz = v/v, has been used for the second approxima- 
of the form of the jet: 
0.45 


therefore from 


the values are 
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z 0.0 0.15 0.25 0.35 0.45 


r(z) 0.9626, 0.9266, 0.8996. 0.8798. 0.8691 


Thus, a discharge coefficient of about 0.75 has been found from the 
second approximation. 
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l. Consider a semi-infinite plate which at time t = 9 has flowing past it 
a stream of fluid with coefficient of viscosity Hy and kinematic viscosity 
v,; beginning at this moment another fluid flows past it, characterized 

by values », and v,. The speed of the fluid is assumed to be constant, 


equal to 


dividing 
surface 


boundary 
| layers 


The problem consists in determining the mixing process of the bound- 
ary layers (see the figure). 


In view of the character of the initial and boundary conditions, the 
solution for the velocity profile in the boundary layer depends upon only 
two parameters 


} xl 


equations to the form [ 2 |] 


4 OF 
Therefore by setting 
we reduce the boundary layer 
520 
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° Or? 
x1 N x1 xl 


Here v, and v, are respectively the velocity components along and per- 
pendicular to the plate; indices 1 and 2 indicate the characteristics of 
the first and second fluid. 


The boundary conditions for the system (1.1) are the following: 


Here n° = A(E°) is the equation of the surface dividing the fluids, 
which is unknown until the problem is solved; on it evidently 


—P) A’ = — (1.3) 


Introduction of the new functions 


== v vl = for < A 
= ye = 2" (1— for >A 
Pr é 
and the variables 


for 7° <A 


leaves the system (1.1) and the conditions (1.2) and (1.3) unchanged, with 
the quantities n° and v° replaced therein by the single parameter 


Henceforth the index * on Ver Vy, €, n will be omitted. The form of the 


dividing surface is easily determined for the case & = 1. Obviously on it 


vx = f(A), vy = 3 — f) 
(where f is Blasius’ solution), and condition (1.3) takes the form 
{ dw 


‘ = 


q 
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5 = =0 at = 0 
Arn ° ° 
x2) vi an? =F an? at A (E ) / 
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The constant C, is determined from the condition w= 1 at A= «. There- 
fore 


A 


w = —272\ 


co 


In the general case to solve the system (1.1) with boundary conditions 
(1.2), (1.3) we apply the method of integral relations. Integrating the 

momentum equation in (1.1) from zero to n = 5(&) (where 5(&) is the bound- 
ary layer thickness in the n, & variables), using the continuity equation 
and condition (1.3), we obtain the single integral relation 


d 


eve 


d ( Ov, 
ve (Uz —1) —1)dq—# (ve —1) dy = — ( 
0 


0 


In the relation (1.4) 


Vy for = for AK 


We describe the v., and v,, velocity profiles by polynomials of the 
third degree: 


3 


= + a2 (7) + a5 | 


xg = by + by + be (FZ P+ bs ( 


ON 


To determine the coefficients a_ and b, we use, in addition to the 
conditions (1.2), also the following 


which result from equations (1.1) and the definition of boundary layer 
thickness. As a result we obtain 


Yay = kbs | 3 [(k —1) 2* —2(k —1)2 — 113 + (1.6) 


= 14 by {24-3 (k —1)2—3[2(k —1) 2 +4] 5 + 3(k- 1)2(2)+(3)} 


by = — 2% + (3k — 1 (2 


23 
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A 
ig 
i w=—2f?\ 
Cy 
= 
= 
(1.4) 
: 
A 
i i s/ 
On on, 1.5 q 
8 


Mixing of boundary layers at a liquid or gas interface 523 


Substituting these expressions into relations (1.4) and (1.3) (where 
in the latter the value of v. is determined from the continuity equation) 
we obtain a system of two ordinary first-order differential equations for 
the functions z and y = 8?: 
+25 (fo + DY Get — ) 
(1.7) 
, d 

2R — yP +2ty — P’) + — P) 0 


(2) = 


R (z) = 3k [142 (k —1)2 + (1 — k) bg (z) 


—6) 2° —12 (k —1) z* —6z] b, (2) 


3 


Q (2) = [2+ 2 + —1) 2° (— + 2h — 2 24) by (2) 


P (2) = (— 2+ — (ZR? — "Sk + + (— 4 30K? — + 


10 10 


+ 2° + (7k? — FA? — 2) + (— + + 4 4 


+ (2) 


Clearly the boundary conditions for (1.7) are 


Taking into account that 


z (0) - Q, y (0) - y, 280 Jo 


13 


one can determine the behavior of the integral curves z(f), y(&) in the 
vicinity of the point & = 0, 


In fact, assuming that 


E" (ay + + y [1 (b, 4 +- +)] 


and using (1.7) we obtain 


(4.8) 


8 \2 64 (k -1) (2k —3) 
22k? — 25k +6 \3 _ 7/16\2 (529—421k) (k —1) 


_(k—1) + 11k - —19) 8 \4 


Here 
2 
8 16 
= b, = — (k—1) || 
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In the vicinity of the point é = 1 the integral curves z(&) and y(&) have 
the form: 


= 1 (1—2) + + ¢5 (1 — 2)? + — 2)" + (1—2)8 +- 
+ c,(1— z)* +... 
y(z)=y, [1 + d,(1—z) + d,(1 — + + d, (1— z)* + 
+ d,(1—z)® + d,(1 —2z)*] (1.9) 


d,=0 


4—4ik k —1 


32 k +41 
k 
Coe == Ce = 
28: w * 3 5 39 
(1 - ( 


36k? — 454k + 10 


3k? 


— 4 8407) + 111 — (1 — 
39k (: 2 
39 130; 
d, 153k? — 306k + 151 435912K° — + 1259080 
9 (1 134; ) 
— ( 12048k2 — 24616k +. 10996 — ——— | 
134; 


Formas (1.9) have been obtained for an arbitrary value of y{l) = y 
The purpose of such generality will become clear later; for the case 
under consideration y, = 280/13. 


We continue the integral curves for z(€) and y(&), the equations for 
which are given by formulas (1.%) and (1.9), to a value of the argument 
such that the two curves intersect or reach their minimum separation. 


With a certain approximation it is possible to consider that the curves 
{continuous or discontinuous) obtained as the result of such continuation 
give the solution of the problem posed. 


The accuracy of the assumptions made can be estimated from the follow- 
ing example. We set k = 1; then the solution of (1.7) satisfying the 
given boundary conditions has the form 


£ 
| 
1 
>> 
13 5 ( ) 
105° 
d 80 — 45k + 
39 ‘ 134; 
| 


pectively 
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_ 96 (12+4-62* +72") — 3502* + 35 


7 
aye 


For the case under consideration, 


y=, 2 =1 — (1— — 


(z* — 62?) 


TABLE 
2(&) 
from(1. 10) from (1.8)| from (1.9) || 

0 0 0 | 0 
0.4 0.052 0.052 | 0 
0.2 0.106 0.106 0. 
0.3 0.163 0.143 0. 
0.4 0.220 0.219 i 0. 

5 . 280 0.277 { 


21602 


In the table are shown values of the function z(&) determined from 
formula (1.10) and from the proposed approximation. The discrepancy in 
the results does not exceed 2%. 


— 


(Vv (v6 +1) 


(We note that the corresponding analytical expression can also be ob- 
tained for y, # 280/13.) 


formas (1.8%) and (1.9) give res- 


2(&) 2(&) 


10) from (1. 8)lfrom (1.9) 


0.343 0.338 0.3336 
0.376 | 0.369 0.369 
0.410 0.3995 0.406 
0.496 0.494 
0.606 0.603 


for the functions 


2. The results of Section 1 can be extended to the case of flow past 
a plate of a compressible fluid or gas for which the law of viscosity has 
the form Hp, = const., pp, = const. Then, as follows from the work [2], 
the boundary layer equations in the variables 


7° 
+ > + 


Py / v3 Pi 


Foo Yoo For “ 


have the same form as for an incompressible fluid, in which it is necess- 
ary to set k = 1p,/u,,, P,,, ‘in the integration with respect to 7 and 7° 


| 
9 
‘ = 
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the corresponding density profiles are used). The boundary conditions 
(1.2) and (1.3) also remain unchanged, which is confirmed by the follow- 
ing transformations: 


Eada (SE), (7), + - BPA’ + 
dA° 


dA° ° 


~ 


+ EA’ (ver) 


Consequently, for the case considered the solution obtained in Section 
1 for the variables £°, n° can be used for the velocity profile Vege the 
thickness of the dividing surface and the boundary layer thickness, if yy 
is determined in an appropriate manner. The latter is found from the con- 
dition of continuity at € = 1 of the boundary layer thickness in the &, n 
plane for a known value of the boundary layer thickness y{l +) in the 

n° plane. 


For the determination of the temperature profile it is necessary to 
find the solution of the energy equation 


with the boundary conditions 


Hi, = 


for 7° 


Here A, is the enthalpy, P the Prandt! number. For the case P, = P,= 1, 
= Cy. there exist the integrals 


<i 


- 


where 6.. and @.. denote the dimensionless stagnation enthalpies in the 


p= there exist the usual 


first and second gas. For k= 1, p, = p,, ¢ 


n p2 
integrals 0°. = (v’..). 
t zt 


H, 
( (i=1,2; ky=1, hk) (2.1) 
H,=H, sat 7 0 (2.2) 
Oy Py © (et 
6 6 ol y2 U x2 ). || 
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3. The results obtained in the preceding section can be used for the 
solution of the following problem. Let a shock wave run over a plate with 
velocity U, the velocity of the stream of gas behind the shock being V_. 


Beginning at a certain moment it is replaced by a stream of a second 
gas. If the shock wave and the dividing surface of the gases appear 
simultaneously at the leading edge of the plate, then the problem under 
consideration is evidently self-similar. In this case formulas (1.8) and 
(1.9) can be used for its solution. 


Here, as follows from[3], it is necessary to set 


oO 30 


y(1 +) =8( 
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The bodies under consideration belong to a family of pyramids having 
polygonal cross sections with reentrant or concave corners. The surface 
of such a body is formed by stream surfaces behind plane shock waves, and 
the straight outer edges of the body appear as linear intersections of 
the plane shock waves. For such a class of bodies, a simple dependence of 
the wave drag on the geometrical characteristics is developed for given 
design conditions. 


Pig. 1. 


Heretofore the only class of bodies for which relatively simple and 
exact wave drag solutions have been obtained were circular cones. It is 
therefore of interest to consider other families of bodies for which the 
wave drag is easily found even though these families may be relatively 
narrow and the solutions for isolated "design" Mach numbers. Such a class 
of bodies is studied here. They are pyramids, with or without internal 
flow, having cross-sections in the form of reentrant polygons (see Figs. 
1 and 4). The surface of such a body is formed by the stream surface 
behind a configuration of plane shock waves which intersect along (with- 


© s h oc b 
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out extending beyond) the straight convex edges of the pyramids. * 


Let us consider a body with a cross-section in the shape of a regular 
reentrant polygon (Fig. 1). 


The velocity components behind the oblique shock wave are: 
v, = V [1 — (1 —e) (sin® y — sin* 


vy = V ctg y (1— e) (sin*® y — sin*w) 


From (1) and (2) we obtain the tangent of the angle between the body 
axis and the reentrant rib: 


tg 8 y (1— e) (sin? y — 
gy i—( — ¢) (sin* — sin® w) : (3) 
The functional dependence r = r(y) is shown in Fig. 2. The area of 
the base cross section at x= 1 is: 


- sin? 
AY nig—tgytgs ntg 


— sin*w) 


An *equivalent* circular cone with equal base area has a half nose 
angle such that 


tg 6, i—e) sin® 


(1— (sin* y - 
The air pressure behind the shock is given by 


p=(i—e)p..V?( sin?'y— = sin* @ 


i+e 
and the pressure coefficient is 


P Poo 2 (i— e) (sin? y — sin* (6) 


From equations (5) and (6) follows a simple relation between the angle 


of the equivalent cone and the pressure coefficient (wave drag coefficient) 
which does not depend on Mach number: 


* For constructing such bodies one may also use a group of plane shocks 


for instance three shocks intersecting in a single point, and also 
suitable cylindrical] shocks. 


| 
a 
Here 
sino = =, 
—c 
a 
@) 
a 
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Equation (8) facilitates comparison between the wave drag of the pre- 
sent class of bodies and that of the circular cones, One must bear in 
mind, however, that for each Mach number the body shape is different. 


— 


7 


40 
Fig. 3. 


The drag coefficients, referred to that of a circular cone at M= x 
as unity, are shown in Fig. 4. The upper set of curves labelled with the 
corresponding values of M refer to circular cones. 


The same figure displays a series of cross sections of the pyramidal 
bodies equivalent in area to the circular cone with 6, = 15° at different 
Mach numbers. 


The case of an asymmetric pyramidal] body shown in Fig. 5. may be of 
interest. It resembles a (delta) wing with empennage. In this case the 
velocity components behind the shock wave are: 


v, = V [1— (1 (sin* y — sin® 


vy = V etg a (1— (sin® y — sin*® w) 
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On the wave drag of non anixymmetric bodies at supersonic speeds 


v, = V ctg B (1— e) (sin* y — sin* @) 


sin y = (1 + ctg*a@ + ctg® 3)~ ‘le 


The area of one quarter of the cross section at (right side of 


Fig. 4) equals 


ig 8 1— e) (sin® + — w) 


2\tg8* tga/1i—(i—e) (sin* y —sin* 


The equations (3) and (6) for tan 5 and p remain valid. When M+ ~ and 
« + 0, the reentrant corners of the polygon straighten out. 


Translated by M.V.M. 
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SUPERSONIC AXISYMMETRIC CONICAL FLOWS WITH 
CONICAL SHOCKS ADJACENT TO 
UNIFORM PARALLEL FLOWS 


(SVERKHZVUKOVYE OSESIMMETRICHNYE KONICHESKIE TECHENIA 
S KONICHESKIMI SKACHKAMI, GRANICHASHCHIMI 
S PARALLELNYM RAVNOMERNYM POTOKOM) 


PMM Vol.23, No.2, 1959, pp. 379-383 


G. L. GROZDOVSKII 


(Moscow) 


(Received 1 November 1958) 


Busemann [1,2] has given the general theory of axisymmetric supersonic 
conical flows and examined in detail two classes of such flows: flow 
around a circular cone and flow in a compression diffusor ending in a 
conical shock. Nikolskii [3] has examined continuously expanding conica] 
flows corresponding to flows around boat-tails of given shape. The present 
paper considers al] the possible classes of supersonic axisymmetric 


conical flows with conical shock waves adjacent to uniform parallel flows. 


Two new types of conical flow are obtained: converging flows behind conical 
shocks and diverging flows in front of conical shocks. These correspond 
to flows in specially shaped channels (Pigs. 2,4 ). 


It is shown that at supersonic speeds there exist four classes of axi- 


symmetric conical flows with conical shock waves adjacent to paralle] 


uniform flows: diverging and converging flows upstream and downstream of 
conical shocks. 


Four possible combinations of conical shocks and regions of uniform 
parallel velocity u, are represented in Fig. 1: diverging or converging 


conical shock with a free-stream velocity upstream or downstream of the 
shock. 


We shall prove that to each such combination corresponds a special 
class of (continuous) conical flows, matching the shock wave. We can de- 


termine the boundary values of these conical flows, Uy, in the hodo- 
graph plane with the help of shock polars [4] (Pig. 1), 


Nm 


ad 


VOL. 
| 
ai v 

du /} Uy 
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Pig. 


Axisymmetric conical flows are governed by the usual differential equa- 


tion of second order [ 2 |] 


and by the following relation between the physical r, x plane and the 
hodograph u, v plane: 


dr (3) 


du 


Equation (2) has singularities only on the axis and on the circle of 
the maximum speed a (corresponding to expansion to vacuum). Therefore, 
through every initial point (u,, v,) with a given inclination (1) there 
passes just one integral curve of Equation (2). The radius of curvature 
of these curves in the vicinity of the point (u,, v,) are shown in Pig. 1. 
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Only one side of the integral curve (shown unbroken in Pig. 1) corresponds 
to the physically sensible case where the conical flow does not penetrate 
into the uniform flow u,. The four types of integral curves I, IT, Ill, 
and IV (Fig. 1) determine the four possible classes of conical flows with 
conical shocks, adjacent to the parallel flow uy 


S 


Cases I and IV were examined by Busemann [1,2]. Flows of class II - 
converging flows behind conical shocks and class III - diverging conical 
flows upstream of conical shocks appear to be new. The integral curves of 
flows II and III proceed from the initial point (u,, v,) to the endpoint 
(u., v.), where d°v/du- = 0. In the physical plane, the continuous conical 
flows are bounded by the conical shock, the limiting characteristic 
(corresponding to u., v.) and the flow boundaries. Examples of flows IJ 
and III are displayed in Figs. 2 and 3 and in Tables 1-5. In the figures 
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TABLE 1. 
Plow IT, = 2.1, 99 = 25 


u/a, v/a, A M | a | 
—2.144 1.914 —0.400 1.955 2.960 | 19°46 —41°4! 1.000 
—2.129 1.916 0.395 1.956 2.970 19°42 —11°40 1.030 
—2.114 1.918 —0.391 1.957 2.97 {9°42 —11°32 1.061 
—2.100 1.920 —0.387 1.958 2.975 | 19°38 —11°24 1.094 
—2.087 1.922 —0.383 1.959 2.979 19°38 —11°16 1.128 
—2.074 1.924 —(0.379 1.960 2.980 | 19°38 —11°08 1.164 
2.062 1.926 —0.374 1.962 2.992 | 19°33 11°00 | 1.200 
—2.051 1.928 —0.370 1.963 2.996 | 19°30 —10°52 1.240 
—?2 040 1930 366 1.9654 3.000 19°30 —10°45 | 1.278 
—?2 (30 1.932 0.362 1.965 3.004 | 19°29 | —10°37 | 1.324 
—2.020 1.9534 —0.358 1.966 3.009 19°28 10°30 | 1.364 
—? (10 1.936 —().354 1.968 3.010 19°28 | 10°22 1.409 
—2.002 1.938 —0.350 1.969 3.022 19°20 —10°T4 1.457 
—1.994 1.940 —0.346 1.970 3.026 | 19°17 | —10°07 | 1.506 
—1. 986 1.942 —(). 342 1.971 3.035 19°15 — 9°59 1.559 
— 1.980 1.944 — 0.338 1.973 | 3.039 19°13 — 9°57 | 1.613 
—1.973 1.946 0.334 1.974 3.044 i9°12 «| 9°45 1.671 
—{.967 1.948 —(). 330 1.975 | 3.048 | 19°09 — 9°37 | 1.731 
—1.962 1.950 —0.326 1.977 | 3.050 | 19°09 — 9°30 | 1.792 
—1.958 1.952 0.322 1.978 3.061 19°06 — 9°23 1.856 
1.954 1.954 0.318 1.979 | 3.066 19°03 | 9°15 1.025 
—1.950 1.956 0.314 1.981 3.075 12°58 | 9°OR 1.999 
—1.947 1.958 —0.310 1.982 3.079 | 18°57 | — 9°01 2.075 
1.945 1.960 —(). 307 1.983 | 3.081 | 18°56 — §°54 2.153 
—1.943 1.962 —Q.303 1.985 | 3.093 18°54 — 8°47 2.241 
—1.941 1.964 0.299 1.986 | 3.097 18°51 | — 8°39 29 
—1.938 1.966 —O.295 1.988 | 3.100 18°50 8°32 | 2.416 
TABLE 2 
Plow IJ, = 2.1, 9 
x/r u/a, v/a, | M a 8 ts 
| = 
—1.428 | 1.651 —0.642 | 1.772 | 2.340 18 21°15 | 1.0 
—1.415 1.655 —0. 656 | 1.773 |} 2.346 25°13 21°02 1.010 
—1.402 1.659 0.6.0 1.774 | 2.349 z5°it 20°49 1.039 
—1.390 1.663 0.625 | 1.776 2.354 25°09 20°36 1.067 
—1.377 1.667 0.619 1.778 | 2.360 6 20° 2 1.097 
—{ 366 1 671 614 1.779 20°11 1.130 
—1.355 1.675 608 1.782 2.371 s | 19°58 1.164 
—1.345 1.679 —0.603 | 1.784 | 2.377 24°54 19°46 1.197 
—1.335 1.683 0.598 | 1.786 | 2 } 3 19°33 1.233 
—1.326 1.687 52 | 1.787 So 1 19°21 1.269 
—{ .317 1 691 — 1.789 2.391 19°09 | 10 
—1.309 1.695 0.582 1.791 | 2.399 } 18°57 1.349 
—1.301 1.699 0.576 | 1.794 | 2.405 y 18°46 1.396 
—1.289 1.706 0.567 1.798 | 2.414 8 18°24 1.442 
—1.273 1.716 —0.555 1.803 | 2.432 0 1.570 
260 726 1.809 2-449 Z | 1.706 
—1.249 1.736 0.529 | 1.814 2.464 16°58 1.853 
—1.242 1.746 0.517 | 1.820 2.482 17 16°30 2.0223 
—1.237 1.756 —0. 504 1.826 2.501 ) if "11 
—1.235 1.764 0.494 | 1.831 2.518 ] S 2.420 
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TABLE 3. 
Flow IT, Ao 2.3; 


>2 


Po Po fo 


ho te 


& & 


a 
536 
| 
| uae Uae M a 8 
a8 1.000 1.351 | 0.749 545 0 
- 749 | 
-0.992 | 4.355 0.745 | i6 016 
—(). 984 1.359 0.741 548 034 
0.973 | 1.3 0.735 | 
a -(), 962 1.371 553 O86 
—0.951 | 4.377 0.724 556 118 
mies —0.941 | 1.383 0.718 | 558 148 
a —0.930 | 1.390 | —0.711 562 184 
—0.917 | 1.398 | —0.704 . 565 228 
eu —0.906 | 1.406 0.697 | 569 275 
—0.895 | 4.414 —0.689 | .573 322 
0.882 | 4.424 0 578 3856 
0.87% 1.434 0.672 | [9.584 | 1593 
0.860 | 1.444 0.663 | | 30 195 
—0,850 1.454 | 0.654 | 595 
0.842 1.464 0.646 600 690 
—0.835 | 1.474 0.637 | 9.606 781 
—f) 829 1.424 0.629 | 612 849 
0.824 1.494 0.621 618 | 984 
—{) { 4 #12 624 | 97 
—() 816 1.524 0.596 | 637 29°50 24°22 355 
—0.816 | 1.534 —0.591 | 1.641 29°44 | —21°06 451 
TABLE 4. 
ae —0.700 | 1.052 | —0.734 1.283 | 4.375 46°39 —34°54 000 
0.684 | 1.062 0.727 | 4.288 1.381 46°23 — 34°23 0295 
: oe —0.670 | 1.072 0.720 1.291 1.387 | 46°13 33°53 060 
0.655 | 1.082 0.713 1.297 1.394 45°51 | —33°23 092 
—.641 1.092 0.707 | 4.304 1.402 45°34 | 32°55 
628 1.102 0.700 1.306 1.409 5°45 | 32°26 . 160 
—0.616 | 1.112 0.69% | 1.311 1.417 4°55 -31°58 196 
0.604 | 4.122 0.688 | 4.316 1.424 4°38 «| 234 
—0).593 | 1 132 0.682 1.322 1.432 4°12 —31°04 
—0 582 1.142 0.676 1.327 1.441 3°57 1°38 316 
—0.572 | 1.152 9.670 1.333 | 4.450 | [3°38 —30°13 .359 
a —0.563 | 1.162 0.665 1.329 | 1.459 3°17 29°46 406 
ee —0.555 | 1.172 0.659 | 1.345 1.469 2°55 —29°21 455 
—0.546 | 1.183 —.653 1.351 1.479 2°32 —28°54 
—0.537 | 1.195 0.646 1.359 1.491 2°08 28°24 577 
. —0.530 | 1.207 | 0.640 1.366 | 1.502 1°45 —27°56 646 
—0.523 | 1.219 — 634 1.374 | 4.515 1°23 27°28 .719 
7 —0.517 | 1.231 0.627 1.382 | 1.528 40°51 27°01 ‘ 
: 0.512 | 4.243 | —0.624 1.390 1.541 40°24 26°33 
—0. 509 1.255 0.615 1.397 | 41.553 | 40°06 | —v6°08 
0.506 1.267 0.609 1.406 | 1.567 | 39°38 25°40 2.066 
—() 504 1.279 1.414 1.581 39°42 25°44 168 
‘ee 0.502 1.296 0.594 1.425 | 1.599 | 38°45 | 24°38 | 2.324 
: 
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TABLE 5. 


all the magnitudes are referred to the critical speed of sound a (local 


W=- 1), for instance U, = u,/a. In Tables 1-5 A represents the dimension- 


less velocity, M the Mach number, « the Mach angle, 4 the angular direc- 
tion of the flow, r. dimensionless radius of family II. An example of 


? 


combining conical flows and isentropic flows is given in Pig. 4. 


Isentropic 
flow 


Analogous self-similar solutions of uniform unsteady flows have been 


examined by the author and co-workers fs]. 
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Plow ///, — 1.496, 99 = 40 
q ta, M 2 rs 
i | 791 9 399 24°39 16°33 1.0 
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* 2.787 | 740 2.257 26°19 14°16 1. 16 
Lie Me 2.834 | 733 2.239 26°30 13°57 1.197 
>2 i S78 | 26 2.224 26°49 13°37 1.230 
| 720 205 2°53 13°17 1. 266 
2.953 | 13 2.188 27°12 12°55 1.308 
707 2.173 27°38 12°34 1.351 
‘1 2156 27°35 12°12 1.400 
2 2.1441 27°50 11°50 1.453 
687 2.124 28°10 11°27 1.512 
HU 681 2.109 28°18 11°04 1.578 
675 2 10°41 1 #50 
:.067 | 672 2.090 28°34 10°32 1.683 
Pig. 4. 
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SOLUTIONS OF SINGULAR CASES OF POINT 
EXPLOSIONS IN A GAS 


(PREDSTAVLENIE RESHENIA ZADACHI 0 TOCHECHNOM VZRYVE 
GAZE V OSOBYKA SLUCHATIAKA) 


PMM Vol.23, No.2, 1959, pp.384-387 


V.P KOROBEINIKOV and E.V. RIAZANOV 
(Moscow) 


(Received 2 January 1959) 


The formulation and the exact solution of self-similar motions associated 
with strong point-explosions in a gas, the initial density of which is 
constant or varies asp, = Ar ©, was given in Sedov’s papers [1,2,3 ]. 
Here we will examine the general] case of variable initial density. If we 
introduce dimensionless variables 


r v P 
v2 g (A) P2 


(where v represents the speed, p the density, p the pressure, r(t) the 
radius of the blastwave, v(rs, t), P= Pirs, t), P, = P(rs, t) ), 
then the solution of the problem reduces to the integration of the system 
of equations: 


df f y¥+1 g 
1.\3 }-1 


dh y¥+1 df f ¥+1_\-1 


| A 


2 
~ 


Here y, the ratio of specific heats, exceeds unity and the index v 
takes on values 1, 2, or 3 corresponding to plane, cylindrical, or 
spherical symmetry respectively. 


The boundary conditions of the problem state: 


f(1) = g¢(1)—A(1)—1, f(0) =0 (2) 


Equations (1) have two first integrals (see [3 ]), the integral of 
energy and the integral of adiabaticity, which can be represented respect- 
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ively as 


(3) 
(4) 
when conditions (2) are allowed for. The system of equations (1) can be 


integrated and its solution, satisfying boundary conditions (2), repre- 


sented in the form 


vy +. 4 
(F) = G(r > 


— 


In Sedov’s solutions | 3 #- the related parameter V rather than F was 


used: 


When the solution may be extended to the center of symmetry [3 1, then 
the parametric variable F is constrained according to 
! 


Hereafter we shal] examine only this case. The solutions (5) possess 
Singularities with respect to the parameter y when either the coefficients 
on the right side of (5) or the quantities ei(t= 1, 2, «ee 8), defined 
by (7), approach infinity. These cases we shall] cal] y-singular. In al) 
these cases one cannot use the solutions in the form (5) - (7) for com- 
putations of functions f(A), g(A), and h(A). Therefore it is necessary 
to seek new representations of the solutions for these singular cases. 
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f + 4\ /y 4 
é (vy — ¥ 2) (Yt iv+2—o 
: ~2)—(y + & a4 
- vy 1\ ) y + 4 2 
2 (vy v + 2) a,tw2 
a ¥(v—2)— + I)w 2 vy y+ 2 
2(vy —v + 2) 4164 }a,+(w—a) 2, 
— 2— ¥ (v— 2) 1)w 2 y—v+2 
where 
4 2 f 
(vy + 2 ©) i) 
: 
ae 
3. a 
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Solutions of singular cases of point explosions in a gas 


The case of the infinite coefficients in (5), corresponding to the 
value of w 


f=, (8) 
Hereafter the form of the solution is found in two other cases, namely 


when 


2(y—i1)+¥ 
@We- 


and when 
@— @, v(2 


The form of the solution may be obtained either by performing the 
limiting process w+ w.(j = 2, 3) im equations (5) - (9), or directly 
from the differential equations (1), with w replaced by @ 50 The second 
approach is simpler. 


With the aid of the energy integral (3) the equations (1) can be trans- 


formed as follows: 


¥+1i 4 4 
f 2 


/ 
dg 
— g 


d? 


df f 1) (v— 1) 2 — (v— wo) (¥ + 
——(—) + +— 


Substituting f = AF (6) and w= @, in equation (9) and integrating, 
with due regard for boundary conditions (2), we obtain 


Further, by means of the integrals (3) and (4) we find 


ay) | 


541 
3v— 2+ ¥(2—v) 
b> : has been solved earlier [3] and is given by 
(9) 
(v— 1)- — | f— >) (10) 
V+2 
i—F 
exp Ee + 1) 3, =| (12) 
= 
2 jy + ly (v—2) 4, Day 18, 
LY = LY= 2y /] 
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Formulas (6), (11), (12), and (13) furnish the solution in the second 
Singular case w= ow. 


Let us now examine the third singular case w = @, = v(2- y). Then it 
is easy to establish the form of the function g(F) from equations (10), 


(6), and (9). Further, utilizing (3) and (4), one determines A(F) and 
h(F). The solutions have the form 


exp 
As a consequence of self similarity [2,3 ] the position of the blast 
wave and its speed depend on time as fo) lows: 


(t) 
15 
t (19) 


E, 
re (t) = | — c(t) 
2 a4 


Here FE. represents the energy of the explosion and a is a function of 
y. v, and m determined by the conservation of energy 


In terms of the dimensionless variables, (16) is written: 


It is clear that for the first singular case with solution (8) the 
function a(y, v, @) simplifies to 


v, 


The magnitudes of the parameters at the blast wave are found from the 
expressions for strong shock waves: 
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{_F 
0 
a(y, v, @) 3 \ (h + gf?) dy (17) 
(y* — 1) 
22 (y 1) (y 2) (v— 3) 
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Solutions of singular cases of point explosions in a gas 


The expressions (11), (12), (13), (6), (14), (15), (17), and (18) give 


the full solution for the singular cases w= @, and w= @,. 


As previously mentioned, each singular solution can be obtained by an 
appropriate limiting process. For the sake of simplicity we shall show 
how this is done in the third singular case with w, = 0, Consequently 
y + 2 for all three values of the index v. Consider the limit of the 


function 


obtained from equation (5). For y > 2, we have: 


[ 
limg(F) = lim 


lim 


Lim 


After a simplification of the second bracket in this expression we 


arrive at 


day 


lim @(F) lim || 


ii - 
+2 


‘ 
v 
lim | By 


where the notation is used 


Going to the limit we find: 


g (F) F | exp(—- 


One can also determine h(F) and A(F) by the limiting process, the 
latter determination being altogether trivial. However, this is un- 
necessary because with the aid of the integrals (3) and (4) and the pre- 
ceding expression for ge(F) one can obtain the full solution, which be- 


ee 
= 
: | — F) 
(vy 2) . 1) fy 1,+2 
. 
fo 
f 
3 
—x 
rt! 
6) \ SWE J 
vt £) +1) (1 — 
_—2 
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comes equivalent to (14) for y = 2. The limiting process in the case of 
arbitrary non-zero values of w,(y, v) goes through analogously. Similarly 
one can establish the solutions for w+ @,» 


The present investigation shows that the solution of the problem of 
strong explosions are continuous in y, as one would expect from the form 
of the basic differential equations (1). In particular, the investigation 
removes all doubts concerning the solutions for y + 2. 


In this connection, we note that for this problem reference [4] (pp. 
556-557) contains errors in the description of the pressure variation 
near the center of symmetry (A = 0, F= (y + 1)/2y) when m= 0 andy + 2. 
In this case we find the value of h at the center from equation (14): 
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EXACT SOLUTIONS OF AXISYMMETRIC FLOWS OF 
AN IDEAL FLUID 


(TOCHNOE RESHENIE OSESIMMETRICHNOI ZADACHI 
IDEAL’ NOI ZAIDKOSTITI) 


PMM Vol.23, No.2, 1959, p. 288 


G.I. NAZAROV 
(Tomsk) 


(Received 23 Deceaber 1958) 


The equation for the Stokes’ stream function wv in steady potential axi- 
symmetric flows of incompressible fluids in cylindrical coordinates «x, y, 
@ takes the form: 


(y > 0) 


0 
iy 
will seek solutions in the form [1 |: 
(z, y) + VO, (x, Wh) (3) 
where ®,, ®, are arbitrary harmonic functions. Equation (2) then becomes: 
3 


| oy 
k 


On the functions f, and ®, we impose the following conditions 
aD, 


so that (4) takes the form: 


Consequently, 


dy 
4 y- 


q 
ay a 1 dy 
— +. = ( 
a or? oy? y dy ) (1) 
If we set b= yw”, we obtain 
j 
: 
(5) 
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The formula for f, follows easily 

k!C, 11 2) (k — 3/5) 

2 3 Let us introduce the complex potential W(z) = ¢)(x, y) + i®, (x, y), 

4 x (z= x+ ty). Then 


_ 
= Im W (z), ®,. = \@ w(t) dt (9) 
2 


Im {7 (z) — \ W (2) (— 


0 k=] 


fy (wat } (10) 


2" (k — 1)! 


Recognizing the character of hypergeometric series in the variations — 
of C, and (8), we obtain > 


ter 


1g zy 


Setting W(0) = 9, we arrive at the desired solution of (1): 


71m 4\ qe 4, > ) ae} 


# where W(C) is an arbitrary function. The solution of the axisymmetric 
problem of incompressible fluids has been related to the complex potential 
solution of the two-dimensional problem. It is possible to obtain more 

:, general solutions when we consider indefinite integrals in (7). 
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ON THE LIFTING FORCE OF SOURCE AND DIPOLE 
IN BOUNDED FLUID STREAM 
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This paper presents the values of the lifting force (and of the force of 
the lateral resistance) acting on hydromechanica! singularities as they 
move at velocities both sufficiently small and large under the free sur- 
face of an ideal fluid bounded by walls. 


1. We make the usual assumptions of small amplitude wave theory. Let 
the coordinates x and y be in the free surface of the fluid in its 
stagnant state, and the z-axis be directed upward. Consider the coordinate 
system to be permanently connected with the singularity (source, dipole) 
moving uniformly with velocity v in the direction of the x-axis under the 
surface of the fluid. The source (dipole) is placed at the point (0,0, é). 
The depth of the fluid is denoted by A. 


The formulas for the determination of the hydromechanical lifting force 
Ay experienced by the source and the dipole, may be written in the follow- 
ing form fi]: 


for the source 


@ 


—' 0 


for the dipole 


16 (¢ + h)* 


4n 


pm? 3 
cos? 646 | £02, 9) (1.2) 


bad 0 


1 


Here and subsequently p is the mass density of the fluid, g is accele- 
ration due to gravity, @ is the intensity of the source and a is the 
dipole moment in the direction of the x-axis. 
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+. cos? 6) sh 224 (5 + h) 
% (2, 6) 


(vy th cos 8) ch dh (1.3) 
In formulas (1.1) and (1.2) the integral sign is understood to desig- 
nate the principal value of the integral in the Cauchy sense. 


If in (1.2) the expression 27 »v r? is substituted for m, we will] then 
obtain an approximate formula for the hydromechanical] lifting force, 
applied to the sphere of radius r, the center of which is situated at the 
depth ¢€ under the free surface of the fluid. The total lifting force A, 
acting on the sphere, is equal to: 

A negr® + A, 

2. Let us find an approximate expression for A, for sufficiently sma)]] 
values of velocity v. In formulas (1.1) and (1.2) we let v + o (vy + 0) 
and when performing the integration, we find for small velocities of motion 
the asymptotic expressions: 


for the source 


fed (nth? — 


for the dipole 
\! (p?k? 
From (2.1) and (2.2) it follows that for v + 0 the influence of the 
free surface of the fluid on the quantity Ay is the same as that of a 


solid wall situated at the level of the stagnant fluid surface. 


Now we let vy + 0 in (1.1) and (1.2). We then obtain for sufficiently 
large values of the velocity wv the following asymptotic expressions: 


for the source 


| I+ ip S\ 1) | 
)2 


for the dipole 


@ 


| 


(p*k? 


For the case v + 0 considered here, the field of the velocities in- 
duced by the moving singularities asymptotically approaches the field of 
velocities obtained when the velocity potential is made zero at the free 
surface of the fluid. 
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The series of formulas (2.1)-(2.4) converge quite rapidly (p> 1). 
Fig. 1 shows the curves of the coefficient of the lifting force a = Ay 
pO /16 97 C2 of the source (solid lines) and of the dipole a= Ay: 
3p (dashed lines) as a function of p= h/|¢€!, constructed on 
the basis of formulas (2.1)-(2.4). This figure demonstrates the influence 
of the water depth h on the magnitude of the lifting force of the singu- 
larity when the value ¢ is fixed for sufficiently small and large velo- 
cities of motion. If p > 4, then one may assume a=?+ 1, i.e. the influence 
is the same as in the case of deep water. 


Fig. 1. 


3. We will now consider the motion of the submerged source near a 
vertical wall, situated parallel to the x-axis. We will denote the dis- 
tance between the source and the vertical wall by 6. Consider the direc- 
tion of the y-axis from the source to the wal] to be positive. In accord- 
ance with the formulas given in reference [2], we may obtain the follow- 
ing expression for the lateral] resistance of the source. 


S yb? (1 + th ch? 2 (CLA) 


\ \ (v th — 2. cos? ch DR sin (26, sin 8) sin 6 d) (3.2) 


q= |¢| /b, and p denote the same parameters as before. 


For the case of smal! velocities of the motion of the source, from 
equation (3.1) we find 


a a 
u-0 
= ane 
— 2 
é 
(1 + @*) 1 p?q?k?) 
: | 
: N (h, b »} (3.1) 
[1 + (pk + [1 + 9° (pk —1)*| 
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R 


4 1676? 2 2922)" 


(pk + [1 + (pk — (3.3) 


Hence it is seen that the influence of the free surface of the fluid 
on the magnitude of R. is the same as that of the solid wall. For the 
other limiting case of the velocity of motion of the source, namely 
(v +» 0, v + wo) it is necessary to assume N = 0 in (3.1). 


Fig. 2 force shows the curves of the coefficient of lateral resistance 
of the source a, = RY: p 0*/169 b* with variation of p= Ald] for certain 
values of q= |¢|/6 constructed on the basis of (3.3) and (3.1) for 
N= 0, The following are shown: curve 1 for » + 0, q=|/¢€|: b= 1, curve 
2 forv+ 0, v+ 0, q+ ~, curve 3 for »+ «©, q= 1, curve 4 for v + » 
q+ 0. For the case of infinite depth of the fluid (h = ~) 


(plus for v > 0) 
(minus for v + o) 


The expression (3.3) is also applicable to the determination of the 
lifting force Ay of the submerged source for sufficiently smal! values of 
the velocity in the case of its motion in a canal of infinite depth. In 
this case 6 and |¢| must exchange their places in formula (3.3) and h 
denotes the width of the canal (for h = «© we obtain the value Ay for the 
case of source motion near one vertical wall). In an exactly similar 
manner (2.1) allows us to determine the force of the lateral resistance 
of the source in a stream bounded by two parallel walls. 


The motion of the submerged dipole near a vertical wall may be deter- 
mined similarly. 
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ON THE METHOD OF CHARACTERISTICS IN THE THEORY 
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MNOGOKOMPONENTNOI SREDY) 


PMM Vol.23, No.?, 


1959, pp. 391-394 


Ia. Z. KLEIMAN 
(Moscow) 


(Received 19 October 


1957) 


The equations of motion and continuity for the multicomponent medium in 
a cartesian coordinate system have been obtained in {1 Pe Analogous equa- 
tions may be written in curvilinear coordinates. 


We will confine ourselves to the consideration of plane, cylindrical 
and spherical waves.* The number of the component of the mixture is equal 
to N. 


Using the cartesian, cylindrical and spherical] coordinate systems, for 
the consideration of the three cases, as usual we have in general the 
equations of motion and continuity (neglecting the influence of the mass 
forces): 


Op 


or 


where p is the pressure, v,, p., p, are the velocity, the actual and the 
partial** density respectively of the n-th component, and K ‘a is the 
function of the interaction of the n-th component with j-th component. 


The case of plane waves as applied to the two-component medium is con- 
sidered in[1]. 


** Partial density of the n-th component in a given volume of the mixture 
is called the density which the n-th component would have if it alone 
occupied all of that volume, 


| 
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ao aco Ov, 
24 
q 
— — 
— 
551 


Ta.Z. Kleiman 


For plane waves s = 0, for the cylindrical and spherical waves s = 
and s = 2 correspondingly. In the cases of axial and spherical symmetry 
we denote the magnitude of the radius-vector in the corresponding coordi- 
mate system by «x. 


To system (1), (2) we add the equation 


N 
(3) 
On 

which results from the fact that the magnitude p,,/P> is the part of the 
unit volume of the medium occupied by the n-th component. We also add the 


relationships 


Pn: Po: Pon) (n 1, (4) 


where p,, Po? are initial values of the pressure and the actual density 


of the n-th component. 
In this way, we have a closed system of 3N+ 1 equations. 


We will derive the equations of characteristics of this system. For the 
parameters specified along the characteristics, we may write 


do 
dt dt 


Substituting these expressions into (1) and (2), 


{ op 


Eliminating dv /dx from these expressions, we obtain 


end iv do N 


a” 02 " dt al 


rn 
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Taking the partial* derivative of (3) with respect to x and consider- 
ing the relationship 


1 op 


Or a,2 


where * = dp/ dp, ° is a known function if relationship (4) is given, we 
have 


Oe n rn Op 


or 


Substituting (5) into this equation, we obtain 


Op 


— oc 


N N 


Equating the coefficient of dp/dx and the right-hand side of the last 
equation, 


we obtain the equations of the characteristics: 


> 


It may be shown that equation (6) coincides with the equation which 
governs the velocity of wave propagation of a weak discontinuity in the 
mixture. Thus, as in the case of a one-component medium, the character- 
istic surfaces of the system of equations (1)-(4) and the surfaces of 

propagation of weak discontinuities are identical. 


Investigation of equation (6) shows that the quantity of real character- 
istics for a given number of components of the mixture may vary (from 

2 to 2N) according to the parameters of the medium. Also some character- 
istics may prove to be imaginary, or there are coincident multiple real 


Note that equation (3) may be either partially differentiated with 
respect to t (at a given fixed point in space), or partially with res- 
pect to the coordinates (at a given moment of time). Taking the total 
derivatives with respect to t does not have a physical meaning in the 
general case, as the particles of different components which at a given 
moment were at one point in space may be at different points at the 
next moment. 


q 
: 
7 Pn Pn ox 
1) 
Lie — 2,)° a? | 
a Fn 1 1 ] ‘6) 
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characteristics. Thus it is not always possible to apply the usual method 
of characteristics to the solution of problems of non-static motions of 
mixtures, in contrast to the one-component medium. For the numerical] sol- 
ution of the problems it is necessary either to supplement the equations 
of characteristics with initial equations, written as finite differences, 
or to use only the connective equations of the initial system. 


Let us note that when the mass forces F (n= 1, ..., NW) are taken into 
consideration in the case of the one-component motion of the medium along 
the direction of action of these forces, an additive F appears on the left- 
hand side of equation (1), and equation (7) then assumes the form 


Consider the case of a two-component medium. The equations of charac- 
teristics are then written in the form 


where the plus sign corresponds to i = 1 and the minus sign to 


Introducing the notations 


equation (8) will be represented in the form 


4 
V 1 
From (10) we have 
(12) 


The graphs of functions (11) and (12) are represented in the figure. 


The points of intersection of the curves (11) with the straight lines 
(12) yield the values y and z, from which the x quantities are determined 


or, which correspond to the real characteristics. We see that with the in- 


crease of the quantity |Aw| from zero to some critical value [Aw |. 
corresponding to the points M, and M.’, there are two different real 
characteristics, while for |Aw]| > iA v, | there are four different real 
characteristics. In the case |Av| = |Av,|, two real characteristics 
(out of four) coincide. 
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Thus, the application of the usual method of characteristics in the 
case of two-component medium is possible for the values |Avw! > | Av,|. 


We will show, however, that |Av, | is by no means of insignificant 
magnitude : it is of the order of the velocity of propagation of the 
perturbations in a two-component medium, and consequently, in many cases 


< |Av,|. 


Indeed, when calculating the derivative dz/dy from (11) and consider- 
ing that at the points M, and M,° dz/dy = 1, because of (12), for the 
given points we obtain 


(7, — V2), ay 
! 
=» (7, — V1), = aA V 


These expressions lead to 
Ar, + Ba, 


where 


/ 


The quantity a is the wave propagation velocity of weak discontinuities 

in an initially stagnant two-component medium (in the case v, 
from (8) we obtain &%,- ee + a). It is easy to verify that the coeffi- 


cient B varies within the limits 


= 


Consequently, for the evaluation of the values of |Avw | we have 
b 


4. € Av, < 2a, 


Thus, in the case of a two-component medium, in may problems of current 
practical interest, the number of real characteristics is equal to two, 
i.e, the usual method of characteristics cannot be applied. 
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ON THE CONDITIONS AT ELASTIC WAVE FRONTS 
PROPAGATING IN A NONHOMOGENEOUS MEDIUM 
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Two types of waves can be propagated independently from one another in a 
homogeneous elastic medium. In the longitudinal waves the displacements 

@ are such that there are no element rotations (rot a = 0), and in trans- 
verse waves there are no volume changes (div u = 0). 


In a non-homogeneous elastic medium no independent longitudinal and 
transverse waves exist. Volume changes as well as element rotations are 
simultaneously present in these wave motions. 


This article deals with the study of the character of the displacements 
near the wave front (a surface at which the displacements undergo a finite 
discontinuity), which moves in an ideally elastic nonhomogeneous medium. 
Fronts with such discontinuities may correspond to sources of waves with 
a time dependence of the type of a step force (Heaviside functions), or 
an integral of it [1]. 


Let some finite volume V be isolated in the medium and assume that the 
properties of the material inside V are such that the elastic Lame para- 
meters A and » vary continuously, together with their derivatives, and the 
density p is a continuous function of the coordinates. 


The displacements in wave motions depend on the coordinates and the 
time, and can thus be studied as vector point functions in a four-dimen- 
sional space-time. 


The wave front traverses the entire volume V in a finite time. Thus 
the entire process can be assumed to take place in a bounded region of 
the space-time 


Corresponding to the moving front in region G there is a hypersurface 
TI. on which the displacements undergo a finite jump. Assume that there 
exists only one surface of discontinuity I’ which divides G into two parts 
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and G 


?° 


Let us introduce a Cartesian coordinate system of tet Lier The equa- 
tions of motion in this coordinate system can be written in the following 
form: 


where aT; are stress components and u; are displacement components. 


According to our assumption the nonhomogeneous medium obeys Hooke’s 

law, i.e. 
} +28 (2) 

Here 6. is the Kronecker delta. The operator on the vector function 
u(z, t) is obtained by substitution of (2) into (1) and denoted by L. A 
function that has a finite discontinuity inside the region cannot be the 
ordinary solution of the system of differential equations (1). Thus we 
require that the discontinuous function be the generalized solution in 
the Sobolev [2] sense. 


The vector function u(z, t) is called the generalized solution of the 
equations of the theory of elasticity in the region G, if for any vector 
function f(x, t), which is twice continuously differentiable and which 
goes to zero together with its first derivatives on the boundary, the 
following holds good: 


(u-Lf) dt = 0 


G 


Let us introduce the quantities 


3 
(4) 
n 1 : 


which are related to the components of the vector function f as the stress 
components are related to the displacements. All quantities 33° go to 
zero on the boundary of the region G., 


The operator L is self-adjoint, and the expression 
(f-Lu)— (u-/f) 


i=1 
has the appearance of a four-dimensional divergence. In this expression 
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of; 


Let us assume that the equation of the discontinuity hypersurface [ 
can be written in the form t — W(x,, Xo. z,) = 0, 

Let us split the integral (3) into integrals over G, and G,. substitute 
the expressions from (5) and transform the integrals containing the four- 
dimensional divergence to surface integrals by the Gauss-Ostrogradskii 
formula. We obtain 


The surface integrals extend over different sides of the surface I, 
Combining them into one integral we obtain 

3 

r 

where [P.] and [P,] are differences of the corresponding values (jumps) 
of the quantities on different sides of I. In the subsequent discussion 
the square brackets will be omitted, with the implication that there are 
discontinuities in the functions wherever such occur. We transform the 
expressions under the surface integral so that they contain only the 
functions f 5s their derivatives with respect to the directions lying in 
the plane tangent to I, and derivatives with respect to the normal to the 
surface I. The terms containing the derivatives in the tangential direc- 
tions are of the form 


~\ as 


where ® is some function, and the differentiation takes place in a 
direction tangent to I. Here we used integration by parts, and the fact 


that f; goes to zero on the boundaries of region G, Formula (8) can be 
rewritten in the form 


\ (t-Lu) ae ae + \ at — \ {iat 
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It follows from the fact that (10) has to be satisfied by any vector 
function with the properties shown above, that la = 0 in the regions G, 
and G,, and the conditions a = 0 and b= O are satisfied on the surface 

I’. The generalized solution should be the ordinary solution in the regions 
where it is continuous together with its derivatives, and it should 
satisfy the additional conditions on the discontinuity surface. 


The equation b = 0 was analyzed in reference [3]. It is a system of 
linear homogeneous equations in terms of the components of ua. When the 
determinant of the system is equated to zero, for the function wW charac- 
terizing the wave front, i.e. the surface of discontinuity, we obtain the 
following equation: 


e—p (To)? — (4 + = 0 (13) 


The first bracket fives the equation for a front traveling at the 
speed of transverse waves, and the second that for a front traveling at 
the speed of longitudinal waves. As has been shown in [3], the displace- 
ment jump in the transverse wave is necessarily perpendicular to the 
normal of the wave front, and in the longitudinal wave is necessarily 
parallel to the normal of the front. Using these properties and equation 
(13), further results can be obtained from the equation a= 0. 


First let us study the condition a = 0 at the front of a longitudinal 
wave. If this equation is multiplied scalarly by the unit vector normal 
to the front t, the differential equation derived in [4] and[5], des- 
cribing the change of the intensity of the discontinuity along a ray, 
can be obtained. If the condition a = 0 is multiplied vectorially by t 
and some simple transformations are performed, a formula for the discon- 
tinuity of rot wu at the front of the longitudinal wave can be obtained: 


uP 
rotu i+ — (14) 


where u is the discontinuity of the displacement vector at the front, and 


a is the speed of propagation of the longitudinal wave. 


Similarly, the condition a= 0 at the front of a transverse wave can 
be studied. When this condition is multiplied vectorially by t, a diffe- 
rential equation for the change of the intensity of the discontinuity at 
the front of a transverse wave along a ray [4], [5] can be obtained. 
When this condition is multiplied scalarly by t¢ and some simple trans- 
formations are performed, then a formula for the discontinuity of the 
divergence at the front of a transverse wave can be reached: 


(u-S) 
divu (s 27) (15) 


where uw is the discontinuity of the displacement vector at the front of 


the transverse wave, and 6 is the speed of propagation of transverse waves. 


2 
| 
+, 


A.A. Gvozdev 


Knowing the displacement discontinuities at the front, from (14) and 
(15) we can compute the discontinuities of the rotation or divergence of 


displacements corresponding to the fronts of longitudinal and transverse 
waves. If the initial conditions for the displacement jumps are known, 
then they can be computed for all points through which the front passes 


by solving the ordinary differential equations derived in 14 l, and [5 |, 


It can be seen that in the homogeneous medium the discontinuities of 
the rotation of the displacements at the front of a longitudinal wave 
and the divergence of the displacements at the front of a transverse wave 
are equal to zero. 


Formulas (14) and (15) also make sense for continuously varying dis- 
placement fields. If at every point of the space the displacements change 
accortiing to the law f(t) after the time t, at which the front passed 
that point, then the error in using formulas (14) and (15) would be of 
the order 


‘f Such an estimate can be obtained by constructing a continuous solution 
i out of the discontinuous ones by means of the Duhamel! integral. 
4 For a rapidly varying function f(t), the errors near the wave front 
: can be neglected, and it can be assumed that in this zone the formulas 
_ se obtained relate the values of the displacements u to the values of div u 
= and rot u respectively. This result may be obtained by a method of ex- 
¢ panding the solution near the front as described in reference [4]. 
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It is well known that in the case of the solution of the first fundamental 
problem of the plane theory of elasticity for doubly and multiply con- 
nected regions, when the principal vectors of the external forces for 
some contours bounding the regions are different from zero, the state of 
stress depends on the Poisson ratio. 


Por the case of the state of generalized plane stress, Lekhnitzkii [1] 
and Chentzov [2] have proposed a method of determining stresses by means 
of experiments with two models constructed of materials having different 
Poisson ratios and also being in a state of generalized plane stress. 


The general case of the plane problem has been analyzed by Mossakovskii 
[4]. He proposed to determine the actual stress functions (2) and 
in terms of the stress functions (2), Wi, (2), 
@,(2), W,(2)) of three models composed of materials with different Poisson 
ratios by means of the following relation (here and below the notation 
used is that of [4 ]): 


(2) 4 (2) + 


| yo (2) (2) 
a, + 


Here a+ Gs, and a, should satisfy the system of equations 


where «k,., Ky» Ko» and «x, are elastic constants of the actual material and 
of the models, respectively. 


This system, however, consists of two identical equations, which can 


be easily verified, for instance by subtracting the quantity a, +a,.+a 


i 


2 3 
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from both sides of the second equation of this system. Thus instead of a 
system of two equations with three unknowns we have one equation with 
three unknowns. When a. = 0 is substituted into this equation, and the 
values of a, and a, which satisfy this equation are substituted into 
formulas (1), we obtain 


(1 


“a 


(1 


(1 ¥ 


(1 


Thus also in the general case of the plane problem analyzed in {4 }, 
for experimental determination of the stresses it is sufficient to conduct 
experiments with only two models with materials having different Poisson 
ratios. 


In studying the particular case when the actual body and both models 
are in the state of generalized plane strain, we obtain the formulas found 
inf{1], [2], and[3] after the elastic constants Ko» Ky, and x, have 
been expressed in terms of the Poisson ratios [5]. 


Another particular case also deserves mention; namely, that in which 
the actual body is in a state of plane strain, and the models are in a 
state of generalized plane stress. If, in this case, x., Kye and K> are 


expressed in terms of Poisson ratios and [5 ]from formulas (4) 


1 
we obtain 
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The equation of the deformed axis of an infinite beam resting on an 
elastic half-space has been obtained in [ 1 ]. The present article presents 
formulas and tables by means of which the reaction of an elastic half- 
space can be determined at any point of the region of its contact with an 
infinite beam to which a concentrated force is applied. In conjunction 
with this a disagreement is found between the formulas here derived and 
those of Gorbunov-Posadov [ 2 1, according to whom the reaction pressure 
can be represented in the form 


P(z, y) = ; 1) 


where a is half the width of the beam. A comparison of numerical results 
shows, however, that this discrepancy is unimportant from the point of 
view of the practical application of the formulas. In the case where the 
beam is subjected to a concentrated force P, the deflection we(y) of the 
axis of the beam is given by the formula 


R(t) cos (yt /a)dt / 
+ (t)| 


where EI is the rigidity of the beam, F. and v. are constants character- 
izing the elastic properties of the foundation, R(t) is some known func- 
tion, and a is a dimensionless constant. 


In order to find the reaction of the foundation, it is necessary to 
solve the contact problem for the pressure under a punch which has the 
plan-form of an infinite strip: y< +, with the condi- 
tion that the surface of its foundation has the equation z= w(y). (As 
usual, the beam is assumed to bend only in the longitudinal direction). 


The writer’s article [3] shows that the settling r(x, y, 0) = b(A) 
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cos Ay, (|x| < a) corresponds to the pressure p(x, y) = H(A, x) cos Ay, 
(|x! < 0), where 


Ea? (*) (a2) cos 2k are cos (3) 


In the last formula 5, (aA ) are some functions depending only on aA; 
namely 


where Fek (x, — q) are known Mathieu functions, A,; 2v) are Fourier 


coefficients of the Mathieu functions computed at q = 1/4a7A?, 


Because of formula (3), the settling (2) will correspond to the pressure 


x 
> ¥,, (y) cos 2k are cos 
a 


R (t) 8,,. (0) cos (yt ajdt (t) cos (yt /a)dt 
‘ek t{a + (t)] (t)|a+ (t)] 

Here the equality A(t) = t/6,(t), which was presented in reference 
[1], has been used. 


% d; 


It is found that the terms of the series in formula (5) decrease 
rapidly that in practice it is sufficient to confine oneself to the 
two terms. Let 


a 
y) 


j 
/ 


y) 
a-n 
Then p.(x, y) will be a dimensionless quantity, depending on the 
dimensionless parameter a as well as on x and y. The figure shows a graph 
of p,(0, y) for 


1, Pek “(0 1/4722) 
v=0 
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i.e. when a = 0.0106. The dotted curve was constructed by using the 
Gorbunov-Posadov formulas and tables. 
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ON THE CONCEPTS OF SIMPLE LOADING AND 
ON POSSIBLE DEFORMATION PATHS 
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In the literature on the theory of plasticity one can encounter discussions . 
of simple loading, by which is meant an equilibrium process of a pro- 
portional change of all components of the stress tensor and correspond- 
ingly all components of the strain tensor for all particles of the body. 
The determination of the simple loading is based on the assumption that 
the proportionality coefficient for the increase of the components of the 
stress tensor and the coefficient k for the increase of the components of 
the strain tensor depend only on time. Below we will not deal with the 
not-uninteresting question of the character of the particular ideal 
physical properties which the deforming body should possess to permit a 
process of simple loading. 


We will study the phenomenon of the deformation of a continuous mediums 
from the geometrical point of view, apart from the physical nature of 
that medium, ithe derivations following below are applicable to gaseous, 
liquid and plastic or solid bodies. 


We will demonstrate that with an exact analysis of the phenomenon of 
the deformation of any continuous medium, the process of deformation, in 
which the components of the strain tensor vary according to the propor- 
tional law given above, may correspond only to deformations of some 
special type for the entire body as a whole. Of course, a state of strain 
of a particular kind can be assured for every body only by a very special 
type of external surface loading. 


It follows from this that apart from the physical nature of the body 
the concept of simple loading for arbitrarily distributed external sur- 
face forces has, in general, no meaning for finite deformations. 


To prove the statement formulated above, we will take some system of 
coordinates é*, &?, & fixed in the medium, and analyze two positions of 
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the body: first, the original position, in which an element of length is 
given by the formula 


ds,? = g,,° (1) 
and second, the final position, in which the element ds, corresvonds to 
the element ds, where 

ds* = g,, de (2) 


In these and the following formulas, summation is assumed to take 
place on repeated upper and lower indices. 


As is well known, the covariant components of the strain tensor are 
given by the formula 


1 a 
= Cap — bap ) (3) 


Let us assume that the deformed state under investigation can be ob- 
tained from the original state by means of a simple loading where the 
strain tensors for the intermediate states are given by the formulas 


e.g = *(t) = — Bag) (2,3 = 4, 2, 3) (4) 


where O0< k< 1, k(0) = 0 corresponds to the first original state, and 
k(t) = 1 corresponds to the second state. 


Let us now recall the nature and the derivation of the geometrical 
compatibility conditions for the components of the strain tensor. Since 
the quadratic forms of the squares of the elements of length determine 
the element of length in the Euclidean space, the Riemann tensor goes to 
zero for the fundamental tensor Sap * This gives the relation 


and the matrix || 28 |) is the inverse of || ap” 


In the general case equation (5) represents a system of nonlinear 
second-order partial differential equations consisting of six independent 
equations corresponding to the following systems of indices: 


ij py = 1212, 1313, 2323, 1213, 2123, 3132 (7) 


The system of coordinates ¢', £7, ? fixed in the medium is arbitrary 
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: and deforms together with the material. This coordinate system may always 
* be assumed to be in the original position a Cartasian one, and consequently 
the components of the tensor to not depend on &. when this 
. fact is utilized, the compatibility conditions for the components of the 
3 tensor € aR can be written on the basis of (4) and (5) in the form 

—— t kg G 

4 


(9) 


« Qj > \| are 


and where in the base fap” the contravariant components of lle 
determined from the matrix equation 


? 
With Owe have 


The coefficient k can assume arbitrary values in the interval (0.1), 
and thus the system of equations (8) separates into the following two 
systems of equations 


where the components of g**™ depend on the arbitrary value of k, which 


leads to an increased number of equations on f af in system (12). 


The system of equations (11) for the components of the finite strain 
tensor € aR coincides with the system of St. Venant equations for the com- 
ponents of the infinitesimally smal] strain. The general solution of 


system (11) can be presented in the following form: 


vut 


trary functions of their own arguments. In the approximate linear theory 
the quantities Q,, o. () can be considered as vector components of dis- 
placements of a point of the medium, 


Equations (12) can be considered as additional equations limiting the 
form of the functions Q (é', &, &*) and correspondingly the form of the 
functions tape &?, €°), giving the strain which allows a simple load- 
ing. 


0 


where 
oe oc 
xv 4 xj 
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Obviously, equations (11) to (12) are satisfied if the strain is homo- 
geneous (affine), when a const (a, B= 1, 2, 3). 


As an example we will study a strain which for an orthogonal Cartesian 


coordinate system is given by the following formulas: 
(), = h =}, 


and correspondingly 


€11 = C22 = = 0, h(=%), e19 h’ (E3) E* 


where h(é?) is an arbitrary function which is not constant. 


It can be easily verified that with k= 1 the system of functions (14) 
satisfies all equations of system (12) and with & # 1 one of the equations 
(12) corresponding to the indices i= 1, j = 3, w= 1, v= 3 is not 
satisfied. Consequently, the components of the tensor to ° = ke oR where 
‘aft given by formula (14), do not satisfy the compatibility conditions. 


Thus the geometrically realized deformation given by tensor (14) can- 
not be obtained from the initial state by means of the process of simple 
loading, for geometrical reasons. 


If the deformations are infinitesimally smal! and only smal! terms are 
preserved in the compatibility conditions, then the compatibility condi- 
tions are satisfied, with a proportional change of the components of the 
strain tensor at every point of the body for any strain distribution 
allowable by the compatibility conditions. 


Thus, because of its nature, the concept of simple loading can be only 
applied within the framework of the approximate linear theory, which is 
valid only for geometrically small deformations. 


It is well known that in the typical and basic problems of the theory 
of motion of a viscous liquid, and in the theory of an ideally plastic 
medium, the deformations are finite, and thus the extension of the motion 
of simple loading to this case should not supposed to be always 
possible. 


Of course, in the general case, the strain distribution inside the 
body imposes some limitations of a geometrical character upon the possible 
deformation paths for neighboring particles of the medium when the ex- 
ternal conditions prescribe some process of deformation of the body as a 


whole. 
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ON THE SUFFICIENT CONDITIONS OF STABILITY 
OF ROTATION OF A TIPPE-TOP ON A 
PERFECTLY ROUGH HORIZONTAL SURFACE 


(0 DOSTATOCHNYKH USLOVIIKH USTOICHIVOSTI VRASHCHENITIA 
VOLCHKA "“TIP-TOP", NAKHODIASHCHEGOSIA NA ABSOLIUTNO 
SHEROKHOVATOI GORISONTAL’ NOI PLOSKOSTI) 
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The tippe-top is a top with a spherical base, whose center of gravity is 
below the center of curvature. 


It is assumed that the top is on a perfectly rough plane surface, the 
friction exerted is dry, and the system is conservative, with an energy 
integral. 


In this paper the author derives equations of motion for a tippe-top 
on a perfectly rough surface, the ellipsoid of inertia about the center 
of gravity being an ellipsoid of revolution. The first integrals of the 
equations of motion are obtained and the conditions of stability of small 
vibrations of the top axis about the vertical are determined. 


Let p, q, r, be projections of the instantaneous value of the angular 
velocity vector w on the moving coordinate axes &n¢ which coincide with 
the principal axes of inertia of the top, and whose origin coincides with 
the center of gravity. 


Let Yy» Yor Yq» be direction cosines with respect to the moving axes 


End of the unit vector k, along the direction of the force of gravity 
mg, sensed upwards. 


Let A be the principal moment of inertia of the top about the axis é 
and the axis 7; let C be the principal moment of inertia about the axis 
&; let k be the unit vector along the axis ¢; let L, be the angular 
momentum of the top about the center of gravity. 


The angular momentum of the top about the point of contact of the base 
is 
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dr 
L = (ak; —/k)*O0+L, 


Here dr/dt is the velocity of the center of gravity, a is the radius 
of the sphere, | is the distance from the center of the sphere to the 
center of gravity. 


From (1) we obtain 


dL a'r dle 
ae = (ak, — lk) m die dt 


On the strength of the theorem on angular momentum about the point of 
contact we have 
dle 
+ (ak, mag (ak, — lk) » ky 
The velocity of the paint of contact of the top base is zero 
ar 
ry @ » (ak, — lk) = 
Let u, v, w, be projections of dr/dt on the moving axes. Projecting 
(2) on the moving axes we obtain 


du 


1)ar + Wi 


Since the direction of the force of gravity is a constant 


Here the prime denotes the apparent derivative (derivative with res- 
pect to moving axes). Projecting (5) on the moving axes we obtain the 
Poisson equations 


dy; 
ry 


By the kinetic energy theorem we have 


{ dr 
aT =d|- + m(5 | = (ik + ky) 


From (7) we obtain the energy integral 
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dr \? 
® 4- m 2mglk ky 2h const 


{A + m (a? — 2alys + (p? + 9?) + [C + ma(a — 2ly3)| — 


— + 2malra, + 2mgly3 = 2h 


where 
@) = pyi + + Ys 


In order to obtain a second integral we dot-multiply (2) by (ak, — lk); 
since 


w= k +(kew)k, a = Aw’ + Cw", = (kX k, w” =(kew)k, 10 


it follows that 
k)-Lp = 0 
and it means that 


d 


at {Lo (ak, = 0 


Lo « (ak, — /k) = Py = const 


Aaw, + (C — A) ayer — Clr Po (8) 


It is seen from the integral (8) that the projection of the vector of 
angular momentum about the center of gravity on the radius vector from 
the center of gravity to the point of contact is a constant. In order to 
obtain a third integral we substitute in (2) the expression for d°r/dt’, 
dot-multiply the result by k, and take into account that dk/dt is per- 
pendicular to L,. The result is 

ar dy dq 
+ ma*® (1 — y3*)] ma (evs — a ) — malr (y1q — y2p) = 0 
Substituting dy,/dt from (6) for qy, — Dy, in the above equations, and 


introducing @, we obtain 


doy) d 


dr 
(C + ma?) a (ay3— mal (ry2) = 0 (9) 


Substituting in (9) the expression for d(ry.)/dt from (8), then replac- 
ing the expression (C — A)ay, — Cl by its equivalent from (8), and inte- 
grating we obtain 
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((C — A) (C + ma*) — Cml*| r? — 2maPoer, + Ama*a,? = = const (10) 


It is seen from the integral (10) that the projection of the angular 
momentum about the point of contact on a principal axis of inertia is a 
constant. Integration of equations (6) gives 


v1? + + ys" = 1 
Let us consider the stability of rotation of the top about its vertical 


axis # that is the stability of motion given by the particular solution 
of the equations of motion (3) and (6) 


u=v=w=0, p=q=0, r=ro=const, 


We are investigating the stability of rotation of the top with respect 
to the variables p, q, r, Yy* Yo» Yq» under the conditions (4). 


In the perturbed motion we put 


where €,, No» are small quantities. 


Since @ = PY, + W>+ TY. it follows that in the perturbed motion 


= + Fa, Ea = Erm + + Esns + roms + Es 


The equations of the perturbed motion are obtained from (3) and (6) by 
removing from them u, v, w, substituting for p, q, r, Yas Vou Yao the 


expressions (11) and making = + 


The first integrals of the perturbed motion are 


Vy = {A + m [a® — 2al (1 + m3) + (E12 + + 2mgl ng + 2malE, (r, + Es)+ 
+ {C + ma [a—1(1 + 2n3)]) (27,25 + — mate, (2r, + Eg) = const 
+ (C — A) (a — l) — Aa] Es + (C — A) aEgns = const 
— A)(C + ma*) — Cml*| + 2r, — A) (C + ma*) — Cml*| Es 
— Jmar,[C la as Aa] Ima*= const 


+ 13" 


The Liapunov function is constructed by the Chetaev method in the form 
of a combination of the integrals 


V =V, +2V24+ + + 


The constants A and p are determined by equating to zero all the linear 
terms of V, with the exception of the positive one (— 2 aa’ r,*n,) 


(mgl vy 1+ mila — mar,?{a(A C) 17 — m2? (a — 1)} 


aro” (a ly) {ml (ge + + vi 


ar,*(A ma (a 


The constants p and v are arbitrary, with p being a negative or a 
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sufficiently small positive quantity. Let 


15% 
N3" +m (1 uA) 
13 + 


+ — omar, “hs 


where 


A (2umroa + 


The function V is then a positive-definite function of the variables 


No. Na, if the quadratic form of the above variables, is 


also positive-definite 


ye v (M17 + + Ag (E191 + 
According to Sylvester the necessary and sufficient conditions for 
positive-definiteness of V** are 


1) 0, 


(1 + Cy) + A (2pmroa + > 0(12) 


[ro*ma? (1 + pA) + 9+ 40] — 


According to Liapunov the conditions (12) are the necessary conditions 
for the stability of rotation of a top about the vertical axis. The con- 
ditions (12) become: 


if p= 0 
4 {A + m(a—1)*] v— a®[— 2mro(a— 1) + AAP > 0 
4(C + 2ma?) (r,2ma? + v + 4¢) — > 0 
+ 4o>0 
(a — 1) mgl 
(a—I) 


wre?) mil 
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Ay = @[—2mro(a—) (1+ + 
>2 
if d 
2) 4A 3) 4) ¥>0, 6) Ay>O 
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1) C + 2ma?® + uC - A + m (a? 
: 2) (0) 
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if p= 0 andp > 
4{[A+ m(a— v— a? [— 2mr, (a — 1) + AAP 
4 (C + 2ma?*) + ma*® + v) — > 0 


(a — 1) mel 
p.2 


IC —(a- 1) mij 


Cary? — (a — l) (g + arg?) ml 


+ 2uAAmarg|* > 0 
pA) +v+ 


where 
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ON THE STABILITY OF ROTATION OF A RIGID BODY 
WITH ONE POINT FIXED IN THE EULER CASE 


(OB USTOICHIVOSTI VRASHCHENIIA TVERDOGO TELA S ODNOI 
NEPODVIZHNOI TOCHKOI V SLUCHAE EILERA) 


PMM Vol.23, No.2, 1959, pp. 406-408 


M. P. GULIAEV 
(Alma-Ata) 


(Received 29 September 1957) 


The differential equations of motion of a rigid body with one point fixed 
in the Buler case are as follows: 


dp 
A de (B—C) ar 


where A, B, C, are the moments of inertia of the body about the principal 
axes of the central ellipsoid; p, gq, r, are the components of the instan- 
taneous angular velocity along the moving coordinate axes x, y, 2, which 
coincide with the principal axes of inertia; y,, y,, ys, are the direction 
cosines of a fixed axis ¢ with respect to the moving coordinate system 
xyz. 


Among all possible motions of a rigid body in the Euler case, the most 
important from the practical point of view are constant rotations about 
principal axes of inertia passing through the fixed point and coinciding 
with the ¢ axis. 


Many authors have investigated the stability of this kind of rotations. 
For example, the very well-known purely geometrical! solution of this 
problem by the Poinsot method is to be found in any full course of 
mechanics. Nekrasov has investigated the stability of these rotations by 
using the Liapunov first approximation (see his course of theoretical 
mechanics), whereas Chetaev [ 2 ] has used the Liapunov direct method. In 
the above investigations the problem of stability was solved only with 
respect to the three variables p, q, r. In this paper the problem of un- 
conditional stability of particular solutions of the system (1) with 
respect to all variables of the problem, p, q, 7, ¥y+ Yo» Yq» 18 solved. 


We will first consider a rotation about the x axis of the central 
ellipsoid of inertia expressed by the following particular solution of 
the system (1): 


ou 

22 

2. 

579 


M.P. Guliaev 


The above solution describes the motion of a holonomic conservative 
system. Chetaev, using the Liapunov direct method, demonstrated [1] that 
such a motion is stable only when the system of equations of the per- 


turbed motion has an integral that is sign-definite for variations of the 


variables of the problem. 


In the Euler case the following first integrals are known: 


+ B%q? + Cr? const Ap* + Bq? + Cr® const h 


Apy; + + Crys= const = k, + y2* + = const = 1 


The variations of the variables in the perturbed motion will be de- 


noted 


p- 


The variational equations 


const 


Vs 


Moreover, from Vy we obtain the equality 


- 


“51 


We will construct the Liapunov function in the form of the following 
combination of integrals: 


Substituting (2) in (4), and grouping the terms appropriately, we ob- 


tain 


If it could be shown that the function V vanishes only when all vari- 


ables in it are zero, then the definiteness (positive) of V would be 


proved. We will first examine those values of the variables which make 


the first three expressions in parentheses equal to zero in (5) and are 


not all zero simultaneously: 
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a ce have the following first integrals 
1-2? + + C23? A? wo" const 
ig , ‘> 
V2 ia B3* + C8 2Awx const (2) 
= i | + + + 0) 
= 
I 17 (a — (B3 +- (C8 + (Aa* + B32 + C8? + 24wa)? (5 
: 
: Fa 


Stability of rotation of a rigid body 


The function V will contain only the fourth expression in parentheses, 
which by using (3) can be transformed into 


(A 
1) + 


A 
B 


A 


On the strength of (3) it is seen that the above expressions cannot 
be made zero when the values of the variables as given in (6) are suffi- 
ciently small and when the moments of inertia A, FB, C satisfy the in- 
equality 


(A — B)(A—C)>0 


On the other hand, it is easy to show, that the function V can be made 
zero for the following values of the variables: 


We will show, however, that this last case can be excluded if the 
initial perturbations, a,, €,,, are sufficiently smal! and 
do not make the integrals Vie Pas ¥V,, simultaneously zero. Indeed, if we 
take into account (3), then the equalities (7) become 


which substituted into (2) make V,, V,, V,, equal to zero simultaneously. 


This means that sufficiently smal] perturbations will not make the 
integrals (2) equal to zero simultaneously if 


and then the function V will be positive-definite. On the strength of the 
well-known Liapunov theorem [3 ] we conclude that the constant rotation 
about the smallest (A > B>C) and the largest (A R< C) semiaxes of 
the ellipsoid of inertia is stable with respect to all the variables of 


the problem, p, q, rT. ¥,» Yo» Y¥a- This conclusion can also be reached on 
the strength of the perturbed equation Vv 0. 


A constant rotation of the body about the intermediate semiaxis of the 
ellipsoid of inertia corresponds to the following particular solution of 
the system (1): 

and it proves to be unstable. Using the same method as before, for the 
variations of the perturbed motion we will have the following function: 

V B24 =>) C8 Bot.) B3* + + 2Ba3) 


When the variations assume the values 
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£ the first three expressions in parentheses in V vanish and V becomes 

B B 2 

V = Brat | | + ( a —1) 

‘ which combined with the inequality (*), can be made equal] to zero when 
ys variations have the values given in (9) and when ey €,, satisfy the 

equality 

C(A— A(B—C) =0 

- It thus follows from the above that in this last case the function V 
j is not definite and the Liapunov conditions for stability are not satis- 
4 fied. 

; 


In order to prove the instability of the particular solution (8) we 


' will consider the function 
V a3 + 
. and in the region V> 0 select a strip where the variations a, £, €.. é, 
: have the values (9). In view of the equations of perturbed motion 
: da i 
Az, — (B—C)(w+ B)8=0,... F-=8(1 + &2)— + 8),... (10) 
a fe and after the substitution of (9) in the expression for V, the derivative 
a of V will be 
B—C.. 
- 
| If (o + B) = 0, then the instability follows from (10). If (w+ A) > 0, 


then V will be positive-definite in the region V> 0, The function V does 
not depend explicitly on t, and therefore allows an infinitely smal] 

: ; upper bound. Now, by one of the Chetaev theorems [2] on instability, we 
j : can conclude that the rotation of a rigid body about the intermediate 
semiaxis of the ellipsoid of inertia is unstable. 
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A GENERALIZATION OF A PROPOSITION BY LIAPUNOV 
ON THE EXISTENCE OF PERIODIC SOLUTIONS 


(OBOBSHCHENIE ODNOGO PREDLOZHENIIA LIAPUNOVA 
SUSHCHESTROVANIIT PERIODICHESKIKH RESHENIT) 
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(Received 3 February 1958) 


Let us consider the system of equations 


dr 


a = Freee (71, eee 


where are constants, x, analytic functions of In the 
neighborhood of the point 2,° 0, the series expansion of these functions 
in powers of x 


X,(0, 0). 


teottte Fp begins with terms not below the second order, 


Liapunov has shown that if among the roots of the equation 
| @,; — | 0 (2) 


there exists a pair of pure imaginaries of the form * Ai, and if the re- 
maining roots have negative real parts, and if the system (1) has a holo- 
morphic integral, independent of t, of the form 


(3) 


where 4 is a quadratic form, and where Tie eee Ty is the first integral 
corresponding to the root Ai of the linear system of differential equa- 
tions of the first approximation 

dr 


dt @,,71 eee xn (4) 


be- 


and if the function Mx,, +++, £,) has an expansion in x 
ginning with terms of at least the third order, then the system of equa- 


tion (1) has a family of periodic solutions, depending on one real para- 
meter. The period of this periodic solution is also dependent on one 
parameter, and will be a holomorphic function of that parameter. The 
solution x= 0 is stable in the Liapunov sensg, and any solution with 
initial conditions sufficiently near 2,° O,will, as t + o, approach one 
of the periodic solutions of the said family. 
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We will note that this proposition is usually formulated on the assump- 
tion that the roots * Ai are excludedfrom the system of equations of the 
first approximation (4). 


The Liapunov proposition cited can be generalized. 


1. We will assume that equation (2) has a critical roots with simple 
elementary divisors of the form * NAi, where N is a positive integer or 
zero, and that among these roots there exists at least one pair of roots 
of the form + Ai. The remaining roots of equation (2) have negative parts. 


2. We will further assume that the system of equations (1) has a — 1 
holomorphic integrals of the form 


(k=1,....m—1) (5) 


where M,(,, sees 2) are first integrals of system (4), corresponding to 
critical roots of the form + AiN, and themselves representing forms with 

constant coefficients of the first or second order. The intagrals M, are 

independent among themselves. The functions », are expanded in series in 

the neighborhood of the point :,* 0, starting with terms whose order is 

higher by one than the order of the corresponding integral M,. 


Let (D, p» bbb Pak? (k= 1, ..., m) be a periodic solution of (4), 
corresponding to the critical roots. It is clear that the expression 


aM, 


where the index x. indicates the substitution 


Bn? jm 


j= + (B, = const) 


is a periodic solution of a linear system, the conjugate of (4). 


Thus the product 
aM, aM, 
ee 
6M,,_, 


equals the constant matrix 


1 m 
It can easily be shown that on the assumptions made about critical 
roots (to which correspond simple elementary divisors), the rank of the 
matrix B is m— 1. In fact it is clear that no row of the matrix can 
consist of zeros, for otherwise the system (4) would have a solution 


iF 
My (21, + Dy (71, By) = Cy 
1905 
\J=1,.-.,% 
j 
x 
4 
Yom | B (6) 
Tr ne . Tn 
= 1 Png nm 
4 
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corresponding to one of the critical roots with a secular term, since 
= b> = 0 is the condition for the existence of a periodic 
solution for the system of linear nonhomogeneous equations 


dz 


This last contradicts the assumption that simple elementary divisors 
correspond to the critical roots. Let us now assume that the rank of B is 
less than a— 1, We can then choose constants ly. ery l. such that the 
first row in matrix B will become zero, e.g. if instead of the first 
periodic solution (¢ éée Pay) we take the combinations of periodic 
solutions 


11° 


Hence it follows that the rank of matrix B equals a-— 1. 


Theorem 1. If assumptions 1 and 2 are fulfilled, then the system of 
equations (1) has a family of periodic solutions depending on a — 1 real 
parameters. The period of this solution wil] be a holomorphic function of 
these parameters. 


The solution ,° 0 is stable in the Liapunov sense, and any solution 
with initial conditions sufficiently near s,° 0 will tend, as t + «, to 
one of the solutions of the family. 


Remark: The validity of this assumption for the case when, in addition 
to the critical roots + Ai, equation (2) also has zero roots to which 
correspond linear forms, was given by Liapunov in a note to the proof of 
his theorem[1] (p. 253). 


We will sketch the idea of a proof. Let us take the system of integro- 
differential equations 
m 


+ >) 
i=] 


(4) 


(1 + t) + (Gy, 71 + | 


and where the functions Wy ie sede Uns are periodic solutions of the con- 
jugate system to system (4) of period 27/A. 


This system has a periodic solution depending on a— 1 parameters 
B,. «++» and the parameter r of the form 


= Ps) Pit Den 3 band (t 


s 


m m 
o=] 
959 
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where are periodic functions of time and analytic functions of andr, 
- whose series expansion begins with terms of the second order in the 
neighborhood of the point B=r = 0, 


The functions wv; will thus have the form 


31 


For the system (1) to have a periodic solution of period (27 /A)(1+4r), 
it is necessary and sufficient for the system of equations 


O (11 


to have a solution in the neighborhood of the point (}=r = 0, The pro- 
positions formulated are an immediate consequence of the’results published 


in{2]. 23 
3 Let us now assume that the integrals (5) hold good. We will substitute 
2 in them the periodic solution (9) of the auxiliary system (7), (8). We 
get 
(7; (t, 8, t), .) + D, (2) (t, 8, 1), 


Differentiating these identities with respect to t, and taking into 
consideration that x,(t, r), ..., 2,(t, B, +) is a periodic solution 


of the auxiliary svstem, and that C,(t, B,. 


_,» 7) is a periodic 
function of t, of period 27 /A, we will next integrate these identities 
with respect to t between the limits 0 and 27 /A. We thus get the system 
of linear homogeneous equations 


= Terms whose order in # andr is higher than the first are not entered 
£ tn the parentheses (...). Since the rank of matrix B is a — 1, without 
# loss of generality we can assume that a system of linear homogeneous 

equations in Wye Can be solved for 

z Therefore, for system (1) to have a periodic solution in this case, it 

¢ sufficient for the condition 

4 be satisfied. 

This equation can always be satisfied by a choice r (/},, Boe 1)» 
1 


r(0, ..., 0) = 0. Substituting +r in (9), we get a family of periodic 
solutions depending on the parameters B,. babs Bou4: The period of this 
solution will be 2” /A (1 4+ r ). This proves the first part 


1 
of the assertion of Theorem 1. 
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The proof of the second part of the theorem presents no difficulties, 
and is a consequence of the general assumption of the Liapunov stability 
theory as to a special case of the existence of a parametric solution in 
critical cases. 


When the number of first analytic integrals is less than a — 1, in 
order that the system (1) shall have periodic solutions, some additional 
conditions must be satisfied. For example, the following theorem holds 
good: 


Theorem 2. Let the number of integrals of type (5) be | < a — 1. Then 
system (1) will have a family of periodic solutions depending on | inde- 
pendent parameters, provided that | #0 (i, j = 1, ..., 1), and pro- 
vided that the system of equations 


j=l+1,....m) 


can be solved for »—- | — 1 constant B’sandr’s, finding them as func- 
tions of the remaining | independent parameters fA. 


For instance, if g,°, 0666 Bo. , t° is a solution of the equations 
(By. O(j = 144, ..., m) and if at the point 


J ) 
Boia r= the condition 


q 
4 
+ 


is satisfied, then system (1) has a periodic solution depending on I! para- 
meters. 
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EQUATIONS OF PERTURBED MOTION IN 
THE KEPLER PROBLEM 
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Equations of perturbed motion of a planet were partly known to Newton; 
the history of the problem and the derivation of these equations are pre- 
sented in Tisserand’s well-known treatise on celestial mechanics[1] and 
in the work of Krylov [2]. Tisserand, following the general methods of 
the theory of perturbed motion, computes Lagrange’s bracket expressions 
for the elliptic elements of the orbit; Krylov’s*derivation is based on 
geometric constructions, These equations have also been derived in 
Duboshin’s book [3 ]. 


The derivation suggested below is based on the direct application of 
the method of variation of parameters. The equation of the elliptic orbit 
is written down in vector form, 


"a (i —e?) 
@ 
1 +ecos> e, (1) 


[r= 


where e. is the unit vector from the center of attraction to the moving 
point; a, e are the major semi-axis and the maximum eccentricity of the 
orbit, cos d= e,t,, where i, is the unit vector in the direction towards 
the perigee (the major semi-axis of the orbit). 


We introduce an orthogonal set of unit vectors =e, x 
the unit vector es is in the orbit plane in the direction of increase of 
angle &, perpendicularly to e.. the vector e, defines the orbit plane in 
an unperturbed motion, 


In an unperturbed motion this set has an angular velocity de,, so that 


é, = — = 0 (2) 
and according to the law of areas 
_ (i 


Y 


a 
: 
‘ 
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where » is the proportionality coefficient of the law of attraction. 


The position of the orbit plane is defined by the longitude of the 
rising node (1), which gives the direction of the unit vector n of the node 
line, and by the angle of inclination i of the orbit plane to the plane 
o€n of the system of fixed axes o&n¢: the position of the perigee in 
the orbit plane is given by the angular distance w of the perigee from the 
node, so that cos w= n-i,. 


The velocity vector of the perturbed motion, as follows from (1), (2), 
(3) is equal to 


] 


—— je, e¢sin+e_(1 + ¢ cos 


and the acceleration vector 
an as « (5) 
p? 

Following the method of variation of parameters, for vectors r and v 
we will retain the same expressions (1) and (4) for the perturbed motion 
as for the unperturbed one; but the elliptic elements of the orbit a, e, 
Qf, i, w will not be constants but unknown functions of time. On account 
of change of angles 2, i, w in the perturbed motion, the angular velocity 
@ of the set e.. ey e, will be equal to 


di 
k= + +9) (6) 


where k is the unit vector on the axis O¢. 


Its projections on the axes of the set e.. ey» e,, are obtained from 
the known formulas 


di 


= Osinisinu + osu 
r di 


di 


i cos u— sin u 

= cos i+w +9 
where u= w+ & Let us note that d in these equations of perturbed motion 
is different from the value obtained from (3); the latter will be denoted 


by d°: generally the small zero superscript will denote values for the un- 
perturbed motion below. 


From formulas for differentiation of unit vectors we have 


r r 


é, = @ X = — &, + (@s' + 9) 
= x = — (@s'+ 9) e, 


és x = 
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Setting as a condition the following equations 
r=v=v’", v=w'4F (9 
where F is an additional force acting at a point in a perturbed motion, 
after carrying out the differentiation and considering (8), we arrive at 
the equations 
or 


or . 
a+ —e)+r|(ws’ + 9) — wes] 
da de ? 


{ 
: V [ee sing + e_ (1 + ecos 9)] =v 
@vi-—e? 


+ p + 


From (10) we obtain three equations 


. 


The last of these equations wil] 


a 


“cos 


esing— —(1 + (13) 


Making use of relation (12), the equations obtained from the vectorial 
equation (11) can be written in the following form 


-esine 
2a e* 


From the first equation (12) and the last equation (14), recalling the 
values (7) of the quantities @, and@m,, we find the equations of per- 
turbed motion for the elements © and i 


dt of 
at picte 


From (13) and (14) we obtain 


F,cosu, Qsini Fssinu 
en 


e —V1—e? (F_ sing +- - 
{+ ecos9 


e cos: 


a 
[F,esine + (1 + ecos 9) F_| 


Q cos i +a 
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= 
(14) 
— — (1+ ecos — (cos > + + @s’e sino — e? F_ 
p i+ecoso 
(15) 


Equations of perturbed motion in the Kepler problea 


Equations (15), (16), together with the second equation (12), represent 
the required system of equations of perturbed motion. 
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The well known barometric formula of Laplace 


mgh 
P= Po — (1) 
is a particular, and by no means complete, example of the application of 
Boltzmann’s general formula 


i 
exp|— kl (2) 


where Il is the potential energy of the particle and T the absolute temper- 
ature, identical for all the parts of the region, to which the distribu- 
tion of the density p is related. However, the state of the system, though 
stationary in the thermal sense, need not necessarily be isothermal. 


Below we will investigate an infinite body whose particles are subjected 
only to forces of mutual attraction in accordance with Newton’s law. The 
equation of state need not be specified, it can be arbitrary. In the end 
some state of the system will be established, and it will necessarily 
possess spherical symmetry (we assume an infinite number of particles). 

A nonlinear integral equation is derived, connecting distribution of 
temperature with distribution of density. Knowing the distribution of the 
one, the distribution of the other can be obtained from this equation. For 
the Clapeyron state the problem can easily be carried through to completion. 
The above formulas (1) and (2) are obtained as particular cases for the 
isothermal state. 


Let us investigate a gaseous body consisting of a great number of 
particles each of mass a mutually attracted according to the law 


m2 


dyn om’) 


é 
re 
: 
vol 
¥ 
>. 
2 
q 
z 
4, 
3 
ao 
& 
4 
| 
4 
a 
= 
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(here y is the gravitational constant). In formula (3) one would like to 
write the more general I” instead of I for Newtonian attraction with a 
view to applying this investigation to the micro-phenomena of molecular 
and atomic order also, for instance to the case of Van-der-Waals action 
and exchange forces. In that case, however, we cannot use that particular 
feature of Newtonian attraction of a spherical layer which is the basis 
of the derivation that follows. Such a generalization would complicate 
the calculations, 


On achieving a stationary state, the gas inevitably assumes a form of 
spherical symmetry around the center of mass. This state will be considered. 


Let O be the center of mass. Let us envisage a solid angle dw with its 
apex at O and a volume element in it between the spherical surfaces of 
radii a and a + da, 


If the gas density in this volume is p(a), then its mass is 
(4) 


The resultant action of all forces of attraction on that portion of 
the gas is as if it were attracted only by the gas contained in a sphere 
of radius a, and as if the (attracting) gas were concentrated in the 
center O of the sphere. 


The attracting mass is equal to 
a 


(3) 4237 d3 


On the basis of (3), the force of attraction between masses (4) and 
(5) is 


yo(a)dadw \ (3)4 

Now imagine a spherical surface with center in O and radius r, and con- 
sider the portion contained within the solid angle dw. The area of this 
portion is r?-dw. Above r°dw is the totality of elementary voiumes of 
infinite extent, each with a mass given by (4) fora > r, and each being 
attracted to O by a force (6). These forces add up to create the force of 
pressure on area redw, equal to 


oO a 


\ vo(a)da da \ > (3) 423°d3 


Dividing (7) by the area rdw, we obtain the gas pressure p(r) at a 
distance r from the center of mass: 


q 
| 
(5) 
q 
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On the other hand, assume that the state of the gas is described by 
the equation 


p= 9(¢, 7) (9) 
: where, on account of the stationary state and symmetry p and T can only 
depend on r. 

4 Substituting (9) in (8) we obtain 

co 

Pele). 

: 

a For a given temperature distribution the distribution of density p(r) 


can be obtained from this nonlinear integral equation, and vice versa. 


In the case of a state according to the Clapeyron equation, for insta 
(10) becomes 


Let us note that 

z 

, is the mass of gas in a sphere of radius z. It follows from (12) that 
(z) 4x2? M’ (z) 


Bearing in mind (12) and (13), we can present (11) as 


(a; M (a) 


T (r) M’ (r) 


Differentiating, we obtain 


(r) M’ (r) 


(r) (r)|’ or TM’ 

This ordinary differential equation, of second-order with respect to 
Mand of first order with respect to T, connects the mass distribution 
with the temperature distribution of an ideal gas in a stationary thermal 
state. Either of these two distributions can be determined from the other. 


With respect to M, equation (15) is reduced to a type of Liouville 
equation which cannot be integrated in finite form. But let us imagine 
that the gas sphere has a kernel of radius r. and mass 4. so large that 
the outer gas mass will appear infinitely small in comparison. Equation 
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(15) can then be presented in the form 


TM’*- M’ -a,  fal=deg ca 16) 


For a given T(r), this equation is easily solved. Actually it is suffi- 
cient to obtain from it M’(r), and then use (13) to find p(r). 


But let us first clarify the question of temperature distribution. 


Let us investigate an infinitely thin spherical layer with surface 
radii r and r + dr. In a stationary state the temperature will be T(r). 
We will denote the coefficient of thermal conductivity by o and assume it 
to be independent of r. 


Through the surface r+ dr an amount of heat 
will flow in unit time. 
Through the surface r, an amount of heat 


— (r)], 
will flow in unit time. 


Consequently an amount of heat 


4no {[r°T"), 44, — or dr 
will be added to the layer in unit time. 


If this amount were not identically zero the state could not be sta- 
tionary. The requirement of a stationary state leads to the Laplace equa- 
tion (for spherical symmetry). 


[r?7")’ = 0 (20) 
Its general solution is 


A 
T(ry=—+B (21) 


where A and B are arbitrary constants defined by boundary conditions. 


For instance, let there be a layer between surfaces of radii R, and 
R, (ro < R, < R,), maintained at a constant temperature 7* by a permanently 
acting radio-isotopic radiation uniformly distributed in this layer. Let 
a constant temperature T, be maintained on the surface r,. Further, let 
T(r) + 0 for r+ oo, For this case a simple calculation will yield 


R,T* (r — ro) + roTo (Ri — 


(Ry — 


(roxr =< 
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(Ri <r < (23) 


(r > R) (24) 


In particular, if R., = Ry = fo and T*= T, and T+ O for r + o, we will 


have a monotonic decrease of temperature from T) to 0, according to the 
hyperbolic law. 


T (r > ro) (25) 


Subsequently we will confine ourselves to this particular temperature 
distribution. 


on the basis of (13), we derive the following: 


From equation (16), 


r 
Po? dr oF 
r 


According to (16) this yields 


r a r 
e (r) = ¢ (ro) = exp | In— — —— In- (27 
an To Pol ¢ To 
j a r— 
= — exp | —— In(i+- | (28) 
r To 


Noting that r — r= his the height above r,, which is considered 


small by comparison with Pais we can assume 


r- ro | h 


ro ro 


In (1 + (29) 


Finally, making use of (16) and of the fact that 


yMyn 


instead of (28) we ob- 


represents the weight of the particle of mass a, 
tain 


Po mgh 
= — 3 
(r) (ro) exp | | ( 1) 


= 


Identification of r with ro leads to the Laplace formula (1). 


Translated by J.S. 
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TOWARDS NEW TASKS IN MECHANICS 


(Fditorial ) 


The program of Communist construction adopted at the 2lst Congress of the 
Communist Party of the Soviet Union opens up erandiose perspectives re- 


garding the development of science in our country. 


The achievements of Soviet science received a high appreciation. The 
advances in industry, in science and -chnology made our country a 
pillar of world progress. 


The contribution of science during the seven-vear plan of further 


economic development of the country should be more substantial. 


The achievements of science and technology make it possible to perceive 


more exactly and profoundly the secrets of nat ire, to discover the laws 


of processes and phenomena in nature, in order to use them for the welfare 
of humanity. 


The noble role of Soviet science -- service to people -- makes our 
scientists responsible for the fulfillment of that order which is in- 
corporated in the resolution of the 21st Congress of the Comaunist Party 
of the Soviet Union: *... the Congress considers it necessary to achieve 
in the course of seven years a still faster levelopment of all branches 
of science, the realization of important theoretical investigations which 
guarantee further scientific-technical progress. With this aim, a broad 
program of scientific research should be estal ished, concentrating the 
scientific manpower and means along the most important directions which 
have practical and theoretical significance. It is nec essary to strengthen 
the ties between scientific establishments and practice, to intoduce 
broadly and quickly the latest achievements of « rence and technology 
into the economy, to conduct more boldly the experimental and construct- 
ing work.* * 

The Congress formulated the task of further all-round development of 
the productive forces of our count ry, further technological] progress, 
using the material and enerpetic resources in nat ire, as well as an in- 
crease in work productivity. 


Report of the Extraordinary 21st Congress of the Communist Party of 
the Soviet Union, p. 152, Gospolitizdat, 1959. 
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Editorial 


The application of high-speed methods, the application of high 
pressures and temperatures, vibration technology, intensification of 
technological processes in various domains of industry, of power genera- 
tion, of machine construction and of metallurgy, require a further 
development of mechanics of deformable media, the creation of a theory 
of creep and plasticity on the basis of modern physics, as well as a 
study of mechanical properties of new materials. 


The creation of new and improved systems for automatic control requires 
a further development of the theory of stability of motion and the theory 
of oscillations. 


The exploration of cosmic space and of the upper layers of the atmo- 
sphere with the aid of artificial satellites and cosmic rockets requires 


the study of interaction of rigid bodies with supersonic flow of gases vi 
and liquids, taking into account the influence of temperatures as well 23 
as of electromagnetic phenomena. 195 


The further development of computational techniques, related to the 
use of high-speed computing machines, requires a development of the pro- 


gramming and modeling methods for the application in practice of 


theoretical results obtained in various branches of mechanics. 


It is difficult to enumerate, and it is possibly even more difficult 
to foresee, those problems which will arise in technology and industry 
during the fulfillment of the grandiose plan of constructing the 
society. 


However, the scientists and research workers in the field of mechanics 
and applied mathematics will honorably discharge their duty, and will 
expend all their forces and knowledge for the fulfillment of the 
responsible tasks, allotted for Soviet science by our Communist party. 
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ON THE ELASTO-PLASTIC WAVE PROPAGATION 
IN A HALF-SPACE 


(0 RASPROSRANENIT UPRUGO-PLASTICHESKIKH VOLN 
POLUPROSTRANSTVE) 


PMM Vol.23, No.3, 


1959, pp.419-424 


Kh.A. RAKHMATULIN 


(Moscow) 


(Received 17 February 1959) 


1. Formulation of the problem. Let the pressure p(x, y, t) be 
acting on the boundary z = 9 of a half-space xyz. As is known, two time- 
dependent regions can be distinguished in an elastic half-space. In one 
region there will be only longitudinal waves, while in the other region 
longitudinal as well as transverse waves will exist. 


We note that the front of the transverse waves will be a wave of a 
weak discontinuity. For the case of elasto-plastic wave propagation the 
qualitative picture of motions will be the same. 


An approximate method of solution is given below for the problem of 
propagation of waves of weak discontinuity in a half-space, the boundary 
of which is subjected to the action of a normal pressure. 


First, we note that the essential factor will be the displacement 


along the z-axis in direction of the pressure on the boundary. 


For u= v = 0, the dynamic equations of the theory of elasticity are 


From the form of this equation it is seen that the forward front of 


the disturbed region is different from the same obtained from the exact 
solution. We propose to improve equation (1.1) so that the form of the 
forward front would coincide with the actual one. 


Clearly in this case (1.1) will have the form 


= ( a = (i .2) 
on dx? 


It has to be emphasized that our formulation of the problem is diffe- 
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rent from the acoustical version of the dynamic problem of the theory of 


elasticity known in the literature. 


Although (1.2) represents the wave equation, the boundary conditions, 


however, are different from the boundary conditions for the lisp! ac ement 


potential, . Besides, the stresses are expressed by w in a different way 


than by & Moreover, solutions of (1.2) for a given value of the normal 


derivative Ow/dz has a simpler form than for & Even the qualitative 


solut Tons of our form|at ron of the prol | am will et 7 ly liffer 


from the acoustic formulation. 


In leed, the acoustic theory corresponds to the motton of an elastic 


fluid. As a consequence of this, if on the portion oft the houn lary where 


the pressure 1s ipplied there appears a depression, in opposition thereto 


there will appear a bulge in the free portion. This is not observable in 


the elastic hal f-space. Many properttie 1s well as the solution of (1.2) 


are close to reality. 


We note finally that the solution of the static prol lem justifies the 


assumption u= v = 0, 


2. Solution of an approximate problem of wave propagation 


in an elastic half-space. Following Rayleigh, we shall seek solutions 


of (1.2) in the following form: 


The reevion of int egration, G) 1s a part of f-space led hy the 


surface of a hyperboloid 


and the plane Tt 1s easv to lemonstt ite the fol le wing mality 


that 1f dw/dz const. for z= 9, then from (2.3) we obtain 


assuming that t) 1s a continuous function of ca 


This difficulty 1s overcome 1f the condition of continuity of ¢ is 


abandoned, and if we put 


Bir, y +) 


is Thrac’s function; Blx, y, t), is a continuous function of 
t. Then (2.4) yields 


where 5(t) 
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From (2.5) we find 1 asa 
Bia, y, t) 


Substituting (2.4) and (2.6) in (2.1) we get 


1,3 (t) dEdndr y, Or) 
w(x, y, 2, t) \\\ — _! \\ = (2.7) 
& ry? + (n y)? + 2? VUE ry? + — y)? + 2? 


Consider now a case of wave propagation due to a suddenly applied axi- 
symmetric load, which remains constant after app lication. 


The solution will have the form: 


w(r,y, 2,t)=A \\ (2.8) 


Using (2.3) and (2.4) we find 


oz 2n 


The region of integration in (2.7) is a common volume of a cylinder 
of radius R, (radius of the load) and of the hyperboloid (2.2), 


During the process of integration with respect tor, the variables € 
and 7 are separable. Consequently, in the &-region the three cases of 
the relative position of the circles 


(E r)" + = at 


are possible. 


The integration takes place along a common part of the circles with 
the radii R, and r. 


i” 


t 
Aw 
= |. A 2r \B (x, t)dt (2.5) 
q 
0 
(2.6) 
racy 
q 
| 
La X 4/, 
— Fig. 1 


Kh. A. Rakhaatulin 


Case 1. Introducing polar coordinates we obtain 


w 

2.10) 

; We now explain where this solution is valid. For the case 1 it is seen 

from Fig. 1 that 

2 2. 

¢ We have x* + y* = r*, and consequently 

x at < V (R, + 2 (2.11) 

: Since at is the distance from the forward wave front, then (2.11) means : 
, that the solution (2.9) is valid in the shaded areas of Fig. 2. This is : ? 
« in complete agreement with the physical picture of the motion. Thus it is } 
¢ shown that the plane part of the forward wave front carries a pressure 

: which is applied at the initial moment. 

: Pig. 2. 
2 Let us split the region of integration into two parts, as shown 

r in Fig. 3. Putting x2 + y? = r* and a’t — y? = p’, 6, can then be found 

from 

‘ Re 9? p2 2 

4 sin 6, V 1 [ Sor (2.12) 

- The equation of the polar radius in the region IT will be 

R = V R,? —r* + r* cos? 6 — rcos 6 2.13) 


By means of the formlas (2.8) and (2.9) we obtain 


at 

A 
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dé dy, 
xr)? + (n—y)* + 2? 


w(x, y, 2, t) 


Since p? 
+06, 


and furthermore (Fig. 4) 


2rocos$,, cos 6, 
R? — 2rR — 


rcos 9 r* cos* 6 


We have therefore 


| 
| 
+! 
Fig. 3 
>? 2 Usi . 
. sing polar coordinates we have 
p24 2; 33 
9 9 e | 2 2 
(2.14) 
Case 3. Note that r-p>R,, r>R,, 
q 
r? 4. A? 
4 0 
_ 6 
w= \ dé \ —— + 2*— + 27} 
on Vre+2? J 
6: R 
or 
w 20,-+5— \ V R*+ 2° db (2.15) 
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Let us consider the one-dimensional problem. Here Rf. 
only the first case. For simplicity assume that Ow/dr - for 2 
t = 0. Then from (2.7) we obtain 


From here 


w — \ ae (t) dt, ws >) AL 4 (2.16) 


where f(t) is the value of the velocity on the boundary. 


3. An approximate solution of the problem of elasto-plastic 
wave propagation in a half-space. The same reasoning as for the 


case of elastic wave propagation will lead to the conclusion that for the 


cases of the elasto-plastic waves a substantial role will be played by 


the longitudinal displacements, i.e. displacements in the direction of 


the given load on the boundarv. 


If we neglect the transverse waves, then in this case it can be 


assumed that 


“Oz? ay? Ox? 


O*w w w | (3.1) 


where e is the intensity of the de formation. 


For Prandtl’s model (3.1) is obviously linear, but only with dis- 
continuous coefficients. 


First we note that in this case e has the form 
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(3.2) 


From this it can be seen that in the region where the influence of the 
boundary has propagated, the stress intensity is increasing, at least 
near the boundary. 


Assume that the pressure of (dw or). g™* is so large that 
| dw/dr | >> «+ In this case we will have plastic deformation in the whole 
region where the boundary exhibits its influence. The picture of elasto- 
plastic wave propagation, accepting Prandt!’s model, is shown in Fig. 5. 


The only region of elastie deformation is the region ABCD (Fig. 5), 
while the surface C,B, BC is a surface of discontinuity of deformations. 


It is seen from Fig. 5 that the process is active everywhere. Notice 
that only the pressure penetrates deep into the body, while large deform- 
ations are concentrated in plastic regions. This is so because for a large 
increase of « the stresses are changed insignificantly. 


We now consider the process to be rigid-plastic. In this case the for- 
ward wave front will be the fron of plastic waves. The solution will be 
the same as in case of propagation of elastic deformations, except that 
instead of the elastic velocity of deformations, a, we substitute the 
velocity of plastic deformations, a,. 

Consider now the case of elasto-plastic mechanism of motion. We re- 
present a solution by two functions: 


1, T)dE 


(3.3) 


(3.4) 


: 
Lie D 
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where w is an intersection of a cylinder with the base equal to the area 
of the load with the hyperboloid (2.1), and a, replaces a. 


The region o is a conmon part of the circles 


R,?, (E — | (7 y)* 2? 


The region 2 is the intersection of the above-mentioned cylinder and the 


hyperboloid (2.1). 


The functions A, B and C are found from 


t t 
+ 2nA, (x, y) — 2n (x, y, t) dt an | y, t) dt 


0 0 


From this equation it is seen that for the initial deformation along 
the line C,B,BC we have 


2 2\2 3 dws \? 


Thus, in the region of plastic deformations a solution is 


and in the region of elastic deformations 
w= We (3.7) 


4. Analysis of the state of stress near the boundary of the 
leading region. The displacement in the plastic half-space near the 
boundary of the loading region is determined by (2.14), where a, replaces 


a. Rewrite this relationship as 


6: 
—6 
where 
24 2 
cos 0, = — 2? (4.2 


From (4.2), differentiating with respect to z and r, we obtain 


z 2 Ro 2 0 r2 + Ry? 
er 2re or 2er? 


6, 

2 


Compute now dw/dr for z = 0. In this case the integrals in the 
expression dw/dr will simplify, and we obtain 
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6, 
\ Rd6-= \ [rcos 8 — Vr? cos? 6 + R,? — d6 = 
—%, ~o 
\ V r? cos? 6 + — = 2sin8, +r 


sin? 6 d6 


Vr cos? 6 + 


Translated by R.M. E.-TI. 
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ON THE DRIVING OF A PISTON WITH A RIGID COLLAR 
INTO AN ELASTIC HALF-SPACE 


(OB IZLUCHENII PORSHNIA S ZHESTKIM FLANTSEM V UPRUGOE 
POLULROSRANSTVO) 


PMM Vol.23, No.3, 1959, pp. 425-433 


D. N. CHETAEV 
(Moscow) 


(Received 11 March 1956) 


This paper is concerned with the study of the problem of a field of 
steady-state vibrations excited in an elastic half-space by means of 
a rigid circular piston with an infinite rigid and smooth collar. 
Formulas for the active and reactive resistance of the connection 
between the field of wave propagation and the piston are obtained in 
terms of tabulated functions. Results of the analysis are presented 
for the case of driving a piston into an elastic Poisson medium. 


Let us study an elastic half-space z > 0. A circular piston of radius 
e is oscillating harmonically according to the law dz/dt = v expliwt) 
in the opening of a rigid collar at the surface of the half-space. Contact 
of the piston with the elastic medium is assured during the entire cycle 
of the oscillation by some constant load, such that the piston executes 
ee smal! oscillations about the position of equilibrium. Because of the 
principle of superposition of states of stress in the linear theory of 
elasticity the static field and the field of steady-state oscillations 
are independent. 


The analysis of the latter reduces to the solution of the dynamic 
equations of the theory of elasticity with the condition that the normal 
displacements at the points under the rigid piston are equal to z = 
(v/iw) expli@t), where v is the amplitude of the velocity of the piston. 
At points under the rigid collar the normal displacements are equal to 
os zero. In calculations where the dimensions are large, the collar can be 


& assumed to be infinite. The surface of the piston and the collar wil! be 
7 also assumed to be sufficiently smooth, such that the shear stresses that 
i might arise on the surface of the medium can be neglected. 

z The mathematical problem of the analysis of the wave field, which de- 
4 pends on time as exp(iwt), reduces to finding bounded solutions of the 
4 equations on the amplitudes of the scalar displacement potential ¢ and 
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the angular component of the vector displacement potential u. There is 
only a single angular component of «* because of the symmetry of the 
prot lem. The equat ions 


k,*4 = 0 (2) 


are to be solved for the boundary conditions representing the given 
values of the shear stresses r_, and normal displacements u, at the sur- 


fac e: 


00 
oz 


are the wave numbers corresponding to the speeds of propagation of longi- 
tudinal and transverse waves a and b (pis the density of the medium, and 
A and » are the Lame constants). 


The solution of equations (1) and (2) by means of separation of vari- 
ables yields the following general representation of the bounded solutions: 


on 


\ Cy (hr) exp(— z ka?) db 


Cy (d) J, (hr) exp (— 2V — 


where the branches of the roots are chosen to be positive for large 
values of A. 


The functions C,(A) and C,(A) are determined from the boundary condi- 
tions. Substitution of (5) and (6) into (3) and (4) yields 


\ Or) ka? Cy + (hy? — 22) C2 dh = 0 (7) 


0 


fr io (r 


into account the discontinuous Weber integral [ 1] 


| 
Or 02 or r Or 
. Us lean = oy iw (7 < ce) (4) 
Or Pr jr—o i (r >) 
952 Here 
(6) 
(8) 
= (7 > ¢) 
Toki 
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(F< e) 


0 (r>c) 


Jo (ir) 


we see that in order to satisfy equalities (7) and (8) it is sufficient 
to let 


2n Vd? + + (ky? — 222) C2 = 0; — V0? — + dC, = (ve / iw) J, (he) 


Then 


ve b 
io — J, (he) 


Ce = J; (he), t,= 


2 
iw k, 


Thus the solution is given by the following formas 


hy? Jor) exp ( — kq®) dh (9) 
= (he) J, (hr) exp (- — (10) 


In the acoustic case (k, + «) formla (9) gives a new representation 
of the Rayleigh integral (3) for the displacement potential 


0 


where R is the distance from a point in the field (r, 6, z) to an element 
of the piston with coordinates (p, 4) 


and the integration is performed over the surface of the piston S, 


On the other hand, because of formula (11), one can express the solu- 
tion (9), (10) in terms of the integral 


as follows: 


tv 


k,® d2dr 
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Without dwelling on the study of the wave propagation field, whose 
potentials are given by the formlas (9), (10) or (12), (13), we shall 
proceed to the more complicated problem of determining the active and re- 
active resistance of the connection of the piston with the field of pro- 
pagation. The total mechanical impedance of the piston 7 relates the 
reaction force F of the elastic medium due to the piston to its velocity v 


F exp (iwt) = Zv exp (iwt) 


where the force acting on the piston is equal to the integral over the 
surface of the piston S of the normal stress o +; in the medium of the 
surface taken with a reversed sign: 


Ss 


(14) 


and when the values of the potentials (9), (10) and z = 0 are substituted 
here we obtain 


| J, (he) Jo (hr) dd (15) 
where 


60) < = 
( \) V ke A = 
1 / 22 
= + Le - — 16 


seen that for A + ~ 


From this it can be 


M(h)~2- 


which means that the integral (15) is not convergent in the usual sense. 
The absence of convergence means that the analytical expression for a, | 
used is not valid at z = 0, which is quite natural with the discontinuous 


boundary conditions (4) for u,. 


We have to determine the limting value of 7,, as z + 0. Consequently, 
equation (15) makes no sense if it is to be understood in terms of con- 
vergent integrals. Yet, expression (15) will acquire a completely deter- 
mined sense if one agrees to study the integration symbol as a limiting 


value of the convergent integral 


J, (he) Jo (ar) (2) dd = n\e AJ, (he) (hr) D(A) dd, 
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of course, if such a limiting value exists. Such a way of using divergent 


kn yw? 


integrals in computations, originating with Fuler and Poisson, i: 


by the name of the Abel method of summation of divergent integral: 
Thus, when using the symbol! of the divergent integral we will have in 
mind operations with a convergent integral up to the limiting operation. 


When (15) is substituted into (14) we obtain 


co 
Z= \ \\ J, (he) (hr) dha S 2niwpe \ \ J; (he) (Ar) (h) dh 
8 0 00 


Interchanging the order of integration we will integrate with respect 


c 
Jo(ar) rdr — Jy (he) 
0 


Z = 2niwpe? \ J? (he) 


the function (16) is represented in the form 


® (A) (2k — — +. 4 (2hq® — (A® — 


and the notation 
An (k) (17) 


is introduced, where the integral sign is to be understood in the sense 
of the Abel summation, then we shall obtain 


Z = 2nivpe? | Ao (ha) 4 


- A, (eq) ~ 


4 


Now we shall evaluate the integrals (17). First of all let us perform 
a change of variable 
v) (19) 
then 


An (k) (u) du 


1 u 
0 


Furthermore, using the Neumann integral, 


>2 

When 195: 
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(u) \ J,(2u sin 9) 


one can write 


(k) J, (2u sin 9) y*)* 


With the aid of the recurrence formla 


J,(2u sin 9) = (2u sin 9) + J, (2u sin 6)} 


written in terms of Ressel integrals 


J, (2u sin 6) (sin sin sin (2u sin sin de 


we obtain 


(20) 


sin sin sin (2u sin sin 8) (u® — de dO du 


Now we shall interchange the order of integration and the internal 
integral with respect to the variable and sum ac cording to Abel. Then 
the integral becomes 


\ sin (2u sin sin 9) (nu? (z sin sin 9) 
6 


( 1)" vn sin (x0) (1 sin (rt) 1)" ‘dt (21) 
The integral with finite limits is an ordinary inteeral. It determines 
the Struve function with the index n 
{sin (xt) (1 


f 


)r (=) 
( } 


H. (x) 


The second integral is computed using the Schlafli representation 


When the limit 


lim \ dt 


= 
. 
8 
1,, (kh) 
| 
— \¢ (t- K,,(z) ) 
— 
lim -— K,, (z) 
(4) (2) 
— 


= 

tae 
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exists then we obtain 


{sin (xt) (2 Lim \ « cin (xt) (x? — dt 
. 5 +0 


1 


lim Jm \ (t? — 


From this it follows that the generalized Mehler-Sonine formula [ 1] 


J, (2) ( sin (xt) dt 


is correct in the sense of the Abel summation not only for the values 
9 


- 1/2 <v< 1/2 but also for all negative values of v. 
Wien formas (22) and (23) are combined we obtain the following ex- 
pression for the integral (21): 


( 8 [Jn (a sin 8) — 7H, (a sin 9)] (x = 2vsin 


B, 


The remaining integrals in expression (20) have the usual meaning. 
When (19) is taken into account this expression becomes: 


A, (k) ——T1T kr ¢ 


27 


x sin cos? \ {J, (asin 6) — (a sin 9)) (52°) "sin de (24) 


0 


The integration with respect to @ will be accomplished by expanding 
the Besse] and Struve functions into power series: 


[Jn (a sin 9) - (asin (252°) — 


mri 


—n ezp— "3 a 
sin 6 — dO = 
™ \ — 
(2) 


exp 
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mri 


exp - (a m (241) 
(2 or (ME 414) 


9 


r xp—-~ 


Now one can compute the last integral with respect of ¢: 


D,(k) = \ sin  cos* oC, de 
0 
oo 
a 
singcos*e 2, 


\ sin™+!» cos* = 


which can be written in the following way: 


co 


D,, (k) exp (- 


n 
2 


2 
2 T 
It can easily be seen that 


d 
—— dD ) 
de 2 nay r(™ 


From this, assuming that dD, is a function which is complete and bounded 
at zero, one obtains a recurrence forma 


dD, I (26) 
0 


For n = 0 the series (25) becomes 


exp ( = ) »™ 


2 
2 


Dy (k) 


v 


q 
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617 
101 a \m 
2 rr 
(11 (2) = (m +22) (25) 
+41)r (== +2) 
; 
-— = >. 
8 
m=0 


D.N. Chetaev 


The recurrence formla yields 


2v 2t 
0 0 
= (1 (2v) Ji (2v) H (2v) — Hi, (28) 
v v 


where 


— 
— 


Jo(t) de, = ae 


are tabulated functions. Similarly 


[J (2v) — J, (2v)] vde4 (20) H, (2v)} 


D,(k) = — 


0 
ni [ J (22) - Jx(2v) Jo(2v) (22) | 
6a 20 4v? 8v3 | 


0 
22 


—H, (2x) —1/% , Ho(2v) H 


Now expression (24) becomes: 


4c J, (2ke) . Hy (2k 
Ag (k) = = — = (1 
2k%c ik J (2ke) — J, (2ke) .H(2ke) — Hy | 
A, (k) —— D, = 1 | 
J (2ke) —J; (2ke) Jo (2ke) 
A,(k) p,— | Okey 
J (2ke) , 4. H(2ke)— Hy , Mo(2he) (2ke) 
| 2he ) (2ke) 


Substitution of these functions into formla (18) yields the fol lowing 
final formulas for the resistance of the driving of the piston 


Z = Spa (kac; 4- iX (hac, 


where S = me* is the area of the piston, p is the density of the medium, 
a is the speed of propagation of the lingitudinal waves, c is the radius 
of the piston, and k_ and k, are the wave numbers corresponding to speeds 
of propagation of longitudinal and transverse waves. The dimensionless 
active resistance R and the reactive resistance X of the connection of 
the piston with the wave propagation field is expressed in terms of 
tabulated functions in the following fashion: 
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Jy (2k Jy (2k 
R—1 8(=) +6(<) |- a?) 


a a ke a kc 


a ke a ky 
“\a (kc)? 2\a “\@ (k, c)? 2\a (kc)? 
H, (2k, c) of (2k, c) (30) 
x =[1—8(-) | ke 


H (2k, c) 


7b 36 \* H(2k,¢) 

3 ( b Ho (2h, H (2k, ¢) 6 { 


In the case of a fluid (b = 0), formulas (29) and (30) become the 
well-known Rayleigh formulas. 


The above dependence of the mechanical impedance of a piston with a 
rigid collar upon the parameters p, A and » can be utilized, for instance, 
for the determination of the physical properties of elastic bodies (in 
particular rock strata), just as the analysis of the impedance of a 
piston acting upon a fluid flow [4,5] can be used for the measurement of 
the flow velocity. 


_ Formulas (29) and (30) are easily studied in the limiting cases. For 
wavelengths that are small compared to the dimensions of the driver one 
has kc >> 1 and k,c >> 1. In this case the reactive resistance is small 
and the dimensionless active resistance approaches unity, so that 


Z = Spa 
which means that the character of the driving is the same as in the case 


of a high-frequency driving of a fluid of uniform density moving at the 
speed of sound, equal to the speed of propagation of longitudinal waves. 


At low frequencies, when kc << 1 and kyc << 1 we obtain 


To avoid misunderstanding let us note that in the last formulas the 
transition to the case of a fluid (ky » o) is impossible since they were 
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obtained under the condition that k,c << 1, i.e. for media in which the 
speed of propagation of transverse waves was comparable to the speed of 
longitudinal waves. 


TABLE 1. 


Rikc) 
Elastic Ideal Elastic Ideal 
Poisson fluid Poisson fluid 
medium medium 

0.25 0.0376 0.0309 0.2063 0.2087 
0.50 0.1461 0.1199 0.3772 (0.3969 
0.75 0.2960 0.2561 0.4891 0.5471 
4.00 0.4560 0.4233 0.5345 0.6468 
‘1.3 C.5967 0.6023 0.5232 0.6905 
1.50 0.7005 0.7740 0.4761 0.6801 
t.90 0.7639 0.9215 0.4184 0.6238 
2.00 0.7956 1.0330 0.3675 0.5349 
2.25 0.8101 1.1027 0.3323 0.4293 
2.50 0.8204 1.1310 0.3188 0.3231 
2.78 0.8337 4.1242 0.2993 0.2300 
3.00 0.8508 1.0922 0.2875 0.1594 
3.25 0.8681 1.0473 0.2724 0.1159 
3.50 0.8822 1.0013 0.2543 0.0989 
3.75 0.8882 0.9639 0. 2365 0.1036 
4.00 0.8902 0.9413 22% 0.1220 


The analysis using formlas (29) and (30) is also sufficiently simple 
even in those cases when it becomes necessary to enlarge the extent or 
the accuracy of the existing tables of integrals 


T(x) =\Jo(e dt, H(z) = de 


As an illustration we present in Table 1 a computation of the values 
of the dimensionless active and reactive resistance using the formlas 
(29) and (30) for the case of driving of a Poisson medium (A = »). For 
comparison also the corresponding values for the case of the fluid [6] 
are presented. The argument is kc, wherein the wave number corresponds 
to the value of the speed of longitudinal waves. 
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A large number of investigations has been devoted to the problem of the 
formation and the development of a crack during brittle fracture of 
solids. The first of these was the well-known work of Griffith [1] de- 
voted to the determination of the critical length of a crack at a given 
load, i.e. the length of a crack at which it begins to widen catastrophic- 
ally. Assuming an elliptical form of a crack forming in an infinite body 
subjected to an infinitely homogeneous tension, Griffith obtained an ex- 
pression for the critical length of a crack as that corresponding to the 
total of the full increase in energy (equal to the sum of the surface 
energy plus the elastic energy released due to the formation of the 
crack). 


In recent years, in connection with the numerous technical applica- 
tions regarding the problem of cracks, the number of investigations has 
increased, among the first of which we ought to name the works of Orowan 
and Irwin, generalizing and refining Griffith's theory. A bibliography 
and a short résumé of these works can be found in the recent works of 


Orowan [2], Irwin and Bueckner [4]. 


The development of cracks in brittle materials can be depicted in the 
following fashion. In the material there are a large number of micro- 
cracks. Upon an increase in load in a given spot of the body, a stress is 
reached sufficient for the development of the micro-crack existing at 
that spot to a certain size. The beginning of the development of the 
micro-crack is determined by some condition, because in view of the fact 
that usually the size of the micro-crack is small in comparison with the 
characteristic linear dimension of the stress change, the state of stress 
in the surrounding area of the micro-crack can be represented in accord- 
ance with Griffith's scheme in the form of a uniform infinite tension. 
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Formation of equilibrium cracks during brittle fracture 


In the course of its development, the dimensions of the crack increase 
and finally become equa! to the characteristic dimension of the stress 
change. Under determined conditions (for example, when the forces are not 
too large and are applied sufficiently far removed from the boundaries 
of the solid) the developing crack is stopped upon reaching its deter- 
mined length, and the solid can remain in this state a long time provided 


there is no change in the loading. 


In the following study equilibrium cracks are considered, i.e. cracks 
forming in a brittle solid subjected to a given system of forces, con- 
stant and not decreasing in time. Apparently the first ideas concerning 
equilibrium cracks are met in the works of Mott [5] and Prenkel’ [fe]. 
These ideas are similar but were arrived at independently. These works 
contain also a critical analysis of Griffith's theory. Both these authors 
however, limited themselves to qualitative considerations, proceeding 


from the assumption of a crack of infinite lengt} 


In 


concerning equilibrium cracks forming during 


our work the question 
brittle fracture of a material is presented as a problem in the classical] 
theory of elasticity, based on certain very general hypotheses concern- 
ing the structure of a crack and the forces of interaction between its 
opposite sides, and also on the hypothesis of finite stresses at the 

ends of the crack, or, which amounts to the same thing, the smoothness of 
the joining of opposite sides of the crack at its ends. The latter hypo- 
thesis was first put forth by Khristianovich [7] in his consideration of 
certain problems in the formation of cracks in rocks. Using this hypo- 
thesis it seemed possible to solve a series of problems related to the 


development of cracks in rocks [7-11]. 


In the consideration of problems related to rocks, one may evidently 
neglect the effect of the cohesive of the materia] as compared with the 
effect of rock pressure, so that the neglect of the cohesive force of the 
material in reference [7-11] can be justified. However, in other problems 
of brittle fracture (for example, in problems of brittle fracture of 
metallic structures) factors of the type of rock pressure are absent, and 
the consideration of cohesive forces of the material becomes absolutely 
necessary. It seems that the intensity of the cohesive forces and their 
distribution can be characterized with sufficient accuracy by some new 
universal property of the material which we call the modulus of cohesion, 
Moreover, the dimensions of the cracks and their other properties are 
uniquely determined by the applied loads and the cohesive modulus. To de- 
termine the cohesive modulus of a material one can use comparatively 


simple tests. 


1.Basic ideas and hypotheses. Statement of the problem. 
Let us consider equilibrium cracks in a brittle material, i.e. cracks 
maintaining constant dimensions under the influence of a given system of 
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forces. Moreover, we shall be limited here to the consideration of the 
simplest case, cracks lying in one plane (so that points at the surface 
of the crack in the undeformed state are located in one plane, the plane 


of the crack). This case occurs when the applied stresses are symmetrical 


relative to the plane of the crack; the general case will be considered 


separately. 
b ull th 
d d 


2 


Fig. 1. 


Thus, the following problem is considered (Fig. 1). A given breaking 
load symmetrical relative to the plane of the crack is applied to an iso- 
tropic, brittle, elastic solid whose dimensions we assume are large in 
comparison with the length of the crack. Moreover, it is assumed that the 
composite force applied from each side of the crack is limited. In par- 
ticular the load can be applied on part of the very surface of the crack. 
The stresses in the solid away from the crack evidently converge to zero. 


If the applied load is sufficiently large, there occurs a brittle 
fracture of the material which, if left to chance, must occur in the 
plane of symmetry of the applied load. Moreover, a crack is formed which 
widens and reaches certain dimensions. The problem is to find the crack 
dimensions corresponding to the given load and other crack parameters. 


Let us turn first to the investigation of a more simple case when the 
load is applied to the edge of the crack surface. Thus, it is assumed 
that in the body there is a certain original dimension on which is im- 
posed some rupturing load, which we assume is normal to the plane of the 
crack. Brittle fracture occurs and this fracture is widened (remaining 
flat because of symmetry of the load and the isotropy of the solid) to 
certain definite measurements. 
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Formation of equilibrium cracks during brittle fracture 


The cross-section (a) and the plane (b) of such a crack are shown 
schematically in Fig. 2. The crack is divided into two regions: region | 
(the inner region) and region 2 (the terminal region). In the inner region 
the opposite sides of the cracks are at a significant spacing so that 
interaction between these sides does not occur. The inner region of the 
crack falls into two sub-regions la and 1b; in the first the applied load 
acts on the opposite sides of the crack, and in the second the opposite 
sides of the crack are free from stress. 


In the terminal region the opposite sides of the crack come close to 
each other so that there are very large interaction forces attracting one 
side of the crack to the other. As is known, the intensity of the 
attractive force acting in the material strongly depends upon the dis- 
tance, at first growing rapidly with an increase in the distance y between 
the attracting bodies, from a normal interatomic distance y = 6 for which 
the intensity is equal to zero, up to some critical distance where it 
reaches a maximum value equal to the order of magnitude of Young’s modulus, 
after which it rapidly falls with increasing distance (Fig. 3). 


| 


Fig. 3 


The accurate determination of the system of cohesive forces acting in 
the terminal region is difficult. However, one can introduce certain 
hypotheses which permit limitation to one composite universal character- 
istic distribution of cohesive forces for a given material. 


First hypothesis. The dimension d of the terminal region is small in 
comparison with the size of the whole crack. 


Second hypothesis. The distribution of the displacement in the terminal 
region does not depend upon the acting load and for the given material 
under given conditions (temperature, composition and pressure of the sur- 
rounding atmosphere and so forth) is always the same. 


In other words, according to this hypothesis, the ends in all cracks 
in a given material under given conditions are always the same. During 
the propagation of the crack the end region merely moves over to another 
place, but the distribution of the distortion in the sections of the 
terminal region with planes normal to the crack contour remains exactly 
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the same. The cohesive forces attracting the opposite sides of the crack 
to each other depend only on the mutual distribution of the sides (i.e. 
on the distribution of the di splacement); therefore, according to the 


formulated hypothesis, these stresses wil! be the same. 


The fixed shape of the terminal region of the crack corresponds to 
the maximum possible resistance. We emphasize that in view of the irre- 
verstbility of the cracks occurring in the majority of materials, the 
second hypothesis is applied only to those equilibrium cracks which are 
formed during the primary rupture of the initially unbroken brittle solid 
and not to those cracks which are formed at an artificial notch without 
subsequent propagation or during a decrease in load resulting from 
previous cracking at some larger load. For the latter types of cracks 
the stress in the terminal region can be different (smaller): these types 
of cracks are excluded from this discussion. 


Third hypothesis. The opposite sides of the crack are smoothly joined 
at the ends or, which amounts to the same thing, the stress at the end 
of a crack is finite. 


(As we noted above, this hypothesis was first expressed by Khristiano- 
vich in relation to the formation of cracks in rocks. ) 


The indicated hypotheses make possible the solution of the prob! em 
under consideration. Let us mention the difference appearing in the case 
where the applied loads are not on the surface of the crack but inside 
the solid. In principle nothing is changed in this case. Actually, we 
shall represent the state of stress acting in the solid with a crack 
under the action of a certain load applied inside the solid, by the sum 
of two states of stress. One of these states corresponds to the state of 
the continuous solid without the crack, a state appearing under the 
action of a given loading system. The other state of stress corresponds 
to the state in a body with a load applied on the surface of the crack. 
The composite normal and shear stresses on the surface of the inner 
region of the crack mst be equal to zero because the surface of the 
inner region of the crack is free of stress. Therefore, the load applied 
to the surface of the inner region of the crack represents a compressive 
normal stress, equal in magnitude and opposite in sign to the tensile 
stress appearing in the plane of symmetry of the applied load in the body 
without the crack. In the terminal region for the second state of st ress 
the normal stresses are equal to the stress of the cohesive forces, by 
deduction corresponding to the stress of the first state of stress. In 
view of the fact that the plane of the crack is the plane of synmetry of 
the applied load, the shear stresses on the surface of the crack are 
absent. The normal displacements of the points of the surface of the 
crack are determined only by the second state of stress, in so far as 
they are equal to zero in the first state. 
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Formation of equilibrium cracks during brittle fracture 


Thus, the change in comparison with the special case considered 
earlier consists in the fact that the inner region of the crack now does 
not fall into two sub-regions, and the loading of the surface of the 


crack occurs along the whole inner region. 


The three hypotheses formulated above are applied also to this more 
general case. With reference to the first and the third hypothesis this 
does not require elucidation. As for the second hypothesis, the possibil- 
ity of its application is explained by the hat change 
applied stresses in the terminal region under the influence of the 
app Lied load are of a very much larger order than the app l red load, As 
was shown earlier, the stresses in the terminal region are of the order 


of Young’s modulus, i.e. they significantly surpass the magnitude of the 
f 


applied load. Therefore, in the general se too one cat -glect changes 


in stresses applied to the surface of the e terminal region 
under the influence of the applied load vd s! niy the listribution 
of stresses and displacements in the termin eg n lependent upon 


the load, i.e. one can apply the second hypo 


2. Axially symmetric cracks. | ‘t the have the form of 
a round slit of radius R. On bot} ides m of the surface of 


the round slit (Fig. 4) at values of 16 ! dy smaller than 


some radius r, (radius of the region of the | pplication), compress- 
tve normal forces Z. - — p(r) are active. he surface of 
slit corresponding to the interme liate regior 
stress. In the terminal region R — d ’ R 


trolled by cohesive forces act. 


As was shown by Sned lon ne a nor iL ST lac ements 
of points of the surface of the round } } t ‘ ti soil 1, 
if a normal stress g m this 


absent, have the fon 
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rg (ruR)dzxr 
V1 x 


Here E is Young’s modulus and v is Poisson’s ratio. Partial integra- 
tion produces this expression in the form 
1 


rg(xR)dr 


1 
31 | rg Jan 


(2.2 
According to the condition of smooth joining of the opposite sides of 
the crack at its ends, this evidently leads to the relationship 


(2.3) 


Differentiating (2.2) we obtain 


rg (xR) da 7p rg (ruR) dx 

The second member of the right-hand side of this relationship, under 
broad assumptions relative to the function g, converges to zero for 
p + 1, from which it is evident that to fulfill condition (2.3) it 
necessary to fulfill the relationship 


is 


\ re (xR) dx 
) ypi—z 

In this same form relationship (2.4) was obtained in reference [9] as 
the condition of finiteness of the stress at the edge of an axially- 


symmetric crack. In the case we are considering 


Let us consider in more detail the second integral (2.6): 
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wh a \ \ R (2.t) 

0 

dw \ Aw \ 
or ( } 0 

} 

: 

p(r) (O<r<ro) 

Substituting (2.5) into (2.4) we obtai n 
R 
1—d/I 
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On the strength of the first hypothesis, d is small in comparison with 
R, so that x in all regions of integration of 1 - d/R< x < 1 differs 
little from unity and one way take 


J (2.8) 
1 


Let us pass over in this integral from the dimensionless variable x 
to the dimensional coordinate s = R — Rx, calculated from the edge of the 
crack and changing within the integration limits from zero to d. We have 


1 


(R + Rr) (R—Rx) = V 2Rs 


since Rx differs little from R within the limits of integration. 


Substituting this into (2.8) we obtain 


J : A Gir) (2.9) 


On the strength of the second hypothesis the distribution Fs) does 
not depend upon the applied load, so that the integral 


represents for a given material at given conditions a constant velue 


which we shall signify by K and shall call the cohesive modulus. 
It is easy to show that the dimensions of the cohesive modulus are 
[A] = FL-*: 


where F is the dimension of force and L the dimension of length. The 
cohesive modulus represents a property of a material which has evidently ha 
basic significance in the theory of brittle fracture; it enters into the 
basic relationships regardless of the character of loading and the geo- 
metrtcal shape of the crack. Thus we have 


ja— (2.10) 
y2R 


Substituting this relationship into equation (2.6) we obtain, passing 


from the dimensionless variable x to the dimensional variable r: 


'rp(r)dr, 


629 | 


Rarenblatt 


This equation determines the radius of crack R as a function of the 


applied load. 
msider several examples. Let the applied load p(r) be 


Then the equation (2.11) takes the form: 


(2) Let 
constant, 
R 949 

R?— 5 (2.15 


It is convenient to bring this equation to the dimensionless form 


Pp, 
i ) ) r (2.4 2) 
A graph of the relationship in (2.13) is given in Fig. 5. We see, 
K/vy 2, eqation (2.13) does not have real solutions. 
simple interpretation: there exists a certain 


ication of which on a circle of a given radius 
At stresses less than 


that for 
This fact permits a 


minimum stress 
of opening the crack. 


es not open. The magnitude of the minimum stress 


tion to the square root of the radius of the 


guarantees the 1 
this minimum the 


lecreases in inv eT 
region of the load ap; on. Each load surpassing the minimum corres- 
ponds to one single f the crack. With an increase in load the 


radius of the ack natu ¥Y grows. 


Fig. 5 


It is an especially curious particular case when a crack is formed by 


oppositely directed concentrated forces equal in magnitude and applied 
to opposite sides of the crack. This limit ing case corresponds to 


= T, where T is the value of the concentrated force. 


r./R << 1 and 
We have from (2.19) 
(2.14) 
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Whence we obtain 
T 


2.15 
R= 


Using the P-theorem of the theory of similarity (see the book by 
Sedov [11]), the latter result can be obtained with an accuracy within 
the constant factor of one of the considered limensions. 


(3) With certain assumptions one can show the existence of a unique 
solution of equation (2.11) for an arbitrary load p(r). Indeed, let us 
T 
assume that 


KY? (2.16) 


It is evident that with growth of R the function 


rp(r)dr 


(D, (/t) 
yie r? 


decreases monotonically, and the function ®.(R) 2 increases 
monotonically. From (2.14) it follows that ® (r_.) > . ) and therefore, 
there exists one unique value R r,, for which ®(R) = (R), i.e. for 
which equation (2.11) is fulfilled. The inequality (2.16) is the condi- 
tion under which the applied load will surpass the minimum load, and 


thus be able to open the crack. 


3. Axially-symmetric cracks (continuation). (1) Let us con- 
sider normal displacements of points of the surface of the crack, deter- 


mining its width, At given load the radius of the crack R is determined 


a 
) 


by the relationship (2.11). Knowing the radius R one can determine the 


displacements mentioned using the formulas (2.1) and (2. 5). We have 


(3.3) 


consider the inner integral in the expression for v,. Since p 


is close to unity this integral is close to the inteeral 


2 
| ry r 
23 
re 
a 
where for p r, R 
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Whence also from (3.3) it follows that 


1 
1—d 


R 
K 
2k } 


~ 


Since a/R is small, is smal! in comparison with Ne 


p > r,/R, but 1- p >> d/R, i.e. the considered point of the 


the crack remains at a significant distance from the ends in 
with the dimension of the terminal region d. Th this case >° 


} 
and v, as before is determined by the relationship (3.3) and consequently, 
by the relationship (3.5). It is evident that also in this case t t 
But the value of wv, represents the relative displacement, determined at 
a given fixed radius R by the applied load in the absence of cohesive 
forces (and, of course, not satisfying the condition of smooth joinine 
at r= R), and the value of wv, - the component of relative displacement, 
dependent on the cohesive forces. Therefore, everywhere ex: ept directly 
near the edges of the crack, the distribution of the displacements almost 
corresponds to the distribution of the displacements occurring at a 
given fixed radius of crack R in the absence of cohesive forces. This 
means that the cohesive forces essentially have an effect only on the 
value of the radius of the crack and on the distribution of the displace- 
ments close to the edges of the crack and not on the distribution of dis- 
placements in the main part of the crack. 
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In Fig. 6a is given the actual distribution of displacements; in Fig. 


5b is given the distribution of displacement at the same radius of crack 


but found without considering the cohesive forces. 


(2) Let us now consider on those changes which must be introduced to the 


preceding discussion if the breaking load is applied inside the solid 


and not on the surface of the crack. According to our assumption, since 


the load is symmetrical relative to the plane of the crack, shear 


stresses in this plane are absent. Let us assume, according to the fore- 


going, that the state of stress acting in the considered brittle solid 


with a crack is in the form of the sum of two states of stress; one of 


which represents the state of stress in a continuous body without a crack 


under the action of a given load, and the other a state of stress in a 


body with a crack in the presence of a breaking load at the surface of a 


crack. Let p(r) represent the distribution of normal stress in the plane 


of symmetry under a given load in the absence of a crack. Then the com- 


pressive force at the surface of the crack determining the second state 


of stress is equal to — p(r). Repeating the former reasoning, we obtain 


in place of equation (2.11) an equation determining the radius of the 
crack in the form 


R 


rp(r)dr 


k 


which differs from equation (2.11) only by the fact that in place of 
radius r,, we use the full radius of the crack PR. 


Since the normal displacement of the points of the surface of the 


crack, corresponding to the first state of stress: is equal to zero, al! 


conclusions relative to the distribution of the displacement of the points 


of the surface of the crack, formulated in the foregoing section also 
hold true. 


(3) Let us consider as an example the problem of the formation of a 
crack by two oppositely directed concentrated forces T, applied at points 


separated by a distance of 21 (Fig. 7). It is natural to suppose that the 


crack lies in the plane of symmetry of the load. Summarizing the wel]l- 
known solutions of Roussinesq [ 14], it is easy to obtain that 


tr) 


Condition (3.7) can be rewritten in the fore 
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Substituting (3.8) in (3.9), we obtain 


Carrying out the integration, we obtain 


The graph of the function g(L/R) has the form shown in Fig. 8. (On 
Fig. 8 is represented the case with v = 9.5). There is physical signifi- 


cance only to the left-hand part of the curve up to the minimum point, 


‘al 


Fig. &. 


shown by the solid line. In fact, the right-hand part of the curve cor- 
responds to the growth of the crack radius during decrease in load. As 
is evident from the graph of Fig. 8, at 


equation (3.11) does not have a solution. In complete analogy to the 
foregoing, this means that for such smal! T the crack ts not formed. At 
T - ne KI? 2 a crack of a determined final radius R. is formed at once 
with further increase in T the radius of the crack Ris increased. The 
values g, and R, are found by elementary means: at v = 9.5 we have g, = 
0.945, L/R, = 2.35, at »v = 0 we obtain g, = 1.39, L/R, = 2.95. 


Generalizing suitably the discussion of Section 3, part (2) to equa- 
tion (3.7), one can show that such a condition is typical at an applica- 
tion of load inside the solid for a body of infimite dimensions. The 
following is true: if the load, applied inside the body, is proportional 
to some parameter, then at sufficiently small values of this parameter 
an equilibrium crack in general does not form. Upon reaching some critical 
value of the parameter, a crack of fimite radius is immediately formed. 
Upon further increase of the parameter the crack grows continuously. 
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let us also note the peculiar limiting case corresponding to the con- 


vergence of L to zero, i.e. the convergence of the points of application 
of forces. From the relationship (3.11) at L/R + 0 we obtain again the 
relationship 


/, 
R= 


coincident with the relationship (2.15), as was to be expected. 


The case of plane cracks will be considered in a separate paper. 
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PRESSURE OF A DIE ON AN ELASTIC LAYER 
OF FINITE THICKNESS 
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This article considers the problem of the pressure of an axisymmetric die 
on an elastic layer of finite thickness. Solution to this problem is ob- 
tained in terms of asymptotic series in powers of amt, where h is the 
dimensionless thickness of the layer. The cases of plane and parabolic 
dies are studied in detail. The solution obtained adequately described 
the state of stress when the thickness of layer is of the order of the 
diameter of the surface of contact. * 


1. Statement of problem. Let an elastic layer of finite thickness 
h rest on a rigid frictionless foundation. An axially-symmetrical die, 


loaded by a force P along its axis of symmetry, acts on this layer (Fig. 1). 


Let the surface of contact between the die and layer be defined in 
cylindrical coordinates by the equation z = ¢(p). The boundary of this 
surface is assumed to be a circle of unit radius. The plane ry will be 
located on the rigid foundation, and the z-axis will be directed along 
the axis of the die. 


After this article was submitted for printing, it came to the atten- 
tion of the authors that another paper, written by Lebedev and Ufliand 
[1] considers the axially-symmetric problem of a plane circular die 

on a layer of finite thickness. The solution given in [1] will be 
applicable, generally speaking, for any dimensionless thickness h. How- 
ever, its use involves the numerical evaluation of a certain Fredholm 
integral with subsequent numerical finding of quadratures. In this 
respect the asymptotic formulas presented in this work are important, 
since in numerous cases they give directly all the fundamental 
characteristics of the problem. 
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Assume that the pressure between the die and layer is a known function 
q{p). From [2], which considers equilibrium of an elastic layer subjected 
to the action of known forces on its boundary, we obtain the following 
relations: 


Q(y) 
A(vhy 7? (12) Jo (1p) dy 


| 


‘ (y 
2\ x3 (12) J, (19) 141 


of Q (y) 
6,= - 2\ Jo (1p) 147 


(19) 144 — 
0 


2(m — 


m 
0 0 


W = — (A z) 


co co 


= (hk — 2) ( 40) —(h+ Ji (4p) dy (1.5) 
0 0 


Jo (19) — (1) Jo (1p) 144 — (1.6) 


0 0 


2) Q(y) Jo(1e) — (h 4 2)\ (1) Jo (1p) 
1 
Q(1)= ede q (p) = 9, ift p>1 (1.7) 


A (xh) = 2yh +- sh 2yh (1.8) 
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2m — 2 
22 (yz) = (yh) sh 4 b (xh) (yzch sh 72)| (1.9) 
(12) = [yha (xh) sh yz + b (yz) yz ch yz] (1.10) 
= [yha (yh) ch yz + b (yh) (yz sh yz — ch (1.11) 
a(yh) chyh—2yh, sh yh + 24h (1.12) 
For any function Q(y), formulas (1.1) to (1.6) satisfy the following 
boundary conditions: 
for :=0, tor =O for s=h (1.13) 


In order to fulfill two more conditions of contact between the layer 
and die, the function Q(y) must satisfy the following relations: 


uw=-6—g(p) for0<p<1, = (1.14) 
for t=h (1.15) 

Here 5 is the displacement of the die due to force P. 
Considering relations (1.1), (1.4) and (1.7), we conclude that (1.14) 


and (1.15) will be satisfied if Qly) is determined from equations: 


oo 


mm 


\ Q(x) 144 =0 (<p) (1.17) 


Thus the problem of die pressure on an elastic layer may be reduced to 
solving the paired integral equations (1.16) and (1.17). 

2. Reduction of problem to Fredholm integrals. “Method of 
solution. It is proved in[ 3] that formlas 


Q(y)Jo (re) dy = (—) O<P<1), (1<p) (2.1) 


0 
are equivalent to 


* ve (yu) au sin au 


provided that q(p) is a continuous function on the interval [0,1]. 
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For Q(y) we obtain from (1.16) and (1.17) 


(1) Jo (re) dy = — + Q (1) B Jo (19) dy O<p<i) (2.3) 
0 0 


(1) Jo (x9) = 0 (1 <p) (2.4) 


9 
B (2h) 2yh + sh 2yh 


2.5) 


Equating (2.1) - (2.5) we conclude that Q(y) satisfies the following 
equation: 


11 
Q (a) = — ecos a\ [6 — dy + =2 au sin au dydu +4- 


0 00 


+ | = = \ B (21h) Jo(ry) dy + 
2 yau sin ¢ au ‘ 
+= \\ (2th) Jo (rym) dy dy dy (2.6) 


Equation (2.6) may be simplified by utilizing the well-known relation 


{ist (uy) y dy sin u 
Vi-y 


From (2.7) the following formula is easily obtained: 


B rh) + 


0 0 


yau sin au 


—= (7) B (27h) Jo (yyu) dy dy du 


0 0 


In addition, it is clear that given the relation 


11 
4 5 
2 = ydy \ dydu = 2 sina (2.9) 
i— y? J. Vi—y @ 
( ) 


(2.8) and (2.9) will simplify equation (2.6) to 
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Q (a) = 2 i 2 ? (yu) au sin du] + 
7 


\ \ cos au cos yuB (2yh) Q (7) dy du (2.10) 


00 


let the operator A(Q) be given by 


col 
A(Q) = =| \ cos au cos yuB (2yh) Q (x) dy du (2.14) 


It is clear that A holds in the domain of functions C[0, ©], i.e. in 
the domain of continuous and bounded (on the semiaxis) functions with the 
norm 


=sup/Q| (0<a< (2.12) 


We will show that A is a fully continuous operator. 


Let | Rt be some multitude bounded in C[0, «]. We will establish that 
the multitude | A(R) is compact in this domain. To establish this it is 
sufficient to prove that |A(R)} is uniformly bounded in C[0, ~] and uni- 
formly continuous on [0, 


The first condition is clearly evident from (2.11) if we consider that 


B(2yh) dy < (2.13) 
1 


0 


Further we have 
oo 1 


|A[R(a4 | {cos (a + 2) — cos au] x 


x | cos yu | B (2xh) |R\dydu 


From (2.14) we easily obtain 
oo 
|A[R (a + < \ uB (21h) dydu B (2yh)dx 


0 0 


(2.13) and (2.15) establish the uniform continuity on [0, «~]. Therefore 
this shows that A is a fully continuous operator in C[ 0, «]. Accordingly, 
in order to prove that equation (2.10) is a solution it must be shown 
that from the relation 


D(a)=0 


\ 
| = 
4 
(2.14) 
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where 


1 11 
2 sin a 2 (y) yp (u 
(uy) d du | 216 
D (a) — = e[cosa | dy 4 \\ ydu} ( ) 


it follows that Q(a) = 0 in view of equation (2.10). 


We will prove first that if Dla) = 0 then it follows 
= 0, ¢(o)=0 (2.17) 
Specifically, equation Dla) = 0 is equivalent to 


(2.18) 
If a = 0 is substituted into (2.18) we obtain 


1 
2.19 
= 0 (2.19) 
0 

As in the definition of 8 on the surface of contact 5 — dlp) > 0, so 
from equation (2.19) we obtain 5 — fly) = 9 on the surface of contact. 


Furthermore, if equation (2.10) had a non-trivial solution 0%a) for 
Dia) = 0, then formlas (1.1) to (1.6) with 0° substituted for 0, would 
always give the regular (at infinity) solution by the theory of elasti- 
city for a layer with the boundary conditions given by (1.13), (1.15) and 
in addition with 


w=0, if O<p<i (2.20) 


Under these conditions w=1,,= 0, = 9 over the entire layer, which 
will result in Q(a) = 0. Therefore equation (2.10), which defines our 
problem, always has a unique solution. 


Assuming that d{y) is a twice continuously differentiable function on 
[0,1], we have 


y + ay +\\ dydu| 
a Vi— y? 
00 


11 
2 [sin ev) (yu) + uy* (yu) 
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1 
) cos au cos yuB (2yh) Q (x) dy du 


0 


8 


(2 99 


\B(2 27h) Q (x) cosy dy + += | B (27h) Q (7) sin au sin yu dydu 
0 0 


By means of (2.21) 


and (2.22) equation (2.10) may be written in the 
following form: 


1 
2 sin af 8y — (y) y — (y) 
Q( ) a Vi | y 


11 
=| 7B (27h) (7) sin aw sin yu dy du| (2.23) 
0 0 
On the right-hand side of (2.23) the Fourier-Ressel transforms in the 
first and third member will be irregular for p = 1. The Fourier-Ressel 
transforms in the second and fourth member will be regular over the entire 
plane. 


Consequently we will consider the following two cases: 


I. The shape of the die is such that the surface of contact extends to 


the boundary of the die (Fig. 2). In this case the solution must be de- 
rived directly from equation (2.10), 


2 
p 
} 
| 
Fig. 2. 


The surface of contact remains within the boundary of the die, in 
an case we must have 


‘4 \ (y)y* 


co 


= B (2xh) Q (x) cos dy = 0 (2.24) 
— 


0 


and equation (2.23) becomes: 
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Q(2) = 


1 
au (yu) + uy® dydu + 


1 
+ \ 1B (21h) Q (7) sin au sin yu dydu (2.25) 


Solving(2.25) for Q we can obtain q(p) and the corresponding force P 
from 


oo 


(0) = Q (1) Jo(10) 1 (2.26) 


From (2.24) we then obtain 5, the displacement of the die . 


3. Solution of problem. Equation (2.10) may be written in the 
following form: 


Q (a) = Qo (2) + A(Q) (3.1) 
Here A(Q) is given by (2.11), and 


1 11 

2 i 2 _ye(y) (y) au sin 

Cole) — [ome | dy dydu | (3. 2) 
00 


It is clear that A(Q) is a convergent operator in the domain C[0, «], 
if h is large enough. In fact, from (2.11) we obtain 


oo 
JA] < yh) dy (3.3) 
0 
From (3.3) it can be shown by means of simple calculations that A(Q) 
will be a convergent operator if h > 4/m = 1.27. As will be shown below, 
equation (3.1) can be easily solved by the method of successive approxi- 
mations already when h = 2. 


Similarly, equation (2.25) may be written in the following form: 


Q(x) = Qo(a) + K(Q) (3.4) 


where 


uy*e" (yu) dydu (3.5) 
co 1 
K(Q)= + \ \ 1B (2yh) Q (7) sin au sin yu dudy (3.6) 


Simple numerical calculations using (3.6) show that K(Q) will also be 
a convergent operator when h > 0.97, We will show later that (3.4) may be 
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easily solved by successive approximations already when h = 1.5. 


4. Plane cylindrical die. In this case 
= 0 (4.1) 


and the solution to the problem should be based on equation (2.10), which 
assumes the following form in view of (4.1): 


col 
Q (a) = \ cos au cos yu B (2xh) Q (1) dydu (4.2) 


Solving (4.2) by successive approximations yields: 


Qo (a) = cd (4.3) 


1 
Q, (a) = Qo(a) + + \eosay COs B(u) dudy (4.4) 


Q: (a) = cos xX 
si 


sin (v / 2h) 2h) 


dudvdydz (4.5) 


etc. Passing from Q(a) to q(p) by means of (2.26) the following success- 
ive approximations are obtained for q(p): 


2c8 
Jo(p) = =Vi-e (4.6) 
91 (P) = 9o(p) + \B(u) du + (4.7) 
0 
dy 
= 
92(p) = + (4.8) 
2h 
+ B(u) cos du\ cos ») cos dv + 


0 
1 
28c dy 
+ \ B(u) sin \ cos da 
0 


B(v) cos + dp 


0 


|| 
4 a 


ite 


Sin 


a 


formas: 


‘4 


9e(p) = a? 


x \ B(v) cos Th dv \ cos 


012 0.763 3.42 (3.42 0.430 


42 0.763 3.996 0.335 3,42 0.4 
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1 

92(p) + B(u) cos du \ cos 
0 


1 oo 


sin(y/2h) yz 

\ B(x) 008 4 
0 0 

1 


y* — ¢? 


1 
208 dy fF ui. uy ur 
\B(u) du \ cos Th dz \ B(v) x 


0 


2h 


1 


vz sin (y / 2h zy P 
x cos \ cos \ B(x) cos dy (4.9) 


0 0 


To simplify their use, (4.6) to (4.9) may be expressed in an asymptotic 
form for large values of h. This leads to the following approximate 


(4.10) 


0.755 


0.337 0.685 


/1.012 , 3.42 3.42 


2¢8 0.755 9.970 0.337 0.685 
h? * 7s * 


2¢8 0.755 0.570 0.787 0.492 0.937 
h? hs he hé 
2 0.763 3.996 0.770 (3.42 0.430 


4 0.755 0.570 0.767 0.325 | 0.492 0.527 


het he 


; 2c8 E m 0.755 0.570 0.767 0.325 0.737 0.527 


0.335 ‘3.42 0.490 


2c8 [1 0.755 0.570 0.767 0.325 , 0.737 342 


012 0.783 3.996 . 0.235 3.42 . 0.430 
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Pressure of a die on an elastic layer of finite thickness 


Examination of formas (4.10) to (4.16) indicates that in transition 


from asymp wee expansion q, to asymptoti expansion q,, , the coeffi 
cients of h°*(k = 0, 1, +++, mM) remain identical. This leads us to con- 


clude that the first n terms in the asymptotic expansion q_ coincide 


exactly with the first n terms in the expansion of q in asymptotic series. 


In accordance with formulas (4.10) to (4. 16), the following approxima- 
tions are obtained for the force P acting on the die: 


0.093 


0.093 f 422 0.348 0.074 


h h2 is ha he he (4.21) 


0.093 9% 


P,- 1 


The accuracy of expansions (4.10) to (4.16) and (4.17) to (4.23) im- 
proves with increasing values of h. For example, for h = 1.5 the diffe- 
rence between fifth and sixth approximation of P is only 2 per cent, which 
indicates that formula (4.23) gives good approximation for h > 1.5, 
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Fig. 3. Fig. 4. 


Similar analysis of formlas (4.10) to (4.16) shows that for he 1.7 
the difference between fifth and sixth approximations of the stress under 


a = (4.17) 
0.755 0.570 0.337 0.502 ().998 SOR 
Py = + | 
0.1 
Pom 
id 
p 
7 
— | = 


4 
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the die is again 2 per cent. Therefore formmla (4.15) gives good approxi- 
mation for h > 1.7. 


On the basis of formlas (4.10) to (4.16) and (4.17) to (4.23) we may 
analyze the effect of thickness of the layer on the stress distribution 
due to the loaded die. 


Fig. 3 shows the variation of q(p, h) given by formla (4.15). Fig. 4 
illustrates the force of penetration P for different values of h. 


5. Parabolic die. Let us now assume that dlp) is given by 


= (5.1) 


Since the surface d(p) is smooth in this case, equation (2.25) must 
be used to determine Q. Substituting (5.1) into (2.25) we obtain 


nha 


Q(a) = — } \\ B(u)Q (se) sain sin ay dydu (5.2) 


In this case forma (2.24) yields: 


(3 x) (zx) B(u) cos = 0 (5.3) 


Recall that the boundary radius of the surface of contact was assumed 
as unity. 


The results of successive approximations for the pressure under the 
die q(p) are the following: 


qi (p) = V1 — + 
0.190 9.98?’ 0.010 


(5.4) 


0.337 ~ 0.266 0.114 0.024 0.205 


041990 0.029 0.064 0.010 

It can be easily recognized that further approximations will contain 7 


corrective terms of the order of h~? and higher. 


For the force P which will result in penetration 5 consistent with 
the given loading conditions we obtain the following relations: 


8c 0.337 0.342 , 0.037 

_ Bef, , 0.337 0.342 0.114 0.037 0.230 
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Pressure of a die on an elastic layer of finite thickness 649 


Formulas (5.4) to (5.7) are recommended when h > 1.5. 


If we omit the requirement that the boundary radius of contact sur- 
face be unity, formula (5.7) assumes the form: 


Py = + 0.337 — 0.342(5)* + 0.114 + 


4 0.037 ( ni) —0.230(4)" +: (5.8) 


where a is the radius of the boundary of contact surface, and H is the 


thickness of the layer. 


From (5.3), (5.5), and (5.8) the following formulas can be obtained: 


93 
Bele 
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Le ah 
4¢ 
} as 
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a, \4 \6 \7 
113 (=| 114(2) 4 0.025 —0,004 ( = 


0 
H 


a 
0.197) 


Here q. is the maximum pressure under the die. Figs. 5, 6, 7 illus- 


trate the dependenc e given by (5.9), and Fig. ® shows the dependence of 
9‘p) on the thickness A. 


In conclusion it should be noted that equations (4.2) and (5.2), which 
define Qla) and which were shown to be Fredholm integrals, permit 


numerical integration for any value of h. 
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In this paper, thermal stresses are investigated which are caused by the 
action of non-stationary sources of heat, arbitrarily distributed in 
elastic and visco-elastic media. The construction of Green's functions 

for stresses caused by an instantaneous point irce of heat is considered. 
In Sections 1 and 2 the state of stress in abs itely elastic bodies is 


considered and in Section 3, in visco-elastic bodies. 


1. The state of stress in an infinite elastic medium. As is 
known from the theory of thermal conductivity. the temperature field due 
to the action of an instantaneous point source of heat is described by 


the formla 


( re 


(29)? 


Here W= Opec is the quantity of heat received in unit volume in unit 


time, p is the density, c is the specific heat, andA is the coefficient 
of thermal conductivity. The function (1.1) is the solution of the equa- 
tion 


oT 
8(R)8(t) 


dt x 


r(R, theo = 9%, T (co, t) = 0, T(R, cc) =0 


where 5 is the Dirac symbol. 


We consider first the quasi-static problem. The equations of the 
theory of elasticity for displacements, if the inertial terms are 
neglected, can be represented in the form 


on 


a 
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A, » are the Lamé constants, a, is the coefficient of thermal expansion. 


t 


We introduce the potential of thermoelastic displacement ¢. This 


potential is related to the displacement by the equation [ 1] 


(1. 


i 


Introducing the function ¢ into equations (1.3) we reduce the system 


of equations for displacement (1.3) to one equation [ 1] 


{4 


/ 


Knowing the function ¢, it is possible according to formlas [1] to 


determine the stresses 


o* 


2G ( —— — (1.6) 
OX 


where G is the shear modulus, and aT is the Kronecker symbol. 


In a finite body, the function ¢ at best satisfies only part of the 
boundary conditions; so that to the stresses expressed by the formla 
(1.6), ome must add such selected stresses as to satisfy all the bound- 


ary conditions. 


In the problem under consideration, we take advantage of spherical 
symmetry; we have 


(1.7) 


UR 


> Aa { do 
2G D - 2G 

R ok 


\ 
Ranta) (1-8) 


The expression (1.1) for the temperature field, by use of the Laplace 
transform, can take the form of the following Hankel-Fourier integral 


p/«) "J, (ar) cos da dy 


\ e-P'T (R, t) dt 
c 


By use of the Laplace transform, from equation (1.7), taking Q = 1, 


we have 


(a? "Jy (ar) cosy zdady (1.10) 
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After carrying out the inverse Hankel-Fourier transform, we obtain 


_ 2GAT f R 


In Fig. 1 a, b, and ¢ curves of the dependence of T*, pp 44 on 
R are presented for several values of the parameter @ indicated on the 


curves. 


For R + «, at an arbitrary moment ¢t, the stress approaches zero. Also 
for finite values of R, but for t + «, the stresses o* vanish. 


The functions o* 
let Q(P, t) be the intensity of the sources of heat distributed in the 
region I’; then 


t) =\\\\Q(S, (S, P, dPae’ (1.13) 


For a continuous source of heat, we obtain 


AR R ay 
t)= [1 1+ sya) ert —exp | — = 


For a source changing according to a harmonic law 


— 
t) = [1 —exp(— R (1.16) 


If in the equations of motion of the theory of elasticity, the inertial 
terms are not neglected, then in the case considered, with spherical 
symmetry, along with the equations (1.7) and (1.8), we obtain the fol low- 
ing formulas: 


R can be considered as Green's functions. 
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Tap etl %=4xt,  erfe \e dx (1.11) 
Knowing the function we determine the stresses [2] as 
q is * 4GA R 2R Rt\ 
I 
4a n an analogous manner, we have 
t) ers, t')o*(P, S, t—t’)dt (1.14) 
: (1.15) 
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2 _ 
dn? ROR UR 


OR 
99 ? ? ? 


= 
= 


c, ts the velocity of propagation of an elastic longitudinal wave, p de- 
stgnates the density. 


Proceeding in 
for 


1° + (a? + 7? + cosy z da dy = 


q -Rop RV pe 


Vo 


Anxa?y 


Carrying out the inverse transformation, we obtain [ 3] 


§ R { § f[ 
o* -exp — | 
inR | 2 | 


$ 


ye) 


2xo 
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R R 
exp =| erfe »« 
xo 


where n is the Heaviside function. 


In the case considered, we obtain different formas for d6**+ }=/in the 


intervals 9< t < Ro and t Ro. Knowing the function 4%, according to 


formula (1.18) we obtain the stresses o*... It is easy to show that both 


i? 


for R + «, and also for t + «, the function &* vanishes: and also the 


stresses recluce to 7eTO, 


For t = Ro there is a discontinuity in stress. It is evident that, 


considering &* as a Green’s function, it is possible to determine the 


stresses for an arbitrary function OCP, ¢). 


We consider the state of stress due to t} action of a source of heat 


moving in a straight line with constant sr |v. Designating by €., &,, 


» ] d 
and €, stationary coordinates, we assume the source has an intensity 


W changing with time, and moves in an elastic medium along the axis &,. 


The equation of thermal conductivity in this case has the form 
(1.21) 


We choose a new coordinate system x., x a9 connected with the 
moving source of heat, and parallel to the syste 1» €5, &,. Applying 
a linear transformation 


obtain equation (1.21) in the following form 


AT 


iT, 


(1. 


In the case of a source having constant intensity » have dT/dt 


dwell for a while on this quasi-stationary case. 


It is known that in this case we have 


obtain, for OQ. 


23 
~ 
We 
(A = (2, W = Qpe) (1.23) 
ri Solving the equation 4 
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In(a, 


Bi (— s) = \ —— du (s>0) 


Now it is possible, according to formula (1.6), to determine the 
stresses o* sis carrying out the appropriate differentiations of the 


funct ton d* 


| u(x,4+R) 1] 
Seq* = 1+pR+ — +R). (1 
a 
(A and so forth 


1 v 8xpx 


\ 


Carrying out in the formas for stress the passage to the limit 
p+ 0 (vy + 9), we obtain the well-known formulas for stress due to a 


stationary constant source of heat, 


2. Thermal stresses in an elastic half-space. We consider an 
elastic half-space (x, > 9), in which an instantaneous source of heat 
acts at the point (0, 0, €, = ¢). We assume that the plane x, = ( is free 
of stress. Further, we assume that T= 0 for x, = 0. Here the problem is 
axially-symmetrical, so that cylindrical coordinates can be used to 


describe the system, namely, r and z. The first two boundary conditions 
0. 0 forz=0 


are satisfied, if in the unbounded elastic space we place at the point 
(0, €) a positive, and at the point (9%, — ¢) a negative source of heat. 


Then, in conformity with formula (1.11), we obtain [ 4] 
1 It, 1 Re 
(2.2 


As is known, the stresses function 4* in 


the following manner 
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In the plane z = 0, the stress o*’ | does not vanish. In order that 


the stress o”* gil 0, t) should reduce to zro, we impose such a state of 
stress that in the plane z = 0, the condition should be satisfied 


0, t) + 0, t) = 0, 0, t)=0 (2.4) 


We determine the state of stress aT, by means of the Love function 


satisfying the equation = 0, 
The function 6° is taken in the form 


From the second condition (2.4) it follows that C = —(1 ~ 2v)D. 
Taking into account that 
\ o(a, t)a7/, (ar) da 


0 


where 


aye 
o(a, th=e a: erfe ( ys 


we obtain from the first condition (2.4) 


—_ 
1 


D(a, t) op (a, 


4na 


In this manner the function 4° is determine!, and from it, the state 


of stress o..*, since 
tj (2 6) 


2voz\ 


In this manner 
op-*” = GA p(a, az az) J, (ar) 4-(2v—2 4 2) de and 


5 so forth 


If one assumes that 07/dz = 0 in the plane z = 0, then the stresses 
O55". may be determined by placing instantaneous sources of heat located 
at the points (0, 2) and (0, — 2). In this way, in the plane z= 0 the 


conditions are satisfied = and dT/dz = 0. 


We eliminate the stress Con ih 0, t) by adding to it the states of 


stress 0..* ando,..*”, expressed by use of the Love function, whereby in 
formila (2.5) C = 4D should be taken. 
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If ¢ approaches zero, we have the case of a source actine at the 


origin of the coordinate system, that is, in the plane bounding the 


elastic half-space. In this special case we obtain for a cont inuou 
source of heat 


Dia, t)= ——.(1 | 1— aexp (— (4 9 \erfc 2) 
I - ) 


For a steady source of heat, that is, for t + « we obtain 


D(a, t) (1 


(r, z,« 


We notice that for t + ~ the stresses o *(r, z, «) and et 
rz 


are equal to zero. 


The stresses o r, 8, t) for a continuous source of heat may be re- 


presented as 


where the stresses o (ao) 
1? 


we obtain 


ando 


(rp, 2, t) 


These stresses vanish for t + «, assuming a maximum for some finite 


value of ¢. 


We consider the following problems which have importance for technical 


app | i rtions. Assume that ina finite region a loc ated in the plane 


> = which bounds an elastic half-space, the following boundary condi- 


tion for temperature is given 


T (x,, Lo, 0, t) (t) 


and let 7 on the remainder of the surface. We construct a Green's 


function this prol lem. 


The temperature field should satisfy the differential equation 


4 * 


0 


and the boundary condition 


as well as 


at infinity 


For the given temperature in the region I’ we obtain (dI° = d¢ ' dé. ) 


| 
but 
V 
d 
= 34; 2 2) 
9 
(2.7 
| 
¥ 


We determine the Green's function for t} 


solving the equation 


with the boundary condition 


T* (r. 0. t) 


Knowine the function T* one finds 4* 


| erf 
| 


(ce the function 4* 1 known, the stres 


rz ts not equal to zero. Therefore it 
the state of stree«e« ate of 


, 


af the functi nn 


in the Love function 


From these condtit ions we obtatn 


(1 2v) D, (x, 


e 


axtally-symmetric case 


‘7 * 


miantitie 


vundary 


at 


infinity 


(2.12) 


letermined 


however the 


cor 


mse 


itions 


In the case of the temperature field satisfying equation (2. 


the boundary conditions 


H(t) 
where the function n(t¢) is the Heaviside 


] 


tress 


Ip 


: 
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a Zo, t) \ \/ 3; Zo, ls; So, VU t) dl (2.9) 

© (ae 1 @ 72 

ate a The solution of equation (2.10) is 

the solution of equation (1.5) 
ij 
tress 0°", expressed by means 
q (2.5), are fixed by the for 

4 

function, we obtain 

- : f R R? 


and the stress 


letermined by 


Dia 


La erfe | 


In the special case of a stationary temperature field (¢ » «). the 


and Baa are set e mal to zero 


thermal stresses caused by the action of an inst mtaneous source in an 


The state of stress in visco-elastie media. We consider 


infinite medium. for the mode! of a -elast hody Suece sted hy 


Biot [6] and Berry [7]. We extend the relations given by these authors 


to the case of therma! stresses, We have 


t 


Ae | ~) 
3 [3h t+ 2u(t xy 
Ot 
0 


dt (3.1) 


The relations given apply to bodies which in the initial moment were 


unstressed. Let the relaxation functions be A(t) and w(t), which for an 


absolutely elastic body reduce to the Lamé constant. 


We consider first the quasi-st atic problem. Substituting the stress 


o,, into the equilibrium equations, which express the stress through dis- 


placements, and introducing the potential of thermo-visco-elastic strain 


& by means of 


we obtain for the function 4, by analogy with equation (1.5), the formula 


\ [2u (t —t) + A(t dt x, \ {3d (t ~t) + (3.2) 


‘ 9 


Fxpressing the relations (3.1) by use of the function & and using 


equation (3.2) we obtain 
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We obtain the stresses o0..*” from formulas (1 
o..°” from formulas (2.6). The function 6° is (EN formla (2.5) 
where 
( D (1 — 2v) t) = (1 — 2v) Fila. 
4xa?* * 
F(a, t {+ xt)—? 
(1 + 2a exp a°xt) 
(z,, t) ple t) t)dt 
I 
ui (i =] 9) 
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tastictty 


We as 


sume that the visco-elastic body al instant free, 
unstressed. We carry out in equation (3 relations (3.3), 
the Laplace transformation, 


t 


\e mT (xr. 


0 


—P) 


obt aining 


and also 


Pp) 2G (p) 


The fol lowing de tenations 


ire introduced 


G (p) u (p) 

We notice that for an absolutely elastic body, we have the following 
relationships (see formlas (1.5) and (1.¢ 


(2,, 


(3.6) 
2) p 


{3 7) 
where G is a constant quantity not 


dependent on the parameter p. 
At this point we introduce the designations 4” and Oi for an abso- 
lutely elastic hody. 

From a comparison of (3.4) and (3.4) 
follows that 


and also (3.5) 


® (z,, p) (z,, p), (2, 


Introducing the functions F(p) and G(p) 


where ** 
F (p) = Pp) H (p) = 


** The functions F(p) and G(p) are 
inverse 


assumed in suct 
transformation 


form as t 
of these functi 


insure 
ons. 
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an inverse Laplace transformation, from formulas (3.8) we obtain 


(3.10) 


The expressions derived above permit the determination of the displace- 
ments and stresses in a visco-elastic body by use of solutions obtained 
for an absolutely elastic body. In many cases it will be more convenient 


to determine first the function 
t 
a 


(z;, t) = \ —t) == (zr, t)dt 


(3.11) 


and to arrive with its aid at the stresses 


= — ) #) (3.12) 


2 


Let an instantaneous source of heat act at the origin of the coordinate 
system in a visco-elastic medium. We assume that the relaxation functions 


A(t) and »(t) have the same relaxation time 
A(t) = Boe, (3.13) 


Since 
F (p) = 
+ 
therefore, in conformity with formula (3.11), and taking equation (1.11) 
into account, we obtain 
R f 
de — A(R, (3.14) 


Ot V 4xt 4nR 


A(R, t)= e—'[exp(- iRY =)erfe( 


exp (ir ] Jerfe | 


For a continuous source we obtain 


t)= — erfc — A(R, t) 
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after 

(2, t) = \ h(t (2p, t) dt 

0 

t 

{ de, ;° 

(tr, t) = f(t —2) 2) de 

: 

22 

‘ 

where 
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We obtain the stresses o;, by forma (3.12). If in the equations of 
equilibrium we take into account the inertial terms, then along with 
equation (3.4), and the relations (3.5), we obtain the following equations 


and relations: 


V *@ (2,, p) — (p) p) (p)©(z,, p) 


at ) 
*(P) 


We introduce the function ¥ (x, p)= p), whereupon the 


relation (3.17) may be given in the form 


(Zr, p) =: (x,, p) + pp*® (z,, p) (3.18) 
Comparing equation (3.17) with the corresponding equation for an 
absolutely elastic body, 


(z,, p) — (z,, Pp) = 9,0(z,, p) (3.19) 


where o,2 and @, are constant quantities independent of the parameter p, 

it is apparent that it is impossible to construct between the functions 

® and ®° such relations as were obtained in the quasi-stationary problems 
for an absolutely elastic body. 


In the case of an instantaneous source of heat, assuming that the 
functions A(t) and y(t) are expressed by means of the same exponential 
relation as before, and with the same relaxation time, " File” we find that 
the sohition of the equation (3.146) has the form 


$(p) exp(—R 
4nxpR (po? 


(R, p) 


(3.20) 


Thus 


p)= A(—. 2) —exp| RV8p(p+8)]| 


(3.21) 


Carrying out an inverse Laplace transformat i m, we obtain 


a 
( 2 \ 
\ (7 pi2u’ (ip) + 2d’ ip } (3.16) 
} | O(z,, p) + pp*@ (z,, p) (3.17) 
>. 
\o°(p) = B-——,, B= ~ 
— 
ad x5 
—. 
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o(R,t)=A {erfe ~L(R,t;4) —N(R,t) + K (3.22) 


V 4xt 


Here the following definitions apply: 


L(R,t; 4) = e*'[exp| -R| )erfe — Vit) 


R | 
+exp(R ) Jerfe (= + J mt) | 


- 


K (R, 7) = t —t) g(t; ©, n)dt 


0 


whe re 


h(R, t) = exp| (ee V — RB) — RV 3) 


and also 


{ eet 


n(t z) \} mt 


t 
9) Ve+ ne” erfV (e+ dt 


For determining the stresses ;;» one more function is necessary: 


(R, t) (WY (R, p) = G(p) D(R, p)) 
The function uv) (R, p) has the form 


~(R, p)= | exp R\ exp(— RV Sp(p 4 | 


4 


Carrying out the inverse Laplace transformation, we obtain 


t) = AL (R,t;—2)— L(R,t; — — A(R, (3.23) 
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We determine the stresses by use of the formula 


Pp 


1 oy\ , 
R GR) 


Determination of the quasi-static thermal stresses in a visco-elastic 
half-space introduces, in principle, no great difficulties. First the 
stresses o0..”° are determined for an infinite medium, as was demonstrated 
in Section 2, and then the boundary conditions at the plane z = 0 are 
satisfied by superposition of the state of stressa,.”. The stresses 


> (x, p)can be expressed by use of the function ¢ 


the formlas for %,.(x., p) from equations (2.6), in which in place of y 


“, whereupon we obtain 


we set A*(p)/2[ A th) + #’(p)], and in place of G, we use the quantity 
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In this paper we consider the problem of expressing a set of displacement 
components satisfying the homogeneous equations of elasticity in terms of 


harmonic functions [ 1-9]. 


The 


equations of elasticity appears in [el]: 


following definition of a "general" solution of the homogeneous 


Definition 1, A solution of the equations of elasticity in terms of 
harmonic functions is said to be a general solution in a region D if for 
every set of displacement components satisfying the homogeneous equations 
of elasticity, for every closed region D’ contained in the interior of I 
and for every « > O there exist functions o,*, ©°, O,* (appearing in the 
given solution) harmonic in D such that the displacement components de- 


termined by &,*, ,* satisfy the inequalities 


in D’, 


In other words, 


a given solution of the homogeneous equations of 


elasticity is a general solution in a region D, if it contains a sequence 


of functions P, Oy .* @,.* (m= 1, 2, ...) harmonic in D such that the 


d on 
sequence of corresponding displacement components converges 
, v, w in D, This definition is of interest 
because such general solutions and well-known expansions of harmonic 


uniformly to the displacements u 


functions can be applied to special] problems of the theory of elasticity. 


Such general solutions can also be used to find approximate solutions 
for problems of elasticity (e.g. the variational method of Trefftz) and 


to determine the error of the approximate solutions [10-14], 


It may 


of course happen that, for instance, the sequence Pin’ converges 
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as n- ) to a function &, which is not harmonic everywhere in D and 


that ¢, = lim ?,,° may have singularities on certain curves in D. However, 
if the solution is a general one, the displacement components us. v, 


and their derivatives converge uniformly to the displacements u, v, 


* 
n 


w and their derivatives. 


It is appropriate at this point to introduce in addition the definition 


a "complete" solution of the homogeneous equations of elasticity’. 
Definition 2. A solution of the homogeneous equations of elasticity is 

called a complete solution in a region DPD, if every set of displacement 

components satisfying these equations in PD can be expressed in terms of 


functions 4., ©,, «+. harmonic everywhere in D which appear in the 


given solution. In other words, a given solution of the homogeneous equa- 


tions of elasticity is a complete solution in D, if the harmonic functions 


mentioned in the paragraph following Definition 1 con- 
i 


verge uniformly to functions harmonic everywhere in D. It is 


clear that a complete solution in a region P is also a general solution 
in the same region. 


However, the converse is not true: a solution may be a general solu- 
tion in D without being a complete solution. The concept of general solu- 
tition is applicable to a wider class of regions than is the concept of 


complete solution. 


We note that the author has proved in [6] that, with certain re- 


strictions on the choice of the origin of coordinates and in some cases 
yn Poisson’s ratio, a whole series of solutions of the equations of 
elasticity, containing three harmonic functions, are general] solutions 
for simply and doubly connected regions and has derived a general solu- 
tion for multiply connected regions. These results are based on Definitio 
1 and an important theorem which states that a function harmonic in a 
simply connected region D, can be expanded in a uniformly convergent 
series of harmonic polynomials [15-19], if certain general restrictions 


are imposed on the surface S, which bounds D 


The above expansion theorem was proved for harmonic functions of two 
variables in the well-known papers of Runge and Walsh: and for harmonic 
functions of three variables, with varying restrictions of a general] 


nature on the bounding surface S, of the region D, and on the harmonic 


In [6] the term *general solution" is al ised instead of *complete 
solution". It is clear from the intext a the proofs of theorems, 
however ch meaning is to be ascribe the term “general solution’ 
in [6] 
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function on S,, in the papers of Bergman [15], Szego [16], Keldysh and 
Lavrent’ ev [17] and Vekua [18]. Vekua [18] proved the theorem on the 
assumption that S, is a Liapunov surface. If a harmonic function is con- 
tinuous in the closed region D, + S,. it can be approximated uniformly 


by harmonic polynomials in D, + S,,. 


In this paper we shall show for which regions some well-known solutions 


(Papkovich [2], Grodskii [3], Neuber [5], etc.) containing three harmonic 
functions are incomplete (they are, however, general solutions in some of 


these regions) and for which regions these solutions are not general 


solutions (and are therefore not complete). 


Our results generalize certain theorems proved in [1-7]. 


1. Neuber’s solution. Neuber's solution [5] which contains three 
harmonic functions, can be obtained from Papkovich-Nenber’s solution 


[ 2-5] 


(1.1) 


{where ¢,, &,, &, are functions, harmonic in a region I); x, y, z are the 


coordinates of points in /); 1, J, k are unit vectors and o is Poisson's 


ratio) by eliminating the function 4,; that is, Neuber’s solution is 


+ Y¥P2 + Po (1.2) 


The following theorem is proved in [6] 


Theorem 1. In order that a set of displacement components u, v, w 
satisfying the homogeneous equations of elasticity in a region D be re- 
presentable in the form (1.2), where d,, &, & are functions harmonic 
everywhere in JD, it is necessary and sufficient that for every harmonic 
function @, there exist a function Ww, harmonic in D such that 


(1.3) 


This theorem clearly gives a necessary and sufficient condition that 
Neuber’s solution be complete. For instance, let ©” be the unbounded 
region exterior to a sphere (see [6], 5) and let D™ be the region ex- 


terior to a closed surface S. Then if 


‘ 668 
4 u = B— grad (r+ B + 9,), v=4(1—<) 
B=i9, + r= in + jy +kz 
v=9,—v"'0F /dy 
© 
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a. \! ( 
c Cm’ =—)- 
2 (em + ™ (1.4) 
m=1,2,... 
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where r is the distance from the center of the sphere to points of the 
region and c_, e. are constants, there is no harmonic function yw, 

satisfying (1.3) in Q™ or D™. It is easily shown in the same way that 
there is no harmonic function w, satisfying (1.3) in the doubly connected 
region 9. included between two concentric spheres if &, is again given by 


(1.4). 


Moreover, a much stronger theorem (important from the point of view of 
general solutions) holds for the regions 2™ and ?Q,. 


Theorem 2. It is possible to construct a function ¢, harmonic in 2” 
or 2, such that the inequality 


| Os / dz — > (1.5) 


holds for sufficiently small ¢, in some subregions of 2” or 2, for all 
functions «, harmonic in these regions. 


Proof. Let 2, be the region included between two concentric spheres of 


radii and r.. 


Let the center O of the spheres be the origin of coordinates and let 
? 


y+ a function harmonic* in as well as in 2™, 


? 


It is clear that for this choice of d, it is sufficient to prove the 


theorem for ws a function symmetric relative to the z-axis. 


It is well-known that every function harmonic in 1. and symmetric 


relative to the z-axis can be expanded in a uniformly convergent series 


bs >} (cos 0) (1.6 


in the interior of (that is, for Sr < where r, @ are spherical 
coordinates and P, (cos A) is a Legendre polynomial. The series (1.6) can 


be differentiated term by term, so that 


(A+1)) p 
>) kb, "hd P, (cos 9) (1.7) 
r=! 


Furthermore, using the orthogonality of spherical functions, we obtain 
a) ds’ ) as’ a, - (1.8) 
« \ 


oz 


where S’ is the sphere of radius r and center 0. 


* The function (1.4) can be used instead of this function. 
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It is not hard to see that 


min max 8(r) > e9’ = 2 
ri<r<r, 


for arbitrary choice of the coefficient 


4 
min max fe 1/1 


r 2 ry To 


which is assumed for 


It now follows from (1.8) and (1.9) that the integrand of (1.8) cannot 


be less thane, = ¢€,°/4nmr.* in all of 1., that is, 


min max 


in some subregion of 1, 


For the unbounded region 1” it is necessary to put a, = 0 in (1.5)- 
(1.8). Then 5(r) = - 4mr #40 for all r, and (1.5) follows. 


The proof of the following theorem is analogous to that of Theorem 1. 


Theorem 3. In order that Neuber’s solution be a general solution in a 
region J), it 1s necessary and sufficient that in an arbitrary closed 


region D* of ) there exist harmonic functions 6,* and y/,* such that 


is arbitrarily small. 


where « 


It now follows from Theorem 2 that Neuber’s solution (1.2) is not a 


general solution (and hence is not complete) in either 2” or 0... 


Hence Neuber’s solution (1.2) is not a general solution in an arbitrary 


unbounded domain D™ exterior to a closed surface S, since D™ always con- 
tains a subregion 2™to which Theorems 2 and 3 can be applied, with 

¢, = i/r, by taking the origin of coordinates (r = 0) in the interior 
region bounded by the surface S, 


Similarly, if a doubly connected region D'*’ contains a region 2, 


fa\ 
Theorem 2 holds for D‘*’ as well, with ¢, = l/r; consequently (1.2) will 
not be a general solution for such a region. However, Neuber’s solution 
(1.2) is a general solution for an arbitrary simply connected region D, 


bounded by a Liapunov surface S\, that is, (1.10) holds for such a region. 
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We shall now determine the regions D in which Neuber’s solution is com- 
plete and those for which it is not, that is, we shall discuss the cases 
in which a solution of equations (1.3) exists and those in which it does 
not. 


Almansi [ 20] proved that in order that a solution of the equations 
(1.3) may exist in a region T for an arbitrary harmonic function ¢,, it 
is sufficient that the region T be bounded by a surface S, which inter- 
sects lines parallel to the z-axis in only two points. Tolotti [21] 
proved that this condition is also necessary. 


We shall prove Tolotti’s theorem (Theorem 4) for functions of the 
form (1.4). 


Theorem 4. If a straight line parallel to the z-axis intersects the 
bounding surface S of a three-dimensional region D in more than two 
points, it is possible to construct a function , harmonic in D such that 
there is no function /, harmonic in D which satisfies (1.3). 


Proof. Suppose that a straight line parallel to the z-axis intersects 
the surface S at points A., Choose the origin of coordinates 
at a point O in the exterior of the region D on the straight line 


A,A,OA,..., and let ¢, be a function of the form (1.4). 


It is clear that the function 


= er +2) + (x, y) 
dy} ax™ 

is harmonic in an arbitrary open bounded region V” containing no points 
of the negative z-axis and satisfies (1.3) (w(x, y) is an arbitrary 
function of two variables harmonic in V’). Because of the uniqueness of 
the analytic continuation of a harmonic function, we infer that W; cannot 
be continued on all of D and has singularities at the points on the 
negative z-axis. Hence there is no harmonic function Ur, satisfying (1.3) 
everywhere in D, where D is a region of the indicated type and W, is an 
arbitrary harmonic function of the form (1.4). 


It follows by Theorem 1 that Neuber’s solution (1.2) is not complete, 
if a straight line parallel to the z-axis intersects the surface S in 
more than two points. 


However, there is an essential difference between a doubly connected 
(multiply connected) and a simply connected region of the form indicated 
(a line parallel to the z-axis intersects the surface S in more than two 
points). If the region is simply connected, Neuber’s solution (1.2) is a 
general solution; if the region is doubly (multiply) connected, (1.2) is 
not a genera) solution. In neither case is (1.2) complete. 
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2. Papkovich-Neuber’ s solution. We shal! call the solution con- 
taining three harmonic functions obtained from (1.1) by eliminating ¢,, 
that is, 


u = B — v"' grad (r-B) (2.1) 


Papkovich-Neuber’s solution [2-5]. 


The problem of representing a displacement vector u satisfying the 
homogeneous equations of elasticity in a prescribed region )) in the form 
(2.1), is reducible to that of determining a function / harmonic in DP and 


satisfying 


= —r = V% =0, v= 4(1—s) (2.2) 


where ¢, is an arbitrary function harmonic in PD. In other words, if a 
function yw satisfying (2.2) in D exists, then the solution (2.1) is 


complete in D. 


Analogously, if there is a function y* harmonic in an arbitrary closed 
region D’ of D and satisfying 


Ly = = 0 in D (2.3) 
grad |% 


where « > 0 is arbitrary, then (1.2) is a general solution in D. 


It is known that there does not exist a harmonic function y satisfying 
(2.2) in all of D for an arbitrary region P) and an arbitrary harmonic 
function ¢,. Moreover, the existence of y, depends on the choice of the 


origin of coordinates [6]. 


We shall prove a stronger theorem (important from the point of view 
of general solutions) which generalizes certain results of [6]. 


Theorem 5. Let 2, be the region included between two concentric spheres 
S, and S,, with S, the smaller sphere. Then it is possible to construct a 
harmonic function @, such that 


(L 191 — dQ > (2.4) 


Oy 


for sufficiently small ¢, and arbitrary function ¥ harmonic in 1,, if the 
origin of coordinates: (x = y = z = 0,r = 0) is in the exterior of the 


region D, interior to the sphere S,. 


An analogous theorem can be proved for the region 2™ exterior to S 
if the origin of coordinates is in 2™, 


672 

T 

‘i 


= 


General and complete solutions of the equations of elasticity 673 


Theorem 5 and (2.3) imply that if the origin of coordinates is chosen 
as indicated, then (2.1) is not a general solution and hence is not a 
complete solution in 


Hence it also follows that (2.1) is not a general solution for a 
bounded triply connected region bounded by three disjoint spheres Sy S, 


S. or for the unbounded region 2” exterior to two disjoint spheres S, and 
4 2 J sp 1 


S,, if the origin of coordinates is chosen arbitrarily. 

Proof. Set $, = a", where p is the distance from points of n, to the 
center O of the spheres* (the function py is harmonic in ,). 


Denote the radii of S 
for simplicity. 


and by Ps and p, and put p, = <p < Po) 


Take the origin of coordinates P(r = 0) at a distance 2p from 0 on the 
z-axis in the direction of OP. 


In addition to the coordinates x, y, z introduce coordinates x, y’. 
z” with origin O and direct the z°-axis in the direction of OP and the 
x’-axis parallel to the x-axis. We have 


S= y=y', 
r? (PM)? = + + 2? 
= (OM)? = + + 2? 


where M is an arbitrary point of 2,. 


Then (2.2) can be transformed into 


Ly = vb — + 2 Fra (2.5) 


Because of this choice of x, y, z and x", y’, 2° and the symmetry of 
the function Py = p* relative to the z-axis, it is clearly enough to 
prove (2.4) on the assumption that the function W of (2.4) is symmetric 
relative to the and 2z’-axes. 


Furthermore, it is known that every function vy harmonic in 2, and 
symmetric with respect to the z-axis can be expanded in the interior of 
n, into a uniformly convergent series ,1.6), with r replaced by p. 


Consider the partial sum Yn (harmonic in 2.) of the series (1.6): 


4, = [a,0* + b,p P, (cos6) (2.6) 
k=0 


* A function of the form (1.4) can be substituted for the function 


ty = 


959 
: 3’ — 
a 


674 M.G. Slobodianskii 


where p, @ are spherical coordinates and P, (cos 6) is a Legendre poly- 
nomial. 


From (2.5)-(2.6) and (1.7) we obtain 
n+1 
= > {[(v — k) + 1) +h + 1)b,— zokby_ p* +0} (cos 8) 


k= 0 
(2.7) 
Onto = = =b_,=0 


We introduce new variables a,” and b, 
(v — k) ay’ + 2, (k + 1) a, 4, = a,’ 


2.8 
(v +k +1) b, — = (2.8) 


It is not hard to see that if vy = 4(1— 0) is not an integer (which is 
true for o # 1/4), the constants a, and by are uniquely determined by the 
corresponding variables a,” and 


From the second system of (2.8) (since b * 0) we obtain 


Ba Vb 


Substituting (2.8) and (2.9) into (2.7) we obtain 


— = — = 


n 
lax’ + P, (cos 6) + (n 41) ("+2) (2.10) 
k=0 
Next, substituting (2.10) into the left side of (2.4) and using the 
orthogonality of Legendre polynomials, we find 


\ {L [b,] — = 
n 


= ay’? + 274 by’ + By + By — 2 + Bobo’) + Bor (2.41) 
k=0 


Here 


2k + — 4), [2 (2k + 1)]-* — 1) 
a, = [(2k + 1) (2k + ) Ye 0 (2.12) 


B, = [(2k + 1) (2k (1 — (m 


Dy k’ db,’ 
k=0 
By = By, = .. ., (2.9) 
v+k+i 1 
ade =v + i, 
k 25 ( n) 
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We shall find the minimum value of ®, which can be written in the form 
®. ®, + ®, + ?,, where ®, is a quadratic form, ® is a linear form in 
the variables and ®, is an independent term. 


From (2.11) and (2.9) we obtain the following system of equations for 
determining the coefficients a", b,° which yield the minimum value of ®: 


e 


1 
fo=Yo= > (po* — 1), 


Furthermore, it is obvious that 


Hence, because of (2.13) we obtain 


Dain = Bo — >; (fp + 
k=0 
Ao 


Zo Yo 
| 


Yo Po 


By eliminating unknowns, we find from (2.13) 


(2.16) 


Substituting (2.16) into the second equation of (2.15) and using the 
expression for 6. from (2.9), we find 


n 
Bas) 
Py 


k=0 


(bo’ — 1) E + (2.17) 


Pe. 
= 
2 da,’ ~ /, 2 a,’ (2.13) 
4 n k > 
ly = = 0 (k=1,...,n) 
> i 
959 
4 = Bo — (voao Bobo’) = 2° — 1) 
— “763, 19’ <= (2.14) 
| 
bo’ B,, ao 
bo’ + b, = 1 (2.15 
a 
ite 6 | = Be — k=0,1,...,n) 
Yr Pr | 
whence 
b,' = v+i Me Se Ao 
vth+1 @ A, — 4 
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Finally, from (2.14) and (2.17) we obtain 


\? 

— (y + 14)-2} | 2.18 


We shall investigate the expression (2.18). 


We note first that <A, =p, 1, since putting a,° = 6,” 
(2.11) yields = 0 by (2.9), and consequently < 


Hence the expression in square brackets in (2.18) is greater than a 


certain constant. 


Furthermore, by (2.12) 


(2k + 1) (2k _2k 


(v +k + 1)? 


for 1 and k + n+ 


From (2.9) we also find 


Let z < 1, i.e. suppose that the origin of coordinates P is in the 
interior of the region D, bounded by the sphere S; of radius P, = 1. Then 
it is obvious from (2.18)-(2.20) that the expression in square brackets 
in (2.18) can be made greater than an arbitrary positive number NW by 
choosing a sufficiently large value of n; consequently, for sufficiently 


large n, ® will be arbitrarily small. 


min 


In other words, the series in the square brackets in (2.18) diverges 


for < 1 as n+ and hence » 0, 


Now, suppose that zy > 1, i.e. the origin of coordinates P is in the 
exterior of D,; hence P is either in n, or in the exterior of the region 


Dy bounded by the sphere S of radius Po- 


Then it follows from (2.20) that the ratio H/Ho of (2.18) can be made 
less than an arbitrarily small « > 0 for sufficiently large n. 


4 676 
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v+s+1 


which can be made arbitrarily small for ((w + 1)/8, + 1)2.~* < 1 and 
sufficiently large n. 


Furthermore, it is not hard to prove, by means of d'Alembert’s 
criterion, that the series in square brackets in (2.18) is absolutely 
convergent for n+ o, 


In fact, we have, by (2.20) 


Consequently, the expression in square brackets in (2.18) is bounded 
from above by a number N, independent of nm, and so 


Pain > “(y+ 


= fo (2.21) 


which completes the proof. 


Hence (2.4) holds for z, > 1. The inequality (2.4) can be proved in 
the same way for the region 1)™ exterior to the sphere Si if the origin 
of coordinates is in 12™. To do so, it is enough to put a, = 0, k = 0, 
L, «+. im (2.6)-(2.20). It follows from Theorem 5 that if two spherical 
three-dimensional regions are removed from bounded or unbounded region, 
(2.4) holds for arbitrary choice of the origin of coordinates and there- 
fore (2.1) is not a general solution for the resulting regions. 


Furthermore, if two three-dimensional regions bounded by closed sur- 
faces SS.” and Ss,’ (having no points in common with each other or with 
the bounding surface S, of D,) and lying in the interior of the mentally 
excluded spherical ee three-dimensional regions) bounded by 
spherical surfaces S are removed from either a bounded or unbounded 
region D, then (2.4) ‘hot ds for the resulting regions for arbitrary choice 
of the origin of coordinates; consequently, (2.1) is not a general solu- 
tion for these regions no matter where the origin of coordinates is 


chosen. 


We shall now determine the domains for which Papkovich-Neuber's 
solution (2.1) is complete, and those for which it is not. 


4 
gant = 
i j +n+i\2 
lim | lim |( att ) 5) 2672 | = 
n- | BP, @, 4,4, \W+a-+t 2 | 
‘ 
4 
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E. Trefftz [4] considered the system (2.2) for various coefficients + 
and wrote the solution of these equations in the form 


gy dr 


where C is a constant of integration depending on the direction of the 
radius r. He noted that if the lower limit of integration in (2.22) is 
taken as r = 0 (the origin of coordinates lies in the interior of the 
region and if C is made equal to 9, then the function 
r’\r gar 


. 
n 


is harmonic and satisfies the equations (2.2) for vy < 0 (see also Berg- 


man [15] ). 


Eubanks and Sternberg [7] proved that the function (2.23) is harmonic 
for v > 0 (except for the values vy = 3, o = 1/4) in a region which is a 
star relative to the origin of coordinates; that is, a region with the 
property that any ray from the origin drawn in the interior of the region 
intersects the bounding surface of the region at precisely one point. 
Since the integral in (2.23) is improper for v > 0 (if the origin is in 
the interior of the region), Eubanks and Sternberg [7], in proving their 
theorem, neglected the first few terms of the series expansion of Hy 
about the origin in terms of spherical functions. 


We shall prove first that if a ray ON, where O is the origin, inter- 
sects the bounding surface Sp of a region R in no more than two points, 
then the function (2.22) is harmonic for the corresponding value of the 
constant C. We shal! also prove that if the ray OW intersects the sur- 
face Sp, in more than two points, there cannot exist a harmonic function 
wv satisfying (2:2) in the region R° for some choice of the harmonic 
function Pp: It will then follow that (2.1) is a complete solution for R, 
but not for R’. 


Let the origin be exterior to the region R and suppose that the ray 
ON intersects the surface S of R at A,, A,. We consider the function 


dr 4+ Cr” (2.24) 


where C depends only on the spherical coordinates @, d We write the 
Laplace equation in spherical coordinates 


6? 


am 2 dy = 
= dei t + 


{ 
= 


or? r or r? Yee? 


where Vv @ b is a differential operator depending only on the spherical 


678 
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coordinates 8, Purthermore, since 


we obtain from (2. 24): 


Ar 


vo 
Bo = [4 1) 4 (2.26) 
r=<r, 


It is clear from (2.26) that a necessary condition for the function W 
to be harmonic in the region R is that the function C = C(@, d) satisfy 


viv+ 6, (0, 2.27) 


Vekua [19] devised a method for constructing solutions of (2.27) by 
means of complex functions. 


The case when @ + w/2 requires additional investigation. 


This case occurs if, for instance, R is a doubly connected finite 
three-dimensional] region bounded by two closed surfaces SiR end Sp 
where S,p 1s contained in the interior of S,_ and the origin O is in the 
interior of Sip and the ray OW intersects each of the surfaces Sip Sop 
at precisely one point. 


However, the problem of constructing a function t’, harmonic in this 
doubly connected domain is easily reduced to two simpler problems. 


Let 


Po ~= Por + Por, bi + 

where are functions harmonic in the region exterior to the 
surface S,p, and Dy >: W, are functions harmonic in the region R, interior 
to the surface Sp: If there exist functions ut Ur, satisfying (2.2), 
with Pos: Pp > appearing on the right-hand side of (2.2) for the regions 

1? R,, respectively, then there certainly exists a function uv’ satisfy- 
ing (2.2). The existence of the function «’. follows immediately from the 
fact that the function (2.23), with d replaced by @,, and w by vy, 
satisfies equation (2.2), except forv = 3 (o = 1/4). 


Furthermore, putting 
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\ dr (2.28) 


. 


in analogy with (2.23), it is immediately verified that uw is a harmonic 
function. This also follows from (2.26), since for r, =0oo, C= 0 and 
V “wv, = 0. 


Hence (2.1) is a complete solution for the region R if the origin is 


chosen as indicated. 


We shal) 
the region R° in more than two points, then there cannot exist a harmonic 


now prove that 


if the ray ON intersects the surface Sp’ of 


function vs satisfying (2.2). 


Indeed, suppose the origin 0 (r = 0) is in the interior of the region 


and that the ray ON intersects the surface Sp’ at points A,, A,., A,, 
Let O, be a point of the segment A,A, in the interior of R’, 
Set d, = — 1/p in (2.2), where p is the distance from 0, to an arbi- 


trary point M of the region R’ (r = OM, p = O,M). Since the function 


1 


0 


is harmonic in the interior of the open region VW’ obtained hy deleting 
the points of the half-line 0,A,A, ... from an arbitrary bounded region 
Vand furthermore, satisfies the equation 


(2.30) 


in V’, it is harmonic in the open region R” obtained from R’ by deleting 
the points of the half-line 0,4,A, 


Furthermore, since the function (2.29) is (fur o #¢ 1/4) the only 
harmonic function satisfying (2.2) in a neighborhood of the origin 0, it 
follows from the uniqueness of the analytic continuation of a harmonic 
function that the function y* defined by (2.29) is the analytic con- 
tinuation of the harmonic function satisfying (2.30) in a neighborhood 
of 0 to all of the region R”, 


We shall show that yw“ is arbitrarily large in a neighborhood of the 
line 0,A,A,... . In fact, putting 


00, ro, r> ro, v=4(i—«e), O<«< 


~ 
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r r 
0 


— 2rro cos + 
r 
V (r — Fg COS 6)? (ro sin 6)? 
r, cos 6 


1 
— In|(r — ro cos 6) + V (r — ro cos 8)? (rosin 


{ 
= > [In (r — ro cos In (rosin 9)] 


where r, @ are spherical coordinates. 


It is obvious that the right side of (2.31) is arbitrarily large as 
0, 


It follows that there is no function vs harmonic in all of R’ and 
satisfying (2.30). 


Hence, (2.1) is not a complete solution for R° if the origin O is in 
the interior of R’. 


Now suppose that O is outside the region R° and that a ray OW inter- 
sects the surface Sp’ at points A,. A,, has Ay, Choose a point 0. 
on the segment A.A, outside the region and as above write l/p, 


where p = O,M, r= OM, 


By adding to the right side of (2.29) an expression of the form oF’. 
where C is a function depending only on the spherical coordinates @ and 


Db, we obtain the general solution of (2.30). Since the function Cr” must 
be harmonic in the neighborhood of the line AAs, it will also be harmonic 
in the neighborhood of the line 0,A,A,... . Hence the function Ws” + Cr” 
will be arbitrarily large in the neighborhood of the line O,A,Ay-+ 


It follows that there is no harmonic function in R’ satisfying (2.2), 
and so (2.1) is not a complete solution for R° either in this case or in 
the case when the origin is in R”, as long as the ray OW intersects the 
surface Sp in more than two points. 


However, there is an essential difference between the simply connected 
and multiply connected regions of the form R° as far as general solutions 
are concerned. If R”° is a simply connected region bounded by a closed 
Liapunov surface S, (2.3) holds, i.e. (2.1) is a general solution; equation 
(2.3) does not hold particularly in the case of multiply connected regions 
(of the form R”) for an arbitrary harmonic function & and (2.1) is not 
a general solution. 
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3. General and complete solutions for multiply connected 
regions. Suppose that a bounded multiply connected region D is bounded 


by a closed Liapunov surface S. and closed surfaces BD, 


the latter lying in the region D. inside S, and having no point’s in 


common with each other or with S. 


It was show in [6] that if an arbitrary harmonic vector B is re- 
presented in the form 


B=B,+ (3.1) 


where B. is a harmonic vector in D. and B. a harmonic vector in the 
region 


exterior to the surface S;, then 
k 


u=u, + (3.2) 


u; = — grad (r; - B;) (i= 4,...,h) 


Uy = B,—v"grad(r,-B,), 


y:)* 


will be a general solution in D. In the formlas (3.2), (3.3), the point 


O, with coordinates Xi, Yy, 2, ts in the region D; bounded by the sur- 


face Si, and x, y, z are the coordinates of an arbitrary point of PD. The 


vector u, can also be written in Neuber’s form (1.2) or in anv of the 


7) 


other forms which are general for the region D, ([ 6], 


If the surface S, is absent, then D is an unbounded miltiply connected 
region and we mst put B. = 0, uw, = 0 in (3.1)-(3.3). 


n 


From the proof of the generality of the solution (3. 1)-(3.3) given in 


[6], it immediately follows that if the regions D. are solid spheres and 


S, is a sphere, then (3.1)-(3.3) is also a complete solution for this 


region. 


To show this we can take the limit as n+ - in the expansions in terms 


of spherical polynomials of the formlas (3.1)-(3.11) and others of [6] 


since the series of spherical polynomials converge uniformly in the 


corresponding regions. 


It follows further that (3.2)-(3.3) is a complete solution, if each 
solution (3.2) is complete for the corresponding simply connected region 


(the bounded region D. or the unbounded region D.™”). The last case occurs 


if, for instance, a ray ON intersects the surface S, at a single point, 


but a ray O.N in no more than two points (because of the restrictions in 


i=} 
(3.3) 
ry” = (2 — 2;) + (y — (z - 2%)? 
i 
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Section 2). If the ray O.N intersects the surface S in more than two 
points and the ray ON intersects S; in more than one point (and hence 
in more than two points, since 0. is in D.), then (3.2)-(3.3) is not 
complete for this region, according to Section 2. 


4. Papkovich-Neuber’s solution for o = 1/4. First, it is easy to 
prove that if the origin is in the region and ao = 1/4, then (2.1) is not 
only incomplete but also not general. 


Suppose, for instance, that 1 is a solid sphere in D and that the 
origin is the center of the sphere. Writing 


ar = 4(i1i—«)=3 (4.1) 


in (2.2) and (2.4), where / is the spherical furction of order n, we 
obtain 


co 
\ [L — dQ \ | (3 n) e"Y., dQ 
ho: 

\ 13 Se £0 \ [e*¥3"P dQ 
n 

It follows from (4.2) that (2.1) is not a general solution for o = 1/4 
if the origin is in D. Strangely enough, however, if the origin is out- 
side the sphere {), then (2.1) is a general and complete solution for 2 
and for arbitrary 0 < o0< 1/2, This follows immediately from (2. 24)-(2. 29). 


We consider the interesting special case, = = P_(cos A), 
where r is the distance from P to a point of 2 and the positive z-axis 
is directed by PO (0 is the center of the sphere). In this case, a solu- 
tion of 


20 Pos 


where pis the generalized Legendre function, is immediately found with- 
out having recourse to (2.24)-(2.29). The solution, due to Bromwich [22], 


is 


For v = 3 this function has the form 


i | 


12 | (4.3) 


rT is 3 
in — Ps (cos 9) P; (cos 6) — > (cos 6) + 


It is easily and immediately verified that (4.3) satisfies (2.2) for 
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vy = 3 and is harmonic in 2 (that is, for z> 0). 
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Considered is the problem of stability of the plane state of an elastic 
thin plate of infinite length simply supported along two edges (beam), 
subjected to the action of constant forces in its plane, from the point 
of view of application of various methods of analysis, namely the methods 
of direct integration and the direct method of Liapunov. The definition 
of stability in the sense of Liapunov is given for the problem under dis- 
cussion, and the theorems of the direct method of Liapunov regarding 
stability and instability [1,2] are given; to this end an auxiliary 
metric space is introduced, in order to construct in it the corresponding 
functionals (see the dissertation of Krasovskii, and also the paper | 3). 


It is assumed, that the equations of motion for the dimensionless de- 
flection w(x, t), referred to the chord a of the plate, may be written 
in the form 


a’ N O*w (x, t) 


#D oe w (z, t) forr=0,1 (1) 


Ox? 

Here x is the dimensionless space coordinate, referred to the chord 
(0< x< 1), t is a dimensionless time, referred to the quantity (na’ 
pp is the mass per unit of area, D is the rigidity, N is the force in the 
plane of the plate, positive in case of extension. 


1. In a static investigation, the plane state of elastic equilibrium 
of the plate w(x = 9 is said to be stable, if there is no other state of 
elastic equilibrium w(x) #¢ 0, infinitely close to it ([4], p. 94). Non- 
trivial solutions w.(x) = c, sin max (m= 1, 2, ... ) of equations (1), 
close to the trivial one for small values of arbitrary constants Ces 
exist only if the conditions N= N (m= 1, 2, ... ) are satisfied, where 


N = —(m’n’2D/a?) is the critical Fuler force of order a. 


From this, using the definition given above, instability should be 


py} 
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concluded for N Vim. 1, 2, ... ) and stability, if the condition 


N>N. is satisfied, or any of the conditions V_..< N<N., The latter 


n+! 
contradicts the well-known experimental fact of plate buckling for N N. 


2. In a dynamic investigation, the plane undisturbed state of the 
plate w(x, t) 1 is said to be stable, if among the solutions of equa- 


tions (1) of the type 
X (x) t) [A, (2) (X 


or solutions, obtained from the preceding ones by separation of real and 
imaginary parts (natural and forced motions) there are no divergent ones 
(with an amplitude increasing to infinity). All solutions of this type 


are easily found 


Wm (7, t) sin cos qr 


sin q,,8 
sin mra 
fc. are arbitrary constants). Among them there are no divergent ones, if 
the condition NV N.- if this condition is violated. there are divergent 


solutions for certain m's of the type 


Wm (zx, t) Cm Sin march | gq, (x, t) Cm Sit 
Wm t) sinmnrr 


Using the definition of *dynamic" stability, given in Section 2, it 
is concluded that stability will obtain for NV > N, and instability in 


the opposite case. 


The preceding study is confined to consideration of solutions of a 
given form. Supplementary information regarding stability may be obtained, 


x, t) of arbitrary type, 


by considering sufficiently smooth solutions wv 
which, together with the derivatives entering into equations (1), may be 
represented by uniformly converging series of natural and forced motions: 


w (x,t) >; sin mrz = + Cm 


Estimating the coefficient of the series, it may be shown that if 
N> WN, is satisfied 0 


depending only one, that any s if fie rent y solut Lon wx, 


one can find such 4 for an arbitrary « and 


satisfying at the initial instant t. the condition 
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satisfies the condition, for all t > t,* 


w (x, t) 


€ 
ot 


p, (0, w(x, t)) = sup|w (z, t)| + sup|° 
x x 
We emphasize that the dynamic stability of the plate for N > N, does 
not indicate the possibility of selecting for a given « > 0 such a4 > 0, 
depending only on «, that any solution w(x, t), satisfying at the initial 
instant t, the condition p, (0, w(x, t)) < 8 will satisfy the condition 
o,(0, w(x, t)) for all t > 9. 


In fact, let us consider all the analytical solutions 


Wy (r,t) = cos (n= 1,2,...) 


where the c’s are arbitrary numbers. It is easy to calculate that for 
a given « > 0 the solution w(x, t) satisfies the condition 
p, (0, w(x, t))< € 


for all t > 9 if, and only if, the condition 


(0, Wn (z, Q)) bn (1 qn?) 


is satisfied at the initial instant t = 0. 


Since 6, + 0 as n+ and p,(9, 9) = |c|, no matter how small 
5 > 0 is chosen, any solution w(x, t) for 09< ¢ <8 satisfies the 
condition p, (0, w(x, 0)) < 8, however, the solutions w,,'x, t) with 
sufficiently large orders n, for which 5. < ¢ satisfy condition 

p, (9, wix, t)) not for all t > 9. 


The indicated feature, characteristic of elastic systems, may be made 


plausible in the following manner: the condition p,(0, wlx, t,)) < 6, 
constraining the initial deflections and velocities of points of the 
plate, does not limit the initial potential strain?* which, in the pro- 
cess of motion, passes over into kinetic energy, and produces, at isolated 
instants, "splashes" of magnitude p, (0, wx, t)). In order to suppress 
these splashes, it is sufficient to impose a more rigid constraint 

o,(9, wlx, t,.)) <8 on the initial state of the plate, which would limit 
not only the initial deflections, and velocities, but also the corre spond- 
ing initial energy of bending strains and strain rates. 


Compare with the definition of correctness ds], pp. 80-83). 


** It is easy to calculate that the potential strain energy, correspond- 
ing to the initial deflection w,(%, 0) = ¢ sin mx of the plate 
increases to infinity as n increases, 
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3. Before we apply the direct method of Liapunov to the problem under 
consideration, let us discuss one of possible versions of defining and 
proving basic theorems, which may be more convenient in certain applica- 
tions, than those contained*® in [3]. 


In the metric [6] space Rla, p), whose elements are determined by 


a, a, a’, ..., there is given a continuous curve a(a,, t,, t), emanating 


from the point a, at the instant of time t, if there corresponds to each 
given value of the real parameter (of time) t in the interval t, < t < « 
in p) a determined point t,, t), such that tes =a 
for arbitrary t > ty. 


Reduced continuous curves ala,, to, t), given for a finite interval of 


and the reflection ala,, t,, t) are continuous** 


time t,<t<t, (each curve having its own interval) are also considered. 
If at the point a, 
emanating, we write a,(a,, t,, t), indicating different curves by diffe- 
yo ty, 
the set of all curves, which emanate from the point a, at the instant of 


at the instant of time t, more than one curve is 


rent values of the index a and calling the pencil of curves a, (a, 


time t,. Different pencils of curves a,(a,, t., t), emanating from 


at different instants of time t, > 0 are considered. 


0 


different points a, 


Among the curves considered, we separate a class L of curves which 
satisfy certain supplementary conditions. These supplementary conditions, 
which in specific problems may be differential equations with ordinary 
or partial derivatives, integra-differential equations, boundary condi- 
tions, smoothness conditions, etc., are written down in the form 
Lila, t) = 0 and are called, by convention, the equations of the boundary 
value problem. It is assumed, that there exists a curve of class L, to 
which, for any t > 9 there corresponds a point a” in Ra, p). 


This curve we call the undisturbed motion a’, and the remaining curves 
of class L are called the disturbed motions. We assume also that for any 
5 > 0 one can find at least one disturbed motion ala,, ty, t) initiating 
in the vicinity pla’, a.) < 6. 


On any set of pairs (a, t) there is determine! a real functional 
fla, t), if there corresponds to each pair (a, t) of this set a definite 
(one for any given pair and finite) real number f(a,t). 


In [3], as a result of excessive generality, certain proofs (for example, 
the sufficiency in the stability theorem) are not ina form in 
which a simple reference to them may fully satisfy the reader. 


** This means, that p(a(a,, t,, t), ala, . » 0 as n- o for any 
sequence ty > t, converging to 
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Let the pair (a, t) be such, that pla’ 1) R. where Rf is a positive 
fixed number and let a disturbed motion ala, t, t +r), r > exist, 


which initiates at the point a at the instant of time t. The p 


such pairs (a, t) is designated by LRT. We consider the functional 


fla +) det ermined on the set LRT and possess ing on i RT ertain pr 


perties. The functionals fla, t) may not posses these properties out ice 
of LRT. where they may also be determined. Since each pair (a, ¢) € LRT 
corresponds to a point on a certain disturbed motion of the boundary 
value problem Lla, t) = 0, we shall talk occasionally about this or that 
property of the functionals fla, t) valid on LRT, as a property atid 
by virtue of the equations of the boundary value problem Lla, t) = 9 ‘or 


as a property valid along disturbed motion: 


fine t ronal fla, f 1s finite and positive hy virtue of the equa- 


The 


tions of the boundary value problem Lla, t) = 9, if for an arbitrary 
positive number « R and for any pair (a, t) LRT, satisfying the con- 
dition pla’, a) >«, one can find such a pz 0, depending only on e« for 


the condition satisfied, 


The funetional fla, t) admits by virtue of the emations of the 


houndaryv value prol lem Lla ¢) an infinitely smal] upper hound if 
for any { 1) one can find such a 4 depending only on w, that 
fla, ft) i for any pair ‘a ¢ ) ] RT satisfvine the condition 


The functional fla, t) 1s called non-increasing by virtue of the 


equations of the boundary value problem Lla, t) 0, if on LRT alone any 


listurbed motion the function fla_la., ¢ tit does not in 
a 


wth 


functions! fla, t) ts called vanishine alone the curve ala t ¢)} 
» Ba 
the tion A ? { ? ‘ t) exists fry al ] t » and approac hes 


The region fla ¢) 1. 1s called the set of pairs (a, t) LRT for 
which fla. 0. The functional fla. is called hounded in the region 
A ) ) if on LRT for some N 1 there follows the inequality 

t N from the inequality fla, ¢t) (), 


has, by virtue of the emations of the boundary 
value problem Lla, t) = 0, a fimite positive derivative f’‘a, t) in the 
region fla, f 0, 1f, for p 0 and any disturbed motion a,\a,, tp, t) 
which satisfies on LRT the condition f' fa, £3 one can 
find cl i lepen ling only on p and pos . i} ly on t he listurbed 
otion ala f t), taken that on LRT the inequality dfla_‘a., ¢ t) 


pace Rla, p), belonging to al] 
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possible curves of the pencil! of disturbed motions, initiating at the 
point a, at the instant of time t,., shall be designated by A(a., t,). 
To each pair (a, t) LAT there corresponds its own pencil of disturbed 
motions (initiating at the point a at the instant of time ¢), and as a 
consequence its own set Ala, ¢). The upper face of the distances from 
points a” to points of the set 1(a, t) shall be designated as p° la’ 
Ala, t)), Since {(a, then p (a’, t)) > pla’, a). 


Definition. The undisturbed motion a’ is called stable, if for any 


t 0) one can find such a 4 ), depending only on « , that any disturbed 


motion a.(a., ¢t., ¢), initiating in the vicinity of pla’, a.) < 8, 
a 


satisfies for any ¢ > t. in the region of its definition* the condition 


p{a°, a fa, t., t). In the opposite case the undisturbed motion a” is 


a 
called unstable. 


It is obvious that if the undisturbed motion a’ is stable one can find 
5 


for any 0 such a 0, depending only on ,» that any pencil of 
disturbed motions, initiating at the instant ¢ at the point a from the 


vicinity pla’, a) <8,, satisfies the condition p°(a’, Ala, t))<e.. 


Passing to the proof of the theorems, we emphasize once more that we 
use the fact, in our discussion, regarding the existence of disturbed 
motions in an arbitrarily gnal] vicinity of the undisturbed one. In those 
specific problems, in which the questions regarding existence are not 
clarified, the results proved have only a conventional meaning if the 
corresponding solutions exist, and the conditions of the theorems are 
satisfied, then the conclusions are also valid. As a consequence, we apply 
a scheme in which the questions of existence are separated from the 
questions of stability in the same manner. ac this is frequently done in 
studying questions of existence and uniqueness, 


Stability Theorem. In order that the undisturbed motion be stable, it 
ts necessary and sufficient that there exists. by virtue of the equations 
of the boundary value problem, a finite positive non-inc reasing functional, 
which admits an infinitely small upper bound. 


Proof. Necessity. Let the undisturbed motion a° be stable. We take 
some FE > 0 and by virtue of stability we find such R > 0, depending only 
on E, that any pencil of disturbed motions, initiating at the instant of 
time ¢ at the point a from the vic inity pla’, a) < R satisfies the condi - 
tion p°(a’, Ala, t)) < EB. To each pair (a, t) LRT we establish a cor- 
responding definite (one for a given pair and finite) real number 
fla, t) = p°la’, Ala, t)). 


Damped disturbed motions are also admitted. 
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The functional fc is finite positive, since the inequality 


*, Ala, t)) > pla 2) is satisfied. 


, 


The functional f(a, t) admits an infinitely small upper bound, since, 


by virtue of stabil * an arbitrary p . one can find such a positive 


5 < R depending on! that any pencil of «disturbed motions, inittiat- 
ing at the instant é > point a from the vicinity pla’, a) 5 
t)) u that is, frompla’, a) <8 it 


satisfies the condi | *, Ala, 


fol lows | fla, t) 


Assume that for : the interval t, < t < t., t, > t, the points 


listurbed motion a, t), including the terminal ones a, = 


t.) and a. satisfy the condition pla’, a, 


t t)) < R. Since the pencils, originating at the points of one 
and the same curve, enter completely, at a later instant of time, into 
the group of pencils, originating at an earlier instant of time, it 
t.) 2 Ala., From here p°(a’, Ala,, t,)) > p°(a’ 
Ala... t.)). that is, ffa,, t,) > fla., t.) or, more completely, 


follows A(a, 


, 


functional f(a, t) does not increase by virtue of the equations of the 
boundary value problem Lfa, t) = 0. 

Supplement regarding asymptotic stability. Let the undisturbed motion 
be stable and let, in addition, any undamped disturbed motion, suffi- 
ciently close to the undisturbed one, approach it asymptotically. Then 
the functional fla, t) = p°la’, Ala, t)), constructed on LRT, vanishes 


along any such disturbed motion. 


In fact, under the assumptions met, for some positive 5 < R any un- 


damped disturbed motion a_\a,, t., t), imitiating in thé vicimity of 

o(a’, a.) <8, satisfies the conditions p(a’, a,(a, ty, t))< R for any 

t > t. and pla’, 1, (a , t., t))+ 0 for t+ ~. Let us take some undamped 
disturbed motion a, (a), ty, t) initiating in the vicinity of pla’, a.) < &. 
The first condition guarantees the existence of the function 

> t.. The second condition means that for 


any v, > 9 one can find such t, = t,(a,, t,, a) > t, that for all t > t 


fla t,, t), t) for any t 


1 


the inequality p(a’, a,\a, to, t))< vy, is satisfied. 


Let an arbitrary », > 9 be given. By virtue of stability for the given 


q 
pw, one can find such a v, > 0 that any pencil of disturbed motions 


initiating at the instant of time ¢t at the point a from the vicinity 
p(a’, a) < v, satisfies the condition p°(a’, Ala, t)) < p,. For this pv, 


one can find , = t,{a,, t,, a) > t, that 
for all t > t, at points a= a,(a), ty, t) of the curve taken, the in- 


as 1s indicated above, such a t 


equality pla’, a) : v, is satisfied, and consequently, p°(a’, Ala, t))<p, 


that is fla, t) = fla (a,, 
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Thus, for any undamped disturbed motion a, (ap, t,, t), imitiating in 
the vicinity p(a’, a,) < 8 for a given p, > 0 one can find such a 


t to, a)> t, that fla (a,, fy for all ¢ 


= t,la 
that is fla, (a, t,, t)+ 0 for t + 


If pla’, a,(ap, t,, t)) + 0 as t + « uniformly with respect to a and 
a, from the vicinity pla’, a,) < 8, the number t, which was mentioned 


above, may be selected as being independent of a and a, from the vicinity 
p{a’, a.) < 6. 


Sufficiency. Assume that for some R > 0 the functional fla, t) 
possesses on LRT all the properties indicated in the theorem. Let also 
be given a positive « < R. 


The functional fla, t) is finite positive, therefore for « > 0 and any 
pair (a, t) LRT satisfying* the condition p‘a’, a) >-«€ one can find 
such a yz > 0, depending only one, that fla, t) > mw is satisfied. 


The functional f(a, t) admits an infinitely small upper bound, there- 
fore, the number » > © permits to determine such a positive 6 <«, de- 
pending only on » so that | fla, t)| < » and that for any pair (a, t) LRT 
the condition pla’, a.) < 8 is satisfied. 


Let us prove that for the 8 found, the disturbed motion a,(a,, to, t), 
initiating in the vicinity pla’, a,) < 8, satisfies for all t > t, the 
inequality (p(la’, @, @, to» t)) <« in the region of its definition. We 
shall assume that this is not so, and that there exists a disturbed 
motion a,(a,, ty, ty initiating in the vicinity of pa’, a.) < & which, 
at a certain instant of time t > t,., does not satisfy the condition 


pla’, a,{a,, tes O79 < 


Due to continuity of the curve a,(a,, t., t) one can find such a 
t, > t, that in the interval < t < ty the inequality pla’, a, bas 
th<« is satisfied, and at the instant t, the equality to, t, 


Then fla, (a,, t., t,), t,) > m, which contradicts the condition of 
divergence of the function fla, (a, , t,, t), t) determined for any t in 
the interval ¢, < t < t, and taking on at its lower limit the value 


Supplement regarding asymptotic stability. Assume that the functional 
£ 

fla, t) for some R > 0 possesses on LRT all the properties indicated in 

the theorem and assume, in addition, that the functional fla, ¢) vznishes 

along any undamped disturbed motion, sufficiently close to the undis- 

turbed one. Then any undamped disturbed motion, sufficiently close to the 


If for a givene there is no pair (a, ft) LRAT, satisfying condition 


p(a’, a) >«, the proof is trivial. 
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In fact, under the assumptions met, for some positive 


undisturbed one, 


approaches it 


damped disturbed motion a_‘a,, t,, t), 
Cc 


pla’, a.) 


t >t. and fi 


finite positive, therefore, for the piven « 
satisfying* the condition pla’, a) 
pending only on «, 


in the vicinity pla’, a.) < &. Since t,, t), t)- 
one can find such a t, = t,(a,, t,, a) >t, that fla t 
for all t > t,. Then for all ¢ t for points a = a,\a,, t 
curve taken, the relation ship pla’, a) = pla’, G,\4,, tp, ¢t 
satisfied because, if for some ¢ > t, the inequality pla’, 
hold, for this t > t, one would also have fla, t) = fla, (a 


a 


satisfies the conditions pla’, « 


t,, t), t)+0O as 


Let there be given any positive ¢, 


that fla, ¢t) > py. 


which is impossible. | 


asymptotically. 


R any 


initiating in the vicinity 


t + oo, 


R. The 


4 


la 


functional 


Let us take some undamped disturbed motion a,(a 


Thus, for any undamped disturbed motion a. (a... 


the vicinity pla’, a_) 


= 


4 


that is pla’, 


( 
a,\a,, ty, 


respect toa and a. 
was mentioned above, may be selected a 
from the vicinity pla’. a.) 


tically. 


Instability 


instant of 
(on LRT) at 


portions al a,, 


for a given 

. ala’. a 

a)>t that pia, ( 
a,\a,, to, t))+ as t 


Theor em. 


turbed motions, initiating on LR 7 


time 
all 


it follows a(la,, 


In order that 


sufficient, that 


Let us assume 


in their 


the sul sequent instants of time, that 1s, 


region of defi 
,, t) and ala.,, t., t) 


the undisturbed motion 


there exists a 


If for the 


given « 


the condition p(a’, a) 


there is not as 


then th 


from the vicinity o(a’ 


functional 


t), initiating in the vicinity pla’, 


a.) 


} 


for 


that 


nition 


from ala, 


one 


) 


) 


, and for any pair (a, t) 


€,, one can find such a p, > 0 


A for 


all 


fla, t) is 


t t), 


can 


€ 


4 
4 


8, un 


5 the number ¢ 


some R {) 


for t > t.. 


be unstable, it 


fla, 


ingle 


e proof i 


f 


) 


(a, ft) 


there are no damped ones, and 
any two portions of disturbed motions 


a common point 


Bal 


which is 


trivial. 


Cas 


among the 


that 


, initiating 


0 as t + o 


t),t) « il, 

, t) of the 
) €. is 

a) would 


tr, t),t)>p, 


initiating in 
find such a 
for all ¢ t 


If the functional fla, ¢) vanishes along undamped disturbed motions 


tformly with 


Which 


s being independent of a and a, 
that 1S, 
sufficiently close to the undisturbed 


all undamped disturbed mot tons, 
one, approach it uniformly asympto- 


lis- 
that 


connected on LRT. having at some 


coincide 
for such 
ala,, t,, 


is necessary and 


bounded in 


LAT satisfying 
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region f(a, t) > 0 having pairs (a, t) for any sufficiently smal] 


cinity of undisturbed motion, and that it has, by virtue of the equa- 
ons of the boundary value problem, a finite positive derivative f’(a,t). 


Proof. Necessity.* Let the undisturbed motion a’ be unstable. Then for 
some R > 0 and an arbitrary positive 8 < R, we can find a disturbed mot ion 
to, t), t), imitiating in the vicinity pla’, a.) <8 and satisfying the 
ondition pla’, ala., t,, t) < R within some finite interval t, < t< 

whereby pla’, ala,, t., t°)) = R. 


The portion of disturbed motion a(a,, t,, t), t. < t < t® shall be 
called connected on LRT if for any t of the interval t.< t< t” the 
relation pla’, », t) < Ris satisfied whereby either 


pla’, ala.,,¢ , t?)) or = 


By virtue of uniqueness, mentioned in the condition of the theorem, the 
set of all portions of disturbed motions connected on LRT may be sub- 
livided into classes lq (a given index f characterizes a given class), 
including in a class with some portion a(a,, t., t) all the portions, 
having with it, at any instant of time t > ¢.. common points ([6], p.17). 
For some portion ala,, t., t) of class le the region of its definition is 
the interval ¢. < ¢ t Y whereby te has a common value for al! portions 
of the class le (for example, the portion ala., t., t) of class lp is de- 


fined in the interval ¢t, < ¢ - ta . 


If ta’ < « along any portion of class lp in the region of its defini- 
tion, we put fla, t) = exp(t - ta). For example, along the portion 


t., t) of class we put flala., t., t), t)e exp(t °) for any 


t within the interval ¢, < t < ta’. If ta = « along any portion of class 
lo in the region of its definition, we put fla, t)e= 0, 


Thus, to each pair (a, t) LRT there corresponds a wel l-determined 
‘one for a given pair and finite) real number f(a, ¢). 


Pairs (a, t) LRT for which f(a, t) = exp(t - ta’) > 0 exist for any 
sufficiently smal! neighborhood of undisturbed motions (see beginning of 


proof), 


OY ¢ fla, t)< 1 is satisfied everywhere on LRT, that is, the 
functional fla, t) is bounded. 


The functional fla, t) is determined on LAT in such a manner that 


along any disturbed motion ala,, t,, t) the relation 


The necessary conditions can be proved without the assumption that the 


disturbed motions are undamped. 
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df(a(a,, t,, t), t)/dt = flala,, t,, t), t) 


is satisfied. It follows that in the region fla, t) > 9 the functional 
possesses, by virtue of the equations of the boundary value problem, a 
finite positive derivative t). 


Sufficiency. Let for some R > 0 the functional fla, t) exist on LAT, 


which possesses the properties indicated in the conditions of the 
theorem. We assume that the undisturbed motion a” is stable. Then one 
can find such a 6 that any disturbed motion ala,, t,, t) initiating in 
the vicinity of pla’, a.) <8 satisfies for all t > t, the condition 
pla’, ala,, t,, t)) <R and does not pass beyond the region in which the 
functional f(a, t) possesses the properties indicated in the conditions 
of the theorem. 


: According to the conditions of the theorem, one can select such an un- 
damped motion ala,, t,, t) among the disturbed motions initiating in 

the of pla’, a.) <6, that t,) > 0. We conclude, from 
i the fact that the functional fla, t) possesses in the region fla, t) > 9, 
A by virtue of the equations of the boundary value problem, a finite posi- 
: tive derivative f’(a, t), that along the selected disturbed motion 

ty, t) for t > ty the relations 

(a (ao, to, t), t) >p, dj (a(ao, to, t), t) /dt 

: are satisfied simultaneously, where »v is some positive number. Then it 

c] follows from the boundedness of the functional fla, t) in the region 

_ fla, t) > O,and from the first inequality, that for some N > 0 and any 

t >t, the relation flala,, th, t), t)<N is fulfilled, while from the 
= second inequality the contradicting relation flala,, t,, t), t) 2 
fla., t,) + vlt- t,) follows for sufficiently large t ty: 

4 Remark. The uniqueness mentioned in the condition of the theorem was 
: not used in proving sufficiency. From the conditions of existence merely 
. the fact that undamped disturbed motions ala, to, t) exist, which is 

b initiated in a sufficiently small neighborhood of the undisturbed motion 
, in the region fla, t) > 0, was employed. 


4. We consider the set W of real functions w(x, t), completely defined 
and continuous in x, t in the region 9< x < 1, t > t, > 0, together with 
the derivatives w,'% t), w (s, t), w,(s, t). At a fixed instant of time 
t we establish a correspondence between the function w(x, t) Win the 
region of its definition and the point w= [wlx, t), w,(s, t)], @ pair 
of functions of magnitude x. The points w, = [ w, (x, ts t,)) 
and w, = [w,(x, t,), w, ,(x, t,)] shall be called coincident, if 
w,(s, t,) w, (x, t,) an 


the points wv, and w, is cal 


t2 
1 t,) = t,). The distance between 


ti 2t7 
led the non-negative number 
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a* w a* w (x, ts) 2 Ow, (z, tr) Owe 
2 


Oty 


1 
(ww) = 
0 


It is easily verified that p(w,, w,) satisfies all the axioms of metric 
space. The set of points w, together with the metric p(w,, w,), forms the 
metric space R(w, p). The set of points w corresponding to functions 
wx, t) W for all possible t within the region of definition, form in 
R(w, p) a continuous curve which we identify in the following with the 
function wx, t) itself. 


We shall call the conditions of the boundary value problem L(w, t) = 0 
the equations (1) and the supplementary conditions of smoothness, that is, 


the continuity for all x, t of the functions w mat? t), wie, t), 


=x 


w. (x, t), w.,(x, t), w.,(x, t). From the set ¥ we isolate a class L of 


curves wlx, t) which satiate the conditions of the boundary value problem 
L(w, t) = 0. The curve w(x, t) = 0 of the class L to which there corres- 
ponds for any t > 0 in Rlw, p) a fixed point 0, we shall call the undis- 
turbed motion; the remaining curves of class L shall be called disturbed 


motions. 


In accordance with the definition in Section 3, the undisturbed motion 
wix, t) = 0 shall be called stable, if for any « > 9, we can find such a 
5 > 0, depending only on «, that any disturbed motion w(x, t) initiating 
in the vicinity of (0, wlx, t,)) < 8 satisfies for t 2 t, the condition 
p{0, wlx, t)) < «. To study stability we consider the functional 


1 
2 
f(w) = \ dx (wes* + 
0 


‘ 


It can be shown that for any function w(x, t) , satisfying the 
boundary conditions and the conditions of smoothness of the boundary 
value problem L(w, t) = 9, the following inequalities are satisfied 


1 
\ >* drwu,’, (dz > drw? 


0 


with the aid of which we obtain 


(w) > (0, w), = {1;(1 + 


From this we conclude, that if the condition 1 + (a°N/n?D) > 0 is 
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satisfied, that is, if N>N, the functional f(w) is finite positive” by 
virtue of the boundary value problem L(w, t) = 9. The functional f‘w) 
admits an infinitely small upper bound, as is evident from the estimate 


2N 
(wi (1 + | w) 


Along any curve w(x, t) € W which satisfies the smoothness conditions 
of the boundary value problem Lfw, t) = 0 the function flw(x, t)) of time 
t is determined, whose derivative with respect to t may be written in 


the form, by means of differentiation under the integra! sign and partial 


int egrat ion 


a? wou 


Aw 


at D oz dat | 


It is evident that by virtue of the eqations of the boundary value 


lflwlx, t))/dt is ful filled and, 


pro! lem Liw, +) = O the relation df 


consequently, the functional f(w) does not increase with ¢ along any 


disturbed motion w(x, t). 


In satisfying condition \ V. stability, in the sense of the defim- 
tion given above, follows from the first theorem of the direct method of 


Liapunov. 


We note that along disturbed motions 


x 1 
w (x,t) = |\drw, < \ dx 4 o (0, w (zx, t)) 
0 


 de- 
pending only on « that any disturbed motion w(x, t) initiating in the 
vicinity p(O, wx, t.)) <5 satisfies for all t > t, the condition 


Therefore, for N> N. for givense > ©, one can find such a 4 


wlx, t)) = sup | t)| <e. 
x 


Let us now consider the functional 


f (w) (w) forf(w)<0, , 
¢(w) = = (w) = \ da ww, 
0 for {(w)>0, 


0 


Let us assume that the relation Alw(x, t,)) pp is satisfied for some 


* We emphasize that in proving the finite positive state of the func- 


tional f(w) the conditions of smoothness of the curves wx, t) and 


the boundary conditions of the boundary value problem L(s#, t) h 0 


were essentially used. 
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uw > 0 and for some undamped disturbed motion wlx, t) at instant ¢.. Then 
f(wlx, t,)) < 0. Along the disturbed motion « msidered, this inequality 


is valid for any ¢t t since f(wlx, t)) = flw(x, t.)): as a consequence 


(x, t))=— flwlx, t)) lwle, t)) for any > 
From this we find, by differentiatine wit! respect to t under the 
integral sign and integrating by parts, using the equations of the bound- 
ary value problem L(w, t) = 0, that along the disturbed mocton considered, 
for t>t 
d 
de (w (Zz, to)) > 0, p(w (z,t))>u 


that is, the functional (w) possesses, by virtue of the equations of the 


boundary value problem, a finite positive derivative 4’(w) in the region 
Alw) » 0. 


The functional ¢(w) is bounded in the region d(w) > 0 since 


| | (w) || (w)! < (1 |) (0, w) 


Applying now the instability theorem, we conclude that the undisturbed 
motion will be unstable, if there exist, in any sufficiently smal] 
neighborhood of this motion, undamped disturbed motions initiating at 
points w(x, t.) for which dlwlx, t.)) > 9. 


Let us consider the points w(x, t,) of the metric space R(w, p) which 
are characterized at the instant of time ¢. by leflections c. sinwx 


and velocities c. sinmx where , are real arbitrary constants (for 
undamped disturbed motions w(x, ¢) with initial deflections w. (x) and 


velocities w,(x) to exist, it is sufficient that » (x) (4 0,1) possess 


1 i 
continuous sixth derivatives and that they vanish for xr - 0 l, together 


), w, For these points w(x, which 


are found (for suitable c., c.) in any sufficiently smal] vicinity of 


| 


with the derivatives » 


the undisturbed motion, the functional flw) takes on the values 


a*N > 


It is possible to choose such a sma | | c that for ] + fa N aD) 


1 
that is, for N VN. the relation w t,)) 0 is satisfied: if 


> O, the relations > and t.)) > 0 are also 


satisfied. Consequently, for N< N. the undisturbed motion is unstable. 
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THE STABILITY OF MACLAURIN ELLIPSOIDS 
OF A ROTATING FLUID 


(OB USTOICHIVOSTI ELLIPSOIDOVY MAKLARENA 
VRASHCHALUSHCHEISIA ZHIDKOSTI) 


PMM Vol.23, No.3, 1959, pp. 494-504 


RUMIANTSEV 
(Moscow) 


(Received 26 February 1959) 


The motion of a fluid under the action of the forces of mutual attraction 
of its particles in accordance with Newton's law for the case in which 
the displacements are expressed as linear functions of the coordinates 
was first investigated by Dirichlet. He showed that for known initial 
conditions the fluid can move so that its free surface during the time 

of the motion remains the surface of an ellipsoid whose axes, generally 
speaking, change their magnitudes and directions with the passage of 
time. These investigations were continued by Dedekind, Riemann, Steklov 
and by a number of other authors (see the bibliography in Lamb [1] ). It 
has been shown, in particular, that in this case there can be rotations 
of the whole fluid as a single solid body about the smallest axis of a 
tri-axial ellipsoid (the Jacobi ellipsoid) or about the polar axis of an 
oblate ellipsoid (the Maclaurin ellipsoid), the existence of which in the 
general case was established considerably before the publication of the 
work of Dirichlet (1860). 


The question of the stability of the ellipsoidal figures of equilibrium 
of a rotating fluid attracted the steady attention of many investigators, 
starting with Liouville and Riemann. 


Riemann [2] investigated the stability of Maclaurin and Jacobi 
ellipsoids with respect to initial displacements and velocities which 
satisfy the hypotheses of Dirichlet. Noting the analogy between the 
differential equations which define under some additional special assump- 
tions the semi-axes of a fluid ellipsoid as a function of time and the 
differential equations of the motion of a material point on some surface 
under the action of forces which possess a force potential, Riemann used 
a theorem of Lagrange concerning the minimum of this force potential as 
a criterion for the stability of figures of equilibrium. Thus, he 
established that Jacobi ellipsoids are always stable and that Maclaurin 
ellipsoids are stable or unstable according to whether their eccentricities 
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are less than or greater than 0.9528... In this connection, as is not 


difficult to see, by Riemann stability we mean stability with respect to 


the lengths of the fluid ellipsoid semi-axes and with respect to the 


rates of variation, apart from the Dirichlet condition that in the dis- 


turbed motion the moment of momentum and the vorticity have the same 


values as in the case of the figures of equilibrium. 


Thomson and Tait in their treatise [3] indicate (without proof) that 


all planetary ellipsoids of revolution are stable if the fluid for all 


time remains an ellipsoid of revolution. But if the condition that the 


fluid always keep the form of an ellipsoid is imposed, then Maclaurin 


ellipsoids are stable or unstable depending on whether their eccentric- 


ities are less than or greater than 0.8126..., and tri-axial ellipsoids 


are always stable. 


A rigorous definition of the stability of figures of equilibrium of a 


fluid as the stability of its form was first given by Liapunov [a]: the 


theory, which he proved and which is a generalization of a theory of 


Raus, gives a sufficient condition for the stability of the form of 


equilibrium for a given moment of momentum of the fluid. 


that 


ellipsoids of revolution are 


Using this criterion Liapunov proved 


stable as long as their eccentricities remain less than 0.8126..., and 


that tri-axial ellipsoids are stable within certain narrow limits: the 


Jacobi ellipsoid of revolution is stable. For the particular case in which 


the surface of the fluid remains ellipsoidal, the upper limit of the 


eccentricities of stable Maclaurin ellipsoids remains just the same as in 


the general case, but Jacobi ellipsoids in this case are always stable. 


Thus, if we confine ourselves to the case of ellipsoidal disturbances, 


then the conclusions of Riemann, Thomson and Tait and Liapunov with 


respect to the stability of Jacobi ellipsoids coincide, but with respect 


to the stability of Maclaurin ellipsoids they differ. 


In this connection the question arises: is it not possible to consider 


the problem of the stability of Maclaurin ellipsoids from some other point 


of view which differs from the one presented, and what will the results 


be? It is especially tempting to try to solve this problem of the stabil- 


ity in the sense of Liapunov and by the methods of the stability theory 


of Liapunov for a system with a finite number of degrees of freedom. 


The solution of this problem for the condition that the initial dis- 


turbances satisfy the Dirichlet hypotheses is given below. 


1. We will investigate an ideal homogeneous incompressible fluid, the 


particles of which are attracted to each other in accordance with 


Newton's law, while the pressure on its free surface remains constant. 


For the indicated conditions the mass-center of the fluid moves 
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uniformly and rectilinearly; without loss of generality we will consider 
it to be stationary. We will take the mass-center for the origin of two 
rectangular systems of coordinates: a stationary system Oxy 42) and a 
moving system Oxyz, which moves coup! ed with the fluid about its mass- 
center. We will denote by p, q, r the projections on the x-, y-, z-axes 
of the instantaneous angular velocity w of the moving system of co- 


ordinates relative to the stationary system. 


We shall write the Fulerian form of the equations of motion of the 


fluid in the moving axes: 


dv. 1 OP, 
1 Op 
rv, 
p dy 
oz 


0 


Here v_, v., v_. denote the projections on the moving axes of the 
vector v, the fluid velocity relative to the coordinate system Ox s¥3245 
p is the density of the fluid, p, is the hydrodynamic pressure, and U is 
the attraction potential. 


We will confine the investigation only to such motions of the fluid 
for which its free surface remains for all time an ellipsoid [ 2,5] 


* 


F y, 2, t) - 0 (1.2) 


a* b- 
varjable axes alt), bft), c(t), and we will assume that 


0? + (1.3) 


Here w (1 - 1,2,3) is a function only of time t, and dfx, y, 2, t) is 
a harmonic function of the coordinates in a region r, the bounding sur- 
face (1.2). 


We obtain the boundary condition for the function ffx, y, z, t) from 
the kinetic condition for the free surface 


oF OF OF OF 
u- ? 0 


| 
Oy O82 ot 


where u, v, w denote projections of the fluid velocity relative to the 
coordinate system Oxyz on the axes of the latter. This condition taking 
into account equations (1.3) takes the following form on the surface (1.2): 
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703 
.. 
| 
- 
. 
a wit 4 
= 
v2 
a 
ee 


704 V.V. Rumiantser 


where for brevity we introduce the notation 


a’ da b’ db de 


It is easy to see that the harmonic function 


satisfies condition (1.4); at the same time a(t), b(t), c(t) must satisfy 


the equation 


(1.6) 


which appears as a result of the incompressibility equation. 


Taking into account (1.5) the equalities (1.3) take the following form: 


To determine the functions w(t) we will make use of the Helmholtz 


vortex equation 


where 2 = rot v in the case under consideration has the following pro- 


jections on the moving axes: 


Q. = 20, Q, = 02, = 205 


Taking into account formulas (1.7), we write the Helmholtz equations 


in the moving axes in the form (1.8) 
d 2a 2a 2a (c?— b*) 
dt a? TWs T a? q 3 + (a? ¢2) la? ( dof 3 


d Ws: 26 2b 2b (a2 c?) 
dt b PMs a? + (a? 6?) (b? + c?) 
d @s 2¢ 2¢ (b® — a?) 0 


dt c c? + a? PMs 1 (b? + c?)(c?+ a?) 


a + b’ + c’ 

Ox a dy dz a? b 

2 2 2 2 2 

c? — ‘ a b a? 

1 Pp) bic? (Wo q) atc? + ( 3 ) ab? ( ) 

— @e) £2 +- (r — w,) 22 1.5 

+ SSS (gq — 22 + SHE (r — 0) ry (1.5) 
23 

2 

a’ (a? — b*) r — , q 
b’ (b? — c*) p— 2b7a, (a? — b*) r + 2b%w, 
y+ z - ; r 1.7) 

c @ c* + 0° 

dQ 
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To construct 
use of a theory about 


white h we have 


dG, 
qa, 


Here GC. 
x y z 


differential equations for p(t), 


the moment of momentum 


rG,—pG,=0 —* + pG,—qG.=0 


lenote the projections on the coordinate axes x, 


r(t), r(t) we will make 


of the system, according to 


dG 


(1.9) 


y z 


of the moment’ of momentum of the fluid mass relative to the point 0. 


Taking into account the equalities (1.7), it 


A, 


Gy, = Ayp 4 


where 


A b2 — ¢2)2 
A, J 2 B, 


5 


4 
A, - R, 


and M= 4/3 wp abe 


1s easy to find 


Biq + Baw, G,=Cyr+ Cy, (1.10) 


for brevity we introduce the following notation: 


M (c? c. M (at — 
4M fa? 4M 

> ate 


is the fluid mass. 


We will finally formulate the differential equations for a(t), 6(t), 


c(t). It 


1S easy to see f 5] that in the case 


mder consideration the 


attraction potential for the interior points is 


where 


f is the constant of attraction; 


further consider f = 1. 


+ R2*)— fH 


2 OH 


(1.12) 


without loss of generality we wil] 


Substituting in equations (1.1) the right-hand side of the equalities 


(1.7) 


for vv, 
and also (1.12) 


we obtain 


1 Aap 
w,) - Pi 0, (O 


p dx 


where w 


of the Fluid partic les 


a 
w,) 0 (R+w,)z 


are quantities which do not 


and taking into account equations (1.8) and (1.9), 


Oz 


(1.13) 


depend on the coordinates 


q 
| 
} 
(1.11) 
H = M\ (a) = (a? + (2? +2) 
Pp 2 OH 0 ° ALT 
a da’ 
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Integrating equations (1.13), we find 


+ wx) 2? + (Q + w,) y? + (R + w,) 27) + 2 (t) 


) 1s an arbitrary function of time. 


where o(t 


But on the free surface of the fluid the pressure p,, accor ling to the 
condition specified, is constant, therefore, in order that this surface 
have the form of an ellipsoid (1.2) it is necessary and sufficient that 
an ellipsoid be coincident with a surface of constant pressure. Conse- 
quently, the function oft) mst Le determined so that the surface of 


constant pressure coincides with the surface (1.2). Comparing coefficient: 


we obtain 


(P + = (Q + w,) = (R + w,) c? = 20 (t) (1.15) 


In addition, the hydrodynamic pressure wil! be determined by the 
form la 


Hence it follows that the function oft) mst not take negative values, 


From the relations (1.15) we find equations for a(t), b(t), c(t) 


Zs 120 
Wr = Wy 


Q, Ww, (1.17) 


into the left-hand sides of which we mst substitute in place of 1 


w., w_ the expressions according to (1.14). 
y z 


Thus, the problem of studying the motion of a fluid mass which has the 
form of an ellipsoid (1.2) with varying axes is reduced to the invest- 
igation of the ten equations (1.17), (1.6), (1.8) and (1.9) with the same 


Wy (a* + 3b*)7 (1.14 
= a (a*+c*)* (a24)2)2 
= sa -+ We (). 
ad 
(a2? + b2)2 3 (bh? jh2a.-2\2 (al 
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number of unknowns a, b, c @,, @, P, 4, 


This system of equations permits a series of first integrals. 


We mltiply equations (1.17) by a’a, b*h, ec respectively and add 
them, we mult iply the result by 1/5 pdr and integrate over the whole 
volume of the fluid; we add the resulting equation to the sum of the pro- 
ducts of equations (1.9) by P, 7, © respectively, whence takine into 
account equations (1.46) and (1.8%), we obtain the energy integral 


(a’2 9 (A, p? Big? 4 Avo? Byw,? + 


const (1.18) 


where the potential energy of the system is 


o\ Ud MH 


Multiplying equations (1.9) by G , G., G_ respectively and adding, we 
obtain an equation from which there fol lows immediately the integral ex- 
pressing the constancy of the moment of momentum of the system 


(A,p + + (Byg + Byws)? + (Cyr C5)" = const (1.19) 


We now multiply equations (1.8) by@,/a, w/c respectively and 
add, we easily obtain the integral expressing the constancy of the vorti- 
city 


2 an, 
+ (=) const (1.20) 
eJ 


Finally, multiplying equation (1.6) by abc, we obtain the integral 
expressing the constancy of the mass of the fluid 


ahe = const (1.21) 


2. The system of equations of motion of the fluid mass permits the 
particular solution 


a = dp, > = Cp, 


p q 0 Mo 0). 


which describes a uniform rotation of all the fluid as a single solid 


body about the axis 02 with angular velocity w. The constants a, bh, c¢ 


@, @ must here satisfy equations (1.17) which take the form 
269 

P, 


Hence we obt ain 


>2 
) 
, 
R 
4 
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Re? 


b,? 


(Q 


Investigation of these equations leads, as is well-known [6], to the 
following conclusions: figures of equilibrium of a rotating fluid exist 
which have the form of ellipsoids of revolution (Maclaurin ellipsoids) 
when a, = b, > c, and of tri-axial ellipsoids (Jacobi ellipsoids) when 


the axis c is the smallest axis of the ellipsoid (1.2). 


If 0 < < 0.225..., two Maclaurin ellipsoids which 
differ in oblateness from each other correspond to each value of @. For 
1/2(w*/afp) = 0.225... both ellipsoids of revolution coincide, reducing 
0.225 


to one limiting Maclaurin ellipsoid. For | 2(w? nfp) 
ellipsoidal figures of equilibrium of a rotating fluid do not exist. 


In the case of tri-axial ellipsoids, if 0 < 1/2(w*/mfp) < 0.1871, 
for each value of w there correspond two identical Jacobi ellipsoids in 
which only the x- and y-axes are transposed. For 1/2(@*/mfp) = 9.1871 
the axes a, and b, become equal and the Jacobi ellipsoid turns into an 
ellipsoid of revolution F, which at the same time is also a Maclaurin 
ellipsoid. For 1/2(w*/mfp) > 0.1871 tri-axial ellipsoids of equilibrium 


of a rotating fluid do not exist. 


The ellipsoid FE, which belongs simultaneously to two series of figures 


of equilibrium, is a bifurcated ellipsoid. 


We shall pass now to the investigation of the stability of Maclaurin 
ellipsoids, restricting consideration only to disturbances which satisfy 
the Dirichlet hypotheses under which the free surface of the fluid remains 


an ellipsoid (1.2). 


It is natural to refer to such disturbances as ellipsoidal disturbances 
[5]; for information on their figure of equilibrium the resulting motion 
of the fluid will be described by equations (1.17), (1.6), (1.8) amd (1.9). 


For the stability of the figures of equilibrium, we will understand 
stability in the sense of Liapunov with respect to the variables a, b, c, 


, 


a, b*, » Gh, P, r. 


And so we will put a, = 6, and we will assume for the undisturbed 
motion the particular solution (2.1) of the equations of motion. In the 
disturbed motion we will put 


a=a+a, c=eo+7, r=wt+é, = w+ 7 


and for the remaining variables we will keep the previous notation. Sub- 
stituting these quantities in equetions (1.17), (1.6), (1.8), (1.9), we 
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obtain a system of equations for the disturbed fluid; we will not write 
down the latter equations explicitly. It is evident that the exact 
equations of the disturbed motion permit the following first integrals 
which correspond to the integrals (1.18)-(1.21): 


Vy = Ajo (p* + 9°) + Aso + 2”) + + 2C 1+ 


ay (a + B) 4 4. B®) + 2Poa, (a +-8) 


\ab dc)» re 


2Rotot) ( ), \ 0b? 


V, t q’) Aag (por, + Ge) As," 


4M.» 2) ge 90 
+ [ao (a + 8) Tt 23) + | 


2 
2 const 


(a -+- B) + + aoy (@ + B) + -+ aBy 


The dots here and below designate omitted terms of order greater than 
second; the index o indicates that the corresponding quantities must be 
computed for values of a= a,, b= b., c= c,, C, = +C,,. We will 


10 


const and 


eliminate the variable y from the first integrals V, 


const, using the integral Ve = 9%, Solving the latter equation for y, we 
obtain 


and, substituting in the former, we will have, taking into account equa- 


tions (2.2 


ew fw 
dat a® 
2f ew ew ew 


= const 
Aa ab dc da a? dc? 


= const 


M 
| 
ao 
a9 Co 0 Co . 
4 
V 
co a*+ a5 + 5° 
ao 10 / 
M f 4 4 Ca e 
-} 
a 
— aot o* ag”Co 


= 
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We will consider the function 


Co — Ao { Co — Ag 
+ + 4 (Ay, -+ (a? B*) + 2( A, + — 
= ( 17) + (An + (a? + B*) 


2 — Cx) 


where (FW, SOW aw M (op 
un “aée 5 (2 0 a (2.5) 
(5 0b a dcda a® dc? 5 19° ) 


As is seen, the expansion of the function V into a series begins with 
terms of second order which are quadratic forms of the variables a’, 2’, 
P, ®,, 9, @; If the signs of the latter are determined, the 
sign of the function V will be determined. The first two of them are 
positive definite taking into consideration that in the case under con- 
sideration a, > c,. We will find the conditions of positive definiteness 
for the quadratic forms of the variables a, f3, n. 


According to the Sylvester criterion 


w? oo? 
A > 0), (A A a) A 0) 
nur P as 1! 12 1 12 
w? 
(Ay) Aye) |p (Au +- Aye + 20 25° a?| 0) 


Obviously, these inequalities can always be satisfied by choosing some 
positive value of the constant p, if only the conditions 


(2.6) 
are ful filled. 


Taking into account the designations of (1.11) and (2.5) and taking 
into consideration (1.12) and (2.2) we have 


i 
Ay, Ayes AC 20,32 
0 


(ao? + >)? + + A)® © + A)*! (ag? + V cot +d 


3M? Co? d> 
Ay — Are = \ — 


0 


V 
- 
| 
3 
0 
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Because a, > c, for Maclaurin ellipsoids, then it is obvious that the 
first of the conditions (2.6) is always satisfied. We will consider the 
second of these inequalities. Performing the interration and dropping a 


positive factor, we reduce it to the form 


4- 3P) — (3 + 4 |. arectgl] > 0 
(2.7) 


a) 


Here | is a quantity, the inverse of the second eccentricity of the 
ellipsoid (1.2); « is its first eccentricity. 


We will assume [ 4] 


and we find 
16 (3 + — 
di (1 + 12) (3 + 1427 + 31)? 


Hence it is seen that as | increases from 9 to 1 the function ull) 
increases, reaching a maximum for | = 1, and for further increases in | 
constantly decreases; in addition, uf) = — 2/2, ule) = 9. On this basis 
we conclude that the equation 


143 + 3P)—(3  3yarectg! = 0 (2.8) 


has only one positive finite root ly l, and that when | > Ll, the con- 


) 
dition (2.7) is satisfied. 


Fquation (2.8) is used, as is well-known [4], in determining the 
Maclaurin ellipsoid with which the limiting Jacobi ellipsoid coincides 
for 1/2(w°?/n +p) = 0.187. The eccentricity of this ellipsoid is «, = 
0.8126..., and the root of equation (2.8) is l, = 0.717. | 


Thus, for Maclaurin ellipsoids with eccentricities « > ¢, the quadratic 


form of the variables p, 7, ,, @,, a’, fi’, y’, a, ft, n, with which the 


series expansion of the function (2.4) begins, is positive definite. 
Among the terms of higher order in the expression of the function V 


there are, however, terms which, in addition to the variables a, ft, n, 
depend on the variable & as well. 


Such terms are of the lowest order, as is easily seen in the following 
r 


J 


Adding and subtracting in the square brackets squared terms of a, ff, 
we obtain 


‘ 
11 
V ao* — 3 
r 
1959 
4 4 
wan 
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If the constant k is chosen so that k > 2w*/as + 1, then the quadratic 
form of the variables €, 7, a, f, which are in the square brackets, will 
be positive definite. And now it is obvious that the function (2.4) will 


be a positive definite function with respect to the variables a’, /?’, 


y’, a, 8, p, 9, ®, @, 7 in a sufficiently smal! neighborhood of the 


i 


zero values of these variables, if the quadratic part of the function |} 


is posit ive definite. 


Consequently, the stability in the sense of Liapunov with respect to 


the variables a, b, a’, 6’, c’, p, 9, @, @, @ of Maclaurin ellipsoids 


, +? ’ 


with eccentricities « <«¢, have been proved for the condition that the 


initial disturbances satisfy the Dirichlet hypotheses. 


From the stability with respect to the indicated variables, because 


of the existence of first integrals of the equations of the disturbed 


and also V, = const or J} const, we can 


motion of the form | const 
" 


draw conclusions about the stability of Maclaurin ellipsoids with 


eccentricities « < «¢, with respect to the variables c and r as well. 


We note that if an additional condition be imposed so that the form 


of the fluid always remained an ellipsoid of revolution, then all Maclaurin 


ellipsoids will be stable figures of the rotating fluid. Indeed, in this 


case 1t 1s necessary to put 2 = ff and in place of the quadratic form of 


the variables a, f, » entering into the expression for the function } 


which was considered earlier we will have a quadratic form of the vari- 


ables a and» of the form 


for Maclaurin ellipsoids, which also proves the stated assertion. 


3. We will consider the particular solution of the equations of motion 


a Ps 


(3.1) 


The conditions of positive definiteness of this quadratic expression 

have the forms: 4 

w? ¢ 

Ay, + + 2p aa? | Ayy + Ajo -+ 205 cl» 

and a choice of the positive constant p 1s always possi! le so that these , 
conditions will be satisfied if only the first of the inequalities (2.6) : : 
| 

is fulfilled. The latter, as was established earlier, always is satisfied . 


12 

= 
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which describe the motion of a fluid with velocities 


2a? Q D 


moreover, the surface (1.2) remains stationary. Feations (1.15) 
case take the 


forms 


(a,? + bo’)? Q + 6 bo Reg 


)) 


and transform into equations (2.2) if the notation 


is introduced, 


Thus, we obtain [ 5] a series of Dedekind ellipsoids which are identical 


in external form with the series of Jacobi el} ipsoids. 


Obviously, for 


87 


the semi-axes of the ellipsoid (1.2) are equal, the fluid moves as a 
single solid body rotating about the z-axis with angular velocity 9, and 
the Dedekind ellipsoid turns into the bifurcated ellipsoid F which be- 


longs simul taneous! y to the series of Mac laurin and Jacobi ellipsoids. 


We will investigate the stability of the latter. supposing in the dis- 


turbed motion 


a = + h Qo 3. @, + 7 


The equations of the disturbed motion permit integrals of the form 
(2.3), the first two of which after replacing y in the first by @ and A 


with the help of the integral V : f) can he written in the form 


Vs 


< 
\Ca 


Ajo? (p® + g*) + (por, + Ago? + 042) + 


=~ (a +- 8) + 628 S27, Coe — const 
J 


in ¢t } 1 
w* 
(a b,*)? 
2 2 2 ? 2 @+p 
= Ayo + + Aso (@,? + 04%) + + 
Co* } (ew ct ey c 
9 2 2 : Q 
2h, 5°)> + Z (x? 3?) 
a® dc* a dcda a® /o 
— 
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and the two others keep the same form with o replaced by 2. 


We will construct a function of the form 


cof 


(3.3) 


442? 


which in terms of the smallest dimension differs from the function (2.4) 
in the replacement of w by 0 and of the coefficients (9.5) by the fol low- 


ing: 


Ay, 


The madratic part of the function (3.3) will he positive definite 


with respect to the variables a @ , fF 3 @, if the 
conditions (2.6) are ful filled. Comparing the coefficients (2.5) and 
(3.4), we can convince ourselves that the latter are obtained from the 
former upon replacing w by 2 and addine to the corresponding items 

2/5 MM* and - 2/5MM2, Therefore, the first of the equations (2.6) keeps 
just the same form, which also is inn 2, and is satisfied, and the 


second in the case under consideration reduces to the form 
> 0 


and is also satisfied. In the same way the stability of the bifurcated 

ellipsoid E under ellipsoidal disturbances wit! respect to the variables 

P, 7, @,, @, @, a, b, c, ¢ , € can be proved to a first approxima- 


tion. 


BIBLIOGRAPHY 
Lamb, H., Gidrodinamika (Hydrodynamics). Gostekhizdat, 1947, 


Riemann, B., Fin Beitrag zu den Untersuchungen tiber die Bewegung eines 
fllissigne gleichartigen Ellipsoides. Gesammelte Mathematische Werke. 
Leipzig, 1876, 

Thomson and Tait, A Treatise on Natural Philosophy Vol. I, Part II. 


Cambridge, 1883. 


Liapunov, A.M., Ob ustoichivosti e]lipsoidal’ nykh form ravnovesiia 
vrashchaiushcheisia zhidkosti (On the stability of ellipsoidal 


forms of equilibrium of a rotating fluid). SPB, 1884, 


714 
Cen 
2H 
; ) f 
M=(5;+5 --2 L oR O 
* 59 
a 19056 
i 
1. 
: 
j 


f Maclaurin ellip f ating fluid 


Treatise n Hydrodynamics ] : mbridge, 1888, 


Appel’ 


Figury ravnovesiia vwrashchaiushcheisia inorodnoi rhid- 


b Figures of Equilibrius of a Rotating Homogeneous Fluid). 
ONTI, 1936, 


715 
‘ 
P 
3 


4 


STABILITY OF NONLINEAR AUTOMATIC 
CONTROL SYSTEMS 


(OB USTOICHIVOSTI NELINEINYKH SISTEM AVTOMATICHESKOGO 
REGULIROVANITA) 


3, 1959, pp. 595-514 


KOMARNITSKAIA 


(Leningrad) 


(Received 29 October 1958) 


There are many methods of stability analysis of nonlinear automatic 
control systems. As a basis of many investigations in this field the 
works of Lur’e [3] were used in which he applied a special transformation 
to equations of motion of nonlinear automatic control systems and in- 
dicated a method of constructing Liapunov’s function for them. Lur’e’s 
method reduces the problem of stability of equilibrium position in auto- 
matic control systems to the investigation of solvability of algebraic 
systems of quadratic equations. This method gives wide stability regions 
and is convenient when the number of equations is smal]. With the in- 
crease of degrees of freedom the application of the method becomes more 
complex because of the difficulty in establishing criteria for the 
solvability of systems of quadratic equations of higher order. 


Malikin [2,4] offered a different method of constructing Liapunov’s 
function for equations of motion of automatic control systems which re- 
sults in simpler stability conditions. 


The method of Malkin is as follows. Let the motion of an automatic 
control system with one control element be described by differential 
equations which in terms of canonic variables have the form: 


4 f = Br — rf (a) (0.4) 


where x, 8, e are column matrices of the n-th order containing elements 
ie P e;, = 1, (i= 1, ..., m), respectively, and A is a diagonal 
matrix with the elements A. The scalars in equation (0.1) have the 


following meaning: B; are characteristic constants of the system, A; are 


roots of the characteristic equation with Re A; < 0, r > 0 is a constant 


called the feedback coefficient, o is a parameter determining position 
of the control element, and f(a) is a function satisfying the following 
conaitions: 


: 


ig 
>? 
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(a) f(a) is continuous and is such that for given initial conditions 


the equations (0.1) have a unique solution: 


(b) f(0) = 0, f(a)o> 0 fora # 0. Liapunov’s function used is of the 


form 
a 


Azz + \ f (0) de (0.2) 


where A is a symmetric positive definite quadratic form and is derived 
from the condition 


(0.3) 


(A° is the transposition matrix of A) and @ is some matrix of the negative- 
definite quadratic form. 


Having calculated the derivative of V on the basis of (0.1) and taking 
into account the choice of @, we obtain asymptotic stability conditions 
for the equilibrium position for the equations (0.1): 


g r 


(0.4) 


where the column matrix g is found from the formula 
3 — Ae (0.5) 


Malkin does not elaborate on how to select the @ matrix, so that the 
method will give good practical results: furthermore, he used this method 
only in the case of different roots of characteristic equation and one 
zero root of the second order not simple with respect to elementary 
dividers. 


In this paper a form of the @ matrix is given, stability regions are 
investigated, and Malkin’s method is used in the case of multiple zero 
roots both simple and not simple with respect t elementary dividers. 


1. Let us consider an example which will demonstrate how the matrix 
can be selected and at the same time wil! permit one to compare the re- 
sults obtained by means of Malkin'’s method with results obtained by means 


of ot her met hods. 


let a nonlinear automatic control system be described by the fol lowing 


equations in canonic form 


= + f(c), + f(c), + 8.2%, — rf (c) 


All quantities entering these equations are the same as in « juat ions 


(0.1) and A, 0, A . are real. Let us choos matrix of the form 
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Q jj 


{) 


where ¢ , and « are some positive numbers. In accordance with the general! 


theory, the symmetrical matrix A will be found from the condition (9.3) 


Then 


Let us now write the determinant A such that 


| 


| 


Dry 


(1.1) 


This inequality in terms of the rectangular coordinates 1/2 (2, and 


1/2 Rf, defines the interior of the ellipse (in accordance with the con- 


‘ ’ 


dition 0, ¢ «, > whose parameters depend on ande.. Let 


us introduce the notations 


Then (1.1) will assume the form: 


e, (y+ +e, (24 (1.2) 


Utilizing the arbitrariness of «, and«. let us establish the maximum 


stability region for given choice of @. 


let y + ye, = 9 and 2+ 2 €, = 9 (this can always be obtained by 


choosing «, ande,); the condition (1.2) will be fulfilled. Then y 


€.¥ z=-—€.2z and since y z., ande, are positive and « 


‘ 


moreover, are arbitrary) y and z can take on any negative values. 


are permissible for y and z. 


Let us now determine what positive values 
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Fig. 3. 


i.e. the considerations that are valid for n = 2 may be applied for any 
n. Indeed, let us consider the system (9.1) and let us assume that its 
characteristic equation has roots which are real negative and al] 

different. 


Then (as in the above example) let us take the @ matrix of the form 


where «> 9 are arbitrary. Utilizing (0.3) and (0.5) let us find elements 
of the matrix A and the column matrix g: 


Ain = 0(i~k), 8, = — 
le 3 


Let us write the determinant: 


Br t Bs 


From the condition A> 0 we obtain 


+ 


After manipulations analogous to the ones of the above example, we 


shail obtain inequalities defining the stability region for equations 
(0.1) 


< Mir, Pe | D5 ) 
1 Bp — Sy) (39) 
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This applies to the case of real negative roots. 


2. Let us now suppose that the characteristic equation of the system 
(0.1) has complex conjugate roots with negative real parts as well as real 
negative roots. 


aAta,, x, = ..., 28) be complex conjugate pairs, A 
= 2a+ 1, ... nm) be real numbers; furthermore, A. < 0 and 
< 0, In this case let us choose the @ matrix in the form 


soa 


where «. > 0 are arbitrary. The same Liapunov’s function as before (0.2) 
will be used and its derivative by virtue of (0.1) will be 


V = Orr + (Ae + 8) xf (c) — rf? (ce) (2.2) 


The elements of the A matrix determined from (0.3) in this case will 


be 


ai = 0 ..., ii = (i =1,3,6, ..., 28—1) 


all other a. = 0, 
t 


Let us consider real variables in (2.2): 


Tk = By = %, + Teas! 


= Up — Upyyi, Poss = Te — Tras! (k= 1, 3,...,28—1) 


In terms of the new notations the derivative (2.2) can be written as 
fol lows: 


2e—1 


k=28+1 


2k 
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Example. Let us consider an aut 
lifferential equations which in cano 


form: 


Here pt, Hw , # 0, and for all other quantities the 


assumptions 1 the general case apply. 


In accordance with the derived formula » Stability region for this 


example will be defined by the fol 


The stability region is shown in Pig. 
roots of the characteristic equation, the r ybtained 


of Lur’e is wider then the one obtained by is method. bu 


of this method can be obtained for any numbe f degrees 
3. Let us now consider equations of an automatic contro! stem with 
the characteristic equation having n different roots A., .... A. sue 
n 
that Re Aj " and the root A = 9 of the second order with k groups of 


corresponding solutions, i.e. the root A = eats k times l every 


time it has a multiplicity of the second order with respect to elementary 


dividers. 


In terms of canonic variables (and taking into consideration the 
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nature of the roots lescribed above) the equations shall be written as 


Ja" 


os Pan Fn + ++ + 


Tsok/s (os) 
1 


Such roots of the characteristic equation may occur, for instance, in 


a case when an automatic control system has as its in lependent elements 


some bodies that are caused to rotate by the regulator about a fixed axis. el 

The uniqueness of the equilibrium position is established by the ; 
following theorems. 

Theorem 1. In order for the equilibrium position to be unique itis 7 
necessary that the number of the regulating elements shall not be less | 
than the number of pairs of zero roots (m > k)(number of independent : 
el ements 


Theorem 2. If the number of the regulating elements is not less than 


the number of pairs of zero roots (m > k) then in order to ensure that 


the equilibrium position is unique it is sufficient that the order of 


the matrices 


Yn 


to k. 


is emal 


Theorem 3. If the number of the regulating elements is equal to the 


number of pairs of zero roots, then in order for the equilibrium position 


to be unique it is necessary and sufficient that the determinants 


Ys You Yas Fook 


724 CO), 

follow 
\) 

Yer 4 { 3 ) 

Yo y, + Js (cs) 

| 

= dnttn + (34) 

oust 

23 

2 7 

13 Yma 922 + + Yoop | 

12k—1 Yook—1 Ymok—1 | %me Imok 
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are different from zero. 


The proofs of all three theorems are similar to each other. Therefore 


only the proof of the third theorem will be piven here. 


At the equilibrium c,andy,=d. (iz= 1, ..., n, j hy 


where c. and d. are some constants. Let is substitute these values into 


(3.1). 


The second group (TT) of these equations (3 1) will be sat isfied for 


o.= O(s= 1, ..., m) and for d, = d, =...<d.,. 0, 
1 
The first group of these equations (I) is satisfied for ao. = " and 
0, Taking this into account we shall obtain 


0) s=1, ..., Mm) 


4 


If one assumes that the determinant q ,) then the latter syster 


tlibrium position 


permits a non-zero solution and, consequently, the equ 
1s not unique. Analogously, it can be proved that y #& %. Thus the re- 


strictions imposed by the theorem are necessary. To prove the sufficiency 


of the restrictions let us note that for vy Z 0 odd equations of the 
second group (IT) of (3.1) with x. = ¢- v 1. will be satisfied only 
i i j j 
when f (a ) = 0, Let us substitute f fa _) into the rest of equations 
(3.1) and obtain that e. 0, d d. Further- 
more, from the condition f ) it follows that all 


follows ¢t hat 


Then from the condition a 4 


it follows that d. = d a 


which proves the sufficiency. 


let us suppose that the number of regulating elements in equations 


(3.1) is equal to the number of pairs of zero roots and that the Theorem 


3 is satisfied. To investigate stability of the svstem let us write (3.1) 


in matrix form 


r= + BF, pr +Qy (3.2) 


Obviously, the first equation of (3.2) represents the group of equa- 


tions (3.1) and the second equat ion represents the sec« nd group of (3 lL). 


The structure of the matrices entering into (3.2) is obvious. They are 


all of the order of the highest numbers n and 2b ar 1 all missing elements 


are filled in with zeros. 


let us construct Liapunov’s function for the equations (3.2) in the 
form 


= 
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where the symmetric matrix 4 1s found from the condtt Lon (0). 3) for A) of 


the form (2.1) and the matrix A is of the form 


Tt 1s easily seen that | is a positive lefinite form of the varial les 


x virtue of the system we have 


V = + + AJJy-y + 4+ OJ] 
“(BA + Pr) a-F + (PB+ F-F 


1s obvious that J°A + AJ = 0. Let us form the discriminant of the 


Tt 


quadratic form — 


this leterminant from 


n+ ] order wm uy shal] he reater 7eTY) and, furthermore, 


ondition contains 2k exact equalities but since matrix A 


The 


contains ar! itraryv there will he only equalities, 


If the above conditions are satistied, the quadratic form 


V = (|B A+ F FI 


will be negative definite with respect to the variables x and F and it 


is always negative with respect to the variables a, Da and F, Neverthe- 


less, it can be shown that if (3.3) and fF 4) are fulfilled, then the 
equilit rium position of the svstem (3.2) will he asymptot ically stable. 


To this end it is sufficient to verify that the integral curves of equa- 
tions (3.2) intersect all hypersur fas es | const. from outside, i.e. 

that V is always negative or if it becomes zero at some point fother than 
the origin) then at the next point it will be negative again. Indeed, the 


alwavs negative form } becomes zero on the line of intersection of hyper- 


: 
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surfaces o when x 


let us take a point on this line with x = 0 and all ¥, * Vo Hee 
. Then, having substituted these values into the system 0.= () 


ty eee, mM) with q# 0, we obtain y, y = Yo, = 0, i.e. in this 
case the point under consideration is the origin. Now let us take some 
point on the line of intersection such that x = 0 and there is at least 


one y, # Otte 3, ..., 2-1). At this point we have 
++++ 4 sok —1Yor—y (s=1, ..., m) 


Since q # 0 and at least one y; # 9 then at least one of a ly,) will 


other than zero, Ifo fy,) ts not equal to zero then as ¢t increases 


a) will become other than zero, i.e. the integral curve will leave the 


line of intersection and V will become negative; thus the integral curve 
has touched a point on the hypersurface V = const, but after this it 
intersects the surface from outside. From this it is seen that the 


stability of the equilibrium position is asymptotic. 


Example. Let us consider differential equations of motion of 
linear automatic system 


a none- 


(01) + (oe) 
Yi + (01) + 
= Ys + Yra/t (01) + Yoafe 
Let us assume that the equilibrium position of the system under con- 


sideration is unique and that the restrictions of the Theorem 
filled, i.e. 


3 are ful- 


| 
Jee 


£0 


In accordance with the obtained results the conditions for asymptotic 


Stability of the system under consideration may be written as follows: 


Yon + Von Yin) 


>0 


(Vik Yor + Vin) 


11902 < 0, < 0, 


21922 < 0, 0, 


a 
‘4 
: : 
Vu Yo: | 
— 0 k=1 
k=1 


O.7. 
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The first two inequalities are obtained from (3.3) and all the others 
from (3.4) after eliminating 5.> 0. 


4. Let us now consider the equation of a direct automatic control 
system with m regulating elements and with the characteristic equation 
having n different roots AG = 1, ..-, nm) such that Re A, < 9 and the 
root A = © of the mltiplicity m is simple with respect to elementary 
dividers 


(4.1) 


Ail matrices entering into (4.1) are of the order of maximum numbers 
n and m,and their structure is obvious. 


Let us suppose that in equations (4.1) the number of regulating 
elements is equal to the number of zero roots, and that the conditions 
for uniqueness of the equilibrium position [5] for (4.1) are fulfilled, 
i.e. || # 0, |O| ¢ 0. Having applied the above-described method of 

Liapunov’s function construction to the system (4.1), it is possible to 
simplify stability criteria obtained for analogous systems [5]. 


Let us take Liapunov’s function for (4.1) of the form 


V=+ Azz 4 | de, 
s=1 0 


where A is determined from the condition (0.3); the quadratic form V is 


positive definite since |Q! 4 0. 


Let us differentiate V, taking into account (4.1) 


V = Orr + (PB -+ QV) FF + +4 


Let us introduce the notation PB +Ql=- R and form a discriminant 
of the last quadratic form - V: 


(4.2) 


To realize the asymptotic stability of the equilibrium position it is 
sufficient to require that the diagonal minors of the determinant (4.2) 


beginning with the n+ 1 order shall be greater than zero. 


Thus, the asymptotic stability conditions are expressed through in- 
equalities, which govern the parameters of the system. In [5], among the 
stability conditions for this case, there are use! identities,which is 

undesirable in practical app] ications. 


Example. Let us consider equations of motion of an automatic contro! 
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system 


+ Yarfe (42), = + 91242 
Y12/1 (61) + Y22/e (62), = + 


The characteristic equation of this system has a zero root of the 
second order. 


Asymptotic stability conditions 


in this case will be written as follows: 


quyu + <0 


quyu + + 


0 
+ 922712 Quy + \> 


These conditions are simpler and more inclusive than those obtained 
in [5]. 
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KUZMAK 


In 


tion 


i 


this paper there 


where ¢«€ is a sma]! parameter, 7 et 


tions are meant the principal] terms of asympt 


Investigations ‘ +he asymnt tine hehavi ‘ Int ions« ‘ ferential? 


studies 


equations were made 


[ g.9] were fevoted directly te the investigation the isvmptotic 


he enlutian equation 1 in partain necia “mene 


havior of t 


Ll. Method of computing asymptotic solutions. We shal! look 
for a solution of equation (0.1) in the form 


uit. 1) 


bearing in mind the equation which connects +r and w with t, we may write 


that the variable @ may increase with an increase in t, we 


In order 
require that the function fr) shall not take on negative values. We cal! 


attention to the fact that if t changes over the interval 
then r and w vary, in accordance with (1.2), over the interval 9 ¢ + ye 
and () q& max Let us evaluate the derivatives of ylr aw) 


with respect to t. Making use of (1.1) and (1.2), we obtain 


q 
(Moscow) 
ay 
(Received 7 Way 1957) 
- 
ef(t.y ie m4) 
is slow time: by asymptotic solu- 
otic expansions of solutions. 
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Ow 


The prime indicates differentiation with respect tor. In view of 


(fy 1) 


juat ion ‘an be put into the form 


(1.4) 


Thus, the ordinary differentia] equation (9.1) has been changed into 
1 partial differential eqation. Such a procelure has been used earlier 
in the works [2] and [5] for the study of quasilinear equations. This 
method was applied to a nonlinear equation, which represented a special 
ase of eqation (9.1), in paper [9]. 


In a number of cases, and in particular for the one considered here, 
such an approach makes it possible to shorten the lerivations consider- 
ably. 

In order that equation (1.4) may be satisfied with a degree of pre- 

> 
eision up to the terms of order MWe - we represent y(r, @®) in the form 


y (t, w) = yo(t, w) + ey, (t, w) (1.5) 


One may write 


F (=, Yo) + yo)’ mie + $ Fuy(t, Yo + Océ<e) 


(1.6) 


Substituting the expressions 5 nto we obtain 


+ f(t, Yo) Or 


a3 
+ y) +e [25 (2) (2) Oy 
Yo + = f(t, Yo) + fy (t, Yo 4 WY) 
q ( (t, Yo) TE\F (t) T Fy Yo) Yi <> () = bes + 
ay ak y yh 4 lon 
(k, 0, 1, 2) 
where 
= 


G.E. Kuzmak 

+ (t) + Yo) + Yo + Wi) W(t) + 

vy (*, Yo + + T(t, Yo) fy Yo + TY) Uy + 

Our 

+ fy (t, Yo + Yr? (*) | t+ e*fy(t, Yo + = (1.8) 
4 ie Putting the coefficients of «” and of « equal to zero, we have 

(t) =F + F(t, yo) = 0 (1.9) 


Let us suppose that the functions y,(r, w) and y,(r, w) can be deter- 


mined, by means of equations (1.9) and (1.10), as periodic functions of 


4 @® with period rT. independent of r. We shall prove that under this con- 

a dition the function (1.8) will be bounded by a constant, imlependent of 

e, 1f O< r <r, and w< ow. 

r For the proof we assume that the functions Flr, y) and f(r, y) possess 

3 a sufficient number of derivatives with respect tor andy if 9< +r a 
and 0 < |y| < Ah. From known theorems on the existence of differentiable 


solutions of differential equations it follows that under the given con- 
dition the functions y,(r, w) and y,(r, w), and also their derivatives 


with respect tor and, up to at least the second order, will be bounded 


by constants independent of «, if 0< Th, w: provided the 
function /(r) does not vanish and has a sufficient number of derivatives. 
From the fact that the period of the functions y,(r, w) and y,{r, w) is 
independent of r it follows that their derivatives with respect to r and 
® are also periodic in w and of the same period. Therefore, it follows 


from the boundedness of the functions 


gk+! 
(k, = 0,4, 2) (1.41) 
at* dea! dw 


when 0< and 0< w< that these functions are bounded also 
for the values 9< r <r, and 0< w< «, and hence also for 0< t <1r,/e. 


Since the coefficient of «* in (1.7) can be expressed by means of the 
functions (1.11), it follows that this coefficient is bounded if 0 < ¢ < 
r,/e. The following theorem has therefore been proved. 


Theorem. If for 0< +r <r, and 0< |y|< h the functions f(r, y) and 
F(r, y) are sufficiently smooth, if the function d(r) for 0< 1 < + 


2 does not vanish and has a sufficient number of derivatives, and if the 
functions y,(r, w) and y,{r, @) can be determined from equations (1.9) 


> 
4, 
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and (1.10) as periodic functions of a period which is independent of r, 


then the function 


y(t) = yo (et, | p(et) dt) + ey, (et, e(e nde ) (1.12) 


will satisfy equation (0.1) with a precision up to terms of the order of 
when 0< ¢ <r, 

let us now pass to the solution of the equations (1.9) and (1.10). In 
accordance with the established theorem, the functions y,(r, @) and 
y,(r, @) have to be determined as functions of w with a period independent 
of r. In regard to the equation (1.9) we shall simply assume that it has 
a solution y,(r, @) which is periodic in w and of period T, independent 
of r. Thus, we limit ourselves to the casés in which the equation (0.1) 
has a first approximation a family of periodic curves. Let us denote by 
a, and a, successive zeroes of the derivative dy,/dw. We write down the 
equations: 


Yo(t, = Yo (t, @) ja=a;+o 
(i=1,2) (1.13) 


Fyn Ayo | 


dt aj—o 0T Ow 


For the purpose of proving the validity of these equations, it is 
necessary to establish the correctness of only the first one of them, 
since the remaining equations can be obtained from the first one by 
simple differentiation. Multiplying equation (1.9) by dy,/dw and inte- 
grating the result with respect to w from a, to w, we obtain 


Vs 


\ = 9 


Yo) = | F 


aj 


If w lies between a, and a,, then it is obvious that the integral in 
the last equation represents a monotone function of Yo, when y, lies 
between y,(a,) and y.(a,). Furthermore, if y, varies over this interval, 
«/2+ Thus, to each 
value of y, in the mentioned interval there will correspond two values 


then p, obviously, will lie between 0 anid a,-a,=T 


of w equal to a, +p and a,—p. This statement is obviously equivalent 
to the first one of the equations (1.13), whose truth has thus been 


established. 


( OY, *| 
a +0 
2 do * &§ 
) 
Hence 
vs 
) 


le. 
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We shall look for an expression of y,(r, w) in the form 


y; (t, w) = \ E (t,w) dw (1.14) 


Here E(r, w) is a new unknown function. Substituting (1.14) into 
(1.10), we obtain 


a, 


In order that y,(r, w )may satisfy the conditions of the established 
theorem, y,(r, w) has to be a periodic function in w of period T,,. We 
therefore require that Flr, w)= Elr, w+ T,,). Because of the periodicity 
of the integrand in (1.15) and because of its symmetry with respect to 
the point w= a, [see (1.13)], the last requirement will be fulfilled if 

Qa, 

\ (2) Sa TP +1 Yo) |do =O (1.16) 

a, 

Let us now prove that the function Flr, w) is bounded. To do this, it 
is obviously sufficient to prove that this function is bounded for 
@= a, and w= a, when the denominator in (1.15) becomes zero. 


Suppose that for w= a, andw= a, the function dy,/dw has zeroes of 
order r, and r,, respectively. Then the numerator in the formla (1.15) 
will possess zeroes at these points of order 2r + 1 and 2r,+ 1 [see 
(1.16)], while the denominator will have zeroes of order 2r, and 2 ro. 
Therefore, the function E(r, w) is not only bounded, but is even equal 


to zero at w= a, and @ = a,. 


From the boundedness and periodicity of the function Elr, w) and from 
(1.14) it follows that for the proof of the periodicity of y,(r, w) with 


respect to w, it is only necessary to establish the validity of the 
following equation 


AT y 
E w) dw = 0) (1.17) 


From formulas (1.13) and (1.15) we have 


<3 7) 


Obyiously, this establishes (1.17). Thus we have proved that if rela- 


. 
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tion (1.16) hol: is,then the function y i {, ®) is periodic in @ and has a 


period , in lepen: Rent ofr. 


We shall call the relation (1.16) the condition of periodicity. This 
relation can be rewritten as 


a a 
d | , ay 
|? (2) \ ()\ I(t, yo) (=— 


a, 


| dw = 0 (1.18) 


Let us note one particular case when f(r, y) = f(r). In this case, 


equation (1.18) can be integrated and written in the form 


a: 


* Dexp(—\ f(t)dt) (1.19) 


0M 


a, 


where D) is an arbitrary constant. 


Since the terms of order « in (1.12) and (1.3) represent small 
oscillating corrections to the principal terms, one can usually neglect 
these terms involving «. Thus, the asymptotic formulas for the solution 
of equation (0.1) and its derivative [ see (1.15)] have the form: 

Yo (t) = Yo (t, = (Tt) — t*=et, w= @+ (et) at) (1.20) 
where w, is an arbitrary constant. Therefore, for the determination of 
the asymptotic solution it is necessary to solve a system consisting of 
the equation (1.9) (which we shall call the "standard" equation) and of 
the condition of periodicity. 


We call attention to the fact that from (1.2) and the equation 


y.(r, whey,(r, we a ) it follows that the instantaneous period of 


ose iMetion T(r), which for the considered class of problems is defined 
as the distance bobuees two successive maxima or minima, is connected 
with the function Aft) by the formula: 


7' (te) = T.,/ (1.21) 


It is for this reason that the function ¢(r) will be called the 
instantaneous frequency of oscillations. The above comparisons of the 
asymptotic solutions with the exact solutions (as well as the established 
theorem) have shown that the basic condition for the closeness of the 
asymptotic solution to the exact one is that the difference between the 
instantaneous frequency 4(r) and zero be sma!!. 


2. Computation of the asymptotic solutions when the solution 
of the "standard"equation is expressible as an elliptic tw. 
Jacobi function. Let us consider the equat ton 
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sr +a(t)y =0 


Its *standard* equation has the form 


(2) + a(t) yo + yo? = 0 (2.2) 


The solution of this equation can be expressed by means of any one of 
the elliptic functions of Jacobi: sn[K (vy) w, en[K lv) v), 
dn{K (v) w, v}. Here K(v) is the complete elliptic integral of the first 
kind. * 


Let us express it by means of the elliptic sine function (see [9] ): 
Your = A, (t) sn [A (t)) (t)] (2.33) 
Substituting (2.3) into (2.2) we obtain 


2snu 


A, (t) $,? ~ + a(t) A, (t)snu + b(t) A,?(t) sn*u = 0 (2.4) 


Here (r) = K(v,(r pyle ), we K(v, (r)) Eliminating a? sn u/du? 
by means of the equation for the elliptic sine, 


sn u 


—,— + (1+ — 2vsn*u = 0 
ou 


we find that 
[— (1 + (t)) + + (t) 2) (t) + b(t) A,? sn? u = 0 


By equating to zero the coefficients of sn u and sn’u, we obtain two 
relations for the three functions A,r), v,(r) and dy (r ): 


The one still missing equation, we obtain from the condition of 
periodicity (1.19). 


From (2.3) and [10] we have 


asnu ‘Osnu 


= A, (t) K udnu (2.6) 


If we put (2.6) into (1.13) we obtain 


We denote by vw the square of the modulus. Furthermore, in place of the 
usual notation for elliptic functions and for the integrals sn(u, vv), 

-, E(yv )) we shall write sn(u, v), ,.., E(v); when we speak of 
the modulus we shall mean its square. 
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K(v) 1 
L(y) = \ en* udn* udu at = 


E(v—(i-— v 
(2.8) 


After some simple transformations, equations (2.5) and (2.7) can be 
written in the form 


(t) L? (vy (t)) 
P(t), 


With the aid of these relations one can successively compute the solu- 
tion functions v,(r), (r) and A, (r). 


The graph for the solution of the equation for v,(r) is represented 
in Fig. 1. 


Let us consider the cases which correspond to the various combinations 
of the signs of the coefficients a(r) and b(r). 


l. alr) > 0, blr) < 0. In this case the curve which determines rv, (r ) 
lies in the quadrant I, since it is seen from (2.5) that v, (r) > 0. The 
solution for v,(r) exists if 0 < plr) < 2/9, At the instant t = t,, when 
p(r) = 2/9, the asymptotic solution loses the oscillatoty character. If 
p(r) > 2/9, as well as in the case when alr) < 0, b(r) < 0, equation 
(2.2) will have no periodic solutions. 


2. alr) > 0, blr) > 0. The curve which determines v,(r) in this case 
will lie in quadrant IV, for v,(r) < 0 because of (2.5), The solution 
for v,(r) exists if 0 < plr) < ». 


3. alr) < 0, blr) > 0. In this case the curve in Fig. 1 lies in 
quadrant III, since v,(r) < 0. The solution for v, fr) will exist in this 
case when < p(r) < 4/9, 


The values of elliptic functions and elliptic integrals are usually 
given in tables for 0 < v < 1. Therefore, in cases 2 and 3, when v,(r)<0, 
in order to be able to use the asymptotic solution (2.3), one has to 
compute first the values of sn[{ K(v)w, wv) and K(v) for vy < 0, One can, 
hawever, avoid making these computations if one looks for the solution 
of the *standard* equation (2.2) in the form 


1 
2.7) 
Here 
(t) 
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= A, (t) en [K (ve (t)) We, 


a(t)>0. 


t+ 
a’(t) 


o 


a(T)20; b(t)20 


Omitting the simple reductions which are entirely analogous to those 
given above, we give at once the final formlas for the evaluation of the 


functions 1 ), dr), and A,(r): 


2 


(t) M? (ve (t)) 


K(v) 
M = \ sn?udn2udu va vy) — | 


Vv 
The graph for the solution of the equation for the function v,(t) is 
represented in Fig. 2. Let us consider the cases which can arise for the 
various combinations of the signs of the functions alr) and h(r). 


1. alr) > 0, blr) < 0. The curve in Fig. 2 which corresponds to this 
case, 1s located in quadrant IV, and ve(r) < 0. 


2. alr) > 0, b(r) > 0. The curve in Fig. 2, corresponding to this 
case, is located in quadrant I, and v,(r) > 0, 
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3. alr) < 0, bir) > 0. The corresponding curve in Fig. 2 is located 


in quadrant II, so that v,(r) > 0 in this case. 


Comparing the obtained results, we see that 0 < v,(r )< 1, in cases 2 


and 3 if we use the elliptic cosines. Hence we can use the tables in this 
ease. (If we had used the elliptic sine in these cases, then — « < 


( < { 
vir) 


It is, therefore, more convenient in the cases 2 and 3 to use the 
asymptotic solutions of (2.10), But in reality the asymptotic solution 
(2.10) gives nothing new over the asymptotic solution (2.3). Furthermore, 


one can prove that the asymptotic solutions (2.3) and (2.10) coincide. 


There are no real solution for the modulus when — 4/9 < p(r) <0 as 
can be seen from Figs. 1 and 2. This is due to the fact that for values 
of the function p(r) which lie in this interval, the solution of (2.2) 
cannot be expressed in terms of functions which oscillate about the value 
y= 0, as do the elliptic cosine and sine. In this case the solution of 
equation (2.2) oscillates around the value y = + alr) /b(r). 


In order to ol tain an asymptotic solution which might exist when the 
values of p(r) are contained in this interval] me must find a solution 


the *standard* equation of the form 


y 1, dn (¥,(t)) @ t)] (2.12) 


2 
| | 
i | | | | | | 
| ue Hi | 
— j i j | 7 / 
| 7) tht yay | 
am a 
| } 4 
‘ 
Pig. 2. 
4 
a 
| 4 
q 
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For the functions v,(r), d,(r), and A,(r) one obtains the fol lowing 
relations 


2 (v3 (t)) 


vg (t))* 


GC? b? ‘ ‘ 
— p;(t) (t) ) (2.13) 


As (*) 


K(v) 
N(vy=% cn?usn?udu = — 


0 


We shall find expressions for the function A,_,(r), around which the 
oscillations take place, and for the amplitude of the oscil! lations 
(r). It is known that the function dn u oscillates between | and 
Therefore, by (2.12) we have 


4+ Vi — vs (2) 
Aso (t) = As(t) 


The graph of the solution of the equation for v,(r) is constructed in 
Fig. 1. It shows that for each value of the function p, (r), which lies in 


the interval — 4/9 < p,(r) < 0, there exist two values for v,(r), one 


positive the other negative. One can prove that the asymptotic solutions, 
which correspond to these values, coincide. 


However, due to the fact that the tables of elliptic functions are 
constructed for positive values of the modulus, one must use the asymp- 


totic solutions which correspond to 1 x 


With the aid of the asymptotic solution (2.12), one can extend the 
solutions (2.3) and (2.10) over an interval of values of t for which 
~ 4/9 < p(r) < 0, and, conversely, by means of the asymptotic solution 
(2.3) or (2.10) one can extend the solution (2.12) over an interval of 
values t for which - «< p,(r) <- 4/9, 0< p,(r) < «. Let us consider 
briefly the more complicated equation 

+ (t) + @,(t)y + 4 a;(t)y* = (2.15) 

In this case the solution of the *standard* equation should be sought 
in the form 


a(t) a(t, w) + 6 (t) a(t) (t, w) + 


= = 
Yo y(t) a(t, w) + 1 r Yo ¥ (t) a2 (t, w) + 1 


Here ofr, w ) can stand for any one of the functions 


sn [K (v) ©, en [K (v) @, dn [K @, ¥] 


q 
(2— 
Here 
dy 
| 
"4 | 
=| 4:05 (2.14) | 
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One can obtain especially simple formlas in the case when a,(r) = 0. 
The solution of the standard equation, in this case, should be sought in 
the form y, = alr )o*(r, w) + Alr). 


In closing this Section, we remark that in the case when the equations 
(2.1) and (2.15) contain a terme f(r, y)dy/dt, the asymptotic solutions 
can also be expressed by means of elliptic Jacobi functions. 


An investigation of these cases can be reduced to the study of a single 
first order differential equation (in the usual modulus v), whose solu- 
tion changes 1/e times more slowly than the solution of the original 
equation, and which can be handled quite simply. 


3. Approximate computation of the asymptotic solutions. In 
those cases when the solution of the *standard* equation cannot be ex- 
pressed in terms of special functions, we shal! seek the solution in the 
form 


N 
Yo (t, = > B,, cos nw (3.1) 


n=O 


Substituting (3.1) into equation (1.1), we obtain 


N 


— g(t) By(t)n®cosnw + >) By .. -, By cosnw = 0 


==) n= 


Here 
B, (=) cos no | cosnwdw (3.2) 


=f 


F,,{t, By(t), .. ., Br 


Equating to zero the coefficients of similar harmonics, and neglect- 
ing the harmonics of order higher than N, we obtain 


— By (t) n® + Bo(*),- - Bu = 0 (n=0,1,2,...,N) (3-3) 


This system consists of N+ 1 equations and contains N + 2 unknowns: 
dlr), B, (r ), «s+, Bylr). The required additional equation is obtained by 
substituting (3.1) into the condition of periodicity (1.18): 


N 
>; B,,? + 
4 >) B,, (t) cos | B,, (t) nsin | dw=0 (3.4) 


n =f) 


With the aid of the equations (3.3) and (3.4), the functions ¢fr), 
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2 oi By(r ) can be expressed in terms of known functions. 

% The case of greatest interest, due to its simplicity, arises when 

* N= 1. In this case the system of equations (3.3) and (3.4) contains only 
three functions: B.(r) and B,(r). 

bi For the purpose of illustrating the method and its precision in the 

case when \ we compute the approximate asymptot 1¢ er 10Nn of equa- 
3 tion (2.1) for the case when alr) > 0, and compare it with the exact 

3 asymptotic solution. The system of equations (3.3) and (3.4) has the form 


a(t) By (t) + b(t) By (t) (t) + = BY? 
(t) By (t) + a(t) By (t) + b(t) By (t) (3Bo? (t) + = BY = 0 (3.5) 
o(t) By? (rt) = 


Here C is an arbitrary constant. In the case under consideration, when 


\ 


alr the oscillations can occur only around y= 0. Hence, B.(r) = 0. 


Recause of this, the system (3.5) takes on the form: 


— ¢*(t) + a(t) 4 b(t) B,? (x) = (t) B,? = (3.6) 


In order to reduce this system to a simpler form, we introduce the 
function p(r) by means of the equation 


= V a(t) (t) (3.7) 


Eliminating the function B,(r) and making use of (3.7), we obtain 
(t) — p(t) q(t) Q (t) cb (t) {a (t)] (3.8) 


A physical meaning can be ascribed to a real, positive (see Section 1) 


solution of this equation. Recause of (3.6) and (3.7) such a solution 

3 Ee will tend to unity as 6(r) goes to zero. The graph for the computation 

of such a solution of equation (3.8) is shown in Fig. 2. This figure 

shows that a solution »(r) can exist only if —- 8 ¥ 3/9 < qlr) < «. At the 
instant t = t,, when g(r) = — 8&8 y 3/9, the solution of equation (2.1) 

aS, loses its oscillatory nature (a loss of stability occurs within the system). 


After the function f(t) has been determined, the amplitude of the 
oscillation B, (r ) is computed with the aid of the second one of the equa- 


tions (3.6). 


We shall compare the approximate asymptotic formulas for the instant- 
aneous period, and for the amplitude of the oscillations, with the exact 
asymptotic formulas (see Section 2). 


Let us first consider the case when b(r) = 9. From (3.6) to (3.8) and 


4 
5 
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the exact formulas coin 


examine further the case when 
e a loss of Stabiit 
more difficult to treat by 
the influence of the higher 
s here most pronounced. Let \ pare the approximate 


»lations moment of los } vy. From the 


and fron > vstem 


B, 


The expression (rt), whicl 
asymptotic solution 
the coefficient \ 


lit 


‘2 
L) and » obtain in this case the following results 


¢ x? (0) 


For the sake of simplicity let us assume that 
fa(t)] [mir 
min 


The condition of stability takes the he inequality 


Substituting the value of C from (3.11) into this expression 


rewrite the inequality in the form 


(3.12) 
a 
The condit ron of stal 1 ol tained by means exact asymptotic 
solution [9] differs from ( 12) only by the fact at vlace of the 
coef Lent R/9 Sa 7146 there stan {: the oe f fic 1ent y 4y 2/3 re 
() iO. Thus, the approximate asymptotre for u > compared to the exact 


. 
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a 21) we have 
B (t) = | f 
V a(t) Va(s 
(9.5 
4 with (3.9%), 
a ing. In em. This 
case N= l, 
because eed whe 
N. }) 
and the 
exact in 
Fig. 2, ES (3.46) we have 
>4n 
mm (3.10) 
_ ts obtained with the aid of the exact 
f 
_— hiffers from (3.10) only in so far as 
0.943 ¢) 
) 1A thers stan the num er mity. 
_ let us compare the cc: of stability. Just as in [%], we consider 
From (3. 
(3.11) 
me 
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asymptotic formula has an error of 10 per cent. 
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This article presents a method for the determination of the eigenvalues 
and eigenfunctions of Fredholm’s linear integral equation with a positive 
definite root, which is the correlation function of a function of a 
random variable, and is related to the phenomenon of white noise by a 
linear differential equation. This method is a modification of the method 
given in article [1] for the solution of an integral equation of the 


first kind, occurring in the statistical theory of optimal systems. 


1. A short exposition of the method of solution of an 
integral equation of the first kind. In article [1] a method for 
the solution of an integral equation of the first kind with finite limits 
was given. This equation is always reducible to the form 


\A (t.u)e(t)dt (uw) (1.1) 


in the case when the real positive definite symmetrical root K(t, u) is 


the correlation function of a random function X(t), and is related to 


the white noise V(t) by the linear differential equation 


PX = HV (1.2) 


where F and H are polynomials relative to the operator P, with art 


arbitrary 


real variable coefficients 
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ny non-nercative function (¢). the equation 1) liffers formal lv from 


equatton (1.2) only in that its right member is the product of an un- 
known eivenvalue and an unknown function. Therefore, letting in the 


formulas of the precedine section 


g(t) = o(t)o(t), f(t) = (t) (<.2) 


ind making the corre ondiné chanees, we obtair in algorithm for the de- 


ermination of the eigenvalues and eigenfunction 


On the basis of the equalities (2.2), formula (1.4) and equation (1.8) 


in be rewritten in the form 


9 
p(t) y(t) 2.3) 
= F (2.4) 


Substituting into equation (2.4) the expression (2.3) of the function 


&, and the expression (1.7) of the function ¢, we shall obtain the 


following equation determining the function n in the interval 0 t T: 
1 
F\—F HH 7 =0 \<t<T) (2.5) 
This is a linear differential eqmation of yrder 2n, containing an un- 
known parameter A. Let us denote by y(t, A), coe, va.(t. A) any Qn 
i n 
linearly independent integrals of equation (2.5), Then the general inte- 
gral of equation (2.5) will he expressed by the formla 
nit) v / 
A) t T) (2.6) 
vent 
Substitutine this expresston into 1) we shall obtain 
g(t) = (f, A) t<T) (2.7) 
v= 
where 
(t, A) vy (t, 7) 1, Jn) (2.8) 
(t) 


In order to determine the unknown interration constants y., .... ¥ 


in formlas (2.6) and (2.7), the functions n and f (when t ) must be 
determined by an integration of equations (1.9%) and | 1.8), and then 
subjected to the corresponding conditions at the end points of the 
interval 0 < ¢ 7, which follow from the formulas (1.10). The genera! 


integral of equation (1.9) and the corresponding expression for the 
function f are defined, for ¢ 0, using the formulas [ 1] 
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n n 


n(t)= crm f(t)= (#< 0) (2.9) 


r=! 


where 7,, 


+» 7, are any linearly independent integrals of equation 
(1.9) and 


t 
= \ w (t,t) H° dt (p = f,..., a) (2.10) 


For the determination of the integration constants y,, «+++ Yon: 
Cyr Cy we have the following con‘itions. 

First, a solution of the integral equation (2.1) cannot contain 5- 
furctions. Formla (2.3) shows that in order that this be true, it ts 
necessary that the functions 9, 7’, ..-, ni nt) he continuous at the 
points t = 0 and t = T. This condition gives the 2n equations: 


en n 
>} (0,4) — erm” (0) = 0 (2.11) 
v=! 
on 
Di ter” (T, h) = 0 (k=0,1,....2—1) (2.12) 
v=1 


Secondly, the function f(t) defined by the second forma of (2.2) for 
0< +t <T, and by the second formla of (2.9) for t < 0, must satisfy the 
equation (1.8) at the point t = 9. This condition, together with equation 
(1.7), expresses the discontinuities of the functions f, f°, ..., gin-t) 
at the point t = 9, in terms of the discontinuities of the derivatives of 
the function 7, i.e. it gives n equations. We shall, however, derive these 
equations in a somewhat different manner. We shall replace the equation 
(1.4), which is considered as a differential equation with an unknown 
function f(t), by an equivalent system of equations of the first order, 


defining the new unknown functions by the formlas 


21 (k m 1) 
k—n+m (2.13) 
= » (qx (k= n m, i) 
h=0 
where 
a 
n 
k—1 (2.14) 
On h=n—m 0 
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Then equation (1.8) will be replaced by the system of equations 


(k= i, Zeay + (k= n—m, 
n 9 
a 
ley 


By virtue of condition (2.11) and formla (1.7), the function ¢ is 
continuous at the point t = 0, Consequently, the integral of the system 
(2.15) is also continuous at the point t = 9. This condition, on the 
basis of the formlas (2.13), (2.2), (2.7) and (2.9), gives the fol low- 
ing n equations: 


2n 
ve= r 
9 
an k—nim h (2.16) 
(h—l) 
v—f l<— 
n k—nim A 
Pant leo 
(k n dl n 1) 
where 
E(t) = Ay a(t) we4,....a) 
The equations (2. ll), 2 ae and (9. 16) are a system of tn homogeneous 
linear algebraic equations Vane Cas Ca! whose coe ffi- 


cients depend on the unknown . In order that a non-zero solu- 
t10n of this system exists, it is necessary that its determinant A(A ) 
equals zero 


A(Qh)=0 (2.17) 


This equation determines the eigenvalues. After the determination of 
the eigenvalues, equations (2.11), (2.12) and (2.16) will make it possible 
to express the magnitudes sees Yon? Cy Cas corresponding to 
every eigenvalue A, in terms of one of these. The latter will he deter- 
mined by the normalizing condition 


p(t) p(t)dt = 1 2.18) 


0 


If for some eigenvalue A the rank of the coefficient matrix of the 


system of equations (2.11), (2.12) and (2.16) be less than ?n- l, and 
equal, say, to 2n— s, then this will mean that the given eigenvalue A 


is of miltiplicity s. In this case, equations (2.11), (2.12) and (2.146) 


i 
>2 
2 
: 
= 
— 
i 
=. « 
q 
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will express all coefficients y,, c, in terms of any s of them, which can 
r 

be chosen arbitrarily. This condition can be used for the determination 

of s systems of values of these coefficients, such that orthonormal! 


eigenfunctions are obtained. 


The method presented LS ea ily exten led to the case of a comp | ex syvm- 


) 


metry root (Mermit lan’). 
In the case when all coefficients of the operators F and H are constant 


and pit 1, equation (2.5) is a linear differential equation with con- 


stant coefficients. In this case the analytic expressions of the functions 


and are easily found, and the entire prol lem is solved analvtic- 


ally. Thus, in the case when the root of equation (2.1) is the correlation 


function of a stationary random function with fractional rational spectral 


density, the demonstrated method gives a complete analytic solution of the 
prol lem of the determination of eigenvalues and eigenfunctions. This solu- 


tion was obtained earlier by another method in articles [5] and [6] 


Example 1. To find the eigenvalues and eigenfunctions of the equation 


(2.1) in the case when F and # are defined by the formulas 
1, (t) D + ag (t), H = 1 (2.19) 


and p: t) 1. In this case equation (1.5), determining the function 
@(t, 7) is an equation of the first order which is easily integrated, 


after which the formula (1.4) gives 


ae for ft t 
K (t, t’) (2.20) : 
lo, (t’) ae (t) for t t 
where 
| o (tT) dt 
- at ao (t) , (rt) - 99 
= exp) \ nit)” mie \ ay (t) (t) (2.21) 


The equation (2.5) has, in this case, the form 
(a.-7')’ | 2o* 0 (2 22 


Let us denote by v,(t, A), wv ,(t, A) some two linearly independent 


4 
integrals of equation (2.2). Then formula (2.8) gives 


7 [ay (t) A)] + ay (t)v, (t, >) (v = 1, 2) (2.23) 
ad 


The formula (2.7) which expresses the unknown eigenfunctions will 


assume the form 


(t) A) 4 {2 (f, A) (2.24) 


functions mn and f are expressed, as in example 1 of 


a 

a 750 

4 

i ¥ 

| 

4q 

} 

® 
a v 
= 

Por ¢ < 0, the 

ie 


Figen: 


alues 


the 


formulas 


and eigenfunctions 


integral 


equations 


the determination 


2.16), one equation 


the equation (2.17), which determines the eigenvalues, 


ase have the form 


equation 
orms of the 
lition 
Example 2. A more detailed examinatior 
when the coefficients a 


to 


preceding example, 


equal respectively 


In this 


case 


a, (t 
73 92 (t) 


and formula (2. 20) the form 


assumes 


Equation 


This equation 
of the 


linearly independent 


integrals 


7! 
4 = 
rt) le [a], by 
Since i 
given case n= 1, a= 0, we have for 
2.11), and ne equation 12) 
1 (2.12 
| 
(1, A) (7, >) } 
Consequently 
‘ 
will in this 
Lae) 
0 
a ao V a; 
2a 
‘ 
a 
+ (2.2) has, in this case, the forn 
form 
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jest 
where 
} 
The formula 2) vive 
f ) 
1 
The equation (2.27) assumes the form: 
}, @ 
{ 
{ } 22 
| 
Expanding the determinant, taking into consideration (2.32), and per- 


forming the elementary transformations we can bring equation (2.34) to 


tan (2 35) 


Thi equation determines an infinitely increasing sequence of values 
( ’ c -++ + In the figure a graphical solution of the equation 
35) is represented for the case when a = 77/4T 
c, bstituting the value « = W, determined by the equation (2.35) in 
(2.32), and solving the resulting equation with respect to A, we shal] 
find the corresponding eigenvalue 
2a 
v a2? +. (v=1,4 ) ) 
This formula gives an infinitely decreasing sequence of eigenvalues. 2 


The system of equations (2.26) in this case has the form 


TE2 

; 

7 

2 2 
ie 

tre form 

: 


Figenvalues and eigenfunctions of integral equatiors 


The last of these equations gives y - ye . Substituting this 
expression into any f the two remaining equations of (2.37), we can alse 


express c, in terms f y,. This, however, is not necessary, since the 


constants « are auxiliary, and do not directly enter into the solution 
r 


of the problem, 


Substituting the found expressions (2.3 and y. into formula 
and performing elementary transformations und then determining y 


the normalizing condition (2.18), we find > eigenfunctions 
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We hall solve the sy 


AQ, 4 ay,9, 
AD, + 


AD, c,,0, 
for the cvlindircal 1 
presen sol ut uN 


1 1s eigenvalue 


The conditions on 


Mz, 


\ 
We re rntereste 


Tt 1s clear that 
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emuattions 


4 Ame -- ‘) (3) 
ret resented in the fieure. Here re- 

the } are the riven coefficients. and 


f the boundary value problem. 


the zone boundaries are civen in the following form 


iy 
ane 
Q for R (>) 
aor 
om, Amd. 
aor : or on the boun lary of zones 
(6) 
am, Ome (r=re. —h <2< h) 
or Or 
am, At. 
ms Imes nm the undary 7ones (7) 
"2 h r ro) 


am. { n the boundaryof zones(8) 


2 mon inder PT} lent of the ingle, moreover 
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+ = 0, Am, + booms, = 0 (2) 195 

4 

Oz 

a 

) 

MD, D, 

: 

1 3 

= 
4 Am. Am. 
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a 

| | 


AY, — x5"; 0. Ang 


The con litions (4) and (5) are preserved 


Wi t h respect. to the con tions (2) the: 


Lent writing 


niv note 
vious particular solutions of « ons atisfvine 


ons except those where r= r > the functions 


Let us formulate 


7) etgen functions ZI; , using 
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symmetry, it is sufficient to restrict attention to the 
region D 
ntr icine new functions n such that 
i? 
ind choosing the t 
ng the elficients accordingly, we shall bring the systems 
. 
fp, the new f 
+4 aiso tor e new functions. 
whe re / Mg, are expresse in terms of iy €; and the coe f fi- 
H 
R\K 3,” r\ | cos 2,3 
— EE the problem: To construct in the zones /-3 a systen 
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| 


Fig. 1 


We shall regard Z7(z) as a vector with components Y and U, and we shall 
intro luce the notat ions 

J z< h), f uy h) 

Lys lus (hor) 


< 


It is clear that these functions are (iscontinuous when z = h, and 
that they satisfy the conditions 


Zin 


Z |Z lates Z’ \In—o (9) 


221 


and also the conditions 


Z’-0 for 2-H (10) 


In our notations the particular solutions of the equations (1’) and 


(3°) satisfying the conditions when z = 0, z = H and z= h, will be 


written in the form 


» (k) th (he) (ky (ke) 
yy (2), ny Cy (tar) (2) 


ik th h (hk) 
» Cy To (ver) ys (2), Ne (ter) (2) (11) 


where Hy are the roots of the characteristic equaticn \ 9, obtained 
from the condition (7%) by the obvious substitution 


If the functions Z(z) really satisfy the conditions claimed for the 
eigenfunctions, then we shal! be able to construct a general solution 
both in zone 2 and in the zones 1-3. Finally an application of the con- 
litions when r = r. will permit us to determine the eigenvalue of the 
Loundary yalue problem (to within a constant) and the unknown coefficients 


c.\* 


We hall examine in ereater det aul the functions 7(2). let us intro- 


duce the operator 


| “4 756 
= R 
| 
; 
= 
& 
4 
= 
4 


On the solution of a boundary value problem 


The domain of definition of A is a set of vector functions % of areu- 
ment z with continuous derivatives up to the second order, satisfying 
the conditions (9) and (19). Here, and from now on, the continuity of the 
derivatives of ® is required everywhere in the region except at the point 


z= h. L and M are determined from the relations 
(12) 


LY = MU 


f Y° —x,;*Y (O0<2<h), A(U*—eU) 
—x;*Y) (ha 2z2< A), (h<2< Hy) 
A, RB, are for the t ime being unde fined coe ffi s and y and 
ponents of the vector funct ion. If we take for Y and /’ the component of 


the eigen func tion Zz then clearly 


LY 


— (O<2< h). 2 (0 < 
{ (13) 


We shal! choose the constants operator is 


sel fconjugate, i.e. that the relation 
(D,, A®,) = (A®,, ®,) 
is satisfied. 


We will show how this can be done. Let onsider the expression 
H 
Q A®, ®,A®,] dz (15) 
0 


As be fore we wi 1} lenote the components ®. I and fy where 


(h<2<H) 


let us transform the expression (15) 


0 0 


2) 


= — 


A(u,u, uu, 


aa | 
= 
23 
959 
|_| = 
— 
a 
j | 
— | | 
4 


Aa 
must he satisfied for 
Aa Xs) 


Since the functions 


wone 


are consemiences 


From the first three 


RB, and obtain 


re] ations of will fine the unknowns { 


2 
1° 


\o 


aay 
Substitutine the found 4, R, C. in the last of the relations (18) 
1s fulfilled automatically, since 


Thus for f the expression (15) 
vanishes. 


Tf we take ) functions faa) and 


an! 7 .that is solutions 
of the 7 } 


/ correspon ing distinet eigenvalues, 


758 V. Wukhina and Sob 
lsine the nditions for z Hs ve will cet 
ahall ery find value 4 sR for which will he zer 
To this end the nditions 
idol, ( 0 40,4 + Cu, 0 
ha 
3 ya 
1\2 
» = h. where 
| satisfy the same conlitions as } 
we obtain the following relations BC: 
340)? an 
The conditions (19) q7_—_——— of (1%) since 
3 
é \o { (20) 
we 
eee 
Pik 
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then keeping in mind that 


— Aptu,' 
Mu' 
| (ha JI) 


we will obtain 


H h H 


h 


) h 0 h 


Thus the eigenfunctions Z, and Z, turn out to be orthogonal in the 
sense of (21), 


For the proof of other properties of the eigenfunctions we will use 
the theory of integral equations. To this end we shal] construct Green's 
function G(z,z,). Such a function wil] be clearly a tensor of rank two: 


Gi Gi. 


2) 
Gy Gy 
As it is known, the eigenfunctions are determined by the relation 


Z \ G (2, 


“ 


The function G satisfies the equation 


(24) 
The components G._ and G,. are continuous at the point z = 2, together 
with their first derivatives, and the components G,, and G,., while 
themsel ves continuous at the point z= 2z., have a disc ont inuity in their 
derivatives. 


(25) 


(26) 


for z 


Further, the function G must satisfy the boundary conditions 

dG 

“dz 

\ dG Bis 
|G |h+0, “dz lh—o ~ Lg 

22 


0 fo 


G hho = | 


Bo, Age 


— 
ee 
AQ “0 
dz (20 2) (20— 0, £9) 
>A 
(28) 


a 
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As it is known, the solutién of the equation 
A® =F 


(where ® is a vector with components Y, !/ and F is a vector with compo- 


nents f,, f,) is represented as: 


H H H 
o= \ G(z,QFO)a, \ (Gift + Grfe) U \ + do 
0 0 0 


Clearly 


LY = MU (29) 


Let us further apply to the integral equations under consideration 
the general theory of equations with a synmetrical root. To this end we 


shall prove the symmetry of Green s function, i.e. we will establish that 


(D,, (30) 


(A®M,, ®,) 


where 
from the fol 


are two vector functions, and the operator A is determined 


lowing relations 


AY (2;) 


Thus, the proof of formla (30) is reduced to the proof of the follow- 


ing relations 


Gy; (21, 2g) =Gyy (Ze, 21), 


Let us establish the formlas (32) for Green’s function, introduced 
according to (22). As shown above (see forma (15)) the relation 


H 


\ (®,A®, -@,AQ®,)dz = 0 


is valid for the vector functions ®,, and ®,, satisfying the equations 


F, A®,=F, 


AQ, 


and the boundary conditions (9) and (10). 


Let us take for the functions ®, and ® vectors, which are a part of 
the tensors G(z, z,) = G\*) and Gz, z,)=G*’ Clearly 


8 (z — 2) 0 6 (z — 2») 0 


(1) AG 


23 
H 

| (21, 22) ¥ (2g) + Gyo (2, 22) U (22)] 

: 

H (31) 

AU (2;) (2;, Zo) } (Zs) Coe z,) U (z.)| dz, 

0 

be 

(2;, 22) = Gay (22, 21), (24, 22) 2,) (32) 

= 

= 

AG ) (33) 
0 6(z — 2) 0 (z — 29) 
q 

a 
& 


On the solution of a boundary value problem 


Applying formula (15) to the vectors 


, @ \ , (2) 
Gu Gu 


Cw 
» 
Coe Gx 


we obtain the formlas (32). 


The symmetry of Green’s function allows us to conclude immediately 


that all eigenvalues of our problem A = - yn? are real, and that the eigen- 


functions form orthogonal systems in the sense of (21), as has already 
been established. 


We shall now prove that the eigenfunctions form a complete system. To 
this end we shall use the Hilbert-Schmidt theory. It is sufficient to 
show that any twice continuously differentiable function satisfying the 
boundary conditions can be represented as a source by the root, i.e. 
that any vector ® can be represented in the form of the integral 

H 
(z) \ G(z, (34) 
0 

In order to obtain such a representation, we shall substitute the 

vector ® in the left member of the equation 


= h (35) 


We will get the function h. It can easily be verified that A = 0 is 
not the eigenvalue of our problem. Therefore, the solution of the equa- 
tion (35) is unique, and is clearly expressed by the formula (34), which 
is what had to be proved. After the construction of the system of eigen- 
functions Z(z), a solution of the boundary value problem is easily ob- 
tained in the form of a series. 


The authors have solved several versions of the afore-mentioned bound- 


ary value problem, where it was sufficient to restrict oneself to six 
terms for the functions ¥,'"’, n, LP 
\ \ \ d 
a) Va and n, n,‘"’. In the course of the solution of the 


problem an electronic computer BESM was used. 


and nine terms for the functions 
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The problem of ground water movement in soil of infinite depth due to 


the sinusoidal] fluctuations of water level in a reservoir was treated by 


Meyer | 1] and also by Carrier and Munk [2]. Both investigations presumed 


of ground flow varies slowly and the condition on 


ther method of investigation of such problems is 


the surface 
Ane 


given in this article, using the Laplace transform, which allows some 


that free 


it hecromes 


linear. 


generalization. 


1. 


from the theory of ground water movement the velocity of filtration has a 


A movement in a vertical plane xz is investigated here. As is known 


potential lx, z, t) = — kh(x, z, t), where k is a constant for hom- 


, “9 


geneous soil (filtration coefficient), h(x, z, t) is the pressure func- 


tion or pressure head. The function h(x, z, t) satisfies the Laplace 


equation 


(1.1) 


The axis z 1s assumed directed vertically down. The following condi- 


tions must be fulfilled on the free surface [ 1,3] 


h(z,z,t)=0 


—{() (m is the porosity) 


In a linearized treatment the condition (1.3) is replaced by 


oh Oh k 
( 


and transferred to the plane z = 9. Instead of the condition (1.2) the 


ia 

12. 

> 
lor 

4 | 

3+ 

| (1.2) 
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following equation is obtained for the free surface: 
z= —h(z, 0, t) 


The Laplace transform is introduced 
co 
Lh (x, 2, t) = H (z, p) = \ eh (x, 2, t)dt 
0 


Then, instead of (1.4) we have 


h(x, 0, 0) for z=(0) 


Oz 
where z = — h(x, 9, 0) is the initial form of a free surface. 


We investigate the function 


OH 


oz 


(x, 2, p) (1.8) 


It satisfies the Laplace equation for the variables x, y, z in the 
field of motion. When z = 9 the following condition must be ful filled: 


® (x, 0, p) ~ h(x, 0,0) (1.9) 


The function ®(x, z; p) has the following properties. If ff = const 
along any part of a vertical line, then 0H/dz = 9 and ®= const. Similarly, 
when a part of the vertical line is a solid wall, along it 0H/dx = 0 and 
therefore along the wal! 


| 0 
or Oz c Ox 


A case is discussed first, when the free surface of ground water is 
horizontal at the beginning, namely h(x, y, 9, 9%) = 0. Then the function 


(x, z; p) may be assumed as a potential of a fictitious velocity in the 


field limited by a horizontal plane (z = 0) of constant potential, and 
also by vertical planes of constant potential and vertical solid walls. 


Assume that we found the function ®(x, z; p). After integration of 
(1.8) we shall have 


z 
pt 1 pe pz. 
H (x, 2; p) = exp exp —— @(z,0; p)d0 + A(z; p)exp (1.10) 
The function A(x; p) is to be selected by the condition that A(x, 
satisfies the Laplace equation. This leads to the equation 
amd} 
—| |_. ~ D(z, 0; p) (1.11) 


oz 


163 
(1.6) 

2, 
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2. The following problem is discussed as an example: The boundary 


between reservoir and soil is a vertical plane x = %. The water level 


varies in time according to a given law, so that a pressure function 


h(x, z, t) is given for x = 9: 


h (0, z, t) = f(t) (2.1) 


Let us denote by F(p) the Laplace transform Lf(t): 


x 


Lj (t) = F (p) Je ptf (t)dt (2.2) 


0 


Then we may put 


H (0,2; p) = F (p) (2.3) 


Obviously, dH/dx = 0 when x = 9, therefore for x = 


@ (0,2; p) F(p) (2.4) 


The initial form of the free surface is assumed horizontal, therefore, 


we have for z = 0 


@M(z,0; p)=0 (2.5) 


It is not difficult to find the harmonic function ®(x, z; p) in the 
quadrant x > 0, which has constant values () and - p/c F {p) at 


the sides of this quadrant. Namely 


@ (x, 2; p) F (p) arc tg (2.6) 


Substituting the obtained expression D(x, z; p) into equation (1.11) 


d?A 2p F 2pF (p) 
+ G A= (2°7) 
ax- z* + 2° 


we then obtain a general solution of this equation: 


A(z: p) (p) \ sin p(§— 7) dt Cy sin Pe Cp cos 


x 


ew 


Note that the integral in (2.8) can be expressed in the form 


co oo 
sin{p(—E—z)/c] sin (pt /c) » 
=x 0 


Now the expression for H{x, z; p) can be derived from the formla 
(1.10) taking into consideration (2.8): 


H (x, 2; p) (2.10) 


c 
0 


z 
z¢ - zt sin (pe / 
(Pp) \ exp are tg at F (p)exp = P c) dt 


: 
10¢ 
Me 
Be 
aw 
a 
ae 
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The arbitrary constants z, in the formla (1.10), c, and c, in the 
formula (2.8) are assumed equal zero since for z = 0 we have H(0, z; p)= 
F(p), and for z = 0, x = «0 we have H(«~, 9; p) = 0, 


The first integral in (2.10) is replaced by the sum of two integrals 
with limits (0, «) and (0, z). The integral from © to » can be repre- 


sented as: 


(2.11) 
co 
\ exP— PS are tg ( ci -+ si “— cos — j= M (z, p) 
0 
where co G0 
t 
= \ dt, siz = —\5 sin (2.12) 
x x 


On the other hand, we have [ 4] 


sim VE ge = —ci sin — cos—— = M(z; p) (2.13) 


> 7 


0 


Introducing the relations (2.11) and (2.13) into (2.10) we have 


(2.14) 


Integration by parts gives 


H (x, 2; p)= —F (p)are tg = —= F(p) \ (2.15) 


when F(p) = Lf(t), then 


f[(¢—a) (t>a) 
lt) = naa (2.16) 


As known from operational calculus, 


In the discussed case 


(t) = (/[t —2z)/c)) re C<s+et 
=0 for {> 241 
So the following relation is obtained for the unknown function 


h(x, z, t) 


f(t) are tg 


f(t) are tg + 


| 
q 
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It is easy to check that A(0, z, t) = f(t) for x 
z= 0 and t = 0. 


The equation of the free surface is according to 


t 
f(t—u)du 


5 (2.18) 


h(x, t) = | 


First example. Let f(t) = at, 0< t < T. 
The pressure function is from formula (2. 17] 
2 
t¢ — 
irc tg + 


za z + ct)? + 2? 
(2.19) 


2a z+ ect 
— (z+ t arc tg 
4 ct) jarctg arc tg — = 


The equation of the free surface is 
2at ct 
z = —h(z, 0. t) “are tg — + (2.20) 
Zz 
Second example. Let f(t) = - H, cos wt. Then 


H,,cos w(t + 


H, cos w(t + —)eos + — Hysinw (t 
From formula (2.17) we get 


2H 2 
h(x, 2,t) = ——*coswt are tg — — cos 


z+ct 

= sinw (t+) | 
\ c 

z 


The equation of the free surface is 


t 
2Hox cos woudu sin wudu 
z r(x, 0, t) 1008 wt + Sinet\ 
0 
For large values of t this expression can be transformed, dividing the 
limits of integration (0, t) into two parts (1,0) and (so, t) and taking 
in account relations 


oD 
cos wudu 
+ 2? /c? 
0 


? 766 
(1.5): 
t? 4+ 
>2 
z 
z+et 
| 
\ 
dt 
sia — 2.21 
a 
mc 
22 
= 2.2) 
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Sin wu tu c or =. @2 @r j 
exp — Ei 
c 


0), (z > 0) 


Fi (— 


‘the first integral is taken as a Cauchy principal value). Now, instead 
of (2.22) we have 


co 
lexp cos wt 4 N (r) sin wf ad S oudu z SIN @udu 


u? + x? / me} u® + z*/ ¢? 


The last two terms are small for sufficiently large values of ¢ and 
the sum of the two first items gives *quasi-steady* oscillations of the 
ground water surface. 


3. Our results can be compared with the Meyer’s solution [1] for the 
problem of ground water motion due to the sinusoidal water fluctuations 


in a reservoir. Meyer seeks a solution of the form 


h(x, 2, t) = Re [h® (x, 2) (3.1) 


In the sequence the symbol Re of the real part is omitted. 


The condition (1.4) for the free surface is to be rewritten (because 


Meyer's notation is different, as is also the lirection of the axis 2): 


Al? 
) 
ial { x 


(3.2) 


A new function is int roduced 


(3.3) 


which has the following properties: it equals zero when z = © and has a 


constant value + taH, when x = 0, hecause it ic assumed that 


h (0, z, t) cos wt (3.4) 


and hence h(0, 


Now we have 


(x, z) Hy arc tg : (3.5) 


After substituting this expression into (3.4) and carrying out the 


integration we have 


= 
aa 
he c 
és 
Here 
x 
(2 25) 
a 
Oz 
:) - - 
— 
4 
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e-imuaretg du — (3.6) 


2ai 
h° (x, 2) = Hyetiez 


Transformation to dimensionless variables 


az=(, ar au 


z) shall be a harmonic function tn the 


. 
and consideration that h° (x, 
quadrant x > 0, z > 0, leads to the equation 


gal 


Integration of this equation, taking account of the boundary conditions 
f(€) = 1 for € = 0 and h°(0o, 0) = 0, gives 


(here the second integral assumes a Cauchy principal value). 


Now we have for the h°(é, 2) 


= — eS et? arc ig = dv - 


N@® 


Recause 


cos wt — N (€) sin wt | 


0, t) = Re [h(€, 0) = 


the equation of the free surface is 


z= —h(§,0,t)= Hy let COs wt - N (€) sin “| 


Comparing this expression with that derived above (2.25), we can see 
that the Meyer’s solution corresponds to the danas fluctuations 
of the ground water level. This can be explained by the fact that Meyer 
treated the problem without boundary conditions and for t = © in his 
solution the equation of the free surface z = H, exp(-—€&), is not an 
assumed a priort, but follows from the solution. In our problem, however, 
the condition h(x, 0, 0) = 0 was presumed. 


4. Let us now assume, that the initial form of the free surface differs 
from zero, and h(x, 0, 0) is a given function w(x), so that the equation 


| (3.7) | 
For = 0 it is 
. i 
h°(@,0) = | 
i 
sis 
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of the free surface for t = 0 is 
—h (x, 0,0) = (2) (x > 0) A) 


The field of our motion is the lower right quadrant of the plane xz. 
Let us extend the function h(x,z,t) into the left quadrant, and assume 
that A(x, 0, 0) = - h(—-x, 9, 9) when x < 9. Then the integral 


0, 0) (2 


h, (z, z,t) = - \ 


co 
z— ct( y(t) dt 


0 
gives a harmonic function of x, z in the lower semiplane. This function 
becomes zero for x = 0 and becomes — d(x) when x = 0 for z= 0, t= 0. 
Hence it follows that h(x, z, t) + h, (x, z, t), where h is determined by 
formula (2.17), h, by formmla (4.2), gives the solution of the problem 
of ground water oscillations in the lower quadrant of the plane xz for a 
given law of the variation of the water level in a reservoir with time, 
and for a given initial form of the free surface. 
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The simplest plane problem connected with the hydrodynamics of wave motion 


of ships is dealt with in this article, namely the oscillation of a plate 


floating vertically in a disturbed heavy liquid of infinite depth. The 


problem is solved in "closed" form and the solution is obtained by the 


same nethods as employed in the case of pure diffraction [1]. Exact values 


are obtained for general coefficients of damping and mass coupling, in 


terms of cylindrica) functions, Formulas are derived giving mean values 


of the hydrodynamic forces over a cycle of oscillation in the form of a 


quadratic approximation. 


1. Method of solution. We deal with a dense incompressible liquid 


of infinite depth on which there is a regular system of travelling waves 


determined by the following velocity potential; 


Do(y, 2, jeroexp [jst — v(z + jy)} 
where }) = ¥ -— l, o is the frequency of oscillation, 2r, is the wave 
height, v = o°/g, the wave number, g is the acceleration due to gravity, 
and ¢ = g/o, the phase velocity. Both here, and in the complex expressions 


to follow containing exp jot, only the real part will be considered. 


Fig. 


Now let us assume that the vertical floating plate (Fig. 1) performs 


smal] harmonic oscillations at frequency o in the disturbed liquid with 


horizontal and angular velocities equal, respectively, to V= v exp jot 


and = w exp jot. Also let ®= (4+ ,) exp jot be the velocity potential 


2 

id 

a 
a 

T 

Z 

1. 
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of the whole wave motion in the liquid, where , =jJer, x exp( - vlz + jy)). 
Then we have the following boundary conditions for determining the har- 


monic function fly, z); 


=v -+ WZ + for y Oand 0<:< 


To these we add the further radiation condition for the motion pro- 


ceeding in both directions from each face of the plate; 


2) = /B, for y-+ +00 (1.3) 


A further condition is that of the boundedness of the derivatives of 
@ within the region occupied by the fluid, and also their tending to zero 
for z+. B. represents complex quantities in j which have yet to be 
determined. Note also that the function « can also he represented in a 
form suitable for computation, namely; 


= UPe tm = /BRe- + jy) for y— + 
for y=Oand 0<2:<T (1.4) 
0 for (m 


where ob, and «5, are functions of the radiation which represent the simplest 
forms of wave motion with plate oscillations of unit velocity amp | itude, 


&, ts a dispersion function which gives a solution to the diffraction 


problem and Bs (m= 2, 4, 7) are asymptotic characteristics of the radi- 
ation and dispersion functions which determine the complex amplitudes of 


the radiated and the disperse! waves. 


We now introduce the function w= 4 ith of the complex variable 
x = z+ ty,where the operator i = /- 1 is not interc hangeable with 


operator j. Using this function, condition (1.1) takes the following form: 
J 


Re (“" (1.5) 


on the basis of which we continue the function dw/dx + vw into the upper 
half plane and from this we find that the given function is holomorphic 
and single valued outside the section (~T, T) on the z-axis; at points 
symmetrical with respect to the y-axis Re(dw/dx + vw) takes on values 
numerically equal but opposite in sign, while Im(dw/dx + vw) retains the 
same values at these points. Moreover, in view of the fact that Ad ay 


t+ for s=0 (1.1). 
(1.2) 
oy 
a 
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and vi are continuous when going through the section (9, T) on the z-axis, 


Im (dw/dx + vw) is also continuous there. Thus 


\ (= + ww) dx = 0 (1.6) 


C, 


Rearing tn 


is a contour which encloses the section (- 


where C, 


mind equation (1.6) we see that in the neighbourhood of the point at in- 


finity the following expansion is valid: 


+—4+.. (1.7) 


icy 
- = 
dz x? 


where Cy, Coy eee are real constants with respect to lt. 


look at another function ffx) = r+ ts which is re- 


us take a 


Now let 


lated to w(x) through the differential equation 
(1.8) 
dz 


From (1.8) we obtain 


s= 


the section (0, T) 


and because at 


> -+- wz sree”? 


where w/, is the value of uw at the point z = T, for s on the section 
(0, T) we have the condition 


—s=A-+ Bz + C2’ (1.9) 
(1.10) 


A = — vd, + v (1 — — + va, B=o+w, C= = 


In accordance with analytical extrapolation, from condition (1.5) the 
value of s at (0, ~T) should be made equal to the corresponding values 
of s at (9, T). The function ffx), which satisfies equations (1.6) and 


(1.9), is determined in the form [2]: 


¥ 
> 
tac 
dy Oz 
Se { (2) = \-+ 
= 
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Taking into consideration the nature of function s on the section 
(~T, T), and carrying out the calculation, we find 


72 T 
z*—T are tg + 


(1.11) 


From the differential equation (1.8) we find 
w (x) = (A, 4+ iA, 4 dr) (1.12) 


where 4, and A, are integration constants; the contour of integration 


(— oo, x) is shown in Fig. It can be easily seen that 


lim = 0, f(z)e"dz = \ f(x) dx 


i 


where L is a quadrant’ of radius R (Fig. 2). If we make use of the last 
of these equations we get the following asymptotic relations 


w(x) =(A,+iA)e"* as as r+—ico 


where B, and B, are determined from the following relation 
—ia 
B, + iB, = A, + iA, + \ {(r)e*dz 
If, in this formula, we replace the contour of integration by contour 
Cy which encloses the section (-T, 7), and if we reduce that contour C, 
to the section we will have 


T 
B, + iB, = A, + iA, + 2 \ re" dz (1.13) 
-T 


where r, is the value of the function r when approaching the section 
(~T, T) from the side y > 9. 


In order to satisfy condition (1.3) for the radiation of the outgoing 
wave system we should put 


A; = = j/B,, B, /B, = jB_ (1.14) 


Then, if in (1.13) we replace i by j and then by —/ we get 


f{(z)=iA -} | — = V 
\ | 
> 
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as 


If we insert this expression into (1.15) and we make use of the inte- 


gral representation of Ressel Functions of imaginary argument, we find 


v7) (1.17) 


(1.18) 


In these expressions I (yz) is a Bessel Function 


of imaginary argument 


{ sh pu dt 


2,%Vi- u* Pig. 3. 


The expression for A contains an unknown constant t',. To determine it 


we put x = z in (1.12) aml! bear in mind the expressions (1.14) and (1.15 


we then obtain 


z T z —T 
9+ id E \ r.etdz+iB,+i \ se“? dz + i\ ser dz 4 je dz| (1.20) 
T —T T 


where the plus sign denotes approach of the section (9, T) from the side 


y > 9 and the minus sign corresponds to y < %. (Fig. 3). In (1.20) if we 


put z= T and separate the imaginary part we have 


T —T 
end, = B, 4 sede (1.21) 


where 7 1s a real constant. Taking into account the fact that for z = 7 


11/2 2, 1/2 
the equation (z* (J 2* holds and if we make use of 


the integral representation of the modified Hankel functions 


= 

774 

q jB,= + \ dz (1.15) 

: From relation (1.11) we get 

23 1 Tz 

y 7? — 2? 

by = J, (u) 4 * (p) - 

7 

“un 
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we find the following for n 


AT ( Ks (u) 4 2BT 


> 
— 
—" 


K,, (2) - 


K, - 
u 


(K, 


Thus, making use of (1.9), (1.10), (1.17), (1.21) and (1.22) we get 
the following expression for the constant +, 


Aol 2BT* by + jb pups ba + ibe 


F). 
a a a 


(1.23) 


@ = + jay = p[Ky + 


(1.24) 


+ v(1 —u) — 


by = Ky(p) 4 


1 
o(#) — K 


bs (2 Ky (2) 2u +- 2) (1.26) 


The expressions (1.10) and (1.23) fully determine constant A. for 


which we have 


‘ 


a 


Now inserting the values of constants A, B and C from (1.19) and (1.24) 


to (1.27) into (1.17) and, bearing in mind the identity 


Ky 4+- Ky (u) (1.28) 


i 


we find the final formulas for the asymptotic characteristics R. + of the 
functions of radiation and dispersion 


27S; 


Ky = (on. uu (4? 2 du 
| 
ua K, u) | 
q +¢T*| (44 2) 4 99 
7 
| 
4 
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5; = (7; (u) + Ly (p) = * (u) Ay (u) + (4) (u) — 1] 
(1.30) 


We will demonstrate that 1,(y) is a first order Struve Function of 
imaginary argument. Actually, it is easily established from (1.3) that 


dl, , / 1) 2 
(0) = 0 0 


The Struve Function, with the initial conditions indicated, satisfies 
this same equation, and has the following integral representation [ 3] 


1 
L, sh uu du (1.31) 


Thus the expression for S, can also be represented in the form 


1 
S,= \Vi — du (1.32) 
0 


Let us establish one more relation for the first order Struve function 


L(y) determined with the help of expression [ 3] 


(1.33) 


From (1.33) and (1.31) we have 


Lo(v) = \Li(e) dp 


0 


Inserting expression (1.30) and integrating by parts, we find 


Lo = — *(#) Ko — (#) Jy (1.34) 


2. Linear expressions for the hydrodynamic forces. We wil! 
now work out the total hydrodynamic forces which act on the plate using 


the solution we have obtained to the problem in linear’ wave theory. Let 
Y represent the resultant of the hydrodynamic forces and let M be the 
resultant moment about the origin, we then have the formulas 


T 
y \ _p,)dz, M \ 2 (p.—p,) dz (2.1) 
0 0 


where p_ is the pressure on the plate acting at the side y < 0 and p, is 
that from the side y > 0. Pressure in the liquid is determined with the 


>. 
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i 

9 ¢ shpu du 

Ly (ve) = —\7 

0 

0 

4 

) 
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aid of the following linearized expression where p 


P— Po + + pez 


where p, is the atmospheric pressure and p is the density of the liquid. 


Making use of these expressions and of (1.20) we find 


z 


pP_— Pp, = pis — = dz 


Now putting (2.2) into (2.1) and integrating by parts, we then get 
T T 
piat \ « z\dz (2.3 
Y= — \ r.(e*—i)dz M= — pj ae \7+\ (2.3) 
0 


From (1.16) and (2.3) we find the final expressions 


ar (nAS, -+ TY, + Cl Yc) 
(2.4) 
+ — + CT*Mc) 


The following quantities define Yp» Y., Mp and M,. : 


1 

du 

0 


0 


Making use of the values of constants A, RB and C determined from 
(1.10), (1.18) and (1.24) to (1.27), we can then put (2.4) in a form 


suitable for calculation: 
Y=Y,+ M.: 


where Y. and M_ are the disturbing force and its moment respectively 
caused fy the diffraction of the travelling waves round the plate 
(2.7) 


S 1 jot 


S,;— 1/4 
2pgr,T | M, = — 2pgr,.T* 
while Y, and M, represent the hydrodynamic force and its moment caused by 
radiation of waves in the heavy liquid due to horizontal and rotational 


Y 
| 
M, T p? }* 1 ua Sy 16 
4 M,+M, (2.6) 
1 
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(V = = weit) (2.8) 


In 


coupling coefficients, lepending on the dimensionless frequency parameter 


this expression Am and zw are generalized damping and mass 


u = o°T/p. We have the followine expresstons for these coefficients 


2 ] 
— doo 2oT?|—*((1 — p) ex — (b, 4 (2.9) 


(bs + jbs)) | 
(2.10) 


(by + jbs))| (2.11) 


+ jbs)+$(bs+ (2.42) 
} Using expressions (1.28) and (1.30) we obtain the final formulas: 

: hog = 4poT? = (2.13) 
hog = 4osT? (2.14) 


(2.15) 


(2.16) 


In these expressions I, [, and y, refer to the quantities 


TA, = * — Ko! (p) Ky (2.19) 


& 778 
& oscillations of the plate: 
dV = aQ 
} u [oo Mos hog 

Vi I 
c = 
Bas — Kaa 20T4 Mp M-- ( I ev 

40T? [ x { 
2.18 
: 
fe 
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Expressions (2.16) and (2.17) differ in external appearance. Actually 


it is easy to demonstrate, using (1.28), (1.30), (1.34) amd the last of 


(2.5), that [= T, Thus, direct calculations for this particular problem 


correspond to the general law of tensor symmetry of the damping and mass 


coup | ing coefficients [ 4) 


In accordance with general theory the generalized damping coefficients 


. 
are expressed through the asymptotic characteristics of the B* radiation 


function in the following form [5] 


ham. = 4 p2 Re + (2.20) 


which has been obtained from energy considerations, and lines on top of 


the letters denote transition to the conjugate omplex value with res- 


pect to the imaginary }. If we put the expresstior for RB : from (1.29) 


into (2.20) we get relations which are identical to (2.13) and (2.14). 


Finally, it is well known that the disturbine forces and moments are 


fully determined by the radiation function for any arbitrarily chosen 


system of diffracting waves, and, for the case of travelling waves these 


forces and moments are expressed only through the asymptotic character- 


istics of the radiation functions[6]. For wave travelling in the 


direction of the y-axis, with the z-axis pointing vertically lownwards, 


we have the formulas 


Y, = pgeroB, ei, M, = per (2.21) 


which, because of (1.2%), coincide wit} 


The results obtained here, therefore, can be seen to be fully con- 


sistent with the three laws in general hydrodynami wave theory app lied 


to ships. The estal lishment of this correspor lence is closely as ociated 


with the new re] ations (1.30) and (1.34) for the Struve Funct ions l pu} 


and L(y). 
(ty) ) 
Fan Fan 


‘ote also that it follows from the general theory 4,9 


In particular from formula (2.15) we have 


3. Mean values of the hydrodynamic forces in quadratic 


approximation. It has heen shown [7] that a ee | ition of a prot | @tr 


based on linear wave theory can be used for cal< lating mean values of 


non-linear characteristics in quadratic approximation over a period of 


oscillation, and, in particular, for calculating mean values of hydro- 


dynamic forces and moments. In this case the pressure should he 


represented by the full expression 


; 
a 
(2.7). 
“3 
hoo oT (x } ol or thao thea (00) 
4 
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— Po: pg (3.1) 


while in formulas (2.1) the lower limit of integration should be taken 
from the disturbed level of the liquid, 1.e. 


T 
p,dz, M \ zp dz — \ zp, dz 


where ¢, represents the increase in height of the disturbed liquid when 

approaching the plate respectively from the sides y > 0 and y > 0. In 

the expression for M the lower limit of integration can be taken as zero 


because the corresponding integrals within the limits zero to ¢, give 


terms of the third order; thus, retaining only terms of the second order, ve 
we have 


y,+Y, 10c¢ 


T 
p,)dz, \ p,dz_- \ p_dz, \2(p — p,)dz 


{ 0 ) 


For subsequent calculation of mean values over a period of oscilla- 


tion r = 27 /o, we will make use of the rule 


(uv)” = Re (uv) = a(t) dt ) (3.3) 


t 


where u and » are functions of time by virtue of the exponential time 
multiplier exp. jot. If we make use of this rule and expression (3.1) we 
get 


The velocity potential ® (y, z, t) comprises the sum of the velocity 
potential of the approaching waves ® = - jer, exp [jot — vlz + jy)) and 
the velocity potential of the disturbed Liquid motion oly, z) exp jot, 
while the values of the functions ¢ and 0¢/dz on both sides of the 
section (0, T) are identical in magnitude but opposite in sign, and the 
values of 0d /dy are the same. 


Making use of this fact, we get 


780 
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T 
ae, 
0 
For calculating Y, it is sufficient to determine the pressure in the 
Y, 
liquid by means of the linearized expressions 
{ 
P Po ot ‘ \ dt / 
and, within the limits of integration of Y, we can replace A(0, z) and 
P 
, (0, z) by their values at point z = ©. Rearing this in mind, we obtain 


Yo Im (0, 0) 


Thus for the average lateral force we have 


Im \ 


0 
If we now insert the value of ¢ from (1.20) and take into consider- 
ation (1.15), we finally end up with the simple expression 


: por, Re B, (3.5) 


This expression can be obtained by another method which is derived 
from the general formula for the average hydrodynamic forces acting on 
a ship, established in [7] using the theorem of change of momentum. This 
formmla, applicable to the plane problem, has this form 


Recause when y + + wo @ (y, z, t) = @ Cy, 0, t)exp(— vz), the pre- 
ceding formula is considerably simplified: 


[oe 
Ou 


On the basis of an asymptotic correlation (1.3) for the function Aly, 
1), we find the following general expression 


y* Re B, +- —pv(| —| B,/*) (3.6) 


In the problem under review, as is evident from (1.15), B_ =-B, 
and thus we obtain (3.5) from (3.6). 


To work out M* from forma (3.4) we will first of all use the equa- 
tion 0d/dz = - vd+r, and then insert the value of A, from (1.20) into 
(3.4) and integrate by parts. After this we obtain 


| \ | ae) (5) g \ Ot 
0 
a 
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T 


The second integral in (3.7) can, with the aid of (1.16), be re- 


presented thus: 


= ATU, + + CTI, (3.8) 


| 


where ly, I, and I. denote the following 


2 


= > + (1+ + 5 


| 3 A 2 
+ 3) 5o(—#) — 3( 


[7o(u) — Lo(u)) 


= (/,(u)—L, 


Sy = \ : du = — \ So(—#) dp 


0 


It follows from formulas (1.8%) and (1.11) that at point x = T the 
velocity of the particles of liquid, in general, becomes infinite, and 


in the neighborhood of this point the velocity function is as follows: 


au 7 2 1 
est =i +4 CT*) } F (x) 


where the function Flr) remains finite at x = T. 


The presence of the infinite velocity. or in practice, very high velo- 


city, demonstrates that in the neighborhood of the point x = T, there is 


a low pressure region, as a result of which the liquid will act as a con- 


centrated suction force downward. The magnitude of this force is deter- 


mined hv the formula | 2 | 


‘dw 


Z= on | (x T) 


rule in (3.3) we arrive at the follow- 


From this formla and from the 


ing expression for the mean value of the suction force. 


2 (3.10) 


The expressions derived in this paper allow mean values of hydrodynamic 


: 

7 
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M* = psrgRe B, + dz (3.7) 

23 
Vi—u? 

be 
= | 
= x 

4 


Radiation and diffraction of surface waves from a vertical plate 783 


forces to be calculated for practical cases. Mean values of the rise of 


the free surface of the liquid can also be evaluated in quadratic approxi- 


mation from the general formulas quoted in [7] (also in [6]}). 


Similar calculations of the basic characteristics of waves and hydro- 


dynamic forces for the case of pure diffraction can be found in [1]. 
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In this work the nature of the shock polar is investigated for various 
I 
parameters of the stream and of the magnetic field. 


lL. Statement of the problem. Shock waves are considered in an 
ideal gas with inifinite electrical conductivity. Let ¥ ,, H,., p,., 
and T, . be respectively the velocity and magnetic fiel { ‘vectors, pressure, 
density and temperature ahead of (subscript 1) and behind (subscript 2) a 
shock wave. We will assume that V, and HW, are parallel. This assumption 
does not reduce the generality, because the case of arbitrary directions 
of V. and fl, can always be reduced to that under consideration by appro- 
priate choice of a moving inertial coordinate system [1]. We will consider 
the flow in the plane containing the coincident vectors V, and HL, and the 
normal to the surface of the shock wave. Then the seavere ¥, and H, are 


also parallel and lie in the same plane, and the entire flow is plane 
(Fig. 1). 


It is shown in the work [2] that magneto-hydrodynamic flows are de- 
termined by two dimensionless parameters: the Mach number M and the number 
N determined by the relation 


H? | 8x 


N? = 


where a, is the Alfvéen speed and a the ordinary speed of sound, an! «x is 
the ratio of specific heats. 


ay 
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In the notation indicated above and in Fig. 


[1] for a shock wave may be written in the form 


He Vs N? sin 

Sines Po ea | » (V2? 
- (x 1) M2? 1 1.1 


xM? sin’s 


- 


In the works [1] and [3] it is shown that in a real shock wave (with 


increasing entropy) 


Bs 1. 


The problem discussed in the present work consists in elucidating the 


nature of changes in flow parameters behind the shock wave as they depend 


upon the parameters M and N ahead of the shock and the angle of inclina- 


tionSof the velocity and field vectors to the wave. In view of the com- 


plexity of the relations (1.1), in the analysis only special character- 


istic points of the shock polar are given, and certain degenerate regimes 


A complete analysis by calculation of the behavior of the functions near 


these characteristic points permits the general nature of the shock polar 


to be shown. 


2. Weak shock waves. In the work [2] weak shock waves were studied, 


for which the variation of all flow aml field parameters is proportional 


to the angle of deflection of the velocity vector. Such shock waves we 


will call weak shock waves of the first family. The angle of inclination 


of a shock wave of the first family of zero intensity is determined by 


the expression [2] 


M: TE 
(2.1) 


Ls easily seen 


from (2.1), these waves exist for NV l in the range 
<M<«WN and 1<M«<ew, and for N l in the range M< 1 and 
N< where M = N(1 + 


The angle by which a shock wave of non-zero intensity deviates from 


0. 18 proportional to the deflection angle } of the strean 


(3 + x) (1 — + (x + 1) (N? — Af?) 
4 — N? (i — — 


9 (2.2) 


The pressure behind the shock wave is equal t 


M?— 
Pe Pi pV,* M*sinoocose (2.3) 
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For M l the deflection of the stream through a positive ang 
a weak shock wave of the first family can take place only for o 


{in this case cos o and 7 p.). According to (2.2). under 


conditions 1), conse quently, as 9 increase s, the shock wave approac 
the axis. As N+ 1 with M> 1 the wave under consideration approa 

weak wave of ordinary gas dynamics. In mapneto-gasdynamics a new type « 
weak shock wave appears, which we will call a wave of the second family, 
and which has no analog in ordinary gasdynamics. These waves occur for 
M2 N2 A, o= 9 and) = 274 ¢, where A ande are small, and 
0¢r ¢ 90, In this case, neglecting squares of small quantities in 


(1.1) we have 


etgrt 


A 
M?’ 
Hence, it is clear that we must have A ; that is, the second type 


of shock wave exists for M N. 


For M = N the stream is turned through any angle up to 180° without 
changes in the flow and fiel« parameters*. This type of wave has a simple 
hysical interpretation. Consider a wave of this type (Fig. 2). From the 
I is 
yeometry of the flow it is clear that the angles », and p., between the 


velocity and field vectors and the normal to the wave are equal to each 


other yr; that is, = = pe=r, Since P, Por Py = Po» Ve. V 


j 
and H. = H., it is clear that the mass, normal momentum and energy of the 


stream are conserved. The change in tangential momentum is determined 


such that, in contrast to the ordinary shock wave, in the mapneto-hydro- 
dynamic wave a finite force acts on the fluid. In fact, since the current 
across any surface 1s equa! to the integral of the field around the con- 
tour of that surface 


These waves are called rotatory shocks | i}. 
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inl Hal 


und since the field suffers a ‘liscontinuity at the shock, a finite current 
flows in the shock. Since this current flows in a magnetic field, a finite 
force acts upon it, having in the general case normal as well as tengential 
components. A shock wave in an infinitely conducting gas is basically dis- 


tinguished f rom an ordinary shock wave by the ippearance of this force, 


N=20 


120 


5-140° 


since the existence of a magnetic field and Lr finite conductivity affect 


neither the conservation of mass nor the cor ervation of energy”. 


In 


ie case considered the current per unit leneth of shock is emia! 
to 1/2 27~* cH sin p. This current flows in the magnetic field H cos t 
normal to the shock, so that the force acting 1long the shock is equal to 
1/2 m* cH* sin » cos gp. This force must be equal to the change in tan- 
gential impulse 
2oV* sinucosu = sinucosu 

This equality clearly applies to M = which was assumed, 

We note that the le f wave ] »ssib] 

' é ie ast type of wave occurs also in an imcompressiple 
fluid for : 4 Tn the hodograph lane of the velocity (Figs. 
3 and 4) the polar for the shock wave of the second family with M = N is 
clearly represent ed by a circle. 


The flux of the Poynting vector s = (4m) * c¢ E x W through a contro! 


surface enclosing both sides of the shock surface is equal to zero. 
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3. Normal shock wavelo = 1/27). If V, and Hf, are perpendicular 


to the shock front, then one of the possible flows is a flow with a con- 


tinuous field. In this case there is 


no current in the shock and the 


shock wave is identical with the ordinary one. Hlowever, in magneto-gas- 


lynamics a flow is possible with deflection of the velocity and field 


vectors. In this case the force acting on the current arising at the wave 


turns the stream. 


Putting o - 1) we have 


V2) —1/,xN2tg? 9 


1) M?— (x +1) 


is easy to verify that such shock waves of compression (p,/p, 


only for N land N< Me M,, 


M, 


whe re 


1) 


Thus in this range three regimes of flow are possible behind a normal 


shock (with 3 0, d= 0 and 


The point ¥Y-M, is also special 


for the behavior of the shock wave near o = 1/2” and ®= 0. In fact, 


with o = 1/27- 6 and small we have 


1) M? 


2 
For ¥ l and M< M, the numerator 
+ increases o also increases (that 


the ot her hand, 48 s} increases the 


on the right is negative. Hence, 
is, o becomes 1/27 ). For M>M 


aunele of inclination o decreases, 


4 ’ 


it does also along the shock polar of ordinary gasdynamics near the 


normal shock. 


4. Shock waves with WM = N. It was noted in Section 2 that for 
V = M there exist weak shock waves of a second family at which the stream 
and the field change their direction by any angle without a change in the 
flow parameters. On the other hand, in Section 3 we saw that for M> 1 
and any N the usual normal shock wave exists. This wave clearly does not 
belong to the class of weak shock waves of the second family, and con- 
sequently belongs to another branch of the shock polar. It is found that 
for M = N there exists a class of shock waves whose inclination o makes 
a right angle with the direction # of the stream behind the shock. Putting 
o = 1/274 Bin (1.1) we obtain 


£ 
Vi M?cos 9 
N? 
V 
ty as 
2. 
q 
Pr Ve | Vi 2/ 
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/ Ve \ (4 sin? ’ } R 


V; 2(x + 1) sine 


R (1 +- sin? — 4 (x + 1) M?sin® [2 4- (x 1) 


Here the indices 1 and 2 correspond to the upper and lower signs. 


With o = 1/274 8, where 8 is a smal] quantity and M@< 1, we have 


Vi) 


and for M> 1 


2(M? L) 

Thus, only the second root corresponds to a real shock wave. For 8 + | 
and M> 1 we have the usual normal shock wave, and for M l a weak wave. 
Consequently for M< 1 and M = N both branches of the shock polar start 
in one point, corresponding to a weak shock wave with 9 = 0. For g<7-—5 

V2 {2 xM? (1 + xM? (1 1) 
Visto (x + 1) M25 


Here again, only the second root corresponds to a real wave: 


2+(x—1) M2. 
2 Tt x? 
We note that the magnitude V, of the velocity behind the wave tends to 


zero aso +m, and tends to 1/27n. 


The form of the branch for strong shock waves when M = N is shown in 
Figs. 3 and 4. We note that with inc reasing angle of inclination of the 
wave (going froma = 1/27 to o = m) the wave becomes continually weaker; 


that is, p,/p, falls from the value p,/p, = (x + 1)~{2«nM2- (x - 1)] 
corresponding to the ordinary normal shock to the value p,/p, = 1 


/ 
xM° ). However, the entropy loss increases (that is, the ratio p,/p," 


p,/e," falls). 


9. Shock waves with o + 7. It is evident that aso 


possibilities arise*: #4 0 and 9. leto=27-85 and % 


The case M= WN is excluded, when 
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For 0 = 7 — & and $= — @ we have 


Vs @ Pe ne 


Cy Ve 


It is easy to see that among the shock waves determined by the rela- 


tions (5.1) only those will be real for which 9 and 5 are positive. There- 


fore, these waves can exist for M. < M< N. Here only the root corres- 
ponding to the upper sign is meaningful. Analogously, waves turning the 
stream through almost 180°, determined by the relations (5.2), can exist 
only forN<M<¢ My, where M. is the Mach number for which RB? ~ 44B 
vanishes. For M> M. the square root in (5.1) and (5.2) becomes imagin- 
ary. Values of mM. for different N are given in Fig. 5, where the values 
M M- N and M, are also given. We note that Mis less than M, almost 
everywhere. Thus, for N< M < M_ these exist two waves turning the stream 


through an angle near to 7. 


6. General nature of the shock polar. The analysis given above 
permits us to elucidate the general nature of the behavior of the shock 


polar for different values of the parameters M and N of the stream and 


the field. It is convenient to consider separately the cases N < 1 and 


N> 1. 


The case N < 


M_< M@<N there is one branch of the shock polar, to which correspond 


1 (Fig. 3). Here there is no shock wave for M - M For 


shock waves with an angle of inclination o > 0, > 1/2n. The pressure be- 


hind the wave and the loss due to entropy rise increase in moving along 
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the polar from o = 0, too =n. Foro =a, the weak shock of the first 
family exists. For M= M_ all the polars tend to a point. As M increases, 
the point corresponding to 0-7 moves toward the origin of coordinates, 


which it reaches when M = N. For this value of M the weak shock waves of 
the second family appear (Section 2), whose polar is represented by a 
circle. Both branches of the polar start at the point V, = V, $— 0 and 


o =o, = 1/2n. With further increase in Mach number, the points of both 
branches corresponding to o = » and $= m begin to approach each other, 
coinciding at M= M.. As was observed in Section 2, for 1 > M> N there 
is no weak shock with #0, The juncture point of the two branches of 
the shock polar detaches itself from the axis and with increase in Mach 
number tends toward continually larger angles . For M= M_ all the 
polars tend to a point. For M. < M< 1 no shock wave exists. For M> 1 
there exists one branch of shock waves qualitatively similar to the shock 
polar of ordinary gasdynamics. 


The case N> 1 (Fig. 4). Mere, just as in the preceding case, there is 
no shock wave for M < M For Mi< M< 1 there is a branch of the polar 
corresponding to waves with an angle of inclination 7 2o >o, > 1/2”. 
For M= 1 the angle of inclination of the weak wave of the first family 
a, becomes equal to 1/25. Here, properly speaking, the weak shock wave is 
at the same time also a normal shock. For M> 1 the shock polars begin 
with a normal shock (9 = 0; that is, with the normal shock of ordinary 
gas dynamics) and end with o = m (= 0). Here the pressure behind the 
shock increases with displacement along the polar from o = 1/2m toward 
ao =m. In Section 4 we saw that for M= N, on the other hand, the pressure 
hehind the wave decreases with movement along the polar froma = 1/27 to 
o =m. It can be shown that for a certain number M = My where 1 < M, <N, 
the pressure behind the shock along the entire polar is constant and equal 
to the pressure in the usual normal shock. For smaller Mach numbers the 
pressure behind the shock increases along the polar (as o increases from 
1/27 tom), and for larger ones it decreases. For M= N the weak shock 
waves of the second family appear, whose polar is represente! by a circle. 
Beginning with M= N and up to M= M_ (see Section 5), the branches of 
the shock polar nowhere intersect. For M= M_ their points corresponding 
tog=n7,% = 7 join together. For still greater Mach numbers the junc- 
ture point of the shock polars moves toward smaller angles } (the maximum 
angle through which the shock wave turns the stream decreases). The polar 
gradually deforms, tending for M > M, to one similar to the polar of 


ordinary gasdynamics. 


We note that for N<¢ M< M. the pressure and entropy loss behind the 
shock increase along the branch beginning with the weak shock wave 
(a = a,). Along the second branch, moving from the normal shock toward 
the wave with o = 7, the pressure falls but the entropy loss increases. 
Therefore after the joining of the two branches into one polar (for 


791 
4 

4 


a 
= 


792 M.N. Kogan 


M>M_) the pressure behind the shock continually increases (in moving 
from o = 0, to the maximum angle of deflection of the velocity vector and 
then to the normal shock), but the entropy loss has a maximum at the 
point of juncture of the polar. 


Similar to the velocity polars, the magnetic field polars can be con- 
structed. The characteristic property of these polars is that the angle 
formed by the x-axis (along which the vector H, is directed) and the line 
passing through the extremities of the vectors H, and H, is equal to the 
angle of inclination o of the wave. 


Thus an analysis of the behavior of the shock polar of magneto-hydro- 
dynamic shock waves has shown a number of interesting properties, which 
have no analog in ordinary gas dynamics. The existence of these properties 


opens new possibilities for practical applications. 
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THE MOTION OF A GAS UNDER THE ACTION OF 
A PRESSURE ON A PISTON, 
VARYING ACCORDING TO A POWER LAW 
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IZMENTAITUSHCHEGOSIA PO STEPENNOMU ZAKONY) 
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(Received 23 December 1957) 


An integro-differential equation is derived for the plane motion of a gas 
under the action of a pressure on a piston, varying according to a power 
law. This same equation describes the motion under the action of a sharp 
blow. An expansion is found which provides a good approximation for the 
solution of this problem, 


Consideration is given to the behavior of the hydrodynamic quantities 
close to the piston in a particular example where y = 7/5. It is shown 
that, with the automodelling (similarity) exponent corresponding to a 
sharp blow, in addition to the known solution of motion under the action 
of a sharp blow, there exists a solution describing motion under the 
action of a decreasing pressure on the piston. 


In her paper {1}, Krasheninnikova considered the similar problem of 
the motion of a gas under the action of a piston, the speed of which varied 
according to a power law. In it the plane, cylindrical and spherical] cases 
were studied. We limit ourselves to the plane case. The choice of the 
pressure on the piston as the determining parameter enables us to describe 
at once a wide class of motions from the uniformly moving piston to the 
so-called sharp blow [ 2-4]. In a series of works [5-9] described in papers 
by Weizsacker, the problem is considered of discovering a similarity 
solution of the equations of hydrodynamics in the plane case, to which 
solutions corresponding to arbitrary initial conditions would tend as time 
increases indefinitely. The solution obtained in those papers coincides 
with the solution which is called the "sharp blow" solution in the papers 
[ 2-4] and also in the present paper. 


1. Statement of the problem. Let us consider the motion of a gas 
under the action of a pressure p on a piston, decreasing or increasing 


according to the power law: 


= 
52.0 
i 
= 
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(1.1) 


Here t is the time and | a certain constant. Such a motion for an 
initially cold gas is a similarity (automodelling) motion. It is deter- 
mined by the four parameters y, t, p, I, of which three have independent 
dimensions (y is the coordinate, o. the density of the cold gas in front 
of the piston). Let Y be the coordinate of the front of the shock wave 
ahead of the piston. Then 


(1 


Here we have first made use of the fact that it is a similarity motion, 
since we have assumed that the pressure at the front of the shock wave 
depen is upon time in the same way as the pres sure on the pi ston, dy f fer - 


ine from it only in the values of the constants 7 and I’. 


9) 


Let us raise equation to the power n - ~ a) and, making 


1), we obtain 


Ao, Y—", is 


let y be the Lagrangian coordinate. Introducing the independent 
able x = y/Y, varying between the limits " and 1, we can represent 
pressure, velocity and density in the form 


p= Ap,Y "j(z), 1 (z), 0 = (x) (1.3 


At the front of the shock wave, x= 1. Let us choose the function ffx) 
so that f{l) = 1. Then v(1) = vy 2/fy + 1). Using the equations of gas 


dynamics in Lagrange’s form, we can obtain a system of equations for f, 


» 
df 
idx 


and an explicit relationship for the reduced density 4: 


1 
(x"f) 


Integrating the second equation (1.4) under the condition that 


2 794 
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v(l) = ¥ 2/fy + 1), we have 


(1.6) 


Substituting v in the first equation (1.4), we obtain the fundamental 


equation of the problem under consideration 


I 1 
—— (x"f) . = () (1.7) 
with the boundary condition f = 1 when x = 1. 


2. Solutions for certain individual cases. Let us try to solve 
the problem for all values of y and n. Let us investigate the general 
behavior of the function f(x) for different values of n. If the pressure 
on the piston falls, then the pressure in the gas will decrease from the 


shock wave to the piston the more sharply, the faster the rate of press- 


ure lrop on the piston. Ifne- 0, i.e. for constant pressure, f = const= 


l, Accordingly, the set of solutions for an arbitrary value of y and al! 


values of n can be represented in the form of a pencil of curves radiat- 


ing from the point f = l, x= 1 (Fig. 1). 


Fig. 


The horizontal line corresponds to n= %, i.e. constant pressure. The 
curves lying above correspond to negative values of n, i.e. the pressure 


on the piston increases with time. 


As n increases, the ratio of the pressure at the shock to the pressure 


on the piston increases. For a certain value of n the pressure on the 


piston (more precisely, at the point x = 0) becomes equal to zero and 


the ratio p(1)/p(0) tends to infinity. 


Such a pressure distribution corresponds to a sharp blow, as defined 


=) 
4 x 
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in Zel’dovich’s paper [2]. 


We shall now seek values of y and n for which analytic solutions exist. 
Let us consider the limiting case y = l. Such a substance will be called 
"isothermal". For this the equation takes the form: 


The solution satisfying the boundary condition f(1) = | is 


(2.2) 


Let us turn to the other limiting case of an incompressible liquid, 
i.e. y = ~. For this it is convenient to pass from y to the limiting com- 
pression h, where y = (h+ 1)/(h—- 1). Then equation (1.7) takes the form 


2h 


Carrying out the necessary transformations and making h + 1, we obtain 


the equation for incompressible fluid 


At the point x = 1 the value of the derivative df/dx = 2n. Consequently, 
at points close to x = 1, we have 


f=1+2n(r—1)+... 


~— 


Comparing the expression so obtained with formula (2.2), we see that, 
for a given value of n, the curves describing the variation of pressure 
in gases with different adiabatic indices y leave the point x = | in the 
form of a pencil (Fig. 2), bounded in the neighborhood of x = | by the 


Fig. 2., 


straight lines with slopes 1/2n and 2n, corresponding to the two limit ing 


| 
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cases y = | andy = ». 


Let us put f = 2”, which corresponds to the case of a sharp blow, 
since f = 0 when x = 0, 


Substituting f = x* in equation (1.7), we have 


+r += —4)4 = 


y—n—@ 
(2.5) 


(2.6) 


The system of equations (2.5) is self-contradictory and does not give 
any new solution. The system (2.6) at once gives the already known result: 


= i, n=2 


Putting y # 1, we obtain for y the equation 5 y? - 12y + 7= 0, which 
has for its roots | and 7/5. 


Using the expressions (1.5) and (1.6), we obtain formulas for the 
complete set of hydrodynamic quantities: 


f=z, q = 62°, v= + /i (3 — ax) ( 2.7) 


This solution was obtained by Hoerner [7], Hafele [9] and also by 
Zhukov and Kazhdan [ 4]. 


Accordingly, equation (1.7), describing the motion of a gas under the 
action of a pressure on a piston, varying according to a power law, has 
solutions represented by pencils of curves starting from the point x = l, 

1, Moreover, to each value of the parameter nm, characterizing the 
rate of change of the pressure on the piston, there corresponds its own 
pencil containing the solutions relating to all possible values of the 
adiabatic index from y = 1 to y = «. The smaller the parameter n in 
absolute magnitude, the narrower is the pencil. When n = 9 the pencil 


4 
n (y—1)) 
In order to satis 
n . 
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Z degenerates into a straight line. 

: Examples of the form and distribution of such pencils in the x, f 

> plane are illustrated in Fig. 3. 

le 

7 

Pig. 3 

‘ All the curves relating to a definite value of n lie in the confines 

B of the angle formed by the lines 

f =1-+ 2n(z —1) 

2 Moreover, amongst this set of solutions there is a solution f = 1 4 

(x — 1), which corresponds to y = 7/5 and n= 4/3. 

: All these considerations lead us to expect that a good description of 

4 the solution of equation (1.7) in a wide range of values of y and n can af 
2 be achieved by the first few terms in the expansion of the function f(x) ; 
z as a Taylor series near the point x= l. ; 
: Let us write down the first four terms of this expansion: 

n 

4 — 59y + 4} +o {8 (29 47y* + 197 — 1) 
— n (7B4y* — 1043y2 + 272y + 41) + — 4876y? — 1165y — 24) — 
— — 3762y? + B55y + 8)} (2.8) 

. This expansion solves the problem with a sufficient degree of accuracy 


for practical purposes for all y and n in the case of decreasing pressure, 
an for small y and n in the case of increasing pressure. 


>2 
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From a comparison of the results of exact numerical computation of 
equations (1.4) with the expansion formula (2.8), it follows that the 
smaller the value of n and the closer y lies to unity, the more exact is 
the expansion. If n 2/3 and y < 2 we can limit ourselves to three terms, 
whilst for even smaller y and n we can take just the first two terms of 
the expansion. This expansion can, moreover, be used for finding the 
greatest possible value of n for any given y, i.e. the value of a corres- 
ponding to the sharp blow. In fact, taking the expressions for f, con- 
taining one and then two, three and four terms of the expansion, and 
putting them equal to zero when x= 0, we obtain equations for the first, 
second, third and fourth approximations, respectively, to the parameter 
n for the sharp blow. The value of n varies between the limits n= 1.117 
for y = ~ (incompressible fluid) to n= 2 for y = 1 ("*isothermal" sub- 
stance). In his paper Hafele presented values of the quantity k = n/(2+4 n) 
for four values of y obtained by numerical methods: y = 1.1, k 0.43112; 
y= 1.4, k= 0.4; y = 5/3, k = 0.38927; y = 2.8, k = 0.343296. 


From the expansion (2.8) for f we can obtain the density, using the 
explicit relation (1.5), and the velocity by means of the quadrature 
(1.6). We notice that from formula (1.5) it follows immediately that the 
density at the piston is equal to zero for positive n and infinite for 


negative 


3. The construction of similarity solutions. The particular 
case n= 1, a = 2/3 coincides with the known solution of Sedov [ 10] for 
a strong explosion in plane variant. In fact, tn this solution the press- 


ure at the shock and in the whole region decreases as t'*’”. In Sedov’s 


solution the motion is considered of a gas on both sides of a plane, at 
which there is an instantaneous introduction of energy. By virtue of 
symmetry, the plane at which the energy is introduced remains motionless. 


This sdlution can be interpreted as describing the motion of gas under 
the action of a pressure on a piston decreasing as ¢t”‘ 


The piston for 
such a motion remains motionless. It is evident that such a motion is the 
borderline between motions of two classes: the first with a < 2/3 and 

n< 1, for which the piston moves in the direction of the general motion 
of the gas (the velocity of motion of the gas in this case does not any- 
where vanish); and the second with a > 2/3 and n 1, including the case 
of the sharp blow, for which the piston is withdrawn (in this case the 
velocity of the gas vanishes at a certain point, the gas moving in both 


directions). 


In order that the motion be simlar, the pressure must vary with time 
according to the law p= [t~*%. 


For negative values of a, according to this law the pressure is equal 
to zero at the instant ¢t = | and thereafter increases proportionally to 


q 
q 
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lel 
7 t . Such behavior of the pressure as a function of time can be realized 
% in practice, and therefore the motion with the pressure on the piston tin- 
. creasing according to the power law is a similarity flow from the moment 
2 of its inception. For positive values of a the pressure at the instant 
‘ t= 0 is infinite and thereafter falls off approximately as ¢°. 
4 The infinite pressure at the instant t = © cannot be realized. In a 
EA pract ical problem we have to assume, for example, that a pressure with 
: amplitude p, acts until the time ¢,, after which it falls according to 


the law p = It 


Let us determine the energy imparted to the gas by the piston during 


the duration of the motion. In the plane case E~px, where x is the length 
of the region covered by the motion, p~t ao x~ut~ tt? 


1.3 
sequently VOL. 


“and con- 


The energy delivered by the piston in the duration of the flow with 
i- Ted 4 


if we assume that i ~t 


’ 


constant pressure is FE. ~t 


Hence it follows that when a < 2/3 the energy delivered by the piston 


in the process of the motion according to the law t@ increases indefin- 


itely with time. Accordingly, the fraction of the energy of the gas 
acquired by the gas during the time of the constant pressure on the piston 


tends to zero. From this it follows that the motion becomes a similarity 
flow when EF >> F. or t >> t,. Im the case a = 2/3, the piston, on which 
the pressure is falling as t~2/*, does not impart energy to the gas - it 
just imparts an impulse. The energy in the gas is acquired during the 
time of the first shock. 


This case 1s described by Sedov’s solution. Sedov also showed that, by 
the time t >> t,, the motion becomes a similarity flow. Finally, if @ is 
greater than 2/3 and less than the value of a in the case of the sharp 
blow, then energy is imparted to the gas in the first shock and thereafter 
is removed by the piston in the process of its backward motion. Accori|- 
ingly, in this case the motion for the whole of its duration is essentially 
determined by two characteristic parameters: the energy imparted ly the 
first shock and the quantity J in the formla p = It”®, determining the 
pressure on the piston. Therefore, without special study, it is impossible 
to say whether a similarity flow is set up in this case. The establishment 
of a similarity flow in the case of the sharp blow was demonstrated by 


Zel'dovich [2], Zhukov and Kazhdan [ 4]. 


1. The behavior of the hydrodynamic quantities close to the 


piston. Let us consider in more detail the behavior of the hydrodynamic . 
quantities near the piston in the case of a motion with n> | or a> 2/3, : :s 


For this we shall make use of certain results from paper | 3]. In the 
latter paper equations (1.4) were reduced for the study of the sharp blow 
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to the single equation 


{ j 

n (n Z)u | 

du 1) 4 2 2 ‘ 


d 1 { 
1) uz (2y (RT 2) 


by means of the sul titutions 


Here the integral curve corresponding to the sharp blow was found from 
the condition that it passes through the singular point of the equation. 


The singular point in the variables u, z has the coordinates 
u 2V 2/71+1, z= (7 1) / 


let us pass now to the independent variable x and the function f. The 
relation between these quantities at the singular point is 


(4.2) 


If we know the Lehavior of the pressure f(x) in the case of the sharp 
blow, then we can find x corresponding to the singular point. This 
singular point is a saddle. One of the separatrices of the saddle is the 
integral curve corresponding to the sharp blow. In this case all the 


hydrodynamic quantities at the singular point are continuous and smooth. 


On the other hand, we can consider the singular point as the site of 
a weak discontinuity and continue the function f(x) beyond the singular 
point along the other separatrix. It is then found that f(x) increases 
with decreasing x and is equal to a finite quantity when x = 0. This 
branch is the solution of the problem of motion under the action of a 
pressure on the piston decreasing according to the law p = I¢@, where 
a =2n/(2 
sharp blow, The fact that the solution with the other separatrix corres- 


+ n) and nm is the index of the similarity solution for the 


ponds to the piston is confirmed by the following argument. In the case 
n= 1 the piston moves backwards (the velocity is negative), slowing 
down. This means that du/dt > 9. Then from the equation of motion Ou/dt = 
~ p,* dp/dx, it follows that dp/dx < Accordingly, the general shape 
of the pressure profile from the shock front to the piston is not mono- 
tonic. The pressure profile from the shock front to the piston first of 
all decreases, then passes through a minimum, and increases again close 
to the piston. In fact, if we choose the solution for the motion with the 
piston, a figure is obtained in the form of a broken curve, consisting of 
two separatrices. As an example, we can cite the case y = 7/5, which is 
convenient as there is an analytical solution for this case. 


q 
; 
54 
— 


The singular point in the u, z variables 
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z= 1/7, f = (1/7)'’**x**’**, and since in the given case f x, 


x = (1/7)?/2 ~ 0.054 
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has coordinates u = 


The branch corresponding to the piston has no analytical soluti 


From numerical computations it follows that f(x) increases fron 


at the singular point to f = 9.1101 at the 


Or /dx = 9 at the piston in the case n= | (Sedov's case 


when n < l, 


Accordingly, the pressure profile fails t 


] n<n,, where n, corresponds to the shar 


Let us explain the physical significance 


siston. Let us notice t! 


) and dp 


o he monotonte only when 


p blow. 


of the singular point. 


this, we must make a transformation from Laeranrian coordinates to 


Fulerian. Let & be the ratio of the runnine 


coorlinate of the shock front; the transforr 


p= 
q 
For the case \ 7/5 ind n= 4 4 su! stit 


For the hydrodynamic quantities and the a 


Let z an! Z be the running Fulerian coord 


front, so that & = 2/Z. It is known that Z - 
: 
Z 3 


The constant A is not difficult to find 


front of the shock wave, 


Om the other hand, 


lence A= y 19/3 and 


Fulerian coordinate to 
ation formula is 
uting qefh x , we obt 
iz) 


For 


ain 


lial atic veloc ity of sound 


inate and that of the shock 
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Now let us construct the z-¢ diagram, on which we shall indicate 
certain &-curves and the field of characteristics. Let us write down the 


equation of that family of characteristics which carries disturbances to 


the shock front: 


dz 
dt 


We have 
(8) 


47) 


er consi‘eration, equation (4 takes the form 


. fivine € various actual values, we shall obtain the equations of the 
--curves and the slopes of the characteristics at their intersection with 
the corresponding €-curves. Putting £ = 1 in formla (4.46), we obtain the 


equatton of the shock front: 


Z 


which the characteristics intersect the shock front: 


The equation of the point at which the motion is cenerated is also 


represented by the &-curve itsel with = . The characteristics cut 


with slope: 


At the singular point é - 1/2. For the corresponding f-curve, 


tf 


ordingly, the slope of the characteristi yincides with the slope 


Ace 
f 


of the urve itsel vy F the urve correst line to the sineular 


point tS a characteristic. 


In Fig. 4 is represented the form of the field of characteristics for 


the case y 7/5 and n 4/3 (the curve 1 is the front of the shock wave, 
curve 2 is the &-curve on which dz/dt = 0. curve ? is the characteristic 
coinciding with the &-curve, and curve 4 is the cavitation front). 


follows from t! is field of char acteristics that all dist irbances, 


other than shock waves originating to the left of the curve & - | 5 
ly not penetrate the region to the right of thie <¢ irve and io not reach 


) 


the shock front. Accordingly, the region as far as the curve f = — ] 


4 
=u--c 
Lele : 7 
(4.7) 
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on the left can be added not only to the solution corresponding to motion 
with a piston, but also to the solution corresponding to the sharp blow. 


We notice that the by aunchine point slides along the curve flr) as 4 
varies. For incompressible fluid fy = «) it occurs very close to the front 


(x ~0.3), whilst for an "isothermal" substance { 1) it disappears. 


The pressure at the front of the shock wave cannot fall off more rapidly 
than for the sharp blow, even if the pressure at the piston undergoes a 


more rapid fall. This follows from the fact that the curves describing the 


solution when n n, of the sharp blow, on leavine the point (1.1), are 
located below the curve for the sharp blow and, failing to reach the piston 
(xy = 0), turn in the direction of increasing x, as depicted in Fig. 


Fig. 5. 


Here curve 1? is the branch corresponding to the piston, curve 2? is the 
branch corresponding to the sharp blow, curves 3 and 4 are branches without : 
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physical significance. 


The dashed curve is the continuation in the direction of increasing x 


of the solution describing the motion with a piston when n= n,. A certain 


physical significance can be ascribed to the branches of these solutions 
from the point (1.1) up to the turning point. They correspond to the 
motion which is generated by the action of a sharp blow and such that the 
gas just behind the shock wave is accompanied by a reservoir capable of 
absorbing the gas. “Moreover, the velocity of this motion is such as to 
conserve the fraction of gas absorbed by this reservoir, relative to the 
quantity of gas engulfed by the shock wave, and this is numerically equal 
to the coordinate x of the turning point. 


Different velocities of the motion and different fractions of the gas 
correspond to solutions with different values of n. Such motions are 
realized, for example, in the case of a semi-infinite pipe. If a sharp 
blow impinges on the gas in the pipe fromthe open end, then a shock wave 
1s propagated along the gas in the pipe, whilst material flows out of the 
open end of the pipe. Here the space outside the pipe constitutes the 


reservoir in which the gas is absorbed. In this case the turning point 


has the Fulerian coordinate & = 1, i.e. the reservoir is stationary at 


the point where the motion is generated. 


In conclusion, the authors express their thanks to I.V. Potugin, V.F. 
Troshchiev and G.A. Grishin for carrying out the numerical computations, 
and to M.A, Podurts for taking part in discussions on the work. The 
authors take this opportunity of thanking Ta.B. Zel'dovich for partaking 
in discussions and for a number of important comments. 
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plane-paralle] potential motion of a gas, expressed in Chaplygin’s vari- 


The equation for the determination of the stream function of steady 


ables @ andr is 


a f { ary 
2 
Ot — Ot 


This has the following particular solution 


(6, z_ (t) sin 1 


in which z,‘') Is given in terms of the integral y,‘?) of the hypergeo- 


metric equation 


by the formula 


Equation (1) has a particular solution represented by the hypergeo- 


metric series 


+1 


n 


In what follows we shal] consider only this particular solution of 


equation (1); the second particular solution, independent of the first, 


can be calculated from the first by means of a quadrature. 


In order to determine the parameters a. and 6. separately it is 
necessary to solve the quadratic equation 
p*— (n— B) Bn(n+1)=—0 


the roots of which in fact give the parameters a, and 6. 


al 
| 
PUM Vol.23, \o 
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es 
dy : 
- (mn + 1) ( n—1)t] + — Bn (n + 0 (i) 
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q a in which the parameters a. b.. c, are determined from the equations 
3 Bn (nm 
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In what follows we shall assume that the number (@ is equal] to 5/2. 


Under this assumption the values of the parameters a. and b. are given by 


the formulas 


-(n——+—a), <9) 


where o has the following value: 


The aim of the present note is to find values of the index n, for which 
the number o is an integra] rational number. The interest in determining 
such integral numbers n, for which the number o is also an integer, con- 
Sists in the fact that, for these numbers n, Chaplygin functions z (7) 
can be expressed in terms of elementary functions. 


As it happens, the number o is always odd: 
ulas (3) can be rewritten thus: 


Since the number o is larger than 4n, the parameter 6. is always 
negative, and if the numbers n and o” are of different parity then the 
number 6 is an integra] negative number; accordingly, the hypergeometric 


n 
series (2) becomes a polynomial). 


If, however, the numbers n and o” are of the same parity, then the 
number a, is an integral positive number: the number b. is equal to half 
of an odd number; by virtue of this, the hypergeometric series (2) re- 
duces to a rational function of the variable r. We notice that in this 
case the second solution of equation (1) is also expressed [1] by ele- 


mentary functions of the variable r. 


2. Now our problem consists in finding for what integral numbers n the 
number 0 is also an integer. For the solution of this problem we have to 
find integral solutions of the indeterminate equation: 


, 
(4) 


The solution of this equation can be obtained using methods described 


by Dirichlet in his book on the theory of numbers [2]. 


In the solution of equation (4) it is necessary to distinguish two 
cases: the first case when the numbers n and o are mutually prime: the 
second case when the numbers n and o have a greatest common factor diffe- 
rent from unity. Such a factor can be only the number 5; putting n= 5 n’, 


o 50°, we obtain the following equation for determining n° and oa”: 
(5) 


Applying the methods described in the book mentioned above, we obtain 
in the first case the following solutions of equation (4): 


6 V + 25 
> 
o= 20 + 1: hence, form- 
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On Chaplygin functions 


In each of these pairs of formulas the number k takes all positive 
integral values from 0 to ~, As regards t, al u,, these are arbitrary 
pairs of solutions of Pell’s equation 


The smallest pair of numbers satisfying this equation is T - 5. Gg aid 


All other pairs t,, up, which are solutions of Pell’s equation are deter- 


mined by means of the remarkable formula 


where k= 0, 1, 2, 3,... The values of the numbers ty, and uy for certain 


values of the index k are given in Section 3. 


If the number o or vn, found from formulas (6) or (7), turns out to be 
negative, then we can take the positive number which is equal to this 
number in absolute magnitude. On the basis of formulas (6) and (7) we 


construct the following Table of values of the numbers a, 


3. Let us turn now to the solution of equation (5). On the basis of 
formula (8) we obtain the following values for the numbers o” and n’ 


equal respectively to the numbers ¢ and u 


From these numbers we can construct the following final Table: 


d 
ity <4 ny tp Up 
4 uy 24 (5 + 1.) 24) (8) 
+ 
n, 
> 
ke = 2 n 21 103 5 b>) ~ 
n 119 583 Q119 204 bins Cite 120 
n 1019 2208 15: C208 209 
1178 771 21178 85: Chive 1179 
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(Received 7 February 1959) 


A large part of the paper by Ferri [1] is devoted to a discussion of 
supersonic conical flows, for high Mach numbers and for bodies which pro- 
duce large flow disturbances. In particular, much space is devo to the 
discussion of the properties of conical flows in the vicinity of the para- 
bolic ("sonic") line. In the present note it shown that the behavior 
of a conical flow adjoining a uniform f} r a Mach cone (parabolic 
line) cannot be described by means of the expansions prop od by Ferri 
and his co-workers. This circumstance eliminates the basis of the con- 
clusion about the existence of intermediate, unsonic zones adjoining 
the Mach cone, as obtained by Perri in his c ideration of supersonic 
flow over triangular conical wings with cros: ections of rhombic type. 
The question of the possibility of the appearance of such regions is dis- 


cussed, 


We shall consider for definiteness a triangu! conical wing having a 
cross-section of rhombic shape, in a uniform supersonic flow at zero angele 
of attack (Pig. 1). Due to the symmetry of the low, we shall consider 
only the region x 0, y 0. We assume that e leading edges of the 


wing are supersonic. Since the resulting flows wil! be conical, the velo- 


city components and the entropy depend only on & = g/rz, uv] y/z, or, if 


we use a spherical system of coordinates wit? rigin at the 


(Pig. 1), only on angular variables. 


The picture of the flow over the wing in the fn -plane 
Fig. 2. At the leading edge there originates plane shock wave 
sented on Pig. 2 by the segment 4-3; behind mes a region 
Tr 


unifor# 


flow adjacent to the wing surface (the line 


separated from the conical flow by the corresponding Mach cone 
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curve corresponds a curved shock, originat- 
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ic type, if the projection velocity on plane 


radius vector of a point is greater 
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the solution is of hyner- 
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there 
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istic curve. In Ferri’s paper it is maintained 


the 
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orm flow, along the arc of Mach cone 3}- 
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we introduce a spherical coordinate system vw), 
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with axis in the direction of the uniform flow in the region 6- 5-2 (Pigs. 
2 and 3). 


The Mach cone 3-5 (Pig. 2) maps on to the circumference «/ w* of the 
unit sphere, where sin v/* = M* and M is the Mach number of the uniform 


flow in region 4-5-3 (Pig. 2). 


Instead of 1 we we introduce new variables u = y n * @ and fi, where 


v,/ ; and we distinguish variables on e Mach cone by a star, 


(a*)is the speed of sound in the uniform flow). In Perri’s paper an ex- 
pansion is obtained for irrotational flow in the neighborhood of an 
arbitrary elliptic (sonic) line; for the case of the arc of the Mach curve 


in the chosen system of coordinates it is written in the form 


+ 
> , WK 12 


Here A. A. are curvilinear coordinates along characteristics defined 


the equations 


and originating on the parabolic line: the inde and superscript in the 
formulas refer to the first family of characteristics, and the index 2 
and subscript refer to the second family; K.., =... are coefficients of 
the series expansion of u in powers of A. > al ne the characteristics; vc, 
8 *are the values of ts and @ for a fixed characteristic on the parabolic 
line; y is the ratio of specific heats. The d denote higher order 


terms. 


From equation (1) it is evident that ¥K& ; ot become zero, since 


otherwise one of the coefficients of A._° ) ’ im the expansion for 
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v. would become infinite. It also follows from equation (1) that along 


characteristics 


Substituting (2) in (1) we obtain 


(7 1)~/* Ky. * b) 3 


but the whole family, 
e.g. the first, then K, is a function of vw) and 6, K, = K, (vs, 0), which 


remains finite as ts + us* in arbitrary manner, since the family of 


Now we shall consider not one characteristic 


characteristics fills the neighborhood of the parabolic line (on one 


side). We write 


lim K,(), 6) = K 


Ky 0) = K (0) — [K (0) — Ky 9)] = K (0) 


and (2) may be written in the form 


‘(74 K (0) 


which is valid for arbitrary «) and @ in the vicinity of ts = v’ 


Analogously we obtain from (1) and (2) 


(5) 


(6) 


V M? 


The 
equations of momentum and energy, is written in the form 


equation of continuity, after transformation with the help of the 


sin 


For irrotational flow 


n 8 (w sin 


(8) 


We put (8) in (7), multiply the result by sin W(1 — w/a y7 integrate 
with respect to @ from 6. to @, make the substitution v, = u sin fi, 


» = u cos ff, (the purpose of the integration is to eliminate the deriva- 


tive dw/d@) and obtain the result 
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6 


\ sin (u? cos? a?) (2a? 2) 4 usin 3 (a? u? cos? 8B) ctg + 
6, 

au 
+ [(a? — u? sin®S) sin 2 2u? sin 8 cos? 3 (a? — u? sin®S) cos 3 4 


By + Oo) cos B (y, 0 8) cos B 8): (9) 


Using equations (4), (5), (6) and their derivatives with respect to vw 
(terms indicated by dots do not affect the result) it is easy to prove by 
direct substitution that, in the vicinity of vu vr, equation (9) has the 


form 


+ (0) — +... (10) 
Dividing equatior (r! letting approach we 
find that 


(11) 


Differentiating equation (11) with respect to @, assuming piecewise 
continuity of K(@), we obtain 
K (6) (12) 


which contradicts the condition obtained earlier, that K #4 0. 


This contradiction shows that the expansion (1) which is valid in the 
vicinity of an isolated parabolic ("sonic") point of the type f = — w/2, 
does not represent a solution in the case where these points continuously 


fill the whole curve (Mach cone). 


The author of the present note investigated the behavior of conical 
flows in the vicinity of the Mach cone, with natural assumptions regard- 
ing the smoothness of the solution [2], and found that the expansion he 
obtains for F leads to an elliptic type of solution in the vicinity of 
the Mach cone. Other types of solution were not found, and probably do 
not exist. 


As can be understood from Ferri’s paper, the second parabolic line 3-6 
(Fig. 26) was located in the following way. (Let us note at once that we 
do not consider the case shown in Fig. 2a, since we do not know any solu- 
tions of hyperbolic type in the vicinity of the Mach cone.) The form of 
the curvilinear shock 3-2? (Fig. 26) was given; this made it possible, 
from the shock conditions and the equations of conical] flow, to find the 
values of the velocities and their normal derivatives on the line of the 


shock, and thus calculate the values of the velocities at points near the 
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shock. 


From these values of the velocities the equations of conical flow were 
again used to find the normal derivatives, from which the values of the 
velocities were found at the next points, and so on. This leads to the 


appearance of the second parabolic line. 


Here it is necessary to draw attention to an important point, that 
along the line of constant entropy 3-1 (Fig. 2b) there is a joining of 
irrotational and rotational conical flows. (In what follows we shal! cal! 


lines of constant entropy streamlines; they are indicated by dotted lines 


in Fig. 2). We now investigate the properties of the transition across 


such a line. The system of equations describing rotational, conical flows 
with constant (total) enthalpy, has the form: 


u? + 4 w*\ (= \ 
Ly (u > le + (v — nw) 5 a (Ew, + NW Us v,) =0 
Le = w + + we) + (v — yw) (vy + = 0 
Ls = w (Eu, + yr, + w,) + (u— Ew) (u, - v,) + a*s, = 0 (13) 


Le = (u — Ew) s, + (v — yw) s, = 0 


Here s = S[(y — 1) ye, ] “1 S$ is the entropy, c, is the specific heat 


at constant volume, u, v, w are velocity components in a cartesian co- 


ordinate system, a is the speed of sound, 


ao* — — 1) (Wo? — u? — — w*), E==2/s, N=y/2 


where a, W, are the speed of sound and the flow speed at a certain point. 


Equations (13) are a combination of the equations of momentum, con- 


tinuity and energy. 


Let us substitute for L, = L, = 0 the following equations which are 


more convenient for what follows: 


L, = 12 (u— Ew) + Ls(v- 


yw) = E[(u- 


+ — Ew) ve + (v — yw) + (u Ew) we, + (v — nw) w, 0 


Ew)us + (v— yw) u,] + 


= — Ly (v — yw) + Lg (u — Ew) = w — Ew) = (v — me) ug] 4 


[(u — Ew) — (v — mw) vg] (u — Ew) w,, — (v — we) we) 4 


+ [(u — Ew)? + (v — qu (u, — + a®((u — Ew) s, — (v — nw) se] =0 


The system (13) is equivalent to system (14): 


ly ig = ig =O (14) 


From the form of the equations L, = 0, L. = 0 it follows at once that 
the streamlines, defined by 
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are double characteristics of the system (14). The remaining two charac- 
teristics, as may be shown, are determined by the same equations as in 
the case of irrotational flow 


B+ VB 
a? (1 F2) (u Ew)?, B= — (u Ew) nw), C a? (1 4 — nw)? 
The characteristics do not coincide with streamlines. 


Since the streamlines are characteristics of (14), derivatives of s, 
as well as of u, v, w, may have discofitinuities across them. We introduce 
the variables p, o by means of the formulas = E(p, n= nlp, 
such that p = const along a streamline and o = const along a normal tra- 


jectory to it. 
In the new variables, system (14) is written as follows: 


fu? + yp? + w? 


Ly = [(v — mw) E, — (u — Ew) | 


— Hw) + (u — Ew) (Eu, + + w,) 4 w)? +4 


From system (15) it is clear that specification of u, v, w as a func- 
tion of o(s = s,) along a streamline p = p,, does not uniquely determine 


Sp? that is, they may have a discon- 


the normal derivatives 


tinuity here. 
Inasmuch as the streamline 3-1 (Fig. 26) separates an irrotationa] 

flow (s = const) and a rotational one (s = Sp), therefore s, (or higher 

derivatives of s with respect to p) have a discontinuity, and therefore 

the derivatives Us Ys ® (or their higher order derivatives with respect 

to p) must have a discontinuity, as may be seen from the equation L, = 0 


in system (15). 
For irrotational flow 


T 


Evidently, a discontinuity in the derivatives of u, v, w was not 
accounted for in going across the streamline 3-1, and the smooth contin- 
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uation of the solution from the shock across the line 3-1 always led tc 


the appearance of the second parabolic ("sonic") line 3-6 (Pig. 26). 


From the above, it follows that the question of the appearance of a 
second sonic line, and thus, an intermediate transonic region, requires 
further investigation, and it is possible that they do not exist in 
general in an exact solution. (Possibly at point 3, Fig. 2, a forked 


shock is produced. ) 


We note in passing, that in the article by Fowel] |: in the numerical 
solution of the problem of a triangular plane wing, possibility of a 
discontinuity in the velocity derivatives on a line analogous to 3-1 was 
not taken into account. For that reason it is not clear to what extent 
the calculations of Fowel]] take into account the flow vorticity, and 


whether they may be considered an "exact" solution. 
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959 4 In this article the equation of steady heat exchange in a laminar flow of 
oe 1 viscous fluid is considered. It is assumed that the heat conduction 
efficient is netan? und that the problem rewarding the jetermination 
the ve] the fl ws nsidered has heer solved. 
= The stationary temp gon in a laminar flow is governed 
by the equation [1] 
; 
Ax u ay 
aes where 1 ind 1 are the components f the vel ty vector. If a body wittl 
oo » boundary S is placed in a flow of infinite extent, then the boundary 
aa conditions for equation (1) will be 
Obv ious ly the last tant may riwavs be 7eTO. Further, Lf the 
S following we shall consider only Dirichlet’s pr m, that is 0. 
We introduce the flow function Equatior nay then be 
the form 
for 
he assage any ther 
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and the region Q with boundary S will pass over into a plane 0” with a 


cut S° along the d-axis, on which the boundary conditions should be 
satisfied. 


We introduce the function y = wi — Y and rewrite equation (3) as 


1 D (T, x) 
a D(o, v) 


(4) 


Li 


We consider now the following differential equation, which governs the 
problem of heat exchange in ideal fluid flow 


—Af =0 (5) 


Several authors [ 2-4] studied this problem, 


The middle of the slit S’ shall be placed at the origin of coordinates 
and we introduce a system of elliptic coordinates E, 7 in accordance with 
formulas ¢ = ch € cos n, w= sh & sin UE 


The slit T° coincides thereby with the coordinate line &= 0. This 
makes it possible to solve equation (5) by the method of variables separ- 
able. Having the general solution of equation (5) and a particular solu- 
tion, given by the function 


{ 
exp | =— (¢ v0) |e V (9 po)? + (b — ho) 
<a <a 


we can construct Green’s function for equation (5) of Dirichlet’s problem 
in the plane Q° with a slit S*., In the notation of [5], the required 
function may be written as 


G (E, 1, Eo, To) Ko \exp [- v0) n) 
2a / 2a 


exp|- — go) > (4) + By, Ce, FeK,, (8) 
2a 


se,, (%) — + (b — 


Bin 2nFeK,, (0) \ (aa) men 


mad 


With the aid of this function, equation (5) may be replaced by the 
integral equation 


Ip dy (6) 


,, D(x. ©) 
T (90, ¥o) = F + \\T (9. 


where Fid,, w) is the temperature field in ideal fluid flow. 
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The functions dy /Ad and dy/dw, which are the differences of flow 
velocities of viscous and ideal fluids, may be determined for continuous 
flows with large Reynolds numbers using the boundary layer theory. In 
accordance with this theory the indicated quantities will be equal to 
zero outside a certain parabola Q;. whose equation is 


where R is Reynolds number and the parameter c is chosen in such a manner, 
that the slit S” is located in Q,- 


Further, in the parabola indicated one can put 


(7) 
? Oy 


Moreover, from the condition G= 0 at t= 0 it follows, that G~R-1/2 


in Q,. Obviously, the derivative 0C/dd in Q, will also be of the same 
order. All of this makes it possible to indicate the order of the root 
of the integral equation (6) 
oy 0G _ 0G 
Equation (6) will be solved in the space of bounded continuous func- 
tions on the plane c{[ — ~, 0]. The norm of the root of equation (6) will 
be determined by 
| @) 


max \ 


Die, 5) 7 (8) 


(Po. 


The variables 4, and will be substituted by 


el ¥ ro 
a a a a 


With the scale chosen the function CG will not depend on the parameter 


Obviously, the estimates (7) retain their sense also for a new scale. 


Using the representation of Green’s function written earlier, as well 
as the estimates indicated, it is possible to obtain the inequality 


|\Ki.< M Rh 
where 4 is some constant, which does not depend on a and AR. 


This inequality permits to establish the theorem: equation (6), which 
governs the problem of heat exchange in a flow of a viscous fluid for 
sufficiently large Reynolds numbers, possesses a unique solution in the 
space C[—«,«]. This solution may be found by the method of successive 
approximations. 
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THE DOWNWASH OF THE FLOW BEHIND THE SWEPT VORTEX 
OF FINITE SPAN FOR NON-LAMINAR MOTION 


(SKOS POTOKA ZA STRELOVIDNYM VIKAREM KONECHNOGO RAZMAKHA 
PRI NEUSTANOVIVSHEMSIA DVIZHENIT) 


PMM Vol. 23, 


No.3, 1959, pp. 583-584 


E. 


A. BIRIUKOV 
(Moscow) 


(Received 1 March 1957) 


Belotserkovskii in his paper [1] has worked out the computation of the 


downwash behind a straight vortex of finite span for the case of non- 


laminar motion. 


In this article are presented the formulas which allow to construct a 
method of calculation of the downwash in an ideal incompressible fluid 
behind a wing of large aspect ratio and small angle of sweep for the case 
when the circulation, variable along the span of the wing, also varies 
harmonically with time. 


We shall calculate the downwash of the flow behind the vortex of finite 
span with variable intensity and with a smal! angle of sweep, which is 
immersed in the subsonic flow of an ideal fluid. The downwash velocities 
are made up of the velocities induced by the quasi-stationary vortex 
system and by the non-stationary vortex sheet. To the former belong the 
free vortices (inducing V 1): namely, the vortices paralle] to the bound 
vortices, and the sheet of trailing vortices (inducing Vio) which extend 
downstream from the bound vortices parallel] to the x-axis. These are re- 
presented 


in Fig. 1 by solid lines. To the latter vortex sheet belongs 


Fig. l. 


the sheet of free non-stationary vortices (inducing W_,) downstream of 


the bound vortex, to which they are paralle) and further the sheet of 


a 
— 
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non-stationary trailing vortices (inducing W..) which extend downstream 
from the former and run parallel to the x- am The non-stationary vortex 
system is indicated in dashed lines in Fig. 1. 


If the circulation T at the bound vortex is given an increment, then 
according to the theorem of Helmholtz the same increment in magnitude, 
but opposite in sign, will occur in the circulation in the non-stationary 
vortex system, emanating from the moving vortex. Accordingly the intens- 
ity of the circulation of the non-stationary vortex sheet, for instance, 
at the point (xz, 0, 0) at time t will be 


dt V, at 


Let us assume that the circulation of the moving vortex varies with 


time: 


(z, t) = (z) f (t) <0) (2) 


Then according to the theorem of Biot-Savart at the point (X55 Yons 2) 
the velocity of downwash is 


+1 
foc, a—ztgx 


[(\z + yp? + is—2 


+l 
f(t) aT, (2 
— 70)? + + (2 — 25)" 
+l 
(xz, — z* — |2| tg x) dzdz* df(t /V) 
0 — z* —|2| tg x)? + yo* + (2 — 


+! 
\ df (¢— 2° /V) \ (®) (6) 


0 tex + yo? + (2 — 


where x* is a running coordinate along the axis of symmetry of the bound 
vortex. There is a minus sign in front of the integral (4) because the 
intensity of the connected vortices is negative. In the last integra) 
d!'/dz > 0, because this is the derivative of the sheet of the vortices 
which emanate from the non-stationary free vortices, the direction of the 
circulation of which is opposite to that of the bound vortex. We shal} 
consider the harmonic case when I’ varies with time: 


(2) (7) 


and we shall investigate the downwash of the flow at the axis of the 
symmetry of the bound vortex. The downwash of the flow from the quasi- 
stationary shroud will be in phase with the circulation of the bound 
vortex, whereas the downwash of the flow from the non-stationary vortex 
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sheet lags behind with respect to I. Therefore, the downwash will] be ex- 
pressed in the following general form: 


where @ is the phase lag of the downwash. For further investigation of 
the integrals we will make use of some interpolation formulas. We shall 
introduce the angle 6 assuming that 


z=1,cos@ 2z,=/;cos6,, tary (veel, (9) 


where m are some fixed, but arbitrary chosen positive numbers. 


If F(@) is the function which is approximated by the first a members 
of the Fourier series, then according to the interpolation formula 
m F m 
= SF,R, (Ry 


a) 
>} sin sin 78) (10) 


Upon the computation of the integrals making use of the interpolation 
formulas we obtain the expressions for the amplitude of the downwash 
velocity of the flow and for the lag of the downwash: 


Si 


1 
Vig = 181° + (S ) 


yo 


m m 
Sak Dl ala, 


n=! N=] 


m 
2 E, — | cos 
= > sin \ sin +0 sin ——_—__* = 
m+ 1 = — | cos 6 | tg x)? + cos? 6) 


cos |cos6| tg xy — Eo 
— | cos 6 | tg x)* + cos* 6] 


[x] 
— 2n (— 1)* (2e — 1) sin (2e — 1) 6, | 


t=] 


m : 
sin <0, sino T; (6) \ cos 76 7 
t=] 0 


m : 
sin <0,,| | sin sin T,' (0)d0++ \cost6 7,’ (0)d0 
t=] 0 ) 


T, (8) = sin (k, a) — j2 cos (k, a), \ sin ky d~ 


T 2 (0) = — jg sin(k, a) + (k, a), \ 
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sin ky 
cos 8 


COS ky 


cost 
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VIRTUAL MASSES OF SOME CURVILINEAR CONTOURS 
IMMERSED IN DETACHED FLOW 


(PRISOEDIMENNYE MASSY NEKOTORYKH KRIVOLINEINYKH 
KONTUROV OBTEKAEMYKH S OTRYVOM STRUI) 


PMM Vol.23, No.3, 1959, pp. 585-588 


PARKHOMOVSKII 
(Nikolaev) 


(Received 1 September 1958) 


1. An exact solution in closed form of the problem of the detached flow 
past one of the family of curves L(m, v) was given by Pykhteev gir In 
this article we consider the impact upon the same family of curves of the 
detached streamlined flow of indefinite extent of an ideal incompressible 
fluid. 


The curve L(m, v) which is a function of two parameters a and v is 
assumed to be in the plane of the flow z= x + iy. It is given in the 
form of the parametric equation 


ys 


tg? vtg?6 


ctg* v tg? 6 sin 


tg? to* 6 


ctg? v tg? O sin 


where @ is the angle of the tangent line to the x-axis, which varies 
between 0¢ 7/2-4<¢ mv where 0¢ v < w/2. The curve L(m, v) with 

v # 0 is increasing monotonically. It is symmetrical] with respect to the 
x-axis, passes through the origin of the coordinate system, and is tangent 
to y-axis. When v = 0 the curve L(m, v) becomes a segment of a straight 
line, coincident with the y-axis (Fig. 1). At the end point of the curve 
C(X, Y) the angle of inclination of the tangent line is 0 = 7/2 — ay, and 
the length of the arc is S, For every curve L(a, v) the parameter A in 
equation (1.1) is determined when one of the three quantities ¥, Yor S 
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is given. The integrals in (1.1) for all integral and for many fractional 
values of m are expressible in terms of elementary or tabulated functions. 


It is easy to determine the curvature of the curve: 


V1 — ctg?y tg? 6 sin 
cos™y 1+ V1— ctg*vtg?6 


(1.2) 


2. Let the curve L(a, v), which forms a boundary of a detached flow, 
suddenly acquire the translational] velocity v(v., v,) and the rotational 
velocity m with respect to the point 9. The resulting additional (im- 


pulsive) flow has a complex velocity potential » = d+ iv’, where o de- 
pends upon the density of the fluid p and the impulsive pressure p through 
the relationship p = — pd. The harmonic function G(x, y) satisfies the 


boundary conditions: at the free surfaces p = 0, consequently, G= 0; at 
the curve L(m, v) the normal component of the velocity dd/dn = v, is 


knownk where in the case under consideration 


v, = + nor = cos — sin} + w (x cos + ysin §) (2.1) 


considerations it follows that the complex 


Furthermore, from physical 
velocity of the impulsive flow dw/dz becomes infinite at the ends of the 


curve and is equal to zero in the stream at infinity. 


We shall transform the region of the flow of the plane (z) conformally 
into the upper half-plane of the parametric variable u= & 4 in (Pig. 2). 
The corresponding points in Figs. 1 and 2 are denoted by the same letters. 
The transformation is derived from the paper [1] and in our notation it 
is written 


1+(Vi—u? + iu) tg'/ev 


The boundary conditions, expressed in terms of the function dw/du, in 


the plane u correspondingly will be in the form: 


dw 
Re = 0, 1, 0 
(2.3) 
du dz 
in = — 2 


Furthermore, dw/du must at the ends of the contour u = + 1 become in- 


finite of the order minus one-half, and at infinity it must be zero not 
lower than of the second order. The analytical function dwe/du in the 


upper half-plane (u) is found by the methods of the theory of thin wing 
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impact upon the incompressible fluid [2] : 


5 


and of the 


Vi- 
~~ 


5) 


4 


| dz/du| and @ is determined from (2.2) for 


33 


-~Vi—uisiny 


+Vi—e 


u'siny 


= arg — = 


m arc tg (u tg v) 
da g (utg 


are found from (1.1) and (2.7). In 
such a manner, the formulas (2.5) and (1.1), (2.1), 
(2.6), (2.7) yield the general solution of the 
problem. 


and x(u), y(u) 


linearly 


in terms of v, 


to express the desired potential 


+ Vets + 


where 


Making use of the fact that v, 
, and it 


(w, = + 


is expressible 
is convenient 
in the form 


(2.8) 


potentials of 


are the complex 
and the 
pacts with unit velocities. 


i’ 


the vertical, horizontal] rotational im- 


curve there are 
respect to the 


3. At the time of the 
impulse dJ and the moment d@ with 


impact on the element ds of the 
acting the elemental) 
point O (Pig. 1) 


dJ = pdsn -~ipdssin§ + jpdscos$ ipdy+jpdz 


dM =|r x pdsn| = pds(zcos$ + ysin§)=— p(rdr + ydy)= + 


we obtain 


When summing up along the contour and noting that p = - pod, 


J(J_, J.) and mM: 
y 


cic 


We shall now consider the variable u. When integrating by parts and 


taking into account that at the boundaries of the contour “4 = 0, we have 
1 1 
d d 
'? 
J. - y du, r(u) du, 
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The quantities — J,» — Jy, — M may be considered as the momentum and 


the moment of momentum of the fluid and be represented in the form 


+ 


+ 


+ 


where Hy, are the coefficients of virtua] mass. 


y 
10 


08 


Fig. 4. 


and taking into account (2.8) we obtain the 


(3.2) and 
computation formulas 


Comparing 


Because of the symmetry Myo = Boy = Bog = Ma = 9 The remaining 


coefficients are different from zero. 


As an example we shal! give the calculated Mes for the curves of the 
class L(1, v). Assuming m= 1 in the formulas (2.6), (2.7), according to 
(2.1), (2.5) and (2.8) we find 


dw) A { 
jA(v) + + 2) (1 sin v)| u® 
du (ctg? v + u*) 1 } 


siny + (1 --sinv)u (1 —w?) In“ im (1 —sinv u®sinyv) u V1 (3.4) 
u- 


{4B (vy) sinv + (4 sinv) (1 u2) In 
u m (ctg*v + u®) V1 u® | u-+ 


+ in (i—sinv u*sinv) V1 


J, = + 
3 + 
—M 
» IS — 
| 
as “23. 
1 = | 15 
= 
Ih | | 
| | 83 | 
0 04 08 2 16 20 0 02 04 06 08 1 
Pig. 5. 
Pik e \ x (nu) \ (nu) du, Hop \ {2 du (3 3) 
J, ) 
(3.5) 
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A ty) 2 v(t sin v) (v ese? v ctg v) ~ sinv (sec v 1) (cosec v 


B (vw) msecv(cseyv ty (1 : sin 2v Sv 

It is easy to verify that dw, /du, de,/du satisfy the boundary condi- 
tions (2.3), (2.4) and also the additional requirements of a physical 
nature. 


Assuming a = , (2.7) we find the equation L(1, v): 
(3.6) 


u* sin v 
ese vin : 


sinv 
2v) 
4 


The function de,/du is not expressible in terms of elementary functions 
and may be found approximately by the use of (2.5), if we expand x(a) and 


u 
Actgvicsev 1) arc Sin wu 2 sec varctg (! 
csc v— 1 \ u 


y(u) in (2.1), for example, into the series of Legendre polynomials. For 
u= 1 the formulas (3.6) give X, Y of the end of the curve: 


(1 sev) [ + —cese vin (1 + sin v) 
2 (1 esc v) 


! 


tgevieseyv 1) 
cs 


Finally, integrating (2.6) from 0 to = 1, we obtain: (3.8) 
Fi siny in ete 
} 2 4 


sinv 


sin’? é 1) 


where F and F— are complete elliptical integrals of the first and second 
orders. 


Figures 3, 4, and 5 represent correspondingly the families of the 
curves 


(7 y (u) 


In Figs. 6, 7 and 8 are given the non-dimensional coefficients of the 
virtual masses as functions of v or of the non-dimensional maximum curva- 
ture of the curve K(m/2)X, Kim/2)Y, Ki(w/2)S according to (3.3)-(3.8) 


(1.2). As seen from Figs. 6 and 7, the coefficients er Hoo/p¥* 


and 


practically do not depend upon the curvature of the curves of their corres- 
ponding families X= 1 and Y= 1, i.e. they are determined only by the 
magnitude of the projection of the maximum cross-section of the curve per- 
pendicular to the direction of its impact. This fact serves to explain 


that lim m/2 for v + a finite number. 


For v + 0 the curves Y= 1 and S= 1 represent a vertical plate of 
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length equal] to two, placed into a streamlined detached flow. In this 
case, equation (3.3) yields values already known [3]. 


20 { GROG 
eY? 


For v + w/2 the curves Y= 1 and S= 1 represent a plate of unit leggth 
leneth bounding streamlined flow on both sides: for this plate according 
to equation (3.3) we have [2] 


eX? pr? ps 8 eX* 428° 
In conclusion we shal! note, that in the case of a horizontal impact 
by the curve L(1, v), as opposed to a similar impact by the wedge [4] j 
the sign of the tangential velocity component of the impulsive flow is 


not changed along the curve when going from the point 0 to C (Pig. 1). 
For the vertical impact by the curve L(1, v) the sign does change. 


T T 
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FINDING THE SHAPE OF A BODY FROM A GIVEN 
IMPACT PRESSURE 


(NAKHOZHDENIE FORMY TELA PO ZADANNOMU IMPUL’ SIVNOMU 
DAVLENIIU PRI UDARE) 


1959, pp. 589-591 


V.S. ROGOZHIN 


(Rostov-on-Dor 


(Received 20 April 1957) 


It is required to determine the contour of a part of a body in contact 
with incompressible liquid from a given impact pressure. Let us examine 
the two dimensional] case of a liquid with infinite depth. The abscissa 
is assumed to be along the surface of the liquid and the ordinate is 
pointed vertically downward, L the body intersect the abscissa axis at 
x= + 1, The velocity potential © is related to the impulse pressure P, 
by p= - Py where p = density of the liquid. Therefore, for any given 
pressure along the contour L there is a corresponding potential] o. 


Let the projections of velocities upon the axes of coordinates by u 
and v., and the aneular velocity , then the stream function v’ along L 
will be [1] 


In formulating the reverse problem, let us assume that u,, v, and w 


are given. 


The choice of given «5 along L depends upon the character of the motion 
of the body in the interval] of time immediately after the shock, 


First case. Let @. - 0, = 0. Let us assume that & is given as a 
function of zx: 


O (xr) (QO (4-1) ()) (2) 


From (1) it follows that "y == . Therefore, to the region B_ filled 


with the flow, in the plane o, there is a corresponding region B.. limited 


by the vertical segment = 0, |t'| < v,, representing the free surface of 
the liquid and by the curve L. conformable to the unknown contour, the 
parametric equation of which is @= v(x), — Let us construct 
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the function w= w(<), which maps the lower semi-plane Im C < 0 upon the 


region B. so that the points ¢ + 1 are transformed into w= + iv., and 
, 


w (C)] is easily deter- 


é ~ into w 0. Now, the function ® (¢) 


mined, Indeed, for the ™ (¢C) we have the following conditions for the 


cont 


IT: 


Im 


The function «) can be expressed through & from the equation 4 = it’ = 


w(C). 


Using the Keldysh-Sedov formula and noting that 9 (7) = 0 (C) when 


+ ow, we obtain: 


where C is an arbitrary real constant. 


Example. If d, = — v, ¥ 1— x*, the contours form a family of ellipses 


L 


with the common semi axis - 1¢ x < 1, y = 0 and with a variable other 


semi axis. This family includes the unit circle and also a flat plate, 


Second Case. Let w, = 0 but u. # 0. Let us assume that u.* + vy.‘ = 1, 


and introduce a new system of coordinates 


The unknown contour L, as a function of x* is 


potential 


given by 


For y in this case we have the condition ly = — x*, As in the first 


case, for the function z* = x* + iy* = © (€) which mans Im ¢ 0 upon the 


region filled by streamflow, we obtain the following boundary condition: 


This boundary value problem is a particular case of Hilbert’s solution 


with discontinuous coefficients [2] 


Re {fa + ib(=)| 


This can be reduced to the problem of linear conjugate 


1 
z Ve \ Cy = j 
1 
2, =Q(r*) 
: 
where 
is 
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(E) = G (E) (E) + h(E) 


<1) 
1) 


(a arg (ug + 


If the functions ®* (¢) and ®~ (¢C) are regular respectively within the 
upper and the lower semiplanes, satisfy the boundary condition (7) and 


are related by 


@* = @ 


then the function ® (¢) will be the solution of the boundary value 
problem (6). The solution of problem (7) can be obtained by utilizing the 


general theory of boundary value problems with discontinuous coefficients 


[2,3]. The solution bounded at the points € = + 1, of the order 0 (2) 


when + + and satisfying condition ®* (¢) = will be: 


a a 
i—— 


@- (ct) = = (4+ (2 —1) C + Mor 


(C is real)* 


Therefore, for a given distribution of impulse pressure there is a 


corresponding family of monoparametric contours. Formula (8) gives the 


solution for the case when u, = w», = 0, which was examined above. 


and assume that potential & of the unknown 


Third Case. Let w, # 0, 
contour is a function of distance to the instantaneous center of rotation 
of the body 


0(V (2 Vo/W,)? + (4 (9) 


The condition (9) in conjunction with (1) determines in the plane wp», 
the image of the curve of the contour L,. (It is assumed that all the 


points of the contour are at various distances from z,. = — v,/w, + iu,/w,, 


— 


* The branch (€ + of this many values function is 
1 


regular in the plane of the cuts along abscissa axis —- ~< ¢ 


1 < & < « and real on the lower boundary of the right cut. 


| (7) 

(&) = a+ib 0 (Ex —i, 

a+ib (—1 (—1<E<1) 

\—e? (E<—1, 

ae 
1 a a 
(£) = \ + 1) (t — 1) dt (8) 
™—¢ 
= 
and : 
, 
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or the contour is composed of segments satisfying this condition.) As 
before, let us map the region B. upon the lower semi-plane Im € < 0 and 
examine the function F(Z) = ® - where ® (¢) = The bound- 
ary condition for F(¢c) is: 


Therefore, we obtain a nonlinear boundary value problem for the func- 
tion F(<), regular in the lower half-plane and of the order of O(C) when 
¢ + t+ wo. In the case when u, = 0, i.e. z, is located on the abscissa axis, 
the problem is easily linearized and solved. Let us assume that Zo lies 
between the points & = - 1 and & = 1. Let 


F; (0) = In F (0) 


yan Ex<—ti, ImF,(—E)=n2 E>D>1 


Re F; (E) 


— 
() + —1<E<4, 


Wo * 


F,(¢)=O (inl) mpm z-+ co 


The solution of this boundary value problem is the following function 


F,()=In( + 


and for 2z(C) we obtain 


re 


Let us note that the above solution does not hold when * = 0, since 
in this case, the method of assigning 4 along the contour must be altered. 
If u, # 0, the boundary value problem (10) reduces to a nonlinear singular 


integral equation. Let F,(¢) = iF(¢), then 
F, h(E) for -1 F Re F, (5) Wo for E<—1 fn E>1 


Putting O0(f) = ang F,(&), then utilizing the Schwartz integral, we ob- 
tain for— 1< & < 1 the equation: 


4 837 
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C(t)cos8(t) 1 
(®) sin \ 


t { 


0 can be applied to the cases of the 


as for a liquid of a finite depth, 


of straight line segments. 


The results obtained when ow, - 
impact of several] bodies, as wel] 
provided that the boundary is made 
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SUFFICIENT CONDITIONS FOR OPTIMEZATION 
(K DOSTATOCHNYM UCLOVITAM OPTIMAL’ NOSTI) 
PMM Vol.23, No.2, 1959, pp. 592-594 


N.N. KRASOVSKII 
(Sverdlovsk) 


(Received 16 January 1959) 


We will analyse the problem described in article [1] and dealing with the 
determination of an optimal trajectory. In ir work we will observe the 
same terminology and the same system of notations as those used in!/1]. 
In Section 4 of [1] those sufficient conditior Theorem 4.1) are indi- 
cated which are such that a trajectory x(x., ¢t, n.) in the system of 


equations 


fir rm (4) 


is locally optima! (in the sense of definition 4.1 in [1] ) in respect of 


the admissible governing functions y(t), constrained by the condition 


Apart from conditions 1 to 4 (which are analogous to conditions given 
by the principle of a maximum! 2]! ), Theorem 4.1 of [1] contains some 
other limitations (shown by expression 5) on the second derivatives of 
af, ax Ox. It is the aim of this note to prove that, without these 


optimal trajectory x(x,, t, nm’), and that even these conditions are in- 


additional limitations, conditions 1 to 4 of fail to produce a locally 


sufficient for the trajectory to become optimal in respect of smal} 
variations of function »°(t) constrained by condition (2). 
Let us now analyse the system of equations 


dé dt 
dt it 


where a, anda, are some nonlinear, sufficiently smooth functions which 
will be presented below. Together with this nonlinear system (3) we will 
analyse an auxiliary linear system of equations 


It is known [3] that the optimal trajectory of the linear system (4), 
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which connects point é = — 3, ¢ = 0 with point & = 0, € = 0 (under the 
limitations imposed by (2)), is as shown on Fig. 1. In Fig. 1 line AR re- 


presents a circular arc with its center at point (1, 0), BC represents a 
circular arc with its center at point (-1, 0), and CO represents a 
circular arc with its center at point (1, 0). The corresponding optimal 


governing function n°(t) has the form 


79 (t) sign [sin (t — to)] 


Let us designate by p(é, €) the distance from point (é, €) to point 
(€=- 1, € = 0), by Até, C) the angle between axis ¢ = 0 and a ray 


connecting point (€ = 1, = 0) with point (&, 2), by the angle 
between axis ¢ = 0 and a ray from point (€ = 1, ¢ = 0) to point (&, ¢). 


We can now determine the functions a,(é, C), até, “) in the following 


manner: 


everywhere outside of zone G enclosed by rays Oy = m/4, , = 3/4 (zone 
G is crosshatched in Fig. 1); within zone G functions a, and a, are de- 
termined by formulas 

ar(E, ¢) = — exp — 1) (@ — 


a2(E, ¢) = —w(E + 1) (e — p* exp — 


Here w= const > 0 and the value of p, is indicated on Pig. 1. 


Obviously at » = — 1 the trajectories of system (3) and the trajector- 
ies of system (4) appear within zone G as circular arcs with their centers 
at a point with coordinates & = —- 1, € = 0. 

It should be noted that in the vicinity of curve ARCO the functions 
a, and a, are of the second order of smallness, and that only the first 
derivatives of Of ,/dx enter into conditions 1 to 4 of Theorem 4.1 of 
[1]. Por these reasons the trajectory ABCO, which is optimal for the 
linear system (3), satisfies (as can be easily verified) conditions 1 to 
4. (We should also note that this trajectory satisfies conditions of the 
principle of a maximum [2] ve 


We can now verify by direct calculations that it is possible, at suffi- 
ciently large values of w> 0, to choose an admissible function (tt) in 
such a way that it would satisfy conditions (2) and which, at the same 
time, would correspond to the trajectory Coe t, n), n) 
of system (3), which connects point (€, = - 3, ¢, = 0) and point (€ = 0, 

g = 0); this trajectory would also have a smaller time length than the 


trajectory ABCO. 


ie 


Moreover, the trajectory €(¢,, ¢,, t, m). C(&), Cy, t. m) may pass as 


| 
VULi« 
a= ae 0 
: 
(5) 
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near as is desired to the curve ABCO, while the variations of 5n of func- 
tion n°(t) (that is, the magnitudes of 5y = y(t) — m’(t)) may be as small 


as is desired. We will not include here the details of all such calcula- 
tions, but we will establish the correctness of our assertions by means 


of simple graphic representations. 


First, we will assume that function y(t) is replaced in the right side 
of system (3) by function 


(t)==79 + ep + eyd (t — 


where 5(t) represents the 5-function, pm, y are some sufficiently smal} 
positive constants, and « > 0 is some arbitrarily small constant, given 


@ priori, 


Outside zone G we have dd/dt = — 1 at #4 Wh. t# uw +m: within zone 


\ 
+ IN 
Pig. 1. 
Ap 
D) 
Pig. 2. 
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»f curve ARCO we have 


positive constant ‘or he above ons the trajectory of 
which corresponds to a function n, and which passes 


0 (when anc y) are pro- 


will be f rm AR.C.D.0 sh 


ry will reach some point £, (Fig. 2) at an instant 
ller than the period of time ¢t T needed by a point 


the traiectory ARCO to reach point F,. From (6) we obtain 


ns! 


Ssignate ! F point which is reached by the trajectory 


als 7 the inequality 
-onst) 


the time being we will conside as a fixed quantity and we wil] 


limite 


vary within the 


the termini of the trajectories of system ), which at 


int €. =-— 3, ¢ 0, and which correspond to the 


will lie on the segment NN 


now examine functions A,(t) \ defined by formulas 


for 
for 


for 


for 
for 


for 


construct the trajectories of system (3) starting at point 
O at ¢ and corresponding to the governing function 
i) 


Obviously, function n(t) will represent the admissible governing 
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di 
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eveten 2) 
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functions satisfying conditions (2) at any « 1, The termini of the 
trajectories ‘ta ‘ & mM), ¢ (f » t, which correspond to moment 
the ¢ T, for 0 ) 2, and which at all the fixed values of fi 0, 

€ 0, will lie on some continuous curve P.P_. The distance between the 


points on this curve and the points on segment N.N. will be of the second 


order of smallness in their ft and will satisfy the inequality (for smal] 


values) 


where the constant A is independent of «o. 


We can now conclude from the inequality (8) that when the chosen 


juantity w is sufficiently large and when all the values of p S42 0 


are sufficiently small, the curve PP, will intersect arc CO at point F 


lying farther to the left than point F. This fact indicates that the 


corresponding trajectory ARFO of system (3) reaches point & 0, ¢ 0 
in a shorter period of time then does a noint 1 ving along the trajectory 
€ » & 4 » t, which is controlled by function n(t). 
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Let the differential equation 


f(t), (1) 


be given, where G+ ses, @, are constants and f(t) is an almost periodic 
function. Bohr and Neugebauer [ 1] proved that any bounded solution of 
equation (1) is an almost periodic function, Consider the system 


f(t) (s 


where P are periodic functions of the independent variable t with a 
common real period and f(t) is an almost periodic function in the sense 
of Bohr. 


Theorem. Any bounded solution x, (t), ve z,(t) of the system (2) is 
a set of almost periodic functions. 


In fact, since the homogeneous system corresponding to system (2) is 
reducible, then by means of two successive nonsingular transformations 
with periodic and constant coefficients, respectively, the system (2) is 
transformed into a system of equations which consists of several inde- 
pendently integrable groups of the form 


+ Atp, + Yp, 

The functions are almost periodic. Let x,(t), ..., z,(t) be a 
certain bounded solution of system (2). Submitting this solution, 
successively, to the above mentioned transformations, we obtain a bounded 
solution of a system, consisting of groups of the form (3). By the same 
token, on the basis of the results obtained by Bohr and Neugebauer, the 
theorem is proved. 
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A generalization of a theorem of Bohr and Neugebauer 


Remark 1. On the basis of the theorem just proved the theorem of Bohr 
and Neugebauer can be expressed in a more general form as follows: any 
bounded solution of equation (1), where Gis sees @, are either constants 
or periodic functions of the independent variable t with a common real 


period, is an almost periodic function. 


Remark 2. Assume that the homogeneous system corresponding to system 
(2) has no zero characteristic numbers. Then Re (A.) # 0 and, as seen 
from (3), the system (2) assumes but one unique almost periodic solution. 
This solution satisfies the inequality 


(T= M,+...4+1 |) (4) 
where P is a certain constant, depending only on the matrix || Pe, il. 
and y is a positive constant satisfying the condition | Re(A ) | > y. In 
fact, we have 


(t)|< ACM, 4 


where A is a quantity which depends on the coefficients of the two 
successive nonsingular transformations. Considering the group of equations 
(3), we have the estimations 


| 


Analogous estimates can be obtained for any other group of equations. 
Putting z. successively (in the reversed order) to the above transform- 
ations we obtain inequality (4). 
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THE STABILITY OF SOLUTIONS OF DIFFERENTIAL 
EQUATIONS OF SECOND ORDER 
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(Received 23 February 1959) 


In the present paper several theorems are proposed on the stability in 


the sense of Liapunov [1] of the solutions of differential equations of 


second order. As a source for this paper the works [ 2-5] can be given. 


introduce first certain concepts. Let the functions O.t8, ge 


V(x, y) be defined, continuous and single-values in the regions 


G -+-, G, respectively. The mutual disposition of these regions is 
n 


such that any two consecutive regions G,, ..., 6G G, contain a certain 


n 
unique Jordan curve passing through the origin of the coordinates (such 


curves will be called L-curves). With respect to the functions } 


y 


(k= 1, ..., m) it is further assumed that they are positive in the 


regions of their definition, except at the origin of coordinates where 


they vanish, and that they vary strictly monotonically alone the bound- 


ing curves. 


Under these assumptions there exists a neighborhood of the origin of 


the coordinates such that, starting from an arbitrary point A situated 


in this neighborhood and on the L-curve, it is possible to construct, 


selecting a definite sense for going around the origin of the coordinates 


a connected curve consisting of pieces along which one of the considered 


functions assumes a constant value. The curve constructed in this way will 


intersect again the L-curve at a certain point R which, in general, does 


not coincide with point A. If we assume that in the neighborhood under 


consideration such a coincidence is impossible and if we denote by V(A) 


V(B) the values of one of these functions defined on the initial L-curve 


at points A and B, respectively, then one of the inequalities V(A) < W/R) 


or V(A) V(B) will hold. Let it be the former, for instance.:atisfled 


Due to the assumptions made with respect to the functions Vax, y) (k=1, 


n) the sense of the obtained inequality does not change, no matter 


on what L-curve the point A is taken, provided only that in constructing 


92 
Let us 
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the curves we keep the same sense for gOing around the origin of the co- 


ordinates, 


Definition. Choosing a definite direction we shall say that the set 


» possesses positive or negative rota- 


of function Vals, y) (R= 1, 20. 
tion depending on whether the first or the second inequality holds. 


Consider the system of differential equations 


it (x,y), at 


It is assumed that the functions X(x, y) and Y(x, y) are continuous in 
a certain neighborhood of the origin of coordinates and vanish when 


x y= 0, 


Theorem 1. If it is possible to find for the system (1) two sets of 
functions, possessing opposite rotations and being such that the time 
derivative of each of these functions by virtue of (1) is negative or 
vanishes identically in the region of its lefinition, then the zero solu- 


tion of the system (1) is stable. 


Proof. Without loss of generality of the irgument we can assume that 


one of the L-curves f the sets of functior 1s common to both sets 
Starting from a point A on snch an L-curve mn the basis of the functions 
which make up the set of functions with positive rotation, construct the 
curve which was mentioned above. This curve wil] gain intersect the L- 


curve at a certain point R. 


Starting from point B, on the basis of the functions which make ur 
the set with negative rotation, construct ar nalogous curve. The last 


curve will necessarily intersect the first ne before it intersects the 


initial L-curve for the second time. This is « because the sets of 


functions possess opposite rotations, 


As a result of this construction we btain a closed curve, consisting 
of pieces on which one of the considered functions assumes a constant 
value. Since the diameter of a similar curve can he made arbitrarily 
smal! (let us note for the general case that this and only this fact is 
used in the proof), then, in order to prove the theorem, it is sufficient 
to show that the integral curves corresponding to initial points from the 
regions bounded by such closed curves cannot eave these regions. This. 
however, follows from the fact that any point z., y¥,) Of such a closed 


curve can be enclosed in so small a circular neighborhood that for al] 


functions Viz, y), contained in the sets and letermined in this neighbor- 


hood, by virtue of the identity 


: 
ra 
a 
a 
: 
12 
) 
. 
520 
f 
dv 
te 
= 
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the theorem, we hav J so lone as the inte- 
urve passing through 1e point ) remains in the above 


ioned neighborhood, 


Remark. It is not difficult to see that a singular point of the ty; 


f a center cannot be detected by means of Theorem 1. 


Theorem 2. If it is possible to find for the system (1) two sets of 
functions, possessing opposite rotations and being such that the time 
jerivative of each of these functions by virtue of (1) is negative de- 

e in the region of its definition, then the zero solution of system 
is asymptotically stable. 


Proof. On the basis of Theorem 1 the above mentioned solution is 
stable. Assume that this solution is not asymptotically stable. Then, in 
any arbitrarily sma]! neighborhood of the origin of the coordinates there 
exists an integral curve which lies completely in a ring-shaped region, 
not containing the origin of coordinates. Such an integral) curve cannot 
remain indefinitely in one of the regions of definition of the functions 


ontained in the sets (2). 


Consequently, this integral] curve intersects some one of the L-curves 


an infinite number of times. From this set of points of intersection 


select a convergent sequence IPI. The limit of this sequence, by virtue 


of the assumptions on the behavior of the integral curve, is different 
from the origin of coordinates. Denote this limit point by P. Consider a 
t*le with the center at point P and so smal! a radius 8 that inside 
circle are defined al) the functions V of the considered sets which 
defined at point P. 


Since these functions are continuous, then along the sequence of points 
| P, | every one of them must have a definite limit. Denote by Vv, the 
values of the functions at the point Py and by Vs the values of the func- 
tions at the point through which the integral curve leaves the above 
‘ircle at the instant immediately following the instant of intersection 
of the integral curve and the L-curve at the point P,. Then for suffi- 
ciently large values of k by virtue of the assumptions of the theorem we 
shall have 


Here 5° denotes some positive number, smaller than 5 and independent 
of k; m is the smallest of the least values of the functions | dV/dt| and 
M the largest value of (x* 4 y’)! 2 in the same circle (X, Y are the 


right-hand sides of system (1)). 


Further, from the condition that the time derivatives of the functions 
making up the sets, by virtue of system (1), are functions of definite 


se 

te 
¢ 

a 

: 
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signs in their regions of definition, we conclude that through every 
point situated in a sufficiently small neighborhood of the origin of the 
coordinates, passes a closed curve mentioned in the proof of Theorem 1. 


From this and on the basis of the obtained inequality we conclude 
that at least for two functions, defined in the indicated neighborhood 


of point P, the inequality 


holds, where h is a certain positive constant which does not depend on k. 


This, however, contradicts the fact that all numerical sequences | vei 


must possess definite limits. Having in mind the rings which can be made 
from the above mentioned closed curves, we arrive at the proof of the 
theorem, 


Theorem 3. If it is possible to find for system (1) two sets of func- 
tions, possessing opposite rotations and being such that the time deriva 
tive of each function by virtue of system (1) is a positive definite 
function in the region of its definition, then the zero solution of 
system (1) is unstable. 


The proof is analogous to the proof of Theorem 2. 


Remark. Theorem 1 remains valid also for the case when the right-hand 
sides of system (1) depend on time. 


Theorems 2 and 3 in this case remain valid provided the right-hand 
sides of system (1) are bounded and we understand by a function of de- 
finite sign in its region of definition a function of definite sign in 
the sense of Chetaev [3]. 
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The stability of the periodic solution of the system of equations 


(2, t) (0.1) 
with discontinuous periodic f(z, t+r)j)e f(z, t) | right-hand sides 
and f are n-dimensiona) vector columns with coordinates z. and f.(i<= 1 

1 1 


n) | has been investigated by Aizerman and Gantmakher [1]. Estab] ish- 


ing what should be understood by the linear approximation in this "dis- 
continuous" case, the authors have proved theorems analogous to those of 


Liapunov. 


The present paper deals with the stability of any solution (periodic 
or nonperiodic) of system (0.1) with discontinuous nonperiodic right-hand 
sides. For this, use is made of the condition for the discontinuities of 
the solution of the linear approximation introduced in paper [1] for 
periodic systems. Two criteria of stability are established which are 
generalizations of the corresponding theorems of Persidskii [2] and 


Perron [3], proved by these authors for continuous systems. 


1. Conditions imposed on the right-hand sides of the differential 
equations. Consider the system of differential equations 


t) (11 


where the real vector function f(z, t) is given in the (n+ 1)-dimensional] 
space z, t inside a curvilinear cylinder C, the axis of which is the 


integral curve z= z(t) of system (1.1). Let the infinite sequence of 
surfaces* F | z, t) = O dissect the cylinder C into regions Ha» intersect- 
ing the curve z= z(t) for t= +. at points Mo: Then there exists a 
positive constant T such that & 


* Here and in what follows the index a assumes the values 1, 2, ..., «. 


850 


| 
V 
196590 
dz 
dt 
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The lanes issect the region t ‘ bounded 
by lese planes le corresponding surfaces , and into central) 
regions, containing segments of the gral ve 2 z(t). Con- 
cerning the function and the surfaces ( } llo ! assumptions 
are made: 


l. The function f 


boundaries Fa 0 and F while 


it can experience only discontinuities 


which at points ire bounded in 


2. Conditions are fulfilled 
ness of the solution of systenr 
its continuous dependence on these conditi 30 Ss Ssfied the 
conditions for the continuation of th 


obstacles from any region H, into the a 
3. In every central region 


f{- 


holds, where P(t) is continuous in every interval] ; © ta4,- while 
> 
the matrix Riz, ¢t), which is b unded for ¢ > ¢ nd represents the non- 


linear remainder, Satisfying the inequality 


Here and in what follows 
4. The limit relation 


for 


which holds in any angular region below and above the plane 


fulfilled uniformly with respect to a. 


5. The surfaces F 0 are 


On one side of the surface f 


Fis 0 holds. Inside the cylinder 


each other. 


6. Along the integral curve z 


Speaking about intervals ~ ‘ P shall have in mifd also 


the interval O< ¢ < 


‘ 
2 
is continuous in every recion cludi 
passing through the surface F_=0 
the first kind, the magnitudes 
their totality. 
and 
J @ 
ljacent region 
ig a+i° 
q 
nist) 1.3) 
continuous and at points 4. they are smooth 
we re hile o 
ave whiie on the other side 
. aes C the rfaces F 0 do not intersect 7 
— 
z(t) we have 
i} > (I nst) (1.4) 
a 
| 
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where dF /dz denotes the vector gradient (row) and the indices + and — 


refer correspondingly to the values for t = t. + O and t = .- 0, 


According to (1.4) the equations for the parts of the surface (2, t)= 
F(z + x, t) = 0, situated below and above the plane t = t, can be 
written correspondingly in the form (x= z— 2z (t)) 


where the vector row is given by 


[Fa / 
a 


7. The quantities ha are bounded in their totality. The ratio in 
(3.9) 


0(|z') 


jr} 


0 (1.6) 


is satisfied uniformly with respect to a. 


2. Linear approximation and its transformation. Let us define the 
linear approximation of system (1.1) as the set of : (i) the system of 


linear equations 


dz 
P(t)z 


which is satisfied by the solution x= x(t) inside every interval te < 
t< t and (ii) the conditions of discontinuities at t= t, of the 


a+ i’ 
integral curves x = x(t), defined by the formulas 


where the matrix 


S h 


(Sa )ix (Sa)ix Bin t ak 


or is the Kronecker symbol, hak and ni are the corresponding coordi- 
nates of the vectors ha and Co: The matrices S, are bounded in their 
totality. 


For the proof of the criterion of stability according to the linear 
approximation the following lemma will be needed. 


Por every system of linear approximation (2.1) + (2.2) it is 
possible to construct a Liapunov transformation discontinuous at 


Lemna. 


852 
Here 
d 
aF, Fe) 
2 . 
V 
| 
a + — - 2.2 
S,7, (2.2) 
i 
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z=Li(t)y (2.3) 


which transforms this system into a system the matrix of whose coeffi- 
cients A(t) is continuous and bounded for t > 0 and the solutions of which 


are continuous: 
dy 9 
2.4 
A(t) y, ( ) 


Proof. Let the values of L(t) and dl/dt for t= t, + 0 be given by 


the formulas 
= £, (dL/dt),- =0 (E = 8h") (2.5) 


=5S, (dL/dt),* P,*S, at (2.6) 
The relations (2.6) guarantee the continuity of the matrix A(t) and 
of the solutions y= y(t) of the system (2.4) for t= ¢,. 

For the proof of the Lemma it is sufficient to construct a matrix 
L(t) according to the given values (2.5) and (2.6) for t= ¢. + 0 of this 
matrix and its derivative in such a way that in every interval ¢t, < t< 


to41 there exist continuous matrices L~'(t) and dL/dt, bounded for t>0O 


in the same way as L(t). 


For the existence and boundedness for t > 0 of the matrix L7*(t) it 
is sufficient that the matrix L(t) satisfies the relation 


det L(t) > T >0 (t >0) 7) 


This condition is satisfied for t = t, + 0 by virtue of (1.4), since 
from the structure of the matrix Ss, follows (see [1], p. 662) that 


(dF /dt)y 


det L,* = det S, dF, dt) y 


holds. 


The condition (2.7) is also satisfied for t = = 0, if we assume 
that in (1.4) we have [‘< 1. 


Let us pass now to the determination of the values of the matrix L(t) 


inside the intervals ¢. <t<¢et For this, consider the column $, of 


a+i° 
the matrix Sa as a vector in an n-dimensional space and take a parallel- 


epiped constructed at the origin of the coordinates on the vectors 


Except for the discontinuities at ¢t = ta the properties of the matrix 
L(t) are the same as in the classical case, i.e. in every interval 

-1 
tay, there exist continuous matrices / and dL/dt, which 
are bounded for t > 0 in the same way as L. 


¢= 
: 
: 
* 
»2 
159 
‘ 
> ‘ 
if 
— 
M 
& 
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s ves a (as edges). Change continuously the coordinates of these 
n 


vectors, keeping their lengths constant, and increasing at the same time 


the volume of the parallelepiped in such a way that for ¢ tat th 


1/4(¢t t.) the parallelepiped becomes rectangular. 


Take 


the current values of the coordinates | of the vectors s, in 


ik 
this transformation for the elements of the matrix L(t) l ip’? , 
in the corresponding intervals tq,- Then for t,< t« tay 


det L (t) 


Keep for the current values of the coordinates of the vectors the 


Previous notations |! p(t) and take them for the elements of the matrix 


L(t). In addition carry out the following three transformations: 


1 In the intervals of time t. eS 4 


t ='= ¢ + 1/2(¢ — ¢t.), by 
a a a+i1 a 


Stretching the edges to the length r, convert the rectangular parallel- 


into cubes; 


= ¢ + 3/4( 


In t<t 
a? a a+ 
the cubes so that their edges become parallel to the coordinate axes; 


the time intervals ¢ t_) turn 
a a 


(3) And, finally, during the time intervals ¢ S$ t<¢ et ,;» compress 
a+1 
the lengths of the edges to unit lengths. In this way the condition 


is satisfied, 


In the 


and segments of straight lines, pairs of points of the n-dimensional 


above transformations we connected, by continuous arcs of curves 


space in such a way that the inequalities (2.8) always hold. 


From the actual process of construction of these arcs and segments it 


follows that they are of bounded lengths for all a. Since, in addition, 
the time during which these arcs are described is greater than (1/4) T 

0, then the description of these arcs can be carried out with velocities 
the magnitudes of which are bounded by one and the same constant number 
for all a. The motion along the ares can be started and ended in every 


interval with zero velocities. 


In order that the matrix dlL/dt assumes for ¢ = t. + O the values given 
by the formulas (2.6) replace the graphs of these functions lip : ti,(t) 
(t, R= 1, ..., mn) by the nearest smooth curves which coincide with the 


initial curves for ¢ = t, + O and in the intervals ta tas 


in such a way that the functions for which we kept the previous notations 


Li,(t , but which represent the new curves, satisfy the equalities (2.6), 
Since the magnitude of the determinant det L(t) is a continuous function 
of its elements, and the matrices (dL/dt),” are bounded in their totality, 
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then the new curves can be traced in such a way that the inequalities 


are fulfilled and that at the same time the boundedness of the matrix 
dL/dt for t > 0 is not violated. Hence the Lemma is proved. 


Remark. Usually for the construction of the Liapunov transformation 
the knowledge of the solutions of the corresponding system of differential 
equations is necessary (see [4-6]). In the case under consideration, how- 
ever, for the construction of the transformation rx Lit)y, it is suffi- 


cient to give only the matrices Ss, and P(t, : 


3. Criteria of stability according to the linear approximation. 
Theorem 1. Let the elements of the nx ] zed for ¢t t.) fundamental] 


matrix 


! n 
= 5 oO > eye c line pproxima- 


tion (2.1) + (2.2) satisfy for arbitrary > > the relations 
to) |< Bexp/] 


where B and f/f? are positive constants which d 1t depend t Then the 
solution z-: 2‘ t) of the initial] nonlinear >m ; asymptotically 
stable provided only that the constant p mality (1.3) is 
sufficiently sma!}. 


In order to prove the Theorem apply to e initial nonlinear system 
(1.1), rewritten in terms of the variations 2- t), the transfornm- 


ation (2.3). Then we obtain the system 


dy 
dt 


which has discontinuous solutions for ¢ - t,» since for these values the 

matrix L(t) is discontinuous. In the space , t the surfaces O (y 
a 

® (Ly, t) = 0 and the planes ¢ - t. dissect the cylinder C into angular 


and central regions in the same way as in the space ¢. ¢. 


t) 


In terms of the variables y the system of linear approximation (2.1)4+ 
(2.2) can be rewritten in the form (2.4). Prom the relations (3.1) and 
the boundedness of the matrices L and L~! follows that the elements of 
the normalized (at t = ¢.) fundamental matrix y:,p(t, tod[l," of system 


(2.4) satisfy for arbitrary t, > 0 and ¢ > ¢. the inequalities 
y;, (t, toe) |< By exp] 


where B, and /} are positive constants which do not depend on ¢.. If these 
last relations are satisfied, then, as it was proved by Malkin [5]. -there 
exist a positive definite quadratic form V(y, ¢) with continuous and 
bounded coefficients which satisfies the relations 


| 
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by | 


y 2<Viy,th< 


Let us investigate the change of values of V(y, t) along the discon- 


tinuous integral curves y= y(t) of the system (3.2). 


1. In a central region. By virtue of (1.2), (1.3) and (3.2) we have 


g(y,t)=A(t)y-+ (y, t), (y, t) L-1R (Ly + 2°, t), | nly 


where a, = am, @ > 0 and finite due to the boundedness of L and L~*. De- 


noting by V’ the total derivative of V with respect to t, evaluated by 
means of the equations (3.2) and the relations (3.3) and (3.4), we obtain 


{ { AV { Qs 


where a, = a, sup| 0V/dy | ly|- for t > 0. Since the coefficients of the 


form V are bounded, then a, is a finite quantity. Supposing the constant 


a in (1.3) to be so small that a,b, < b,, we obtain 


<— (42 a2 (3.5) 
\ by 


instants t), 


From (3.5) follows that the values of V at t and 


when the point of the integral curve is in one of the central regions, 


satisfy the relation 


V exp[—p?(t —t°)] (3.6) 


2. In an angular region. Applying the estimating scheme, analogous to 


that used in paper [1], and taking into account the properties of the 
form V and the conditions 4, 6 and 7 (Section 1), we obtain that the 
values of V at instants t and t**, when the point of the integral curve 


is in one and the same angular region, satisfy for sufficiently small y 
the inequality 


V<NV™ (N>1) (3.7) 


where WN does not depend on a. 


Moreover, if the integral curve passes from the point Yy+ t, on the 
surface of discontinuity Q@ = 0 to the point Ya tg OM the plane ¢t = tae 
then for sufficiently smal] y the double inequality 


V te) 
exp (- (3.8) 


holds, where @ is an arbitrarily small positive number. 


Let it be given that « > 0 and so smal) that for | y|*€-« the 
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inequalities (3.6), (3.7), (3.8) are satisfied and the time Art spent in 


any angular region (inside the cylinder | y ©) is less than (1/2 p*)T 


— where 0 Then inside the cylinder | y = the planes 


1/2(¢ , t ) do not intersect angular regions. 
a+! a 


Select 5 = «6, /N, < 1/2(n* v*)T and the initial point 
f the intearal curve in su 1 wa tb 5. Then by virtue of 


(3.4) we have 


From the inequalities (3.6) and (3.7) follows in the interval 
t,*< t< t,* the rate of increase of the func () loes not exceed 


VN. Therefore, in the whole interval we have } f », and in con- 


firmity with (3.4) the inequality 


Using the inequalities (3.6) and (3.8) and the relations 
T, we obtain 


V, V; exp | u?(T At) + 81< exp ( ¥T) 


20 Vo < V, < 5. Therefore, the arguments used above can be repeated 


for the interval ¢t.*< ¢< ¢,°*, and so on. 


Consequently, any integral curve of the nonlinear system (3.2), which 
has started for ¢ t* inside the cylinder b6., will remain al) 


the time inside the cylinder | y|“ = « and 


V Vi» « exp| 


a 2 


Therefore, in every interval t,°< 


2 


ly 


and y + O for t + «. Hence the theorem 


Theorem 2. Let oft) be an arbitrary vector function, bounded for 
and piecewise continuous and with discontinuities only at ¢ t.: ¢ 


Si Further let any solution of the system 


satisfying these equations inside every interval t, < os} and ex- 


periencing discontinuities at ¢ t. for which ' =: * be bounded 
for t > 0. Then the solution z= 2°(t) of the nonlinear system (1.1) is 
asymptotically stable provided only that the constant e« in inequality 


(1.3) is sufficiently small. 


In order to prove the theorem, apply to the system (3.9) the trans- 
formation (2.3) and afterwards to the so obtained system the transform- 


} 
: 
| 
> 
< we have 
| <= NV, < Nb, ly ext 1) y?7 
‘ 
@ 
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is a continuous Liapunov matrix). Then 


ation of Perron [6] y = (L 


1 
the system is finally reduced to the form 


du 
G(t)u+o (t) (3.10) 


where G(t) = He spll,” is a triangular matrix bounded and continuous for 
t2 0, i.e. g.,(t) = 0 for k> i. 


From the boundedness of al] the solutions of (3.9) follows the bound- 
edness of any solution of (3.10) for arbitrary continuous bounded a*(t) 
(t > 0). According to Perron [3] this implies the boundedness of al! 2n 
functions 


If, however, the functions (3.11) are bounded, then, as it was proved 
by Malkin [7], there exists a positive definite function, admitting an 
infinitely smal] upper limit, the tota)] time derivative of which by 
virtue of the system 


is a negative definite function. 


Then, according to a theorem of Fersidskii [2], the elements of the 


normalized (at t = t,.) fundamental matrix U(t, t,) = jus,(t, of 


the system (3.12) satisfy for arbitrary t*, 29, ¢ D-t, the relations 


where B, and ({ are positive constants which do not depend on tes 


If X(t, t,) = t, ||," is the normalized (at t = fundamental 


matrix of the system (3.9) for w(t) = 0, then from (3.13) we obtain for 
arbitrary t, > > t, the inequalities 


< B exp[—4(t (i, A ,n) 


where B and /} are positive constants which do not depend on ty: 


In this way, if the conditions of Theorem 2 are satisfied, also the 
conditions of Theorem 1 hold, This proves Theorem 2. 
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THE STABILITY OF MOTION OF A GYROSCOPE 
(K USTOICHIVOSTI DVIZHENIIA GIROSKOPA) 
PMM Vol.23, No.3, 1959, pp. 604-605 


Chzhan Sy-In 
(Moscow-Shen Yang) 


(Received 30 September 1959) 


In the papers [1-4]* the authors consider the motion of a symmetric 
gyroscope with its center of gravity on the axis of spin, and derive by 
various methods the sufficient conditions of stability of motion in the 
two cases: (1) when the axis of the outer rine is vertical [1-3] (In the 
paper [3] the author establishes the necessary condition as well): (2) 
when the axis of the outer ring is horizontal [4]. 


In this note the author derives from Chetaev’s theorem on the instabil- 
ity of motion the necessary condition of stability in case (2). 

Let be the fixed coordinate system (the Z,-axis being 
vertical), and let x, y, z be the moving coordinate system (the z-axis 
coinciding with the spin axis). 


Let J be the moment of inertia of the outer ring about the fixed axis 
Z.. A’, B’, C’ be moments of inertia of the inner ring about the axes xz, 
y, z respectively, c be the distance between the center of gravity of the 
gyroscope and the origin of the moving coordinate system, 4 be the angle 
of nutation of the gyroscope, ws be the angle of rotation of the outer 
ring about the axis Z,. © be the angle of revolution of the rotor about 


the spin axis z, and @, wi, & be the co responding angular celocities. 


In the case (2) the kinetic energy of the system is 


1 
+ sin? 6 + cos? 6) 4 


Ay? sin? + C(o + bcos 


See also: Skimel, V.N., Nekotorye zadachi ob ustoichivosti dvizheniia 
tverdego tela (Certain problems of stability of motion of a rigid body). 
Avtoreferat dissertatsii. Kazan, 1955. 
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The force function of the system is U = — ag ¢ sin.@ sin wi, Let the 
generalized coordinates of the gyroscope be Where 


and the generalized momenta be Pye Po» Poi then the Hamiltonian of the 
system can be written as 


H 1 (Pr — Ps COs 6)? 


y 


Aum + ty t mesinesing 
The canonical equations of motion of the gyrostope 
oH 
Op; 
have the first integrals 


Ps = const, H = const 


The unperturbed motion of the gyroscope corresponds to the following 
particular solution of the canonical equations: 


2 939 = Pio = 9, P3 = Clo 


where q, + 9, cus 


9 is a constant. In order to construct the equa- 
tions of the perturbed motion we shall introduce the following: 


= Vig + Pi = Pig + % (i= 1,2, 3) 
where €, », are the perturbations. 


The equations of the perturbed motion have the 


integral H — = con- 
stant, where H and H, are the Hamiltonians with 


q Vin i’ P; Pig + | \' 1, 2, 3)» qj Vio: Pi = Pio (i = 1, 2, 3) 


Expanding (H — H,) in Taylor series we obtain 


1 1 
H — Hy = (™ + + AD — + 
With the abbreviations 
1 
J+ B+A Pa =P 


we can write the equations of motion in the Poincare variations as 
dey 
dt a( + P52), = bn, 
dn 


According to the above equations the integral A — Hy can be rewritten 
as 


861 
| 
4 
> 
ag 
= 
4 
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In such a case the Poincare 


which would not be determinable when ¢ > 0. 
degree of instability would equal two. Hence, on the strength of Kelvin’s 


theorem, the gyroscopic stability is possible. 


The first integral] of the equations of motion, in Poincaré variations 
was given by Chetaev [5] as 


const 


The Liapunov function p(H — H,) — I will be positive-definite if the 
following condition is satisfied: 


(abp? eb ea)? — 4e2ab > 0 


cre? [(J + 2A + A’ + B) + 2} (J 4 B’ 4 A)(A A’)| 


If the integral I’ = const could be extended to the equations of the 
perturbed motion, then the above inequality would be the sufficient con- 
dition for stability [4]. 


We shall demonstrate now that this condition is a necessary one. Let 


us consider the function 


bnyn2 


Taking into account the equations of the perturbed motion, the deri- 


vative of this function is 


(abp? be +- ae) Eon, abpn,? + 


It can be easily seen that in the case when the inequality 


4e-ab (abp* eb -ea)y?>0 


and V could assume positive 


is satisfied, dV/dt is positive-definite, 
values. Hence, by Chetaev’s theorem on the instability of motion, the un- 
perturbed motion is unstable, which proves the necessity of the above 

condition. 


V.N. Skime]l 
analyzing the roots of the characteristic equation corresponding to the 
system of equations of the perturbed motion. 


(see footnote) proves the necessity of this condition by 


862 
H — He = 55 + 55 — — +... 
5152) — pe (Ex? + + 
e(a—b)/1. \ 
3 91. 
or 
V — 
iV 
tt 
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THE STABILITY OF THE UNPERTURBED MOTION 
OF A CERTAIN MECHANICAL SYSTEM 
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(Moscow) 
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In this paper the author considers a problem related to the stability of 
the unperturbed motion of an air plane with an autopilot. The character- 
istic equation of the first approximation of the system has a pair of 

zero roots with one group of solutions. General methods of solving this 
kind of problems were investigated by Liapunov [1] and Kamenkov [2]. In 

the actual cases the construction of the Liapunov function which determines 
the region of permissible perturbations may be very difficult. 


1. We shall consider the system of equations of the perturbed motion 


(1.1) 


Through the linear substitution 


2, "1 sy 


the system , is transformed into the canonical system 


7*1 


117121) 7127141 

1521) + + + agry2y 


117121) + 


where a. and m are known functions of the quantities a, 6b, c, 0,5 Sa 
A 


It is obvious that the problem of stability with respect to the new 


variables is equivalent to the problem of stability with respect to the 
old variables. We shall prove that in the case under consideration the 


unperturbed motion z= Y= 2 = 0 is unstable. For this purpose we shal! 


= 

: 
a2 

ax ay az 

(Dy Dey) 2-, az by 
1 
= ia ‘) } ¢ 0. he 

dz (1.3) 

dt 

i, 
: 
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perform a preliminary transformation of the system (1.3) by the substitu- 


tion 


In this case 


When z 0 the substitution reduces to «x, Ey, ». On the other 


hand, the terms of the substitution which contain : are all of the same 
degree, which is at least two. The above substitution could not lower 
the order of the right members of the differentia] equations. This can 
easily be proved by differentiating (1.5) with respect to the time ¢t. We 
shall have 


Let us group together all the second order terms in the right-hand 


member of the above equation. With the old variables we shal] have 


+ + + agri 2) + — + Bex,2, fey;2; + 2Dez,*. (1.7) 


The transformation from the old to the new variables ¢, » will leave 
the second order terms unchanged, but will introduce additional terms of 
a higher order. With A, B, and D defined as above we shall obtain the 


relation 
(a; 2Dce) + (ag + Bc) 2,2, + (ae B le) (1.8) 


The final form of the transformed system could be written as 


dé 
dt 
dy, 
dt 
dz 


dt 


Here the function f,(€, 9, 2,) contains no terms lower than the third 


order with respect to the variables z,; the function f,(€, n, 
contains no terms lower than the second order with respect to these 


variables. 


Let us consider the function 
1 


In any neighborhood of the unperturbed motion ¢ - 0 there are 


865 
! B D (1.4) 
ay n= Bryz, (1 + Azy) (1.5) 
>. 
520 dn dx, 12; 12) dr, 
dt dt “! dt Ba it Izy dt it dt it 
iz 
(1.6) 
at dt 
1 + Az, 
+ + agy® + fr (E, 21) (1.9) 
czy + f2 1, 21) 
i 
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points where Wié, n, z,) > 0, and also points where vie, 


time derivative of the function V equals 


(=, 21) 


Here ®( €, n, z,) contains no terms lower then of the third order 
magnitude. 


Thus the function V satisfies al! the conditions of Liapunov’s theorem 


on the instability of motion | 3]. The conditions of instability would not 


be satisfied if a, 0, which ts possible when a 0, or when 4b, 0. 
2. We shall consider now the case when : : - O. In this case 
equations (1.3) will become v . 


We shall show that in this case the unperturbed motion is unstable. In 


order to achieve this we shal! consider the function of Chetaeyv 


ry (9 


The region V> 0 is represented by the inside surface of a cone. Taking 


into account the system (2.1), the derivative of V is 


(2.3) 


In a sufficiently smal] neighborhood of the unperturbed motion the 


sign or the right member of this equation is determined by the sign of 


the expressi« n 


The above expression is a quadratic form with respect to the variables 
y and z, and is a positive-definite function for all values of x satisfy- 
ing the condition 


bb, 


For given values of x the function f(xyz) could vanish only on the 
line y z 0 lying on the surface of the cone 


: 
866 
: 
< 0. The 
al r 
ae 
* 
of 
ie 
ty 
az 
_ 
mas ma main 
c 
{2 / y* [2.4 
by 
‘ x 
age 
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Thus, the constructed function V satisfies the conditions of Chetaev’s 
theorem on the instability of motion fal, which proves our statement. It 
1s easy to notice that the function V would also satisfy the conditions 
of Chetaev’s theorem when a= 6. = 0. In this last case the right member 


of the inequality (2.3) becomes 
mayo 


11 Qg ry + ayert yr + 22/4 (2.7) 
c c c 


and represents a positive-definite function for any sufficiently smal! 
value of the variables «x, y, z. which vanishes in the neighborhood of the 
unperturbed motion on the surface of the cone (2.6). Thus, in this last 


case the unperturbed motion z= y= z= 0 is also unstable. 
3. Ye shall consider now the case when b, 0, af 0. The equations 
(1.3) become in this case 
dr 
cr m [ayx*y agry® + agy® + ayyz* tsryz + aey*2] 


where the coefficients a, m will depend only on the given values a, b, 
c, 6 
The direct construction of Liapunov’s function for the system (3.1) 


presents considerable difficulties, which could be circumvented through 
an additional transformation of the system achieved by the following sub- 


stitutions: 


mayr,? 
+ ay 
\% / ¥1 + U (2m) (3.2) 
ma,zx* 
! 
c 
| } 1 
zy uy 2 (3.3) 
Z2 Ue Yi + | 


The substitution of (3.2) into (3.1) will chanee the System (3.1) as 
follows: the first equation will not change; in the second equation wil] 
appear additional terms of fifth order; the third equation is the only one 


which will show some essential] changes. 


On the strength of the identity 


= 
; 
— 
4 
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the system (3.1) transforms into 


+ Agyy? 4- 


L agzyyy? + f (214121) 
fe (214171) 


and the functions f,(x,y, ,) and f,(x,y, 2,) could be expressed as 


fo = (T1421) + (Try121) + yr (214121) (3.6) 
(9, 0, 0) =90 (R= 1i,...,7) 
It is easy to notice that the substitution (3.2) does not lower the 


order of terms in the right members in the system (3.5). After the sub- 
stitution (3.3) the system becomes 


dr V1 + 4ay,.2, 
? 
dt 
+ + + + fr (714121) 4 + + 


dz, 
dt cz, + fe (214121) (3.7) 


Finally, after dropping the indices, the transformed system could be 
written in the form: 


y + ®, (yz) 
ayxr*y + asry? + asy® + asryz + (ryz) 


cz + Ds, (ryz) 


a,? 


sty? +... 
@, (xyz) = (xyz) + (ryz) + y*Fs (ryz) + ry®F (zyz) 
D3 (zyz) = 2Fs (xyz) + (ryz) + y*F; (xyz) 


F, (0, 0, 0) =0 (k= 4,...,7). 


Let us consider Liapunov’s function 


: 
868 
(c + a,x;*)* 2 c 
dz, 
= dt 
; dy; 3 5) 
¢ az, 
dt 
¥ 
Me 
dr 4 
dt 
dy 
(3.8) 
dt 
dz 
where 
{ 1 + Janz 28 
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(3.10) 


22 


In the neighborhood of the unperturbed motion for sufficiently smal] 
values of the variables x and y the sign of the above function is deter- 
mined by the sign of the polynomial. 


\3 


aszy* ) (3.11) 


which can vanish only when 


It follows that the function V(x, y, z) is a positive-definite function 
of the variables x, y, 2. Taking into account the system (3.8), the total 


time derivative of the function V equals 


=x 
0 


( 
+y' exp | — \exp dz — 3a,z* exp 
0 


x =x 


3 
x \ [1 + 2a3 exp (— exp dz + exp 


)az| +y* — 1 — x exp(—*S 


= 


3 3 
+ 3 (a3 — exp 11 + exp (— a,r*)} exp( az + 


a2 


— exp asz* ) as2*) dr 


e f ox? 
J (ryz) exp € ] - \ exp ( ae asy* | [exp 
x 
z=y=2=0. (3.12) 
aca 
dt )| az} + 
\ 2 
x 
5 a,r*\ : 
ar a 2 
+ 4a,a3? (\ exp az) + \ exp dz \ a;z* exp (- + 
+y° exp \ — exp |— ) dz + | \ exp dr} — 
\ 2 2 \ 
x 
a 


Rerezkin 


Dz (z, 


For sufficiently small values of x and y the above derivative could be 


written as 


dV 


2ayx*y? [1 + — y* [1 + yo — 27 [1 + (zyz)] 4 dy (3.14) 


at 


Here, y,(xz, y, 2), ¥,(%, ¥, 2), y, 2z) are continuous functions 


Je 2 Je 


of x, y, z, in the neighborhood of the unperturbed motion, and vanishing 


at the point x= y= 2z 0. In a certain neighborhood S, of the unper- 


turbed motion, where the following conditions are satisfied: 


| (z,y,2) | yo (x,y,z) | < 8, | ys (z,y,2) | const < 1 


we shall have 


2ayx*y? [1 + + [1 + + + (2,y,2)] — 


> (1 — 8) [— + y* + 2°] — asryz > (1 — 5) | 16) 


where k represents the maximum value of la.d¥ dy! in a certain neighborhood 
S, of the unperturbed motion. The function 


} (z,y,2) 2? k | ryz | (3 17) 


is a positive-definite quadratic form with respect to the variables u= ry 


z for all values of k satisfying the condition 


The function f(zxyz) vanishes at <= z= 0, ys 0, and at y= z= 0, 


x # 0, and hence is a positive-definite function in the sense of Liapunov. 
We shall select now S, such that the condition (3.18) for k will be satis- 


fied. Suppose there exist a neighborhood of the unperturbed motion (S) 


which is entirely in S, and S, as well. Then, in the neighborhood (S) the 
derivative dV/dt will be a negative-definite function of the variables 
x, y, z, vanishing on the line y = z= 0. In this way we have shown that 


the constructed function V satisfies all the conditions of Liapunov’s 
theorem on the stability of the 


unperturbed motion, 


It could be shown that the asymptotic stability does not hold in the 
considered case. This is seen from the following solution of the system 
(3.8) 


x Yo = const, z= 0 (3.19) 


‘ 

870 

x 
2 al al 

+ y®4a,° exp | — | dz z*-4. —— (z, y, 2) 4 (x, y, z) 4 

0 

= 

3 

v 
the: 
d 

— 82, (3.18) 

. 

x 


to 


The unperturbed motion of a certain mechanical systen 871 


BIBLIOGRAPHY 


Liapunov, A.M., Issledovanie odnogo iz osobennykh sluchaev zadachi 
ob ustoichivosti (Investigation of a certain special case of the 
problem of stability of motion). Mat. Shorn. Vol. 17, No. 2, pp.253- 
333, 1883. 


Kamenkov, G.V., Ob ustoichivosti dvizhenia (On the stability of 
motion). Trud. Kazan. Aviats. Inst. No. 9, 1939. 


Liapunov, A.M., Obshchaya zadacha ob ustoichivosti dvizhenia (The 
general problem of the stability of motion). Gostekhteoretizdat, 
1950. 


Chetaev, N.G., Ustoichivost dvizhenia (Stability of motion). Gostek- 
hizdat, 1955. 


Translated by T.L. 


>2 
a 
: 
2 
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PMM Vol.23, No.3, 1959, pp. 611-615 
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In his contributions [1-3] to the theory of shells, Kil’ chevskii derives 
a general method of solving the static problem of the theory of shells 

by reducing this problem to the treatment of a certain system of integral 
equations. In the following we give the results of further development 

of his method with reference and application to the case of cylindrical 
shells. 


The system of the integro-differential equations of equilibrium of a 
cylindrical] shell is obtained on the basis of the theorem of work reci- 
procity (Theorem of Betti [4] )}. According to this Theorem we consider, 
in the well-known manner, two systems of forces and displacements: the 
first system consists of prescribed forces and sought displacements, the 


second one consists of auxiliary forces and auxiliary displacements. 


We treat the cylindrical! shel! as a continuous three-dimensiona] 

medium. The middle surface of the shell is used as coordinate surface, 

and the position of a point on this surface is determined by the coordi- 
mates x and s: these are the distance along a generator and the length of 
the arc of the directing curve, respectively (see Fig. 1). The third co- 
ordinate z is the distance, measured along the normal, between the point 
M(x, of the middle surface and a point considered; z varies between the 
limits — 1/2h and + 1/2h, where h is the constant thickness of the shell. 


Assume that a concentrated unit force, acting in the direction e. of 
the local reference coordinates, is applied to the middle surface of the 
shell at the point N( xy, $y) of that surface. The component of the linear 
displacement, produced by this force at an arbitrary point M(x, s), in 
the direction shall be denoted by uw, N). Here and in the fo) low- 
ing the subscript in the parentheses indicates the direction of the force. 
The angle of rotation of the normal to the middle surface at the point MW 
around ty shall be denoted by a 5) ym N). The stress resultants and stress 
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couples at an arbitrary point L(x,, sy) of the boundary contour shall be 
denoted by T, \q (bi N) and L, \a (Li N), respectively. The subscripts a, 

j assume the values 1, 2, 3; the subscript y assumes the values 1, 2. This 
will be our basic system of loads and displacements. 


Now imagine the cylindrical she]1 rolled out into a plane and consider 
the resulting rectangular plate (Fig. 2). Assume a concentrated unit 
force parallel to ea to be applied to the plate at the point M(x, s) of 
the latter. The linear and angular displacements, arising at an arbitrary 
point N( xy, Sy) of the plate as a result of the action of that force, 
shall be denoted by a) RN: M), D1 a) (N; M), respectively, while the 
stress resultants and stress couples acting along the boundary line shal! 


be denoted by M), 


y (bi 4), respectively, where B= 1, 2, 3. 


Let us impose the displacements “la)p upon the points of the middle 
surface of the shell 


In order to produce these displacements in the shell, we have to apply 
to the shell some loads distributed over the curved as well as the bound- 
ary surfaces in addition to the concentrated unit force. This additional 
loading is replaced, in the theory of thin shells, by the following load- 
ings: 


(a) the loading Kia Ald M) and the moments Ca )y 6% M), applied to 
the points of the middie surface; 


(b) the auxiliary stress resultants Sia) (L; ™ and stress couples 
Ma) (L; M), applied to the boundary contour of the middle surface of the 
shelt, The stress resultants Si a) and the stress couples Me differ 
from the corresponding quantities of the plate by terms, which disappear 
together with the curvature of the shell. The displacements "(a)A and the 
loadings necessary to produce them in the shel! will be used as our 
auxiliary system. 


The theorem of work reciprocity, if applied to our basic and auxiliary 
systems of forces and displacements, permits to write down the following 


Fig. 1. Fig. 2. 


N.I. Remizova 


system of integro-differential equations: 


ab 
00 


(a, B, 7 = 14, 2, 3) (1) 
where 


(a)1° H 


a a 
= + Gr Say 2 + Gs Ga): 


(a)2~ kG 4) 1 


a 


( 


L; M) 


(L; — g (L; M) 9 (L; N) — 
b 
(a) (L; M) (L; \IT N) Pay (L; M) + 


= 


M 


(L; N) (L; M) — (L; M) 5 (L; N) — 


(a 


x; =a 
— Say (Li; M) 9 (L; N) — y M) (L; 


(a) 


(a, B, j= 1, 2, 3; y=4, 2) 


while k = k(s) denotes the principal curvature of the middle surface of 
the shell. 


The equations (1) represent the fundamental] system of integro-diffe- 


q rential equations of equilibrium of cylindrical shells. Determination of 


“ae the nine functions u \q iM: N) leads to Green’s tensor, which permits to 
find the displacements produced by the arbitrary loading. 


The system (1) shows that the desired displacements represent sums of 
two terms. The first term is the corresponding displacement of a point 
at the middle plane of the plate. The second term, containing an integra! 
over the middle surface of the shel! and its boundary line, expresses the 
general influence of the shel] curvature and of the difference of the 


a boundary conditions of plate and shell on the displacements of the points 


of the middle surface of the shell. Consequently, the best version of the 
auxiliary system is the one derived from the solution of the problem of 
the plate under the action of a concentrated unit force, with boundary 
conditions which are identical to those of the shell. In the worst case, 
if the solution of the corresponding problem of the plate is difficult, 


the auxiliary displacements are to be represented by a sum of the form 


= Via) a + (2) 


where the Via \p are functions possessing a singularity corresponding to 
— the action of a concentrated unit force on a plate, to be determined by 


° 
< 
4 a 
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solving the known problems: the one of the two-dimensional theory of 
elasticity [4] and the other of the theory of plates in bending [5]: 


vf a)R are arbitrary functions, regular on the middle surface of the shell. 


The functions 


fa)R jetermine such displacements of the points at the 
middle surface of the shel], which are produced by some non-concentrated 


forces and which are not necessarily solutions of the homogeneous equa- 


tions of the problems indicated above; these functions are being intro- 


duced for the purpose of satisfying the boundary conditions of the shell. 


It will become evident in the following that the displacements “a)R 


produce a change in the structure of the equations (1). 


determine the roots H 


We shal! a)f 
means of the differentia] equations of equilibrium for an element of the 


? of the system (1) of equations by 


middle surface of the cylindrical shel]. These equations are, in their 


general form 


(3) 


where R. and Ne are homogeneous linear operators for the displacements 


the first of these operators refers to the plate. while the second vanishes 


together with the curvature of the shell: the # a);{ Tepresent the compo- 


nents of the externa) load. 


the 


If auxiliary displacements satisfy the corresponding boundary con- 


ditions of the plate, then the roots of the equations (1) are determined 


by the operator RF, a)A)+ dut if the displacements are chosen in the 


form 2), then the roots are determined by the sum 
ait 


H R 


Let us apply the results just obtained to the solution of the problem 


of a ctrcular cylindrical shell acted upon by a concentrated normal force 


P and hinged along its edges. 


If the 


trigonometric series, then the three components of displacement of a 


auxiliary displacements are available in the form of double 


point at the middle surface can be represented by means of closed express- 


ions. 


The 
plate with movable hinged supports are of the form 


lisplacements produced by a concentrated norma) unit force in a 


} 
= 
a4 
ehere | 


Remizova 


2) a 
as mn (m* + D Eh 
n*D 12 (1 y?) b 


where E is the modulus of elasticity of first kind and vy is Poisson's 
ratio. 


We consider here in some detail the solution of the plane problem of 
the theory of elasticity by means of double trigonometric series. 


The required displacements, produced by the concentrated unit force 
directed along the a-th coordinate line satisfy the system of equations 


2 
a) 1 f—v ak 
(5) 
where 
{ whena=k q (—({—v*)/ Fh when N=M 
If the solution of the system (5) is to be obtained in the form of 
double trigonometric series, then we have 
MTS 
v (N; M) =a, 2. COS - sin cos os 
(1)1 aj mn a b a b 
v (N; M) = Sb cos N (6) 
"> aj mn x b a 
mn 
f 
(N; M) = 0%) 
(N; M) ay sin” cos sin N cos 
2)2 a b a b 
mr 
where 
4 (1—v®)? 4(1 + 
/ h Eh 


If the auxiliary displacements are chosen in the form (4) and (6) 


then the system of the integro-differential equations (1) assumes, in 


the case of the problem stated above, the form [6] 


We 
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ab 

u,;(M; N) = — Ay) 3 (2; M) us (Q; N) dra ds, 
00 
ab 

ue(M; N) = - \\ Hes (Q; M) us (Q; N)dzq 
oe 


(7) 


ug(M; N) Ps) (N; M) 


M) (Q; N) + 
0 


+ Ais)» (Q; M) (Q; N) + His) 5 (Q; M) us (Q; drgdsq 


The roots Hy a) of the system (7) are determined on the basis of the 
differential equations of equilibrium of the general technical bending 
theory of thin shells developed by Vlasov [7]. So we have 


O: M) 


M) 


Mrz, 
(3) 1 (Q3 M) 11 >) mn Sin sin cos sin 
a b a 


mn ‘ 
nrg, 
M) = 12 Sin sin sin 2 cos 
a 


mn 


mrr 
5 (Q; M) Tmn Sin sin sin - sin (9) 
mn 
where 


ta 


48advk 


3h? 


n 


(m? +. 22n%)2 mn mn (mt + 


mn 


Eliminating uy and us from the third equation with the aid of the 
first two equations, we can reduce the system (7) of integral equations 


to the one integral equation 


ab 
ug N) Pies (M:N) (Q; M) us (Q; N) dz 
00 


>2 
4 mnrz nns 
mnz.. nines. - 
Ay), = > C08 —— sin sin __@ sin @ 
an 
mrz nes . mrz ane 
Bs >) Bran sin —. cos sin Q (8) 
mn 
== R n{m* lv (1 + v) — 2]/(1—v) — A? 
7 
(10) 
a 


= 
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where 


ab 
F (Q; M) = (Q; M) —\\ Ha) (P; M) (Q; P) dx, ds, (8 = 1, 2) 
06 


The solution of the equation (10) can be written in the form 


us (M; N) >| PasC,,, sin sin (N) | sin sin (11) 
mn 
where Lon”) are unknown coefficients. Substituting (11) into (10) and 
making use of the orthogonality of the trigonometric functions in the 
interval considered, we obtain an equation for the determination of 


an 


Ultimately we get 


us (M; N) —— [uo (M; N) —u, (M; N)] (12) 
D 
where 
uo - sin 5in GR sin —— 
n4 (m? A2n2)2 a b a b 
mn 
u 4 ay NITES ay ns 
{m? 2n?)? [(m? A2n?)4 pm*| a b a 


From the relations (8) and (12) we find the quantities H,,\., Hi 5) 
and u.; substituting the results into the first two equations of the 
system (7) and carrying out the quadratures, we find 


u,y(M; N)=8 > sin sin (13) 
si a b a b 
ue(M; N)=38 sin —™ sin —_™ sin cos (14) 
— a a 
mn 
where 
‘ m (vm? — }2n2) N n[m? (2 + v) + A®n?] 
’ mn ‘ mm Amn 
Amn = (m? + 2* n?)* + pmé 


The solution obtained coincides completely with the results given for 
the same problem in Vlasov’s book [7]. 


Thus we arrive at the following conclusion: if, in setting up the 
differential and integral equations, for the equilibrium of one and the 
same shell, we start from the same assumptions, then the two sets of 
results are identical. 


| 
4 
af 
> 


Integral rquations of equilibrium of thin elastic cylindrical shells 879 


BIBLIOGRAPHY 


Kil’chevskii, N.A., Osnovnye uravneniia teorii obolochek i nekotorye 
metody ikh integrirovaniia (The fundamental equations of the theory 
of shells and some methods of their integration). Sborn. Trud. In- 
ta matem, Akad. Nauk SSSR No. 6, 1940. 


Kil’ chevskii, N.A., Nekotorye metody integrirovaniia uravnenii ravno- 
vesiia uprugikh obolochek (Some methods of integration of the equa- 
tions of equilibrium of elastic shells). PMWM Vol. 4, No. 2, 1940. 


Kil’chevskii, N.Y., Priblizhennye metody opredeleniia peremeshchenii™ 
v tsilindricheskikh obolochkakh (Approximate methods of determina- 
tion of displacements in cylindrical shells). Sborn. Trud. In-ta 
matem. Akad. Nauk SSSR No. 8, 1946. 


Love, A., Matematicheskaia teoriia uprugosti (Mathematical Theory of 
Elasticity). ONTI, 1935. 


Shimanskii, Iu.A., Izgib plastin (Bending of plates). ONTI, 1934. 


Remizova, N.I., Raschet tsilindricheskikh obolochek na prochnost’ 
metodom integral’nykh uravnenii (Stress analysis of cylindrical 
shells by the method of integral equations). PMWM Vol. 4, No. 3, 
1940, 


Viasov, V.Z., Obshchaia teoriia obolochek (General theory of shells). 
Gostekhizdat, 1949. 


Translated by I.M. 


q 
: q 


VARTATIONAL METHODS OF SOLUTION OF 
PLASTICITY PROBLEMS 
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PMM Vol.23, No.3, 1959, pp. 616-617 


L. M. KACHANOV 
(Leningrad) 


(Received 1 March 1959) 


1. Variational methods, based on the principle of minimum potential energy 
of a system and on the principle of Castinliano, have been applied ex- 
tensively to the solution of problems in the theory of elasticity. In the 
theory of plasticity there are also analogous minimum principles; here, 
however, the functionals are not quadratic; therefore, the application of 
variational methods meets with great difficulties. Below a method is in- 
dicated which enables a successful application of variational methods to 
the solution of problems in theory of both plasticity and steady state 
creep. A similar method can also be used in finding the minimum in other 
nonlinear problems 


Let the body obey the equations of the theory of elastoplastic deform- 
at:ions 


D, => #2(7) D,. = (1) 


where D : D, are deformation and strain deviations, « the relative change 
of volume, o the mean pressure, k the bulk modulus. Shear stress intens- 


ity T is connected with shear strain intensity by the relation 


or g2(T)7 (2) 
wrere 


O<gi(T)<Go, (1) <9, g:(T) >—. #,°(T)>9 (3) 
40 

and G, is the shear modulus. The function g(l') is equal to the tangent 
of the angle of slope of the secant OM (Fig. 1), and g,(T) is the co- 
tengent of the same angle. 


Let us assume, for the sake of simplicity, that spatial forces are 
absent. Let the load Fi be given over a portion of the surface Sp. and 
tre displacement u - over the remaining portion sy 


5 
: 
880 
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2. It is known [1] that the true displacement u= u(x, y, z) corres- 


ponds to the minimum potential energy of the system 


\ + {n(n rer) av — dS = min 


Sp 


(4) 


= 


where V is the volume of the body (when @, (1) = const = G,, we have the 
case of an elastic body). The direct calculation of its minimum by the 


Ritz method is difficult. Under homogeneous conditions over S. one can 


easily obtain a rough approximation in the form uw = cu , where c is an 


arbitrary parameter, and w is a suitable displacement (wu is usually 


taken as the solution of the corresponding elastic problem*). 


Let us look for the solution w of the problem (4) by cuccessive approxi- 


mations in the form 


where u.* satisfies the given conditions on Ss,» n° becomes zero on S, 


and c,h, are arbitrary constants. In the initial (zero) approximation 


* The unreliability of this method can be judged in the case of bending 
of a cantilever beam by a force applied at the end z= Il. Por a power 
law ¢,* Bo "(a > 1) the ratio of deflection u, (lt) under action of 
force, using the approximate solution in the form mentioned, to the 


exact value of deflection u(l) is equal to 


The cause of this discrepancy, increasing with a, is a considerable 
violation of equilibrium conditions. 


: 
/ 
j 
0 = 
3 
959 
m= (ki = 0, 1, 2,. (9) 
ur (2) _m + 2/2m + 1\m 
— u 3 3m 
=, 
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(k = 0) we assume g,(I°) = const = G,; having obtained u we compu 
corresponding I.. Using I’. we compute the secant modulus g¢, (1 
stituting into (4), we look for the first approximation of u, by minimiz- 
ing the quadratic functional: 


\ F (J's) | \ F..uds 


etc. The presence of the variable "modulus” g,(T, ,) in the k-th approxi- 
mat:on only slightly complicates the compulation of integrals; the k-th 


approximation has the same form as for the elastic body. 


3. True stresses o [is 7a a 2, 3) produce the minimum complementary 


work of the body [1] 


subject to the condition that 


| 
= 


Let us construct successive approximations in the form 


where Oy is a particular solution of the equilibrium equations, satisfy- 
ing given conditions on S_, iis are particular solutions of equilibrium 

equations, satisfying zero boundary conditions on Sp and Ch, are arbitrary 
constants. Assuming g,(T) = G, ~ we find the initial (zero) approximation 


\ corresponding to the elastic problem, and compute Tr . We assume 


(4) 


G, = g,(T G.) and determine the first approximation Oi; by minimiz- 


ing she quadratic functional: 
Ry \ | — ko* d\ min 


etc. For the k-th approximation G, = Note that the com- 
putation of the variable "modulus" G, from the intensity of 
deformation Py rather than from the intensity T'"~*’ considerably im- 
proves convergence. 


4. Solutions of problems in the theory of elasticity by variational 
methods can easily be extended to corresponding problems of plasticity 
with strain hardening. In (5), (7) it is advisable to retain the number 
of terms which ensures the desired accuracy of the solution of the elastic 
problem. It is easier to carry out integrations numerically: the values 


88° 
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of the secant "modulus" Gy, can be obtained starting directly from the 


experimental curve T— I. Preservation of the same form of solution in 
each approximation (only coefficients cp. vary) considerably simplifies 
computations, and contrary to other methods of successive approximations 


(see [2] ), eliminates the cumbersomeness of results obtained. 


Elasto-plastic problems are solved using the same methods. Finally, 
note that the solution of the minimum problem in each phase of approxima- 
tion can be constructed by other means (e.g. L.V. Kantorovich’s method 


consisting of reduction the ordinary differential equations). 


I take this opportunity to express my gratitude to S.G. Mikhlin for 


discussing and taking an interest in this work. 
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THE THEORY OF FRACTURE OF SOLIDS 
(K TEORIT RAZRUSHENITA TVERDYKH TEL) 


PMM Vol.23, No.3, 1959, pp.618-624 


A large number f works has been devoted ¢ the theory f fracture of 
solids and reference is made ¢ some of these | 1-12]. The present paper 


is concerned with the formulation of a theory of fracture of solids. The 


theory pror sed ie forma! in character and ; 


i forma] is limited to the investigation 


the eim lest nhenomo! yiea? wres of enlide ic jevyelonment of 
I reatuy I ids, 1 devel I 


By the fracture of a solid is meant its disintegration under load. The 
character of the state f stress should be such that the static 


I 


as the kinematic fracture is p ssible. Investigation of these aspects of 


fracture is the subiect f its simplest theory. 


Following Prandt!'s [2] concepts let us consider a brittle fractured 


body. The assumption of a brittle fractured body is a simplifying one and 


it allows such properties as e] isticity, viscosity nlasticity creep etc. 


which are exhibited by solids under load, to be disregarded. It is the 
mode! of a brittle fractured body which permits to exhibit the simplest 


fracture nroperties in their "pure" 


form, 
If one excludes the influence of temperature and of rate of loading. 
then fracture of a brittle fracturing body will occur when some combina- 


tion of 


Stresses will reach its limiting value 


f (a1, Ge, os) (ec const) (1) 


where o., o,, 0, are the principal stresses. 


One should note that even under these assumptions, the process of 
fracture can be accompanied by emission or absorption of heat. and this 
juantity must be considered in the general balance of the enerevy state: 


however, in the simplest case we wil] assume, that all heat effects can 


be neglected. 


Expression (1) will be called the failure condition. The simplest 
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possible failure condition can to a large degree be achieved assuming a 


homogeneous body, isotropic at any moment 


The first assumption in the simplest case ’ ire condi- 
tion is independent of the parameters characterizing chang ‘f properties 


in the initial condition of the material. 


The second assumption establishes coincids >» of material properties 


in an arbitrary direction. 


The failure condition is interpreted in the space of pal stresses 


as some surface, which wil! be called the su f failure condition. 
Obvious properties of this surface of failu ure thi does not 
through the origin of the coordinate s and any straight 
through the origin of the coordinate sy s | intersect it 


than once. 


Thus, in formulating a ) f : ollowing assump- 


tions have been made 


(1) Absence of properties of elasticity, sity, plasticity, creep 


etc in the body (mode! f a brittle frac 
(2) Absence of influence of heat effects or: ‘ideal character 
fracture). 
(3) Homogeneous properties of the body. 
(4) Isotropic properties of the body. 
(5) Disregard of influence of rate of load 


It appears that relaxation of any of these assumptions 1-5 


generalizations of the considered theory of fracture. 


Let us now express some assumptions which are to be the basis for 
further considerations. First let us assume that the failure surface is 
not concave. This assumption can be investigated following Drucker fi3] 
and Hil! [14]. 


The second assumption consists of the fo) : a 1] the possible 
fracture conditions for a given group of mecha ] roperties, the 


actual condition corresponds to the minimum f stresses We shal! 


interpret the fracture stress as the value of é 6 eneth o(c,, @., 


o,), where components g,, 0,, 0, satisfy equa 


Let us investigate a curve lying at the inte ion he fracture 


condition surface with the surface 0. + ao. 


Obviously the possible non-concave curves ! given lengths of 


4 4 
a Of loading. 
> 
q will lead 
~ 
—— 
a4 
> 
+ 7. = const (Fig. 1). 
4 
— 


between triangles A.A 
2?) the hevaer will 


curve ec reenondine tr thy ture enrfare 
Irv T ine l I 


fracture stresses Thus e ) > curvil inear 1 


-quired surface of fracture conditio 


Fig. 1. 


It is known | 15 | that the state of stress corresponding to the edge 


such a pyramid, is statically determinate, and the equations defining 


‘f stress belong, generally speaking, to the hyperbolic type. 


to investigate , when 


where 0, r are stress components, and ? - 1, 2, 3) direc 


on cosines, determining the mutual orientation of the axes of the 
Cartesian system of coordinates and of the principal directions of stress 
we obtain from (3) and (2) 


+ [f — oy] Try Uf (01) — 1] rine 


[f — [f (a1) — mons 


The value ¢ be expressed through o = 1 3(0, +0 


relation 


We will assume o, g(a). From (4) we obtain the required fracture 
condition 


| 

4 
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This can be proved as ft llows. 

Go, Bo f (a,) (2) 

Using relations 

~ a./ a 

- 

4 : 

°a fia 3 5 
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g — g 


g (c)| g 


Substituting expressions (4) into equations of equilibrium 


and considering 


ny? no? + (8) 


we obtain a system of four equations with unknowns, whose character- 


istic determinant is equal to 


do\ 
ol (2 + in) — (grad 


Od Ad Ad 
id oy 


where «s(x, y equation of the characteristic surface 


system. 


From condition (10) it follows that there exist two families of 
characteristic surfaces, of which one is ort} 1 to the direction of 
the third principal stress, and the second intersects it at an angle fi. 


so that 


cos§ = (10) 


It follows from (10) that 


df da, (11) 


Thus if the state of stress preceding failure corresponds to a pyramid 
edge, then the boundary conditions (formulated of course in terms of 
stresses) enable us to determine the region in each point of which the 
fracture conditions (1) are realized. Fracture will take place in this 


region, which will be termed the fracture region 


Let us investigate some particular cases of fracture conditions. First 
let us assume that the pyramid interpreting the fracture condition inter- 
sects the axis 0, = a, = 0, at a pointo, =0,=0, 0. In the opposite 
case fracture would occur under uniform compression stress. If one assumes 
that the apex of the pyramid moves towards infinity, then the pyramid 
degenerates into a cylinder, whose generators are parallel to the straight 
line o; 2= o.. In the simplest case, when the fracture limits in 
tension and compression coincide, the fracture condition respresents the 
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equality of the maximum shear stress to some constant 
(i4j, i 28 (12) 


Another limiting case occurs when the pyramid apex moves towards the 
origin of coordinates, If the value of the fracture limit in tension is 


is equal to a constant d, then the pyramid degenerates into a 


plane 
6} (13) 


the most interesting cases is the fracture condition 
io<d, 63 < d, d = const (14) 
Condition (14) is interpreted in the space of principal stresses by a 
triangular base pyramid, three sides of which are planes meeting at right 
angles (0,ABC in Fig. 2). Let us assume that the state of stress corres- 


ponds to the pyramid edge 
(15) 


In this case we obtain from (2) 


where 


From (16) we obtain the required fracture conditions 


6. —d\(a 
(s, ad) (sc, 


(c_ d) (a. 


Assuming n “0 F and substituting expression (16) inte equation 


of equilibrium (7), obtain 
Og 0q 

cos COS COS + COS 9; COS 


2 Oy 


810 COS 93 gcOS, SID Pe by «OS 9, Sin 
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d + one? 
2 q * ox 1 
q= 3(0 — d). 
) (s, a) (17) 
” 22 
q O?1 OD 
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Joining equation (8) to the three equations (18), we find that the 
characteristic determinant of the system is equal] to 


0 (19) 
Consequently, the characteristic surfaces are orthogonal to the 


directions of the third principal stress. The system of equations is 
parabolic. Obviously the investigated case is the limiting case of the 


general one when df/do, » oo, 


Let us pass to the investigation of the kinematic side of the fracture 
process. It is to be remembered that the body and its parts remain rigid 
(non-deformable) according to the accepted hypothesis during the whole 
process of fracture. However, fracture of a given brittle fracturing body 
under a given state of stress proceeds in a completely defined way. 


Let us assume that at each point in the fracture region the fracture 
velocities are defined. The field of fracture velocities enables us to 
define the field of fracture strain velocities. 


The field of fracture strain velocities is to be understood in the 
sense that at a moment preceding fracture, the body tends to deform in a 
fully defined manner. This tendency to deform leads to failure. 


The true field of strain velocities must characterize definite extremum 
properties of state of a body prior to failure. It is therefore natural] 
to consider fracture condition as a "fracture potential’. 


(20) 


Definition (20) allows the formulation of theorems, which estab) ish 
extremum properties of the state before fracture [16-17]. 


Generalization of definition (20) shows that it is preferable to 
satisfy the state of stress, corresponding to the edges of the fracture 
surface, since this ensures the maximum freedom of fracture [18-19]. 


Let us indicate relations defining the field of fracture strain velo- 
cities in case (6). Following [is] we obtain 


rig’ (0, + 0, — 2g) + Ae] (9, 4 


From (21) we find 
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The three relations (22) are equations in three unknown components of 
fracture velocity u, v, w. The characteristic manifold of equation (22) 
coincides with the characteristic manifold defined by equation (9 


For the 


characteristic manifold of » of equations (23) is defined 


juation 


Fig. 
iy disintegrates in a number of rigid 
peaking, only that fracture is feasible whose 
‘ities allow a relative displacement of the parts of the 
entities. Therefore, in b le fracturing bodies the 
f portions of characteristic surfaces (along 
Surfaces the action of fracture stresses and the tendency 
are a maximu sv interconnected that part of the body formed 
racture is able to move as a rigid body. 


bodies under load there appear such properties as elasticity 


etc , therefore, portions of the body have a higher degree of 


mutual displacements and fracture is accompanied by the appear- 


cracks propagating along characteristic surfaces. 


If the failure condition surface is represented by the above mentioned 
hexagonal curvilinear pyramid, then the failure will be called shear 


fracture, and failure under condition (15) cleavage. Apparently, under 
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such definition fracture by cleavage is a Particular case of fracture in 
shear. 


Some 


examples 


follow, Let us investigate the case of the plane state 


Strain. Fracture condition will be expressed as 


Gy d, = d, — G2 (24) 


In Fig. 3 a broken line is shown, representing the fracture condition 


Note that o. = 1] 2(0, + 0,). Conditions (24) will 


pe rewritten as 


(s, — d) (c 


stress 


under conditions (25) has r 5 in the 


theory of ideal plastic plane state of stress | 2¢ 


In the case of uniaxial tension with d k cl wil cccur (Fig 
4,42), while in the case of uniaxia) compression shear fracture wi ccur 
(Pig. 4,b). In the case of pure bending with d k the position of the 
neutral axis is obtained from the cor lition of a minimum bending moment 


W at fracture. We obtain 


where H is beam thickness. hk the distance of the upper side of the beam 


ul 


from the neutra) aris (Pig. 4,c). In the ipper part failure occurs as 


a result of cleavage in the lower, as a result ‘f shear fracture 


Let us investigate the equilibrium of a thick-walled tube subjected to 


internal pressure (Pig. 5). We denote the inner and iter t 


aand hb. One has tre distinguish two zones of state in t} 


by a circle of radius ce. Let us pass to non-dimensior 


+ 


where r is the current radius. 


Using the equation of equilibrium 


The state of 
2 \ 
\ 
25 
y 
a 
ail 
Pig. 5. 
: 
| 
1 | kH 
2 | FT (26) 
ibe radii by 
p=ri/a t=c/a B=b/a 


I, 


Fig. 
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(33) 


5 defines the dimensions of tt ‘up formed at failure. 


The value of 


When d> k + k In f? failure occurs in shear only. 


If one cuts a vertical slot in the specimer then the character of 


the state of stress differs radically from the one investigated, and at 


will occur in shear as shown in Pig. 


It is t be noted that, first, there is obv isivy a similarity between 


the approach to the study of the fracture problem and the approach to the 


the paper fai}. 


However Saint-Venant fool] > is already remarked that plastic deform- 


ations and fracture are two radically different phenomena and that he 


f plastic deformation 


and the process of fracture imilarity of approach to these problems 


*> 


e processes of plasticity 


sa failu nadie 
ur ire, hut i »toc the nos ibi ity mified appr ach to the 


pr lame investigation f properties f iA at are exhibited 


These circumstances 


the properties of 


restric 


such oncepts, is +i ntinuous solutions 


statically and kinematically ssible fields tress and fields 


‘xtremum theorems, c an be ly adapted from the 


theory of plasticity to the theory of fracture 
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ON THE THEORY OF OPTIMUM CONTROL 
(K TEORIT OPTIMAL’ NOGO REGULIROVANITIA) 
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N.N. KRASOVSKII 
(Sverdlivsk) 


(Received 6 April 1959) 


In the present paper problems of optimum (in the sense of high-speed 
action) control of systems containing a linear basic part and correspond- 
ing to certain basic types of restrictions on the controlling actions are 
considered. Limit passages in the solutions are discussed which corres- 


pond to the passages from one type of restrictions to another. On the 


basis of these limit passages, approximate methods are described for the 


computation of optimum trajectories and the construction of optimum 
systems. 


l. In this section the basic problems of optimum control considered in 
the present paper are formulated. 


Let the behavior of the phase coordinates x ,(t) (i= 1, ..., nd) ofa 
control system be described by the differential equations 


Az + by (1.1) 
where 

are n-dimensional vectors, A is an n x n matrix with constant elements 
aij andy, €,(a = 1, ..., n- 1) are scalar functions. 

Given the initial conditions x, = seed Zao ts it is required to 
find the functions 7,, €,*% (optimum contro!) in such a way that the point 
x(t) = x(x), t , mo» 16%), moving along a trajectory of system (1.1), 
where 7 = 1, = €,%, reaches the origin of coordinates x = 0 in the 
shortest possible time t = T° (T° being the optimum control time). It is 
assumed that the (admissible) functions y(t), (a= 1, ..., n= LD) 


and the coefficients of system (1.1) are restricted by one of the follow- 
ing conditions: 


Problem I. The coefficients “g = 0 (a = 1, 


= 
4 
OL. 
23 
A. 
hy 
ae 
= 1 ) 
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and y(t) is a piecewise smooth function restricted by the condition 


In(t) | <1, O=<t<T (1 


Problem II. The functions n(t), €%(t) (a= 1, ... — 1) are continu- 
ous and satisfy the condition 
n—1 
+ <4, O<t<T? (1.3) 
a=1 
Problem III. The function n(t) = d€(t) is the Stieltjes differential 
of another function ¢€ (t) which is bounded and restricted by the condition 


(1.4) 


Problea IV. The coefficients en = 0 (a=1, ..., n- 1; P= 1, 
and 7(t) is a continuous function restricted by the condition 


Problems I, II and IV are problems of optimum control with one steer- 
ing function 7. The condition (1.2) corresponds to a restriction on a 
controlling action (force, current, stress, and so on) at each instant ¢t 
in the transitional process 0< t< T°. The condition (1.4) is a restrict- 
ion on the impulses of the controlling quantities*. To the condition (1.5) 
for p = 2 corresponds a restriction on the energy (mean power) of the 
control actions. It is interesting to consider this condition also for 
other values of p e{ 1,00) from the point of view of limit passages to the 
Problems I (p + ~) and ITI (p- 1). 


Also another problem which occurs in control theory can be reduced to 
the problem of type III, namely the problem of construction of optimum 
contro! actions for a system, described by the equation 


(1.6) 


where the admissible control functions &*% (a .es, m) are restricted 
by the condition 


(t) (t)\ dt <1 (1.7) 


2 


is a positive definite quadratic form. 


900 
= 
\ |dg(t)| <1 
¥ 
>> 
coo, 
<4, 1<p<oo (1.5) 
dt dt 
a, 
\( 
\( > 
0 a.p 
and 
a, B=1 ‘ 
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Problem II is a problem of optimum control with n controlling actions 
restricted by the condition (1.3) at each instant ¢ in the transitional 
process 0¢ t<¢ T°, For sufficiently general assumptions Problem II 
assumes smooth solutions No(t), E,7(t) contrary to Problem I, for which, 
as a rule, the optimum steering No(t) is a discontinuous function. It is 
also of interest to investigate the limit passage from Problem II to 
Problem I for en” + 0 (a= 1, ..., n-— 1; A= 1, ..., mn). After the 
justification of such a limit passage, by means of which we can approxi- 
mate Problem I by Problem II with small ep”, it is possible to construct 
an approximate method for the solution of Problem I in terms of continuous 
optimum controlling functions n,(t) of Problem II. 


The method applied below for the investigation of Problems I, II and 
IV can also be used in the case of several controlling actions n*(t) 
(a= 1, ..., rr). However, in the present paper for the solution of 
Problems I, II and IV we shal! restrict ourselves to a single controlling 
action n(¢t). 


Problems of optimum control in the sense of rapid action have been con- 
sidered by many authors (see, for example, [1-4] ). In this paper we 
shall restrict ourselves to the problem for which the basic part of 
system (1.1) [for n= 0,€*% = 0 (a= 1, ..., n— 1)] is linear. Problems 
I to IV, and similar ones which can be reduced to them, can be considered 
from a unified point of view, indicated in the paper [5], provided these 
problems are reduced to a single problem of functional analysis (L-problem 
in abstract space, article Iv, [6] ), considered for each of the Problems 
I to IV in a specially selected functional space.* 


Investigating the Problems I to IV, we shal! restrict ourselves to the 
case where the roots AG = 1, ..., m) of the characteristic equation 


on the basic linear system 


Ar 


The classes of functions defined in the formulations of Problems I to 
IV do not coincide with the classes of functions corresponding to the 
functional spaces selected below. However, for further exposition this 
is not essential, since the minima sought below are reached on func- 
tions n(t) and €* (¢) from the classes defined in the formulation of 
Problems I to IV. 
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satisfy the condition* 


(1.10) 


and the vectors 


(1.11) 


are linearly independent, i.e. 
1.b+1,Ab+-...+1,A’ e+... +124 (1.42) 
holds. 


Let us remark in conclusion of the formulation of the problem that for 
the synthesis of regulating systems it is important to find the optimum 
controlling quantities » and E* (a = 1, ..«-, m— 1) not only (and not so 
much) as functions of time t, but also as functions of the phase coordi- ; 
nates x, of the system. We shall denote these functions of the coordinates 23 
symbolically by 7 and €% [in a detailed writing in the form n(x, 
€(x,, z,)). 


2. In this section the reduction of the Problems I to IV to the L- 
problem (article IV of [6] ) in standard functional spaces is described. ** 


Let F(t) denote the matrix of the fundamental system of solutions for 
the equations (1.9). We shall denote by the symbols {F(t)};. and the ele- 
ments of the reciprocal matrix F~* (t) - by the symbols f,.1t). The solu- 
tions x(x, t, 7, {€%}) of the nonhomogeneous system (1. ) must be cal- 
culated by the Cauchy formla [7] 

) F (t) \F | by (t) + (=)| dt (2.1) 


0 a=! 


t=7", 


according to the conditions of the Problems I to IV the equality x(x,, Pr, 
No» {€.%})= 0 must be satisfied, i.e. after the substitution of (2.5) 
into (3.1) and multiplication of this equality by F~*(T°) we obtain the 
equality 


* Condition (1.10) assures the possibility of optimum steering into the 
point x= 0 for all arbitrary large initial values Tio If this condi- 
tion is not satisfied, the arguments mentioned in the article remain 
in force for a certain (in general, finite) region of the space I xi}. 


** Section 2 has the goal to describe the problems, part of which was 
considered earlier from a unified point of view. 
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— (2) + (2)] de (2.3) 
0 a=! 


Thus the optimum time of control for each of the Problems I to IV will 
be the smallest of the numbers T°, satisfying the conditions 


r 
Lig \ ih (=) (=) (z)} de (i 


0 


The functions h,(r) and g,“(r) are given by the formlas 
n 
kh =! 


g(t) = >) fin (2) en? (i =4, (2.6) 
h=t 

and the functions n(t) and €* (t) are restricted by one of the conditions 

(1.2) to (1.5), corresponding to the Problems I to IV. 


Consider the functions h.(t) and (t) t< T) as the elements 
of the following functional spaces* (L, C, L,) [ 14] ((B I) - (B IV) corres- 
ponding to the Problems I to IV] : 


(1) space (B I), the elements h of which are the functions A(t) (0 < 


t < T) with the norm ' 


hj =\[h(z)\de 2.7) 


0 


(2) space (B II), the elements {h, g} of which are the vector functions 
h(t), g@(t) (a= 1, ..., nx LD), (0< t < T) with the norm 


th, = + (2.8) 


@=! 


(3) space (B III), the elements A of which are the functions h(t) 
(0 < t < T) with the norm 


h| = sup /h(t) for 0<t<T (2.9) 


(4) space (B IV), the elements h of which are the functions h(t) (0« 
t.< T) with the norm 


“ 
= (\ (=) — (2.10) 


0 


See the footnote on p. 901. 
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Also consider the functions 7(t) and €%(t) as the elements of the 
following conjugate spaces (M, C*, ): 


(1*) space (B* I), the elements 7 of which are the functions y(t) with 
the norm 


7 sup|y(t)| for (2.11) 
(2*) space (B* II), the elements {n, €} of which are the vector func- 
tions n(t), €%(t) (a = 1, ..., m— 1) with the norm 
&} sup [72 (1) for 0<t<T 
a=! 
(3*) space (B* III), the elements » of which are the functions n =d¢ 
with the norm 


“in (t) = \ (t) (2.13) 


(4*) space (B* IV), the elements 7 of which are the functions n(t) 
with the norm 


(t) (\ y(t) |Pdt) 


Then the functions (t), €7(t) determine linear functionals ¢ on the 
elements of (BI) to (B IV), i.e. 


¢[h] = h(x) (I, IV), \ h(t) (2) (IIT) (2.15) 


holds in the spaces (B I), (B III), (B IV) and 


T n—1 
pith, =\ (h(t) q(t) + (2) (2) ae (2.16) 

0 
in the space (B II). The norms of the functionals ¢ are determined by the 
formlas (2.11) to (2.14), respectively. In this way each of the Problems 
I to IV is reduced to the following problem: to find the smallest number 
T and a linear functional ¢ in the corresponding functional space in such 
a way that 


= —%po 2 (2.17) 
(2.18) 


* See the footnote on p. 901. 
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hold for Problems I, III, IV and 


Piths, Pig (3 =1,..., a) (2.19) 
hs = >) = fay (2.20) 


I , 


for Problem II. 


— 


For a given T the problems (2.17), (2.18) [or (2.18) to (2.20)] have 
a solution if, and only if, (see [46] ) 


min|(/-h)! = K(T)>1, (x,-l) = —1 (2.21) 


or, respectively, 


min | (/-{h, g}) = (7) > 1, (z,-l) = —1 (2.22) 


are satisfied. 


In order to abbreviate writing the following notations are used 


n 


(l-h) = >} = >) lore, (2.23) 


l 


p=1 


(l. th, gt), being a vector function, is an element of the space (B II), 
and has the components 


>) lehe(t), >) (t),..., >) (2) (2.24) 


B=1 


By virtue of our restrictions the quantity A(T ) is a monotonically 
increasing function of the argument 7, satisfying the condition* 


lim (7) = « (2.25) 
limi (T) = ty) (2.26) 
T—0 


Consequently, for each x = x, the problem has a solution for which the 
optimum control time T° is to be computed from the equation 


(7) = 1, (xo-1) = —1 (2.27) 


or from 


min | (Z-{h, = 1, 


respectively. 


Under the conditions (1.12) the equality 
| for 


is possible only for particular isolated values of t «¢ [ 0, T] (see 
[8,9]) and (2.25) is an obvious consequence of (1.10). 
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According to the results of the book [6] the functional d (or, what is 
the same, the optimum controlling functions n(t) or n(t), €%(t))) is to 
be determined from the condition that the element 


>} (t) 
3 l 


1 B 1 A=} 


0 


l 


tremum for the respective functional, i.e. the equality 
| = |e | 
or, respectively, the equality 23 


{h, =| g})]| 


= { lp} being the solution of the problems (2.21), (2.22), is an ex- 


is satisfied. 


From these general results concerning the problems I to IV we obtain 
the following deductions: 


1. For Problem I the optimum control has the form 
No (t) = sign | >; 1,°hg (t)) (2.29) 


where the numbers Ig” (R= 1, ..., m) are the solutions of 


T n 
min \ >) Iphg (t)| dt =i, s=- (2.30) 
B=1 


0 


2. For Problem II the optimum control has the form 
(t) 
B=1 


n 
(t)) 7 (> (t)) 
B=1 
1 (t) 


ba B=1 


(a=1,...,n—1) 


where the numbers 1g” (B= 1, ..., nm) are the solutions of 
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n 


B=1 


B=1 
n 
> 
B=} 


3. For Problem III the optimum control has the form 


wy d(t—t,), = (2.33) 
Y=! 
where 5(t) denotes the impulsive 5-function, t, the instants of time at 
which the function | £1 Mie assumes its largest value on the segment 


(0, T°} , and the numbers a are the solutions of 


n 


min (max | dls he (t)| for (>) 
B=1 B=1 


4. For Problem IV the optimum control has the form 


n n 


q—1 
Yo (t) = sign | > he (t)) | >; Is ha 
B=} 


where the numbers In” are the solutions of 
n qa 
min \ | >) Ighg(-), d= (2.36) 


0 


3. Consideration of Problems I to IV from the general point of view, 
as described in Section 2, allows us to investigate the limit passages 
in the solutions of these problems when passing from one type of problem 
to another type. Since Problem I is the most common one, it is interest- 
ing to investigate limit passages from other "smooth" problems to this 
problem, which has discontinuous solutions. In this paper, we shall in- 
vestigate in all detail Problem II and the limit passage from Problem II 
to Problem I. This passage is interesting, in particular, because the 
solution of Problem II can be reduced to the solution of a certain ordinary 
differential equation, and also because of the fact that Problem II admits 
a smooth Liapunov function as it will be shown below. 


We shall assume that the coefficient matrix 

|b, 


| 
i 
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is nonsingular. 


In this section we shall establish that the optimum control time T° 
for Problem II is a continuously differentiable function of the coordi- 
nates x, of the initial point xp. 


Consider a system of differential equations of a more general type 
than (1.1), namely 


dz /dt = $Ar + by+ebB+... + em (3.2) 


where @ is a certain parameter which assumes non-negative values. We 
shall denote the optimum control time T° and the optimum control functions 
no, €,% for Problems I and II by virtue of system (3.2) by the symbols 


for, briefly by T,°(x, 6), ag 4) and so on). The indices I and II 
will be dropped if ambiguity 1s not likely to occur. 


Theorem 3.1. Assume that the matrix of the coefficients (3.1) is non- 
singular, i.e. the determinant 


and that the condition (1.10) is satisfied. Then for Problem II the op- 
timum control time T°, being a function T °( Ber seen Buy 4) of the co- 
ordinates xq of the initial point and a parameter @, has partial deriv- 
atives of any order with respect to all arguments for all x4 0, 0 > 9. 


Proof. According to the results of Section 2 in the case of Problem II 
the optimm control time T° (x,, 


@ 


<., 4) for the system (3.2) is to 


be determined from the equation 


n 2 n n 2 

min Up 9) by) + be fort, | ae =1 

n 

for i,2,=—1 (3.4) 


where the symbols fa (t, 0) denote the elements of the matrix F-1(t, @), 
this matrix being Ay reciprocal of the fundamental matrix F(t, @) of 
the solutions of the system 


= 
4 
908 
we 
by ey 
| = () (3.3) 
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dzr/dt = 9%Az 


Denote the left-hand side of equation (3.4) by the symbol A(x,, 
Za T, 0). First of all let us note that for fixed values of x,, ..., 
x, 0 by virtue of the nonsingularity of the matrices F~* (t, 8) and 
(3.1) the quantity A is a monotonic increasing function of T. The exist- 
ence and uniqueness of the solution of equation (3.4) were established 
above in Section 2, starting from general results with respect to the 
L-problem. Therefore, only the differentiability of the function T° re- 
mains to be proved. For this purpose, by virtue of well-known theorems 
on implicit functions, it is sufficient to verify that the function 
x,, T, 8) possesses continuous partial derivatives of all 


1’ ey 
orders with respect to x +s Bay T, @ and that the condition 


1° 
#0 (3.6) 
holds. 


Let us show first that the quantities lg’ which assign a minimum to 
the integral in (3.4), are continuous functions of x,, ..., te fa, 
which can be differentiated an arbitrary number of times. 


The fact that for every fixed T the minimum of the integral in (3.4) 
is actually reached for certain values of lp = | f i.e. the existence 
of numbers | 0 which solve the problem is proved in the general case of 
the L-problem in the book [6]. 


Since for = lp? 4 0 the expression under the square-root sign in (3.4) 
Ea for = x* ¢ 0 the minimum of the integral in (3.4) can 
be found according to well-known rules of variational calculus. 


cannot vanish, 


In order to be more specific, assume that x, 4 0. Then, using the con- 
dition +... + Lx = 1 to express 1, in terms of the remaining 
l,i = 2, ..., m) and substituting this expression in (3.4), we obtain 


Is, ity 
Here y is a well-determined expression in terms of Xs 

obtained from (3.4) by means of substitution 


Ll, - Ly Zn) (3.8) 


Because of the cumbersome nature of this expression we shall not write 
it out here. 


The numbers Ig’ are determined by the equations 


909 
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dy (8=2,...,2) (3.9) 


and equation (3.8). These numbers will be continuously differentiable 


functions of xg, 6, T provided the corresponding functional determinant 
is different zero, 1.€. 


|_ Oy (3.10) 
dl, dl, 


holds. This is so, since the integral which determines the quantity y, 
can be differentiated with respect to all the parameters rt, T, 6, l., 

., lL, an arbitrary number of times (the existence of the derivatives 
of the elements f, q(t, 9) with respect to the parameter @ follows from 
well-known theorems on differentiation of the solutions of system (3.5) 
according to the parameter @ [11] ). 


For the proof of the inequality (3.10) it is sufficient to remark that 
the quadratic form 


n 
a 
w(Ze, Zn) Za 2p (3.11) 
@ B 


is positive definite. The verification of this last condition fol lows 
easily from geometrical considerations! The analytical proof, however, 
requires cumbersome writing and will be omitted here. Hence, we can con- 
sider as established the fact that the quantities I,’ are functions of 
the arguments XR, T, 6, having continuous derivatives of all orders. 


Next we conclude that the function A(x,, ccey Bay T, 6) has continuous 
partial derivatives of an arbitrary order with respect to all the argu- 
ments, since as a consequence of the differentiability of the numbers I,” 
the integral, determining A, can be differentiated with respect to al] 
the parameters an arbitrary number of times. 


Let us prove that inequality (3.6) is satisfied. Denote by T, any 
fixed value of T and by ig (T)) (8 = 2, ..., m) the solutions of the 


problem (3.7), corresponding to this value of T. It is obvious that for 
AT> 0 we have 


— AT) min Za, To — AT, 9, ba, ba) 


ls, 


T,— AT, ®, (Te)) 


To. (T0)) — (2g, To — AT, 15 (To)) 


This proves the validity of inequality (3.6), Hence, the theorem is proved. 
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Remark. The arguments remain in force also in the case when “n are 
functions of @. 


4. In this section it is shown that in the case of Problem II the 
9) 
n n 
(a= 1, ..., n-— 1) for the system (3.2) are continuously differentiable 
functions of their arguments. Before we pass to the proof of this 
assertion, let us introduce certain coneepts concerning the application 
of the method of Liapunov functions to the problem under consideration. 


Consider anew the Problems I and II for the system (1.1). 

Assume that the function T° (x,, ..., x,), being the optimum control 
time, is known and is continuously differentiable in a neighborhood of 
the point (x,, eer z,). It is obvious that if we replace Zee cere By by 
t No» (A= 1, ..., m), then the total 
derivative of the function T° with respect to time t along the optimum 
trajectory must satisfy the equality 


the solutions 
e 


/ dt 


or, written out in full, 
+ bem (z)+ 2; E,* (x)) = 


Moreover, the optimum control functions ny (x), have the property 
that on the set of admissible functions the quantity 
n 
1 OT°; ’ 
bz (Agu + bs (2) t e,% E* (x)) 
u, B=} a=} 
assumes a minimum® only for these optimum contro! functions 7), €,": In 
this way the quantity T° (x) plays here the role of a Liapunov function. 
Let us explain this fact in all details. Assume that 


n—1 


Ar +- bn, (x) + e* (x) (4.2) 
- 


dr 
dt 


is the optimum system obtained from system (1.1) for 7 = 9,(x), €* = 
€,°(x). The origin of the coordinates x = 0 will be an asymptotically 
stable solution of system (4.2) with respect to arbitrary initial per- 


The application of this reasoning to the case considered here corres- 
ponds to the general method of investigating problems of optimum 
control, elaborated by Iu.M. Repin on the basis of methods of dynamic 
programming. 


(4.1) 
—1 
q u.per 8 a=! 
- 
. 


2 


N.N. Krasovskii 


turbations x, (with the singularity that x(x,, t, np, 1€,%}) + 0 for 
t+ T° (x,) and not for t + « as is usual in problems of stability. This, 
however, is not essential). The function v(x) = T° (x), by virtue of 
system (4.2), satisfies all the conditions of the Liapunov theorem on 
asymptotic stability [ 12]. Thus from this point of view for the solution 
of the problem of optimum control, it is sufficient to find a function 
v(x), satisfying the conditions of Liapunov’s theorem on asymptotic 
stability, and being such that on the set of admissible control functions 
n(x), €% (x), by virtue of system (1.1), the condition 


min (dv /dt) = — 1 


is satisfied. 


A Liapunoy function v(x) which satisfies these conditions will be 
called an optimum Liapunov function. From Theorem 3.1 it follows that for 
Problem II a smooth optimum Liapunov function exists (for Problem I such 
everywhere smooth optimum Liapunov function v(x) may not exist). It 
should be emphasized, however, that an effective determination of such a 
function v(x) is difficult. 


Let us formulate now the basic result of this paragraph. 


Theorem 4.1. If the conditions (1.19) and (3.3) are satisfied, then 
for Problem II the optimum control quantities 7,, €,%, by virtue of 
+» 
which can be differentiated an arbitrary number of times for all x 4 9, 
0*, 


system (3.2), are continuous functions of their arguments Ze 


Proof. The validity of Theorem 4.1 can be established on the basis of 
formlas (2.31), (2.32) and Theorem 3.1 on the differentiability of the 
quantity T° (x, 6), since obviously, for the computation of No (X10) TT? 
E ge the substitution t = 9 must be made in the 
formas (2.31) and (2.32). However, we shall also indicate here another 
method for the proof of Theorem 4.1, which is not based on formla (2.31). 
Let us present this proof. 


According to the arguments mentioned above in this section the optimum 


control functions No 6), (x,, 0) can be deter- 
mined from the condition > 
n n-1 

(PY = + bs 9) + (x, 9) = 

a=} 

af 

= min (Papen + be n(x, 9) + (z, )) (4.4) 

= 


See the remark at the end of Section 3. 


j 
2 
2 
+5 
(4.3) 
. 
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under the assumption 


(E(w, (4.5) 
1 


The solutions of the problems (4.4) and (4.5), obviously, have the 
form 


(x, 


The matrix (3.1) is nonsingular and the vector gradient [aT °/dxel 
of the Liapunov function v(x) = T° (x, @) is different from zero. , 
fore, as a consequence of the differentiability of the function T° (x, A) 
(Theorem 3.1), we conclude from the formlas (4.46) and (4.7), that the 
optimum control functions n,(x, @) and &,%(x, @) are continuously di ffe- 
rentiable, an arbitrary number of times, with respect to all their 
arguments. This proves the theorem. 


Remark. Equation (3.4) and equalities (4.6), (4.7) allow us to solve 
the problem of optimum control by reduction of this problem to usual 
variational problems. However, the difficulties which arise here in con- 
nection with the corresponding calculations are very great. This fact 
makes an effective determination of the optimum Liapunov function 


n 


v= «++, 2.) and, consequently, of the functions No (*). 


difficult. 


For an approximate construction of the optimum system in the case of 
Problem II the following method can be used. Let v,(z) be a positive 
definite Liapunov function for the system (1.9), which has by virtue of 
this system a negative derivative. If the conditions (1.10) are satisfied, 
then such a function v,(z) exists and can be selected in the form of a 
positive quadratic form. 


Let us calculate the derivative dv, /dt by virtue of system (1.1) and 


let us select the functions n, (2), er xz) from the conditions 


] a? 913 
bud ar Or ] — — Or, 
9) = — >) by > (4.7) 
— dr, — dr, pa Ox», 
4 
n n—t 
1 ov . 3) 
(b,™ (z) + (z) min (4.8) 
x 
m?(z) + = 1 (4.9) 


> 
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After the substitution of = as given by (4.10), (4.11) 
into equations (1.1), we obtain a system which is asymptotically stable 
on the whole. For this system there exists a Liapunov function v,(z2), 
satisfying the condition 


dv, (x) / dt 1 (4.12) 


The existence of the function v,(x) can be proved by the methods of 
inversion of the Liapunov theorems [13] (The fact that here x(t) + 0 as 
t- Tr, and not as t + «, does not play a decisive role in the problem 
considered concerning the existence of v, (z)). The existence theorems 

for Liapunov’s functions do not give effective methods for the construct- 
ion of these functions. Assume, however, that we succeeded in construct- 
ing a smooth function, the derivative of which by virtue of system (1.1) 
satisfies the condition 


dv; /dt = —1 (4.13) 


Compute anew the derivative of the function v, (x) by virtue of system 


(1.1), where = ,,€% = and determine these function ,, from 
the condition 


dv, /dt = min (4.14) 


n—1 
mm? + = 1 (4.15) 


| 


and so on. If in the kth step we had succeeded in an effective construct- 
ion of a smooth Liapunov function v,(*) which by virtue of the system of 


equations, constructed in the immediately preceding step, reasonably well 
approximates the condition 


dv, /dt = { (4.16) 
then after a certain number of steps we would obtain a system of equa- 
tions possessing good optimum properties. 


Unfortunately, at present it is impossible to indicate such a general 
effective method for the construction of a smooth function v(x), satisfy- 
ing completely by virtue (or approximating reasonably well) of a known 
system of equations the condition (4.16). One of the methods for such an 


approximation may consist in finding the functions v,(,) in the form of 


¢ 914 
n n 2 n ‘ 

wm =— >) bg ( 8) + (4.10) 
Oz, dr, —\{ dr, 
n ‘ n ‘ 2 m1 2 
> / / 44 i 
Or, ! dr, —\{ dr 

“ 
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an expansion according to certain functions (for example, trigonometric 
polynomials), approximating the condition (4.16) in the mean. However, 
this method also leads to cumbersome computations. 


5. In this section the limit passage from the solutions of Problem II 
to the solutions of Problem I is investigated for en 46 @6 & ssca 
ae is Be 


Theorem 5.1. If the conditions (1.10), (1.12) and (3.3) are satisfied, 
then for all x the optimum control time Was Cas ..+, %,) of Problem II 


converges to the optimum control time T,°( Begs soos x,) of Problem I for 


0, i.e. 


holds. 


Proof. According to the results mentioned in Section 2, the optimum 
time Tj (x x) is to be calculated from equation (2.30), while the 
optimum time T,,(x,, ..., %,) from equation (2.32). 


It follows from these equations that 


On the other hand, it is obvious that for t 
AT > 0) we have 


n 
min \ | >) (t) d=-< 1 
B=1 
and 
= a a 
lim min [( Iphe (x) + >; + (> lage” | “ae 


-min \| (t) d- for > 0 (> lat, = —1) 


B=1 


i.e. for sufficiently small values of “a we have the inequality 
T* n n n 


lst, = - 1) 


B=1 


3 

(5.2) 
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From the last inequality and inequality (5.2) we conclude that for 
sufficiently small values of en the inequality 


Al ry 
is satisfied. This proves the theorem. 


Remark. Using the condition (5.1), it is possible to verify that for 
en” + 0 we have not only convergence of the optimum time %,° > %,° but 
also convergence in the measure of the optimum control functions 7,,,+ np,. 


Theorem 5.1 justifies the following method for the determination of 
optimum control for Problem I: construct an auxiliary system (1.1) with 
sufficiently small numbers e rs solve Problem II for this system and put 
No; = %o1,;- AS it will be shown in the next section, such a method is 
justified by the fact that for Problem II it is possible to indicate a 
regular method of solution. 23 


art 
19 


6. In this section a differential equation is derived which allows us - 
to determine the optimum control time T%x,, sees ®) and the optimum 
control functions for Problem II*. 


Consider anew side by side the systems (1.1) and (3.2), the last 
system going over into system (1.1) for @ = 1. As it was shown in Section 
3, the optimum contro] time T° (x,, ..., x,, 9) is a continuously diffe- 
rentiable function of the parameter @. In the notations of Section 3 the 
optimum time T° is to be determined from the condition 


(6.1) 


mim 9, by. = 


n 


where the numbers 1,°(x, @), ..., L(x, 6) which determine the minimum 
in the equality (6.1), are also continuously differentiable functions of 
the parameter @. Let us make use of this condition for the derivation of 
a system of differential equations, the integration of which will allow 
us to determine the quantities T° (x, @) and Ip°(x, 6). In order to 
abbreviate writing in what follows we shall drop the arguments x which 
are assumed to be fixed. Substituting in the equality (6.1) the solutions 
12°(@), we shall obtain the following equation for the determination of 
Ee implicit function T° (@): 


1(T, 3, (8) = 1 (6.2) 


In conformity with the well-known formula for the derivative of an 


In this section, in conformity with the remark in Section 3, we may 
also assume that 7 are functions of 6, and that ‘g +» 0 for 6-4 1. 


916 
at 
f 
F 
fe 
7 
ae 
: 
7 


On the theory of optimum control 


implicit function, we can write for dT°/d@ the equality 


4 ", Oy dlg®\ / @ 
ae + a) (6.3) 


The quantities I,° determine the minimum of the quantity y. Therefore, 
for | = 1,” the equalities (3.9) are satisfied, i.e. Ay /Alp = 0 (fi = 
2, ..., mn). Consequently, the function T° (@) satisfies the different- 
ial equation 


aT (6.4) 
dy / a7 


Substituting T= T° (@) into the equality 


%, 1°,...,ln°) = miny(T, 9, (6.5) 
we obtain n — | equations for the determination of the implicit functions 

Oy (T? (9), 


(6.6) 


» 


Therefore, in conformity with the well-known formulas for the diffe- 
rentiation of implicit functions [ 10], we conclude that the functions 
Iq? (@) must satisfy the system of differential equations 


ds D 
. 4) 0 . 
In computing the functional determinants D(1,’, ..., ORB: coos in 


the numerator of the equality (6.7), it must be taken into account that 
for the computation of the derivative of he with respect to @, the 
quantity T° (@) in A, is assumed to be a known function of @, i.e. taking 
into account the equality (6.4) in the Ath column of these determinants 
the following expressions must be written 


Consequently, for fixed initial values xp the functions T° (@) and 
1n°(@) (B = 2, ..., n) satisfy the equation (6.4) and the system (6.7). 


The system of equations (6.4), (6.7) permits to indicate the fol lowing 
method for the solution of Problem II (and also of Problem I by replacing 
it by an auxiliary approximate Problem II)* (see thefootnote on p. 916): 
determine the solutions T° (0) and 1p°(0) (R= 2, ..., n) for @ = 0 and 
integrate the system of equations (6.4), (6.7) for 0< @<¢ 1. The solu- 
tions T° (1), Ip) (R= 2, ..., n) determine the optimum control time 
T° and the optimum control functions No» £9" [according to the formulas 


917 
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(2.31)]. The solutions T° (0) and 1,°(0) can be determined very simply 
from the conditions (2.31) and (2.32), since for @ = 0 the fundamental 
matrix of solutions F(t) of the system (3.2) is a unit matrix. Equations 
(6.4), (6.7) have complicated right-hand sides and cannot be integrated 

in terms of elementary functions. These equations, however, can be in- 
tegrated by means of any one of the known numerical methods. The solution 
of equations (6.4), (6.7) requires cumbersome computations. However, 
this method of solution allows us to circumvent one of the main difficult- 
ies in solving problems of optimum control, namely the necessity of solv- 
ing boundary-value problems. 


In order to obtain the quantities T° and No» €° in the form of func- 


tions of the coordinates, we can approximate T°(x, @) and Ip?(x, @) in 
a region we are interested in, for the purpose of the synthesis of the 
system by a system of orthogonal functions, the coefficients of these 
expansions, being functions of the parameter 6, and derive from system 
(6.4), (6.7) differential equations for the determination of these 
coefficients. 
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Problems on the stability of motion over a finite time interval] are based 
on the estimates of the solutions of systems of differential equations. 
In this paper there is given a method for estimating the solutions in 
certain cases. The conditions for stability are also determined. 


1. Linear system. let us consider the system 
dz 
Poy (t) + +++ + Pon (t) (1.1) 


Here p,,(t) is a real, bounded, continuous function of time t. The 
characteristic equation of (1.1) has the form: 


| Per (t) — = 


Let us suppose that this equation has simple roots only. Of these 
roots, let there be m real ones x.(t) (j = 1, ..., m) and 20 complex 
ones + ,(t) 1 ti =m+1, ..., n-@). As is well known, there 
exists a linear nonsingular transformation with variable coefficients 


Us = As, (t) + ++++gn(t) ,n) | a,,(t) | (1.2) 


and an inverse transformation 


= (t) yy + +--+ Den (t) Yn (s=1,...,m) (t) (1.3) 


with the aid of which the system (1.1) can be reduced to the canonical 
form 


| 
d 
>2 
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+ Q; 


— + Qi 


hiYoui + mini + Gori 


Here the Q.(s = 1, ..., m) are linear combinations of the variables 
y, with known coefficients, depending on the coefficients of the trans- 
formations (1.2) and (1.3). 


Let us consider the function 
V = +..-+y,2) (1.5) 
where a(t) and its derivative are real bounded (in some region) con- 


tinuous functions. The function a(t) is stil! undetermined. 


The derivative dV/dt can be found on the basis of (1.4) in the form 


(2x; — + > (Ai — + Yosi®) + > 2y.0,| (1.6) 


j= i= m+1 


We denote the function occurring within the brackets by 


H => = — yey | (1.7) 
i 4 i,j tj 


i,j 


In order that dV/dt < 9, the quadratic form H has to be non-positive. 
The characteristic equation of this form is 


| his’ — + p)| = 0 (1.8) 
Therefore, we may write 


H = +++++ (1.9) 


where p,, -+-, p, are the roots of the equation (1.8). We introduce the 
notation a° + p = — vw. Then equation (1.8) takes on the form 


| hij? + = 0 (1.10) 


Let Wj, +++, UW be the roots of this equation. Then equation (1.9) can 
be rewritten in the form 


The form H will be non-positive if 
— — 2a’ 
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where yy, is the smallest one of the roots ¥,, ..., /, of equation (1.10). 
From (1.11) we obtain 
—a(t) (nae +¢ (1.12) 


where C is an arbitrary constant. 


Under condition (1.12) the derivative dV/dt < 0, and, hence, 
V<V, (1.13) 
Here Vy is the value of V when t = ty: Let us substitute (1.12) into 


(1.5). Obviously, in view of (1.13), the value of C will be immaterial, 
and one may let C = 0. Thus, according to (1.5) we have 


V=(y," +++++ynt)exp | gu (t) de (1.14) 
Let us suppose that when t = t,), we have 


| (s=1 ees n) (1.15) 


Then, when t = to, we have in accordance with (1.2) 


| Yso | = | (to) | 20° ++ +++ | (to)! Zao (oa (1.16) 


If t > ty, we have, because of (1.13), the following inequality 


(y:? +-+-+ yntyexp dx (t) dt < +++ exp $x (t) de |, 


or 
t 


+ <A exp —\ dx dé (A = (1.17) 


From this it follows that 


<A“ exp 3 \ (@)ae) (e=1,..., n) (1.18) 


Finally, in accordance with (1.3), we obtain an estimate of the solu- 
tion of the system (1.1): 


t 


te (1.19) 
In order to satisfy, under condition (1.15), the inequality 


< 2° (s=1,..., n) (1.20) 


for all t in the interval tr<t< T, where Ra T are given numbers, it 
is sufficient that 


4 
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(t)| +++ ++ Dont) (SSIS) (1.21) 


This is the condition of stability of the motion during the finite 
time interval [t,, T). 


2. System with slowly changing coefficients. In this case the 
coefficients of the system (1.1) have the form 


Per (t) = Cor + Ofer (t) (*,r=1 (2.1) 


where C,_ are constants, « is a sufficiently smal] number and f,, are 
bounded functions. The system (1.1) in this case takes on the form 


= Cyt +++++ + +++ 


We introduce the nonsingular linear transformation with constant co- 
efficients 
Yn = 


The inverse transformation 
= +++ +ben¥n 
will be nonsingular also. 
Let us consider the following cases. 


1. The roots of the equation 
| Cg, — = (2.5) 
are simple and real. 


In this case the system (2.2) can be reduced with the aid of the trans- 
formation (2.3) to the form 

dy 

= heys + Di fer (bury Poses benyn)) 


Let us consider the function 


Here a(t), ease a,(t) and their derivatives are real, bounded (in 
some region) and continuous functions. We compute dV/dt. In view of (2.6) 
we obtain 


dv 


Oo 
ae 
(e=1,...,a) (2.4) 
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Since the quantity « is assumed to be sufficiently small, and the 
function in the square bracket is bounded, the sign of dV/dt will be de- 
finite. If 


(2.9) 


then dV/dt < 0, The condition (2.9) can be expressed in the form 


(th (8>0) (2.10) 
Integrating this, one obtains 
—a,(t)< — 2r,t — dt + C, (s=1....,n) (2.11) 


Here the arbitrary constants C. can be assumed to be zero (analogous 
to Section 1). 
In accordance with (2.11) it is now seen that (2.7) can be written 


in the form 


te Yn") (2.12) 


Herein we shall have V < V., or (assuming for the sake of simplicity 
that t, = 0) 


te" ™ << Yno) = A 
Whence 


Finally, we obtain an estimate for the solutions of the system (2.2): 


eA by +- +++ (g=1,...,m) (2.44) 


The condition of stability will be (2.15) 


1 


2. The equation (2.5) has m simple real roots A.(j = l, ..., 
20 simple complex roots A, tw, ¥- 1 (R= m+ 1, ..., n-@). 


In this case the canonical form of the system (2.2) will be : : 
dy, 
+ €Q; (j=1,...,m) (2.16) 
dy; 


iyi — PiYoti 


hiYosi + pays + 


924 
a, +22,< 0 (s=1,...,n) || 
1955 
d (i=m+i,...,a—e) 
&. ‘ 


Accumulation of disturbances and stability of motion 


Let us consider the function 
n 


i=—m+1 
On the basis of (2.16), the derivative dV/dt can be written as 


m 
(— aj + 4 
j= 1 


+ > (— ay’ + 204) (yg? + 4 (2.18) 


i=m+1 


If the conditions 
—a;' (t) + 24; << 0 (j=1,..., 
— (t) + 0 (i= m +1 
are satisfied, then dV/dt < 9 and, hence, V < V,. 


Analogous to case 1, the function V can be represented in the form 


m 


j=! t=m-+1 


Since V< V,, we have (under the assumption that t, = 0) 


e St e >) ei (y2 < > Yeo" A (2. 


j=1 i=m+1 


Finally, on the basis of (2.21), we obtain 
A 


(t) 
e 


and, hence, in accordance with (2.4), 


Thus, the condition of stability will be 


es St A" {| bs, + 


+ | |ermtt' rr < 


° 


The investigation of the case of mltiple roots can be carried out in 


a 
53 4 6005 8—@) (2.19) 
21) 
(2.22) 
<7) 1...) (2.24) 
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a similar way. 
3. System with continuously acting disturbances. In this case 
the equations of motion for the system are 


dz, 


Here the functions R. describe continuously acting disturbances. In 
what follows we shall consider two cases: 


(3.3) 


where the R(t) are known functions and the l. are constants. 


Let us estimate the solutions of the system (3.1). As is well known, 
the general solution of the system (3.1) has the form: 
z,° = U, (3.4) 
Here x. is the complementary function of the homogeneous equation 
(1.1), while uw, is the particular integral of system (3.1). An estimate 
of x, is given in Section 1. Therefore, we shall look for an estimate of 
Let x, | t) vee z{) (l= 1, ..., m) be a fundamental system of solu- 
tions of the homogeneous equation, where for t = t, 


(ty) { 0 (3.5) 


By Lagrange’s method, a particular solution of the system (3.1) will 


D(z) >» Ri (t) dt (e = 4,...,8) (3.6) 


l=} 


Here D = det || x, | yy , while D,; is the minor of x,| t) with the proper 
sign. One may rewrite (3.6) in the form 


Duals) Ri de 3.7) 


i=1 
Let us introduce the symbo! z,' t) (t, r): 


i=1 
It is not difficult to prove that the functions z,' ') (Ct, +) constitute 
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a fundamental system of solutions of the homogeneous equation. 


Indeed, from (3.8) it is seen that the z | ') are linear combinations 
of the solutions with the coefficients D, )/D(r ). Furthermore, 


from (3.8) it fol lows that when t = 7 and t = ¢t,, we have 


_ fi (l=s) _ ft 
Therefore, we have the following estimates for z,' ') in accordance 
with (1.19): 
4 J 
|< [Du (t)| ++ ++ [ben (— = n) (3.10) 
i, 


which are obtained with the aid of a nonsingular linear transformation 


= ay, (t) (t,t) + + (t)Zn (t,t) = n) (3.11) 


and the inverse transformation 


Z(t, t) = ba (t) 4 ben (t) yn'” (3.12) 
2 
From this it can be seen that A = yi) + coe 4 yi) . But according 
to (3.9) and (3.11) the y) are given as 


= ay yl =ani(to) 4,...,m) (3.13) 


Therefore, we have 


where n n 
Amax = Max {> Gg," (ty), - - - >> 
s=1 


Hence, from (3.10) we obtain 


t 
|Z," | Adtax || bs: + | ben (t) | — (E) de Z,* (t) 
(e=1,..., n) ’ (3.15) 


We note that in the particular case 


| yoo” | <<] or | | < | | (3.16) 
) 
is 


the inequalities (1.19) are valid for the estimates of LAR 


ta 7 
7 
| 
: 
— 
an 
4 = 
q 
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Let us return to (3.7). Because of (3.8) we have 


n t 
Us =») \ (t,t) Ry (x) dt 


t=—f, 
By Holder’s inequality we have 
n t 


t 


éJ 
‘ 


t=f, 


Here 


By (3.2) we have 
t 
\ | Ri(z)\tde< \ (RP 


Therefore, in accordance with (3.15), we obtain 


ant 
| |< Z," (t)(t—t,)” >| \ de} s=4,...,n) (3.49) 


ley 


For the case of (2.3) we have 


| us| (t)(t—t,) (om f,...,”) (3.20) 


The final estimates of the complementary functions of system (3.1) 
can be found from (1.19), (3.15) and (3.19) in the form 


|e | bn (t)| + + | bon (t)|1 44% + — to)” x 
n t t 


The conditions of stability are 


In the case when the coefficients change slowly, i.e. when (2.1) holds, 
we can use the results of Section 2 for the estimates of Zo and thus 
obtain the corresponding estimates for | x,*|. 


4. Nonlinear system. Let us consider the sytem 
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dr 
== Py, (t) + Pon (t) t X, (s err, (4 1) 


where x, = X(t, t,, «++, %,) are holomorphic functions of the variables 


Kip seve XE, whose expansion in terms of these variables begin with terms 
of degree not lower than the second; the coefficients of powers of x, are 


real, continuous, bounded function of ¢. 


If the roots of the characteristic equation of the first approximation 
of system (4.1) coincide with the roots of the characteristic equation of 
Section 1, one can reduce the system (4.1) with the aid of the transform- 
ation (1.2) and (1.3) to the form 


= + Qi + Y; (j =1,...,m) 


dt 


Ly 
= NiYoti + Qo+i T Y (¢ = m + 


Here l, m) and ), have the same mean 
ing as in Section lL. 


If we restrict the discussion to the region 


t>t,, LAR (e=1,...,n) (4.3) 


where h is sufficiently small, then we obtain the same estimates as (1.19), 
since, in this case the sign of dV/dt does not depend on the terms con- 
taining Y.. If, furthermore, the initial disturbances (1.15) are suffi- 
ciently small then the conditions of stability (1.20) will be valid also 
for system (4.1). 


5. Examples. Let us consider the system 


=(— + + (1 —casin 2t) 
pa ‘ (5.1) 
2 ‘ 
= (— 1— ea sin 2t) + «20s 2t) 25 


Here, a is some positive number, ¢« is a parameter. We are given the 
following conditions 


| t10| << 210". when lo 


2°, 2," when ¢ lies in interval [ t,. 7) 
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where T is a given small number. Let us find the conditions of stability. 


Suppose t, = 9. In this case we have 


( - + + (1 — cos 2t) 2; — (ea sin 21) 25 


(5.2) 


+ (— —casin 2, + ea (1 — cos 2t) 


If T and are very small, the investigation can be carried out in a 
manner analogous to that of Section 2. 


If (ea)* < 1, the equation 


has the roots 
% = — = +iV 1 — (ea)?, 


In this case we have the transformations: 
Y1 = + 22, = V1 — (ea)? 2, (5.4) 


Y2 ea 
=> y; + 
— VY 1 — (ea)? 


— (5.5) 
— 1 — (ea)? 


By means of these transformations we reduce the system (5.2) to the 
form 


dy 
¥: — V 1 — (ea)* + €Q, 


d 


Let us consider the function V = e~ @!* (y,? . According to 
(2.22) and (2.24) we have - a’(t) -— 1l< 0, and 


(yy? + < + Yeo" (5.7) 


Here 5t is very small. Therefore, one may consider eSt . 1, By (5.4) 
we have 


| | S| | 219° + — (€a)* | 249° 
From this and from (5.7) it fellows that 


ef + ya?) < + 2] | + 20°?) 


The last inequality yields the estimates: 


930 
= | 4 ) 
( 5 + ea 
4 0 (5.3) 
4 
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+ 2) | 210° + 299°)” 


+ 2 | ©a | + 299°) 
Because of (5.5) we have 


| 2 


e (219° + 2 | | + = 


| V1 — (ea)? | 


<( 4 


(230° + 2 ea | + = 
1 —(ea)?| 


The conditions of stability will be 


z,* 


Thus, for example, if 


then, if |«ea| < 1/2, the conditions of stability will be fulfilled. 


2. An example of B.V. Bulgakov’s. Bulgakov evaluated the * accumu] ated 
disturbances" of a system with variable coefficients by his own method 
on the basis of three systems with constant coefficients: 


dz 
dt 
dr, 
at 
dz; 
dt 


dz, 

a 
dz, 
at 
dz, 
a 


= 0.62; + 2.72, + Ry, = — 14.52, —2_+ Ry on [0,4] (5.8) 


= 2; + 3.32, 4 R,, =—— 1.92; — 1.32, + Ry on [4.7] (5.9) 


= 0.97, + 3.82. + Ry, — 2.42, — 1.12_ + Ry On [7.10] (5.10) 


(| |< 1, = const, | Ry |< = const) 
Here, when t, = 0, we have X49 
It is required to estimate x, when t = 10. Bulgakov obtained the result 


2, = 0.1362 + 3.87771; + 5.76201, (5.41) 


For the sake of simplicity we consider in place of the systems (5.8), 
(5.9) and (5.10) a single system in the interval [ 1,10] : 


dz, /dt 0.82; + 3.212, + Ri, dz, jdt = — 1.892, — 1.182, + R, (5.12) 
The characteristic equation of the system (3.12) will be 


0.8 —*x 3.21 


— 1.89 


It has the roots x = — 0.19 + i 2.25. 


J 
4 
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The direct and inverse linear transformations are respectively 


‘ 0.99 25 3. 0.99 


The estimates for | y,| and |y,| will be 


0-19! 4 Yoo2)*5 e 0.19! 766 Imi<e 0.19!) 766 


When t = 10, we have 


0.766 = 0.162 


3.21 

2. 
Let us find the estimate of the particular integral u, of system 

(5.12). For the fundamental system of solutions we have the following 

initial conditions: 

) 


(1) (1) (2 
Zio = 1, = 9, 


From this and from equation (3.14) we obtain 


(1)* (1)?! 
t Yoo 


(2)? 


/s — 0.766, 4 4 


There fore 


3.21 
| il 18 4.40 (1; I») = 2.121; + 2.12/, 


Finally we obtain 
| < 0.162 4+ 2.420) + 2.420, 


This expression (5.13) can be compared with (5.11). 


In conclusion, the author expresses sincere gratitude to N.G, Qhetaev 
for directing this work. 
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STABILITY OF AN AUTOMATICALLY CONTROLLED 
BICYCLE MOVING ON A HORIZONTAL PLANE 


(USTOICHIVOST’ AVTOMATICHESKI UPRAVLIAEMOGO 
VELOSIPEDA, KATIASHCHEGOSIA PO 
GORI ZONTAL’ NOI PLOSKOSTI) 


PMM Vol.23, No.4, 1959, pp. 650-655 


A.M. LETOV 
(Moscow) 
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There exists a considerable amount of literature dealing with the motion 
of a bicycle on a horizontal] 


plane. 


At the present time this problem is of interest because of the possibil- 
ity of utilizing the bicycle mechanism in systems containing automatically 
controlled bicycle chassis. 


A method of investigating this problem, when the nonlinear law of the 
front wheel servo control is taken into account, is given below. Stabil- 


ity may be attained for any, even arbitrarily small, bicycle velocity 
provided that the velocity of the steering mechanism servomotor is 
sufficiently 


great. 


1. Statement of the problem. Let @ be the angle between the 
bicycle frame and the vertical, uv’ be the angle between the front wheel 


and the line MM, connecting the points in which the bicycle wheels touch 
the horizontal plane. 


During preparation of this article for publication, a reviewer noted 
that the stability investigation methods used for cases with large 

disturbances are applied here to a problem which has meaning only for 
small disturbances. 


Although this is ture, the method presented here permits a general- 
ization for the case of additional nonlinear elements, as well as for 
the case of stability of nonsteady motions, thus justifying its appli- 
cation to this particular problem. 


iy 
| | 
= 
19 
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Let us assume that the wheels roll without slipping. Let us utilize 


the known (see, for example [ 1] ) equation of the moment of momentum with 
respect to the MM, axis: 


(1.4) 


In the case of small deviations this equation describes a disturbed 
motion of the bicycle, observed in the vicinity of its steady-state 
motion with constant velocity v along the fixed straight line M.M,. Here 
d denotes the distance between the center of gravity G of the bicycle 
and its load and the line M,M,, c is the distance between the points M, 

>, 6 is the distance between G (G’ is projection of the center of 


gravity G on the line MM,) and the point M, where the rear wheel touches 


the horizontal plane (Fig. 1). Let us assume that the front wheel is 
steered automatically by a servomotor whose equation of motion is given 


by 
$= o=a0+ NG (1.2) 


Here the constant W is characteristic of the gyroscopic moment of the 
front wheel, the stabilizing effect of which is well known [ 2] for the 
case of a freely rolling bicycle, a, FE, G*, 1, and N are the control 
system parameters. The nonlinear function f(o) belongs either to the 
class A or class A’ of the functions of [3] (Fig. 2). 


It is required to establish stability conditions for the undisturbed 
motion of a bicycle, which is controlled by a servomotor with the non- 
linear characteristic fo). 


2. Stability when the rolling velocity of the bicycle is 
sufficiently large. Let us introduce the following notation for 
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constants 


Obviously, we have 
— md — nb — pf (2) = Wb + f(c) 
(a + mG*)0 4 —W(N + — (1/1 + nG*) + f(2) (2.2) 


Let us first reduce these equations to the normal Cauchy form. By 
means of the following notations 


Ny at V = 7s, st (2.3) 


where the new variables are dimensionless and the constant s for the time 
being is left undefined, we obtain 


= Pi% + + Ps%s — (N + pG*) (2.4) 


The general stability problem described by equations of the form (2.4) 
has been treated elsewhere [ 4]. Here we use 


pw = =b 
Vis 
== bes, hs, Pi + mG (2.5) 


=(E—W(N + nG*) 


m 
= 


The expression for o deserves special attention. When the moment with 
the constant p is taken into account in the bicycle equation, steering 
the bicycle in the direction of 6 (acceleration of the fall) amplifies 
the effect of control achieved by tachometer feedback. 


he 


Pig. 2. 


Let us reduce equations (2.4) to the canonic form. Let Ay, Az, Ag be 
the roots of the equation 
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— — boy — = 0 
The canonic transformation shall be defined by the formulas 


bn 
Hoy 


H (h) = hgh + = hgh + 


This transformation will not be a special one if A, 4 A, and thus, it 


can be carried out. The canonic equations in terms of the new variables 
shall assume the form: 


+ f (2), Ly = + f (8), xo = Bix, + Boxy — Rf (2.7) 


Here 
d 
x(a) = 1+ (N+ — + hapa + 
H 
R = — hap, — Be [Pi + + (2.8) 


The numbers A, and A, are defined by the equalities 


hy + he bes, 


Let us specify the condition 


(2.9) 


nW —m>0O (2.10) 


Equation x, = f(a) for the canonic variable x, drops out of the system 
(2.7). The nonlinear function x(o) is positive and Rea, , A,) < 0. 


It is easy to see that stability with respect to the variables 
o also guarantees stability with respect to the variables Mis Mo» 
problem is to choose the control system constants a, F, G’, l, N 
that stability for any flo) of class A will be guaranteed. 


Zo. 
n,- The 
such 


Let us examine definite and everywhere positive function 


2410 


\*(2) /(2)de (2.11) 


Its total derivative in accordance with (2.7) is of the form: 


V = — (a,x, + agry + V (s))? 


if the following relationships are satisfied 


937 
ba As bes 

H (9) + H Hf (2) "hs 

| 

- 


3 


The equations (2.12) can be solved for a 
inequalities are satisfied 


‘ and a,, if the following 


R>0 (2.13) 
= (hy? + Aq”) + V RY? >0 (2.14) 


Consequently, the stability criterion is reduced to the limiting of the 
choice of the control system parameters by the inequalities (2.13), 
(2.14), and also by the inequality (2.10). Let us examine them. The in- 
equality R > 9 (2.13) has the form: 


pE +4/l 4+nG? > pW(N + pG?) (2.15) 


Furthermore, 


B Be hades 

+ = + habes) Pr + + bar + + Pe + 
+ (heb - hgbes) bao 

Consequently, + + 


lr? — hs (a In — m) 


L(Wn—m) 


From this we must have 


aln—m>0O (2.16) 


The reversal of the inequality is not possible by virtue of (2.10). 
Finally, using (2.8), (2.5), and (2.1), we determine the last stability 
condition: 


D* = —n)a + pnW[E—W(N + pG?)] + 4 np°G*) (2.47) 


m 


+ 2{(Wn— m) (2 4 nG? + pE— pW(N 4 par)|\" +0 


The derived conditions can be interpreted mechanically. 


If the wheel parameters are given, the constant for the gyroscopic 
moment is ¥ = kv, where k is a proportionality constant, and the inequal- 
ity (2.10) assumes the form: 


kv? > eg (2.18) 


This inequality will be satisfied if the bicycle velocity is suffi- 
ciently large. Let us note that the inequality (2.18) constitutes the 


i 
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condition of the bicycle self-stabilization due to the gyroscopic moment 
of the wheel of a freely rolling bicycle [2]. It imposes a lower limit 
upon the bicycle velocity and it does not contain any control system para- 
meters. In this case the inequality (2.16) imposes a lower limit upon the 
control system parameter al and we have 


alV* > cg (2.19) 


The inequalities (2.15) and (2.17) can be satisfied by properly choos- 
ing F and 


3. Stability for arbitrarily small bicycle velocity. Let us 
now suppose that the inequality (2.19) characterizing the presence of 
gyroscopic self-stabilization produced by the front wheel is not satis- 
fied. Let 


After eliminating 7, and using (2.4) we find 


‘ 
Th = Ne» Ne = + 4 = Ic + 1/(2)] 


By means of a non-singular transformation these equations are reduced 
to the following 


=4,2) (3.2) 


Here », are the roots of the equation we -b b,,° = 0. Since 


0 
22 
pw aln—m (3.3) 


V s(1/l + nG*) ls (1/ t+ nG*) 


then, specifying that the following inequalities are satisfied, 


aln--m 


is (1/1 + nG*) 


+0 pw /! + a(S — WN). (3.4) 


we obtain 
Rep, < 0 (k = 4, 2) 
The desired transformation, after inversion, may be written as follows: 


bas 
Ps — #1) 


bes 


The third equation is found by differentiating with respect too. Let 


f(s) = he + (3.6) 


where ¢ (0) is a function of class A’ 


>h>0 (3.7) 


ds 


Let us introduce the notations 
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Des 
t+hy=M, S=—8 Rh, R=— hgpy— 
(3.8) 
b 
b 
By” = + 2 (Pi + + 
Ps — #1) 


Then, finally, we get 


= = pote + [Mo + 
xo = B,°x, + B,°2, — Ss — (3.9) 


Let us assume that 


M > 0, > 0, R>0, (3.10) 


and examine the V- function 


Vm — _ — 4 1p (2) «(2)de (3.11) 
) 


This function is positive everywhere except at the origin. Its total 
derivative computed in accordance with equations (3.9) has the form: 


= —(ayr, + — [Mo + 49 (2) 182 + Re 
if the control system parameters are chosen such that the following equal- 
ities hold 
(3.12) 
Together with (3.10) and (3.4) the stability conditions will be of the 
form: 


_ 


= D* = + > (3.13) 


4. Stability conditions and their interpretation. First of 
all we have 


(4.1) 


This condition is easily satisfied by properly choosing a suitable 
value of the tachometer feedback constant N. In particular, in the absence 
of a rigid feedback link (1 = «© ) this constant must be non-negative; in 
the rest of the discussion we take N = pn, where p is a positive constant. 


If (4.1) is satisfied then, obviously, M> 0. Two last inequalities 
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of (3.10) can be written as follows: 
(4.2) 


—W (N + pG?)] 
RVs (1/1+ nG?) 


If the bicycle control system has no feedback link with constant gain, 
the inequalities (3.4), (4.1), and (4.2) become obvious; the inequality 
(4.2) restricts the choice of the servomotor characteristic to the A’ 
class of functions. 


Indeed, for the inequalities (4.2) we have 


25, PIE— WIN + [E —W(N + pG)| 


If the bicycle velocity is sufficiently smal! these inequalities can 
be simplified as follows: 


19 pE G*Eed 


The first inequality can be satisfied by properly choosing p; the 
second inequality imposes a further restriction upon the servomotors, 
namely, that in addition to having characteristics of the A’ class of 
functions, they mst have velocity with the lower bound inversely pro- 
portional to the square of the bicycle velocity. Consequently, in order 
to retain stability at arbitrerily small bicycle velocity v, the servo- 
motor must be able to rotate tne front wheel arbitrarily fast. (The 
possibility of this solution was indicated by N.G. CGhetaev). 


Another solution can be obtained after making a simplifying assumption 
G = 0. In this case the inequalities (3.13) will assume the form 


E—W/(N + pG)>0 (4.5) 


—(an—™\ (EB —W(N + pG*)] + n(E —WN) 4 


W /l+n(E—WN 
[E—W(N + pG*)|—(a + mG*)}>0 (4.6) 


In a special case (1 = « ) the inequality (4.4) can be simplified: 


—a(E —WpG?) + E{nwe +5 (E—WpG*)—a—mG*}>0 (4.7) 


Clearly, conditions (4.6) and (4.7) will be satisfied for sufficiently 
large values of the artificial damping constant £. 


The problem can be generalized to include the case of variable bicycle 
velocity. The methods for solution of the non-steady motions problem in- 
dicated in [3], Chapter XI and in [5], Ghapter IX, may be applied in this 
case. 


4a 941 
G?’ (G* — pF) (4.4) 


A.M. Letov 


BIBLIOGRAPHY 


Loitsianskii, L.G. and Iur’e, A.I., Teoreticheskaia mekhanika (Theor- 
etical Mechanics). Vol. III, Gostekhizdat, 1934. 


Gramme], P., Giroskop, ego teoriia i primenenie (Cyroscope, its 
Theory and Application). Vol. II, translation by G.A. Volpert, 
Izd-vo inostr. lit., 1952. 


Letov, A.M., Ustoichivost’ nelineinykh reguliruemykh sistem (Stabil- 


ity of nonlinear Control Systems). Gostekhizdat, 1955. 


Letov, A.M., Die Stabilitat von Regelsystemen mit nachgebender Riick- 
fuhrung. Regelungstechnik, Moderne Theorien und ihre Verwendbar- 
keit. Verlag R. Oldenbourg, Munchen, 1956. 


Chetaev, N.G., Ustoichivost’ dvizheniia (Stability of Motion). Gos- 
tekhizdat, 1955. 


Translated by P.N.B. 


942 
5. 
2 tf) 
f 


SOME PROBLEMS OF THE THEORY OF DYNAMIC 
PROGRAMMING 


(NEKOTORYE ZADACHI TEORII DINAMICRESKOGO 
PROGRAMMIROVANITIA) 


PMM Vol.23, No.4, 1959, pp. 656-665 


Ia. N. ROITENBERG 
(Moscow) 


(Received 30 March 1959) 


The theory of optimum processes in linear systems has been rigorously 
developed in recent years in the works of Pontriagin, Poltianskii and 
Gamkrelidze [1, 2, 3]. 


These studies were preceded by the work of Fel’ dbaum [4], Lerner [5, 
6] and others. Considerable contribution to this field was made by Bell- 
man [7.8.9], the author of a fundamental paper on dynamic programming 


In this paper, one of the problems of the theory of dynamic programm- 
ing is considered, namely, the problem of choosing the law of variation 
of the additional external forces by means of which one can ensure real- 
ization of prescribed motion in a linear nonstationary system. This 
problem is considered for both continuous and impulsive systems. 


1. Basic continuous systems. The equations of motion of a con- 
tinuous system can be represented as follows: 


k=! 


Here y, are generalized coordinates, x(t) are given external forces, 
q,(t) are additional external forces for which the law of variation with 
respect to time must be chosen such that the prescribed motion will take 
place; f ,(D) denote polynomials in D the coefficients of which are given 
functions of time; D = d/dt is the differential operator with respect to 
time. 


It is not difficult to see that the equations of motion (1.1) also 
apply to systems with the presence of commonly used control forces which 
are error functions (i.e. the difference between the desired and the actual 
values of the controlled coordinates of a system) and their derivatives. 


= 
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The external forces necessary for this are included in the number of the 
given external forces x.(t), while the forces which should be functions 
of controlled coordinates and their derivatives are taken into account in 
the left-hand side of equations (1.1). 


The system of equations (1.1) may be presented as follows: 


my Me my 


Bix (t) + din (t) Yo + + (t) Yn 
jm, —i1 (1.2) 
= ¥; | veces + z;(t) + 9; (t) (j=1,...,2) 
Here mk = l, ..., nm) denote the order of the highest derivative of 
y, with respect to time occurring in (1.1). The functions ’; entering 
(1.2) are linear functions of their arguments. 


Assuming that the determinant 
A* = | bia (t)| (1.3) 
is not identically equal to zero we obtain from equations (1.2) 


m; m, — \ 


B, (t t) 


' ' B,,; ( 
A* (t) (t) + 9, (t)]} +...4+ - [Zn (t) + gn(t)] (j =i,..., 7) 


Here ®. are the linear functions of their arguments and B.. are the 
cofactors of the. elements bi in the determinant (1.3). 


The system of equations (1.4) can be reduced to the Cauchy form. To 
this end let us introduce a new variable z, by means of the following 
relationships 

m,—1 m,—1 
= Yn (1.5) 
where 
(1.6) 


Let us denote linear combinations of external forces in the right-hand 
sides of equations (1.4) as follows: 


.,6,) (41.7) 


where 
=m, = Mm, + Mg, ..., (1.8) 


Equations (1.4) can now be written as fol lows: 
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B,. (t) B.. (t) 
Xo, (t) = 2, (t) +... + 
) ) A’ it) (t) 
o,=0,,.. 
B, ; (t) B,,; (t) 
: (0) as + — 
() = 4 an (4) 
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So O,. — Dy Ses Se) = Xe, (t) + Qe, (8), - 
=, — Dy (2, 22, » Zr) = Xo, (t) + Qo, (t) (1.9) 


By virtue of linearity of the functions ®.(z,, z,, ..., z,), equations 
(1.9) can be represented in the following form 


25 + asx (t) = X5(t) + Q5(t) r) (1.10) 
In equations (1.19) the functions X,,{t) and Q,(t) with # (1 = 1, 
n) are identically equal to zero. 


The system of scalar equations (1.19) is equivalent to a matrix equa- 


tion 


a(t)z= X(t)+ Q(t) (1.11) 


where z, a(t), X(t) and Olt) are the following matrices: 


X (t) = | X;(t)), 


The general solution of equation (1.11) is of the form: 


t 


=(t) = N(t, (to) + \N (t, 2) (X(-) + (1.13) 


ty 


where 
N (t, = 9(t) 97 (=) (1.14) 


and @(t) is the fundamental matrix for the homogeneous matrix equation 
obtained from (1.11) when X(t) + O(t) = 0. @7*(t) denotes the inverse 


matrix. 


The function N(t, +) is the matrix weighting function for the system 
(1.10). 


Since the functions X (t) and Q(t) are identically equal to zero for 
peo, (l= 1, ..., nm), the elements of the z-matrix will be 


(1.15) 
r tn 

z;(t) = > Vie (t, 2x (to) + \ N jo; (t, t) (=) =1,---. 7) 
k=1 t,i=1 


Substituting expressions (1.7) defining X, (t) and Q, (t) into (1.15) 
we obtain 


2; (t) = ty) Ze (tg) + (1.16) 


k=1 
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(1.17) 


let us represent the general solution of (1.19) in the following form 


(1.18) 


r n ! 
£5(t) = to) 2e (to) + + 
k=} l=} 


Let us now require that some generalized coordinates z re 


after some instant of time t,, should vary in accordance with the 
fol lowing laws: 


Zp, (t) = rp, (t) (t >1t,) m) (1.19) 


It follows from (1.1%) that conditions (1.19) will be satisfied if 
the additional forces q,(t) are chosen such that for t > t, the following 
relationships hold: 


nt 


where (1.21) 
r n 

Ry, (t) = rp,(t)— >) Nope (t, to) 2x (to) — \ Walt, 2) (i =1,...,m) 


The relationships (1.20) define the law, in accordance with which the 
additional forces g,{t) (l= 1, ..., m) mst vary. If the number of the 
generalized coordinates m (the law of variation of which is prescribed) 
is less than the number of possible additional forces n, we shall take 


Qa, (t) = Ge, (t) =... =Ge,_» (t= (1.22) 


From (1.20) we have m relationships for determining m additional ex- 
ternal forces 95, q,,(t)s 


m ft 


t, 


t) = (t) + de { , 
inf 
: Denoting by 
*) >! jo; (t, *) (t) lent, ..., 
i=1 
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The system of integral equations (1.23) can be solved by means of a 
numerical method. To this oe = us divide the time interval (t,, t) 
into smal! intervals (t,, (t, t,), (t,, ty), «++. and look for 


values in each of the above intervals. 


In doing so we shal! obtain (from 1.23) the following system of re- 
currence equations: 


m t 
= 4 

W (ts, de] qs, (to) + (1.24) 
f, 


m t, 
21 [\ (ts) = Rp, (te) (i= 4,...m) 
~1 
pity (ta 2) de] (ta) + [\ (tas 2) go, (ts) + 


wel 


s 

+ >) [\ (ts, (te) = Rp, (ts) 

4 i, 

z From (1.24) we can find in succession the following quantities: 

Qe, (to)s Ys, (ta), =4,...,m) 

a which are the values of the desired step functions q. (t) (w= 1, ..., m) 
during time intervals (to, t,), (t,, t,), (t,, t,), «++, respectively. 


Let us now consider a case when the number of additional external 
forces is less than the number of the generalized coordinates which must 
vary with respect to time in accordance with the prescribed law. 


The relationships (1.23) for this case will be satisfied only at dis- 
crete instants of time t = T, 4 T,, T,, .... For stationary systems this 
was shown by Lerner [6]. 


Thus, if there is only one additional force q,(t) and the conditions 
(1.19) still must be satisfied, the relationships (1.23) at instant 
i « T, will assume the form: 


W (T 1, dt = Rp, (Ts) (i= 4,...,m) (1.25) 


4 
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Let us divide the interval (t,, T,) into m equal or unequal sub- 
intervals (t,, t,), (t,, t,), (t,, t.), (t2_,, T). Let us assume 
that q.(t) is a step function and denote its calens in these intervals 


by q, (ty), q,(t,), respectively. 


Let us introduce the following notations: 


ty Ts 
\ W dt = \ Ws (7, t)dt ..., \ Wo t) dt = 
tm—t 

(i (1.26) 


Now relationships (1.25) assume the form: 
C4 Gs (to) + (ty) + (tm) = Rp (T1) (i= 1,..., m) (1.27) 


From the system of linear nonhomogenious algebraic equations (1.27) 
we find the values of q.(t,), q,(t,), 7,(t,_ 4), t-e. we find the 
law of variation of addi tional external forces which assures that at 
instant t = T, the following conditions will be satisfied 


Zp, (7's) = rp, (71) (foi, (1.28) 


At t = T, the relationships (1.23) will assume the form: 


T3 
\ (72. t) Qs (t) dt = Rp, (1's) (i= 1,..., m) (1.29) 
or te 
Ts 
\ (12, t) (t) dt = Rp, (T2) 4... ., (1.30) 
where 
Ry, (T2) = Rp, (72) —\ W Qs dt (i=4,...,m) (1.34) 
ty 


The interval T,, T, will be also divided into m equal of unequal sub- 
intervals (t_, t ), (t , T,), where 
a+2 2a-1 2 


a+i1°’ 
ty = T, (1.32) 
The values of the step function q,(t) in the intervals (t,, t,, ,), 
(toy tea T,) will be denoted by q,(t,), 1)» 
+» 9,(t,._,), respectively. ‘Let us use the analogous notation 


d 
i. 
ae 
é - 


Some problems of the theory of dynamic programming 


'm+2 
\ J V », 7) dt = \ We(Ts, de =e(™+),... 
Ts 
\ (T2,t) de = (1.33) 


The relationships (1.39) will become: 


(Lm) (Lm4r) (tom—1) = Rp, (12) (é=1,...,m) 


er (1.34) we find the values of q,t,), 
i.e. we find the law of variation of the 


+1 
in the interval (T,, T,), which assures that 
at instant T, the following conditions are satisfied 

Zp, (1's) = rp, (i= 1,...,m) (1.35) 


This process may be continued, and thus to assure that in the presence 
of only one additional force q,(t) the m conditions of (1.19) will be 
satisfied at instants t* = T,. T,, T,, 


Zp; = rp, (i= 1,...,m) 


Let us note that the values of 9,t;), generally speaking, will in- 


crease as the length of the time intervals - 1S decreased. 


For fixed values of T, - at which conditions (1.19) must be satisfied - 
a problem may be given in terms of some extremum properties of motion 

such as minimum root-mean-square deviation r_.(t) — z jt), or others. 
These problems will reduce to the problem of conditional extremum of 
which may be determined from (1.23). 


corresponding functionals, 


Let us make also the following observation. In equations (1.24), (1.25), 
and (1.29), the functions Wht, r), for fixed value of time t = ty, are 
assumed to be known. As is seen from (1.17), in yet to determine the 
functions W.,(t», r) one mst know the functions N. , +), which are 
elements of the matrix weighting function N(t, r) at the same instant 


t= te. As is known, 


N jg (te, t) = Ze (*) (1.36) 


where Ze(r) are solutions of the conjugate system of equations 


dZ, 
Dd) ane (+) Ze = 0 (E=1,...,r) (1.37) 
k=1 


constructed for the system of equations (1.10) and which at r = te assume 
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the following values: 


Z; (tr) = 1, Zx (tr) = 0 (ham i, 2,...,f—4, 44,...,2) (1.88) 


Thus, to make possible the determination of the functions W(t», ©), 


it is necessary to solve the conjugate system of equations (1.44), sub- 


ject to the conditions (1.38). From this follows the method of determina- 
tion of additional external forces q,‘t) by means of electronic computers. 


2. Impulsive systems. For this case, equations of motion of a non- 
stationary impulsive system will be represented by a system of linear 
difference equations 


Dd) fin (1) vx = 25 (t) + 95 (t) (j=4,..., 9) (2.1) 


where T is the lead operator defined by the following relationship 


T "yk = yr (t + st) (2.2) 


and r is some constant. 


Equations 2.1) may be obtained from (1.1) by replaeing the diffe- 
rential operator D by the lead operator T. Having carried out the trans- 
formations in (1.2) to (1.9), we shall reduce the system of equations 


(2.1) to the form 


Tz; + >) ay + (2.3) 


where, analogously to (1.5), 


and the functions X(t) and Q(t) are defined by the expressions (1.7) 
and (1.8). 


The system of scalar equations (2.3) is equivalent to the matrix 
equat ion 


Tz + a(t)z =X (t)+ Q(t) (2.5) 


where the matrices z, a(t), X(t), and Q(t) are defined in (1.12). Solution 
of the equation (2.5) is of the form: 


z(t) 8(t) (t — 9x) 2° (t — + 


8 
+ >) (t)64 (t — + je) [X — + ft — + Q(t — + fe — (2.6) 


j=1 


where @(t) is a square matrix, the columns of which are linearly inde- 
pendent solutions of the following homogeneous matrix equation 


950 
it 
4 
J 
3 
> 
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Tz+a(t)z=0 


The matrix @~ '(¢) is the inverse matrix of @(t) and denotes the 
integral part of t/r. 
In the expression (2.6) the second term becomes zero in the interval 
0< t< +r so that, according to (2.4) 
z(t) = 2° (t) (0<t<7) (2.8) 


where z*(t) is a given matrix defined in the interval 0 < t <r by the 
law of variation of the sought matrix z(t) in this (initial) time interval. 


In accordance with (2.6), the elements of the matrix z(t) will be of the 
form: 


z,(t) = >) [0 (t) (t — Ive ze" (t — 92) + (2.9) 
kel 


r 8 
+ > (9 (t) — + jt) [Xe — + fe + 


k=1j=—1 
+ — 9 + j= (v= 


Denoting the matrix weighting function by N(t, jr) 
N (t, jt) = (t) (t — 9 + jr) 


the solution (2.6) can be written as follows 


z(t) = 4 


>) N (t, jt) + —2) 4+ (t—& + 


j=1 


The expressions (2.9) will now assume the form: 


zy (t) = >) Nox (t, 0) (t — (2.12) 


k=l 
r 8 


+ >) Now (t, it) (Xu (t —9t + ft + Qe (t — 94 + fe WH 7) 


Since the functions X(t) and Q, (t) with » 4 o,(l= 1, ..., nm) are 


identically equal to zero, the expressions (2.12) may be rewritten as 
follows: 


z, (t) = >) New (t, 0) — + 


k=1 


n 
+ Nvo,(t, (Xo, (t — 9 + jt —*) + Qo, (t — + jt (2.13) 


j=1 (var 


951 
(2.7) 
(2.10) 
q 
a 
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Replacing X,. and Q,_ in accordance with (1.7), let us reduce (2.13) 
to the following: . 


zy (t) = Nx (t, 0) (t — 9) 4 (2.14) 


n § n 
B,, (t — + jr —1) 
i=1 j=1 


+ — Jt — 


Writing 
B,, (t + jt 


n 
Wy (t, jt) = (t, 


(2.15) 


i=1 


the expressions (2.14) may be represented in the form: 


z,(t) = Nalt, 0) (t — 4 (2.16) 
k=] 


n 


l=] j=) 


To satisfy the conditions (1.19) we shall have the following rel ation- 
ships, analogous to (1.23): 


m 
> (ts (t + jr—t)= Ry, (t) (t>t,) (i=1,..., m), (2.17) 
j=! 


where 
Rp, (t) = rp, (t) — (t, 0) (t — 9) — (2.18) 


k= 
n 8 


l=1 j=] 


Relationships (2.17) define the law, in accordance with which addi- 
tional external forces q, (t) (uw = 1, ..., m) must vary in order for some 
generalized coordinates “of the system z j{i = 1, ..., m) after some in- 
stant of time t, = j.r (t, is some multiple of r) to vary in accordance 
with the prescribed laws t1.19): 


Zp, (t) = rp, (t) (t >t,) (i= 4,..., m) 


To solve the system of equations (2.17) one can, as in the preceding 
section, use numerical methods. To this end let us divide the time in- 
terval (jy, r) into sma] intervals jor), (jr, (j5°, jyt), 

- and look for 9, ‘t) in the form of step functions having constant 


; 952 
| 
(em i, 


Some problems of the theory of dynamic programming 


(t,) 


values in these intervals. Let us denote these values by q, (0), Voy ‘ti 


(t,), (t.), respectively. Here 
Ts, 2 3 | 
ty = Jit, le = Jet, ty = (2.19) 


In doing so we obtain from (2.17) the following system of recurrence 
relationships: 


m it 
(tes = Roy (tr 
m is m je 
>) pis, (te, + Woe, (te, i=) (tr) = Ro (ts) 
m ji m je 
j=! w=) j= 
m je 
+ >} W pia, (tas i=)|q,, (ts) = Rp, (ts) 


j= 


From (2.20) we determine the numbers 


Then the number of additional external forces is less than the number 
of coordinates, the variation of which with respect to time must be in 
accordance with the prescribed law, the relationships (2.17), as in the 
continuous system, can be satisfied only at discrete instants t = T,, T,, 
T;, .++, Which for the sake of simplicity, will be taken as some aultigles 
ofr: 


T, = T; = eee (2.21) 


In the presence of only one additional external force q,‘t), the 
relationships (2.17) at t = T, assume the form: 


Wve —*) = Rp, (11) (i= (2.22) 
j=1 


Let us divide the interval (0, T,) into m equal or unequal sub-inter- 
vals (0, fir), Gor), “ig T,) and, assuming 
that q.(t) is a step function, let us denote its values in these intervals 
by q,(9), q,(t,), 9,(t,_ 4), respectively. Furthermore, let us use 
the notation 


: 
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jt) Woe (7, jt) 


\) Ws jt) 1) (i 


4} 


i=im 
The relationships (2.22) assume the form: 
(0) + ci 9, +.-- 4 (tm) = Ry, (11) (i=4,...,m) (2.24) 


The values of q_(0), q,(t defining the law of 
variation of additional external force q,tt) in the interval (9, T,), 
will be found from (2.24). Continuing this process, as in (1.29)-(1.34), 
we can determine the law of variation of the additional external force 
q,(t) in intervals (T,, T,), (T,, T,), etc. Thus, the fulfilment of the 
conditions (1.19) 


Zp, = Tp, (i= 4,...,m) 


is assured at discrete instant t = T,, T,, T,, 


In relationships (2.20)-(2.23) the functions W(t, jr), for fixed 
value of time t = ty, are assumed to be known. To determine the functions 
W(t, jr) in accordance with (2.15), one must know the functions Nv é 


jr) which are elements of the matrix weighting function (2.10) at ¢ = 
As is shown in [ 10]: 


(tr, jt) (te — jt) (2.25) 


where » is the integral part of ty/r and Ze are solutions of a conjugate 
system of difference equations 
k 
Z: (t) > Ane (t t) = = (2.26) 
k=1 


constructed for the system of difference equations (2.3) and satisfying 
the following conditions in the interval ( ~+ Ds 


> 


Z(t) = 1, Z,(t)=0 v+i4,..., (2.27) 


Thus, to make possible the determination of the functions Mite, jr), 


iffe- 


it is necessary to find the solution of the system of homogeneous 
rence equations (2.26), subject to conditions (2.27). 


From this follows also the method of solution of the problem considered 
here for impulsive systems by means of electronic computers. 


954 
2 ‘ 
(2.23) 
# 
x 
a 
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"VIRTUAL DISPLACEMENTS" OF MATERIAL SYSTEMS 
WITH LINEAR DIFFERENTIAL CONSTRAINTS 
OF THE SECOND ORDER 


(0 "VOZMOZHNYKH PEREMESHCHENIAKH MATERIAL’ NYKH SISTEM 
S LINEINYMI DIFFERENTSIAL’ NYMI SVIAZIAMI 
VTOROGO PORIADKA) 


PMM Vol.23, No.4, 1959, pp. 666-671 


KIRGETOV 


(Moscow) 


(Received 1 April 1959) 


The concept of "virtual displacement" of a system is, of course, a basic 
one in analytical mechanics. This is not just one of the concepts of 
analytical mechanics, but a concept on which the whole structure of 
analytical mechanics has been erected, a concept determining the character 
of analytical mechanics, the degree of its generality, 


the limits of its 
applications. Analytical mechanics extends only over those material 
systems for which the concept of "virtual displacements" has been estab- 


lished or, in other words, the "virtual displacements" have been defined. 


In the development of analytical mechanics, several phases can be dis- 
tinguished. Each of these phases had a corresponding definition of 
"virtual displacements" of a system. Thus, at present analytical 
mechanics contains several different definitions of "virtual displacements’. 
Two remarks are justified in relation to all these definitions. 


First, all definitions are linear. Their linearity lies in the fact 
that, according to these definitions, any linear combination of "virtual 
displacements" of a system is also a "virtual displacement" of this 

system. 


Second, the "virtual displacements" introduced by these definitions do 


not depend on forces acting on the system. This property should be under- 


stood in the sense that any row 5x,, sai bx,,, being "virtual disp] ace- 


ments" of a system under some forces, remain its "virtual displacements" 


for any other forces acting on this system. 


The separate phases in the development of analytical mechanics are 
distinguished according to the degree of generality of the material systems 
being investigated. The transition from one phase to the following was 
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accomplished by an extension of analytical emchanics to new systems. It 
was characterized by the introduction of a new definition of "virtual 
displacements" of a system, which made possible this extension of the 
scope of application of analytical mechanics. The newly introduced de- 
finition of *virtual displacements" of a system always contained the pre- 
ceding one as a particular case. Thus, the transition from the preceding 
definition to the following one was a transition from a particular de- 
finition to a more general one. This process of successive general ization 
of the definition of *virtual displacements" possessed the remarkable 
peculiarity of not bringing analytical mechanics beyond the limts of one 
dynamical principle - the principle of Gauss. 


The most general of all currently accepted definitions of *virtual 
displacements" is the known definition of Chetaev [1] for systems 
with non-linear differential constraints of the first order. In this 
paper, some extension of the definition of Qhetaev is given. This ex- 
tension is introduced within the principle of Gauss. On the basis of the 
linearity of the proposed definition and on the basis of the independence 
of the defined "virtual displacements" from the acting forces, a property 
of the proposed definition is proved. The significance of this property 
is that it may be used, in the specific sense, for the confirmation of 
the uniqueness of the proposed definition, and, in its framework, of all 
the previous definitions of *virtual displacements’. 


1. Consider a system of n material points. We denote by x,, x,, x,, 
m= = Xy, Te, My = Meo = ... the Cartesian coordinates and 
masses of the first, scond, ... point respectively by X,, X,, X,; Ky, } 
X,; ... the components of forces acting on the first, second ... point. 
All forces acting on the system (only active forces being considered) are 
assumed to be known functions of time, coordinates and velocities of the 
points of the system. We assume that at any given instant of time and at 
any given state of the system, the forces acting on the system may be 
changed in an arbitrary manner; here, as the state of the system at any 
instant of time we understand the positions and velocities of its points 


at ths instant. 


We assume the constraints of the system as being linear, and of the 
second order. It means, according to the terminology introduced by 
Delassus [2], that the equations of constraints depend linearly on accele- 
rations of the points of the system. Let the equations of the constraints 
of the system be 


21" +... = == _m) (1) 


These equations are obviously assumed to be independent. 


We assume that the constraints of the system do not depend on the 
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forces acting on the system. This should be understood in the sense that 
the changes of the acting forces do not cause changes of the coefficients 
and of free terms in equations (1). In consequence of this assumption, 


the functions a, and a, depend only on time, coordinates and velocities 
of the points of the system. 


Remark. It should be noted that this paper is not the first attempt 
to investigate material systems with constraints of the second order. 
Material systems of this type have been discussed, for instance, in the 
papers by Delassus [2], Przeborski [3], Valcovici [4]. 


2. According to the Gaussian principle, the set of accelerations of 


the points of the system corresponds to the minimum of the function 
3n , 2 
m; / Be 
> (2 — i 
with the condition of satisfaction of the relations 
3n 


, m) 


This implies that the actual accelerations of the 


points of the material 
system should satisfy the equations 


>} ari 


1 


1 


where the coefficients 0) represent the undetermined Lagrangian multi- 
pliers, 


Introducing the notations 


b; = 


we write equations (2) in the form 


mx," — X,; ym, = 0 
i 


3n 


by; (myx;" — X;) 
i=1 


From here the equations for the undetermined multipliers follow 
immediately 


m 3n 
= — dy (p = 1,..., m) (4) 
i=1 


J 
23 
i” = a == 4, ... 
i=1 
m « 
i=i,. 3n\ 
() 
$n 
a 
’ 
(3) 
= Mm, 
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Since the equations of constraint are independent, the determinant of 
System (4) is different from zero. Consequently, this set of equations 
allows us to find the undetermined multipliers a). 


Equations (2), in which multipliers are found from equations (4), allow 
us to determine the accelerations of the system at any instant of time, 
if only the state of the system and the forces acting on it (no matter 
what they are) are given at this instant. 


3. We assume as "virtual displacements" of the system all possible 
rows whose components satisfy the relations 
3n 


4452; Q , m) (5) 


i=] 


where coefficients a ; are the coefficients of equations (1), 


We will denote this definition of "virtual displacements" of the 
system by letter A. We will show that the definition A has all the pro- 
perties, pointed out in the introduction, which are common to all de- 
finitions of *virtual displacements" of a system, accepted in analytical 
mechanics. 


It is obviously linear. 


Then, the "virtual displacements" of a system, introduced by this de- 
finition, do not depend on the forces acting on the system. 


In fact, the coefficients a ;,, by assumption, do not depend on the 
forces acting on the system. Thus any row 5x,, ..., 5x,,, satisfying 
relations (5) for some forces and being the "virtual displacements" for 
these forces, will satisfy them and will be the "virtual displacements" 
of the system also for any other forces acting on the material system 
considered. 


Finally, the definition A is such that the d’Alembert-Lagrange 
principle yields, within this definition, the same equations as does the 
Gaussian principle. 


To prove this, we will show that the d’Alembert-Lagrange principle, 
within the definition A, yields precisely equations (2). The derivation 
of the equations of motion from the d’Alembert-Lagrange principle will 
be performed in the usual way. We mltiply equations (5) by the unde- 
termined mitipliers a, and add them to the fundamental equations of 
mechanics. We obtain 


an m 3n 
~— ba; + > = 0 
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which may be rewritten in the form 


3n m 
(mj x;" X; 62; (6) 
i=] 1 


Hence, with a proper selection of the multipliers o, (the mltipliers 
0, should be such that, in relations (6), the expressions within paren- 
thesis vanish) there follow immediately the equations 


3n 
A=] 


Equations (7), to which the equations of constraint are to be added, 
coincide completely with equations (7), derived from the Gaussian prin- 
ciple. This completes the proof. 


4. Two definitions of "virtual displacements" of a system will be 
called equivalent, if the sets of "virtual displacements" determined by 
these definitions are identical. 


The definitions of "virtual displacements" given by the relations 


respectively, where 


are obviously equivalent, (the determinant le, | being different from 
zero). 


On the other hand, if the definitions of "virtual displacements’, 
given by relations (8) and (9), respectively, are equivalent, then all 


the relations (9) may be represented as linear combinations of relations 
(8). 


In fact, relations (8) and (9) may be considered as two sets of linear 
algebraic equations. These two sets have, according to the assumption, 
identical solutions and consequently, as it is known from algebra, the 
equations of one set, for instance equations (9), will be linear combina- 
tions of the equations of another set - the set (8). 


We will prove the following proposition. 


If "virtual displacements" do not depend on the forces acting on the 
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system, and the d’Alembert-Lagrange principle yields the same equations 
of motion as does the Gaussian principle, then there does not exist any 
linear definition of "virtual displacements" which would not be equivalent 


to the definition A. 


Let B be an arbitrary linear definition of "virtual displacements" of 
the system, satisfying the assumption of the above proposition. 


The argument will be presented for any given instant of time and the 
corresponding state of the system. 


Let the row 


(10) 


be the "virtual displacements" at some forces, according to the defini- 
tion B, 


Thus, for these forces, the relation 
3n 
— X,)ba; = 0 (11) 
1 
(x,* here are the actual accelerations of the system) is satisfied, and 


consequently, the relation 
tn m 


y! ba; 3,4); = 0 


haw! 
is also satisfied, obtained from (11) by eliminating by means of equa- 
tions (2) the quantities m,x,”- 


The last relation may be rewritten in the form 
a, anda; = 0 (12) 


Awd i={ 


If the initially given forces are replaced by other ones, the row 
(10) does not cease to be the "virtual displacements" of the system, and 
therefore, relation (12) does not cease to be valid for this transition 
to new forces. It implies that it is valid for any change of forces act- 
ing on the system. For these changes of forces, the sums 


+ ... + gn 


being independent of the forces, remain invariant while the quantities 
0, change arbitrarily. In fact, the system of equations (4) may be written 
as 


3n m 3n 


i=] tl 
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The last set of equations determines the forces related to any choice 
of multipliers 


From what was said above, it follows that the following equations 
should be satisfied 


3n 


t=] 
This means that any "virtual displacements" of the system determined 


by definition B will be also the "virtual displacements" in the sense of 
definition A. 


Qn the other hand, the number of equations of motion obtained from the 
d’Alembert-Langrange principle, for any definition of "virtual disp] ace- 
ments", is equal to the number of linearly independent "virtual displace- 
ments". Thus, the number of linearly independent virtual displacements 
among all the "virtual displacements" given by definition B, is equal to 
3n—m, i.e. it is equal to the number of linearly independent * virtual 
displacements" given by definition A. From this and from the theorem 
proved, it follows that the sets of "virtual displacements" of a system 
given by the definition A and B should be identical, and consequently, 
definition B should be equivalent to definition A. This completes the 
proof. 
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The author proposes a generalization of the definition of virtual dis- 
placements, which could be applied to ideal constraints and also to certain 
other interactions of the points of a system and constraints. The virtual 
displacements would depend on the law of interaction; and for a certain 
special form of this law we have the commonly accepted definition of 
virtual displacements. 


1. Let us consider a system of N material points, whose positions at 
every instant of time t are determined by s = 3N generalized coordinates 
subject to | constraints 


A(t, ) 0) i (1.1) 
dt dt? 


We assume here that the constraints may limit not only the positions 
of the points and their velocities, but the accelerations as well. The 
functions f, are assumed to be differentiable with respect to all their 
arguments. The formla (1.1) indicates concisely that each of f;’s could 
depend on all coordinates Gye +++ Ves and on their derivatives up to the 
order j (it is of course possible that some of the f ;"s would depend on 
the derivatives up to the order p;,, 9< p; < j). The integral or integro- 
differential constraints will not be considered. 


Independently of the character of the constraints and the nature of 
the physical interaction of the points of the system, the equations of 
motion may be written in the form 


R, Ur dt (1 2) 


where Q,, R, and T are the generalized forces, reactions and the kinetic 
energy, respectively, with k= 1, 2, ..., s. 


Consider the system of functions 
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in which the arbitrary differentiable functions 7,(t) have the same 
dimension as the corresponding generalized coordinate q,; the infinitely 
small parameter a does not depend on t and could have a dimension. Multi- 
plying the k-th equation (1.2) by Sy, and adding, we obtain 

a7 d aT 


4 
O49», dt (1.4) 


kK=1 

It is clearly evident that if the relationship (1.4) is valid for an 
arbitrary 5¥,, then any system of equations (1.2) must also be valid. 
Equation (1.4) could serve as a general equation of mechanics for the 
most general kind of motion with completely arbitrary constraints. It is 
essential here that the quantities 5y, be completely arbitrary. They do 
not have to be variations of the generalized coordinates in the usual 
sense, and their dimensions do not have to be the same as the dimensions 
of the corresponding coordinates. 


Equations (1.4) contain the initially unknown reactions of constraints 
R,, which have to be eliminated when equations (1.1) and the law of 
interaction of the points of the system with the constraints are to be 
used. It is well known how this is done in the case of ideal constraints. 
In the general case, the constraints are arbitrary, and there exists a 
set of quantities 5wW, for which the relation 


B 


m 

k=} m=1 


(1.5) 


is satisfied at every instant of time. Here d|, are given functions of 
the time, of the coordinates, and of their time derivatives; these func- 
tions could be the resistance forces of the medium, or some supplement- 
ary active forces; the functions Pop? will be explained later. The con- 
dition, which in the most general case of physical interactions determines 
the set bw,, may be written as 

aq, aq, d 


Ody, . ‘ 
| t, qk, » dt OY ks (1 6) 


where ®. are certain functions differentiable with respect to all their 
arguments. These functions may not be completely arbitrary. Indeed, the 
quantities 5y, should be determinable with the accuracy of the multiplier 
a. Hence, ®, should be homogeneous functions of some order n; with respect 
to the whole set of the quantities 5¥, and their derivatives. In the 
simplest case n. = 1 (i= 1, ..., UD), ®. would be homogeneous linear 
functions, and the relation (1.6) could be written as 


= (t) (1.3) 
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(1.7) 


Besides, the r-th equation of the constraints (1.1) is determined with 
the accuracy of the constant multiplier C_, therefore ®; and also a.," 
should be homogeneous functions of some order n-_ with respect to each 
variable of the group f,, Of,/dq, «-. 


We shall call the quantities 5%,, which satisfy equations (1.6), or 
in special cases equations (1.7) the general virtual displacements, or 
simply the -displacements. 


Generally speaking, the functions ®,, a.," depend on all functions 
fy ere fy and on all their partial derivatives up to a certain order, 
but in special cases each of the ®, could depend only on one of the 
functions f. and on its derivatives. Different choices of ®., a.," are 
mathematical expressions of different characters of the physical inter- 
action. For a definite law of the physical interaction, the functions ®. 
and a.” assume a definite form, and conversely, choosing a certain form 

" we select at the same time some definite law for the 
physical interaction. The general case (1.6) is quite difficult, therefore 
from now on we shall study the virtual displacements (1.7), which, of 
course, limits the class of constraints to be considered. Nevertheless, 
this narrower class is sufficiently comprehensive, containing the ideal 
constraints and also the holonomic constraints with friction. 


2. Usually, the virtual displacements are determined from systems of 


algebraic equations, but the 5y-displacements are determined from (1.7), 
which are not algebraic but differential equations. The 5, functions 
determined from these equations are in general completely different from 
the commonly accepted virtual displacements. 


We shall derive now the equations of motion of a system with constraints 
(1.1) and conditions (1.7). 


The general equation (1.4) with the conditions (1.5) and &> 0 will 
assume the form 


a 
’ 


Por + Qe Og, dt 94, 
(2.1) 


(when 8 = 0, the summation sign with respect to = is absent). Multiplying 
the ith equation (1.7) by an undetermined multiplier A;, summing with 
respect to i and combining with (2.1), we obtain 
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) & > 0) (2.3) 


which can be verified by performing the indicated operations, we shal] 
transform the quantity A ,a,,"(d"/dt")5 yy. The functions ¢,,? and the 
quantity 8 will be expressed now as 


» 


1) at?! 


(m> 0) 


Substituting (2.3), (2.4) in (2.2) and combining similar terms, we 
obtain 


¥ 


l 
oT d 1)™ 


OF, at Aq, 


from which, after the usual reasoning, we obtain the system of equations 


aT d OT 
09). dt Aq, 


i=] m= 


which, together with (1.1), constitutes the full system of (s + 1) equa- 


tions for (s + 1) functions q,, Ai. 


Comparing (1.4) with (2.5), we can show that 


1)" (2.6) 

at 
which means that actually the reactions of constraints depend not only on 
the analytic form of the constraints, but also on the form of the functions 
a.,"- The constraints with reactions (2.6) are of course not ideal. Be- 
sides, the conventional name "constraints with friction" becomes a mis- 
nomer here, because in the presence of conditions (1.7) there are possible 
also reactions, for which the total mechanical energy of the system in- 
creases, although the active forces are performing negative work. 


In order to verify equations (2.5), it is necessary to check whether 
conditions (1.5), which were essential in the derivations of these equa- 


oes 
ord OT 
= 
fd dt Yn ,P OYk | hidix | 0 ( ) 
i Using the identity 
a™ , a™ 
p=1 
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+ ff 
0 
k=1 
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tions, are satisfied. To perform this, we shall substitute the values of 
R, from (2.6) in (1.5), replace B by y, and replace ¢,,? by their values 
obtained from (2.4). As a result we shall have for y > 0 


= 


(for y = 9 the second sum would be absent); hence, taking into account 
(2.3), we obtain the relation 


\) 
tk 


which mst be satisfied on the strength of (1.7). The verification of 
equations (2.5) is completed. 


In general, equations (2.5) are of higher order than two. To determine 
now the arbitrary constants of integration we mst know not only the 
initial generalized coordinates and velocities, but also their derivatives 
of higher order. All these quantities must, of course, satisfy the equa- 
tions of constraints (1.1) and also the relations obtained from successive 
differentiation of (1.1) with respect to time, since derivatives of 
higher order than j are needed for the determination of the constants. 

The number of arbitrary constants depends on the form of the functions 
ai," 


As our constraints now are not ideal, we need not, in general, select 
new generalized coordinates in order to eliminate the holonomic constraints. 
Nevertheless, in certain cases, we could also obtain equations analogous 
to the Lagrange equations of the second kind. Let us assume that all the 
constraints are holonomic and y = 9; we shal! select new generalized co- 
ordinates such that the constraints become identities. From equations 


(1.7) which become in this case 


0 ( 4) (2.7) 
k=! 
we shall express any quantities 5y, in terms of the remaining ones. We 
shall substitute the obtained expressions for the dependent 5, in 
equation (2.1), putting B = y = 0, that is, in the equation 

/ oT d 

2: (Por dt ag, / 


We shall express coefficients of the independent 5y, as functions of 
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the above mentioned new generalized coordinates and set them equal to 
zero. The equations thus obtained would contain a minimum number of un- 
known functions. Besides, when y = 9, a similar transformation could be 
carried out for nonholonomic constraints of the 


if d,, + Q,, T do not depend on Po (but could depend on 
their derivatives). 


3. We shall study some actual examples of 5u/-displacements. Let the 
functions a,," be defined by the formulas 


dq, 
at™ 


(m=0,1,...,4; §=1,...,0) (3.1) 


Equations (1.7), which determine the 5 y-displacements, then become 


Of, a™ 


where the symbol Sf, denotes an isochronous variation of f;, that is 


d d 


The quantities 5y, are determined by formlas (1.3), and in this case 
it is convenient to replace them by q,. When j = 9, we obtain from (3.2) 
the conventional definition of virtual displacements for holonomic con- 
straints; for nonholonomic constraints (j = 1) the definition (3.2) differs 
from the conventional one. It must be mentioned though, that from the 
mathematical point of view, definition (3.2) is much more natural than 
the conventional one. It seems that constraints with a similar rule of 
interaction were not investigated previously, because it was not known 
how to construct equations (2.5). From the general point of view de- 
finition (3.2) and the conventional one are equally valid; they correspond 
in the case j = 1 to a different nature of interaction of the points in 
the system and of the constraints. 


Equations (2.5) become here 


ar T m 
Ot 
dt 04, i=1 m=0 


The above equations, together with (1.1), form the complete system of 
(s + 1) equations. We shall estimate now the number of independent arbi- 
trary constants, assuming that equations (3.4) are of 2jth order with 
respect to all the coordinates q,(j > 1). Let us assume that among the 
constraints (1.1) there are r  holonomic constraints, r, constraints which 
enforce limitations on positions and velocities, that is, constraints of 
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the first order, constraints of the second order, and finally r. con- 
straints of the ‘ith order. We assume that r. 4 0. Differentiating the 
constraints of the mth order (2 j- m) times with respect to time, we ob- 
tain, together with (3.4), a system of (s + 1) equations of jth order 
with respect to the cordinates q, and of mth order with respect to A; 
corresponding to the constraints of the mth order. The solution of the 
resulting system will depend on 
m=1 

arbitrary constants, not all of them independent. Indeed, the resulting 
solution must satisfy all the constraints and all the relations obtained 
from the successive differentiation of the constraint equations with 
respect to time. Hence, the constraints of the mth order will give in 
addition r.(2j — m) independent relations. Thus, the number of independent 
arbitrary constants in our case would equal 


2| js - >) (j- m) Fm | (3.5) 
m=0 
If the order of the resulting equations with respect to any of the co- 
ordinates is lower (higher) than 2j, then the number of the independent 
constants is correspondingly lower (higher). 


The arbitrary constants (3.5) could be determined from the requirement 
that the system at two prescribed instants of time occupy a certain pre- 
scirbed position with prescribed velocities, accelerations, and so on, up 
to the (j - l)th derivative inclusive, (j > 1). In particular, for holo- 
nomic constraints (j = 9) and nonholonomic (j = 1) we could prescribe two 
arbitrary positions of the system at two prescribed instants of time, which 
are consistent with the holonomic constraints. It should be mentioned 
that for the constraints of Chetaev [1], that is, constraints for which 
(1.7) becomes (j = 1), 


1 
this could not be done. For the constraints (3.6), and with the same con- 
ditions otherwise, we obtain a solution which depends only on 2s - 2r, - 
r, constants. When r, > 0, then the number of disposable constants is "hese 
than 2(s - r)), enesquatty with the constraints (3.6) we could not pre- 
scribe arbitrarily two positions of the same system, if we take into 
account only the holonomic constraints. As far as we know this fact, so 
fundamental for the formlation of the Hamilton-Ostrogradski principle, 
has not been previously noticed. 


We shall consider now the case of cyclic coordinates for nonholonomic 
constraints of the first order (j = 1). Let us mention that the holonomic 
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constraints with conditions (3.2) become conventional ideal constraints; 
consequently, they could be eliminated by a suitable selection of general - 
ized coordinates. Let us assume that the holonomic constraints are already 
eliminated and the nonholonomic constraints are solved with respect to the 
generalized velocities q,, that is 


A(t, f=4,....9 (3.7) 


Besides, let ¢,; + Q, = 0.44 = l, ..., Ll), and let us assume that the 
remaining quantities ¢ |, + Q, and T do not depend on the cyclic coordi- 
nates 7,, ---, 7,- Then equations (3.4) would yield the system 


doar , dr, 

dt dt , ( 8) 
09; 


a 
For + + da, \*aq,) 
t 


Solving the first group of equations (3.8) we find 


hy @=1,...,D (3.9) 
0q 


where c, are arbitrary constants. 


Utilizing the function T, = T(t,q » beep sees Ors 
0 i 1+1 
o% q,) from the second group of equations (3.8), we obtain the system 


eT, (9% 9%; 

analogous to the equations of Chaplygin. It should be mentioned that for 
= 0 (i: = 1, L) equations (3.10) coincide with the errogeously 
derived equations of Lindeloff [2]. The Lindeloff equations refer to the 
motion of a rigid body on a plane without sliding, but his law of inter- 
action differs from that of Chaplygin and from the one Lindeloff himsel f 
had assumed. 


4. We shall verify the validity of the Hamilton-Ostrogradski principle 
for the motion of a system with constraints (1.1) and conditions (3.2). 
For the sake of simplicity, we shall limit ourselves to a conservative 
system. We recall that we may prescribe m derivatives (m > 0) of the 
generalized coordinates up to the (j — 1l)th order, which satisfy all con- 
straints up to (j — l)th order inclusive, for two instants of the time, 
t, and t,. This means that at these two instants of time we could set 
equal to zero all the d%5q,/dt"(n= 0, 1, ..., j — 1). In the case of the 
constraints (3.6) we could also set equal to zero all 5q,, that is, to 
prescribe positions for the system at two instants of time; in this last 


| 
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iy 
as 
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ee 
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case, however, the existence of the solution for every boundary condition 
is not guaranteed. 


The Hamilton-Ostrogradski principle could be formulated as follows: 
the motion of a system actually taking place differs from all other 
possible motions consistent with the constraints (1.1) and with the same 
initial and final positions by the fact that the functional 

ty ! 
J=\(L+ (4.4) 
ix 
assumes a stationary value. Here | is the Lagrangian, A; are undetermined 
multipliers. To prove the principle it is sufficient to compare the 
Euler equations for the functional J with equations (3.4) and take into 


account also that 


d™ ‘d™ 
q,) (m=0,1,...,J—1) (4.2) 


“tty t=t, 

Let us consider the interesting case of canonical variables, introduc- 

ing first new independent variables b.,(m= 0, 1, ..., j) (see (3.1)) in 
the functional J, for which conditions (4.2) assume the form 


(8b mu): = =O (m=0,1,...,j/—1) a (t)) (4.3) 


In what follows we shall utilize the following obvious relation 


d™ 
Bhink = (4.4) 


The introduction of the additional conditions 


d 
Denk dt Dim—1)k = 0 (4.5) 
will not change the extremm of the functional [ 3]. 


Following the customary procedure, we shal! seek the extremm of the 
functional J(b,,, 6 pr +++, 6,,) with conditions (4.5) and also seek the 
absolute extremum of the functional 


te 
+ + Dd) (5, b¢m—1)k — dt (4.6) 
ty i=1 k=1 


where p,, are the undetermined Langrange multipliers. 


It is easy to determine them in the case j = 1 from the Euler equa- 
tions for J;: 


| 
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From relations (4.7) and from equations (1.1) we shall write down the 
functions 
Dy = dy, (t, - (ep =1,...,8) 
hi = i Diks (é = 4,...,2) (4.8) 


Substituting the above values into (4.3) and denoting the quantity 


l 
>) Prrdyx — L — > hifi = H(t, Qe, Paw) (4.9) 


k=1 i=1 


we shall rewrite the functional J; in the form 


\ pu H)dt (4.10) 
k= 


For the functional J,, the Euler equations are the canonical Hamilton- 
lan equations 


dr 1k 0H 
it 39," (4.11) 


We could apply to equations (4.11) the well-known methods of integra- 
tion without any essential changes. 


5. Example. We shall consider the motion of a material point of weight 
P with the following constraint on the velocity 
+ = = const (5.1) 
(q, and q, are Cartesian coordinates, the q,-axis is parallel to the 


gravity force). 


Solving the constraint equation with respect to the derivative of the 
cyclic coordinate q, we obtain 


qi = + Va? — q:? (5.2) 


Utilizing equation (3.8), putting Dob = 0, and noting that T) = Pa*/2g, 
where g is the acceleration due to gravity, we obtain 


d 
Pa or a=atp Var (Pt + (5.3) 


a 
ay a 
. 
(4.7) 
| 
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Here Cy» fp © are arbitrary constants. Utilizing the constraint 
equation and integrating the expression for q, we obtain 


In {(Pt + co) + + (Pt + (5.4) 


In order to obtain the reaction we shall use equations (3.6), noting 
that in our case 


Ry 


The final results are 


P* 192 R — 
Pt ’ 2 4 (Ft + (5.5) 
[ey ( | 


Ri=+- 


The resulting motion could be interpreted as follows: suppose there is 
a rocket with two reaction motors. One of them supplies a constant force 
component RR” = P, which balances the force of gravity. The second motor 
supplies the reactive force 


along the normal to the trajectory and directed toward its concave side. 
The variation of the mass of the rocket is neglected. If we regard the 
constraint (5.1) as the Chetaev constraint, which means that we assume 
that the constraint imposes the following limitations 


+ = 0 (5.6) 


then it is easily seen that the reaction of this constraint is always 
tangent to the trajectory. It should be mentioned, however, that the 
solution of this example with conditions (5.6) depends not on four, but 
only on three arbitrary constants, consequently the trajectory could not 
connect two arbitrarily prescribed points. 


6. Concluding, we shall present a simpler case for the determination 
of a." from the prescribed law of interaction. Suppose that a material 
point moves in a plane with Cartesian coordinates q, and q,, with the 

frictional constraint 


= (6.1) 


and the angle of friction r is a prescribed function of the coordinates, 
velocities and their higher derivatives. We shal! assume that the reaction 
is directed along grad ¢. In order to determine the quantities @,.°. Osa" 


we can construct the equations (y = 0): 


whe re 


a4 
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V (ay°)? + gs" 


A solution of equations (6.2) could be obtained with an accuracy with- 
in an arbitrary coefficient, for example, in the form 


=, | grad ¢| cos =+-q Sint, q, (6.3) 
092 


The quantities a,," could be determined similarly for a three-dimen- 


sional space. 
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In 1947, in his study of regular precessions, Grioli obtained a new 
particular solution for the problem of the motion of a heavy rigid body 
about a fixed point [1]. This solution was expressed in article [ 2] 
relative to a coordinate system, the axes of which are the principal axes 
of the inertial ellipsoid for the point of support. It turned out that 
analytically Grioli’s solution is characterized by two particular quadratic 
integrals of a definite type. 


In this article the problem of the existence of new solutions of a 
similar type is studied. A system of algebraic equations is constructed 
for the determination of the required parameters. Two solutions of this 
system are found and investigated. To the first corresponds Grioli’s case; 
the second leads to a new case of integrability [4]. The conditions im- 
posed in this case on the moments of inertia can be fulfilled, if the 
body has cavities filled with an ideal incompressible fluid [3]. 


lL. Let O be the fixed point of the body, Oryz coordinate axes fixed in 
the body, which are the principal axes of the inertial ellipsoid of the 
body for the fixed point. We shall denote the moments of inertia of the 
body for these axes by A, B, C. Let the center of gravity lie in one of 
the principal planes of the inertial ellipsoid, for example in the Oxz 
plane. The angle between the Ox-axis and the straight line going from the 
fixed point to the center of gravity of the body will be denoted by a. 
The product of weight of the body and the distance from the fixed point 
to the center of gravity will be denoted by |. The variables to be deter- 
mined are p, q, r, i.e. the projections of the angular velocity of the 
body on the Oxyz axes, andy, y’, y”, i.e. the projections of the unit 
vector on the same axes, with direction opposite to the direction of the 
force of gravity. These variables must satisfy the Euler-Poisson equations 


Le 
975 


E.I. Kharlanmova 


adr 
(A — B) pq — cosa 


(1.4) 
(Cc A)rp ly” cosa ly sin « 


dp _ 
A=, = (B—C)qr + ly’ sina, ( 


dy , dy’ dy" 


Three integrals of these equations are known: 


Ap? + Bq? + Cr? 4 21(y cosa + 7" sina) = 2h (1.3) 
Apy + Bay’ + =m (1.4) 


(1.5) 


where h and m are integration constants. 


Instead of y’, we will introduce a new variable I’, and a new inde- 


pendent variable r, using the relations a 
=qI", dt= gat 

Under these conditions equations (1. 1) give 
Az = (B—C)r+TI"sina, c= = (A—B)p—TI’cosa (1.6) 

= (C — A)rp + ly’ cosa — lysine (1.7) 


The equations (1.6) will be linear in p and r if 
= bp+b"r 


where 6 and 6” are constants to be determined. We have 


dp 
A dt = 


c= = (A — B— bcosa) p — b’r cosa 


(B—C + b’sina)r + bpsina 


(1.8) 


We will subject the constants b and b” to the condition 


bsina sina beosa sina (1.9) 
A— B—bcosa —b" cosa A—B B—C 


Eliminating with the aid of this equality 6” from the first equation 
of (1.8), and b from the second, we shall have 
dp b 


ASE = B) psina + (B—C)r cosa! 


(1.10) 
cz = — — B) psinae + (B—C)r cosa} 
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From equations (1.10) we have 


Ab’ Cb 
n (1.11) 


From now on we shall assume the integration constant n to be different 
from zero. 


Hence, in the required cases of integrability the relation 
by’ = q (bp +- b’r) (1.12) 

must hold, where the constants 6 and 6” are restricted by condition (1.9). 

These constants have the dimension of the moments of inertia. 


The second assumption consists in that q* must be a quadratic function 
of the variables p andr: 


(1.13) 


* + ¢,'pr -+-¢,"r? -+-e,p +e,"r--+e 


Expressions (1.12) and (1.13) are a generalization of the integrals 
holding in Grioli’s solution, whose analytic expression is given in 
article [2]. 


The right-hand side of expression (1.13) can be represented with the 
aid of (1.11), in the form 


& pr-+e&r 


Substituting for the product pr its expression in terms of p’, r’, n? 


from (1.11), we write the relationship between p, q and r as follows: 


= ep* + e’r* + e’n® (1.14) 


As a consequence of (1.10) and (1.14), equation (1.7) leads to the 
following relation: 


Su 
cosa + 


ly” cos a — ly sina == eb sina —e"b" 


BB—C 
+ rp|eb 4 — sina — — A) (1.15) 


We will transform the integral (1.3). The substitution q* in the form 
(1.14) gives 


Ap* + Cr? + B (ep? + ¢’r*) + 2 (ly cosa + ly’ sina) — 2h + Be'n?=0 (1.16) 


Instead of h, we will introduce the constant ff, using relation 


an 
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Be'n? — 2h = Bn? (1.17) 


Then, taking into account (1.11), equation (1.16) will be written as 


a 1 Q 9 

ly cos z ly Sinz A-4 eB iB Gye p 
iff C*b? 2 Q AC bb — 1.18 


From equations (1.15) and (1.18) we find 


ly = ap* + a’pr-+-a"r®, ly" = cp? + 4-c’r’ (1.19) 


Here, for brevity, the notations 


1 | 
a eb q sin’ a >| A eB 2 (1.20) 
AChbb’ 


C) cos 


cos asin a =| ¢ + 


A By? cos 


, A%»*2 
|sina 


B 
ch sin cosa — 


| B(B—C) 
c= jst 


B(A B) 
‘A(A—B) 


e"h 


sina —(¢€ — A)| cos — 


pAcey’ sin x 
(A— B)(B—C)~ 
B 1 ’ . 
€ cos* a — —|C+ eB +- | |sina 


are introduced. 


We shall pass to the integral (1.4). Instead of m, we shall introduce 
the constant #, using the equality Im = pn’. Taking into account form- 
ulas (1.19), (1.12) and (1.14), we have 
Ap (ap* + a’pr + a’r*) + B(sp* + e’r*) (bp + b’r) + 
Cr (cp* + c'pr + c’r*) —pn* + Bibp + b’r)e’n? = 0 
Substituting for n in the above expression, the left-hand side of the 


equality (1.11), gives a homogeneous polynomial of the third order in the 
variables p and r: 


978 
(A 
ene 
a” = 
3 
| 
"4 


A solution of the Euler-Poisson equations 


+ p® + (a’A + cC + eBb’) p*r + (c’C -+- a" A + Bb) pr® + 


Ch 
(1.21) 


Hence the variables p and r are related by the expressions (1.11) and 
(1.21). Since n 4 0, at least one of the coefficients in the left-hand 
side of (1.11) is not zero. Let it be the coefficient of p. Then expressing 
p in terms of r, and substituting into (1.21), an equation of the third 
order is obtained, which in the general case gives a constant value for 
r. To avoid this case, the requirement must be made that this equality 
be an identity in r, from which will follow the vanishing of the coef fi- 
cients of the unknowns in the polynomial (1.21). Thus we shall have, the 
equat tons 

Ath’ 2 
aA + eBh e’ Bh 


+ Bb’ + e’ Bb’ 
Arb’? 

(B—cp 

% 


a’A +cC + eBb’ 4 


By? 
C2 Ab” 
(A — (B- 


+a’A Bh ‘Bl 
Su. 


Substituting a and c™ from (1.20) in (1.22), we have two equations for 
the determination of » and f: 


b y cy: 
eB [(b cos a cos @ 


‘ C (4 
eB a + [ (isin a |S sine 


A%? 
The determinant of these linear equations in 1/2f andy» is equal, by 
virtue of (1.9), to unity. Therefore 


)eB 


A? |(B—C)* bceosa 
— 


sina — Be - (1.24) 
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B(2. COs j sin 


A: (B—C)* sinacosa 
—]|(bcosa — —)eB | (3572 


C? |(A— B)* sinacosa 
h Sin - 5 j — 


Substituting into (1.23) a’, c’, c, a” from (1.20), and f, p from 
(1.24), we will have 


+- Fe"B 4-G =—0. +. +-G" = 0 


FE h” sin 3 l ot 
5 Sine ) sine cos a 
C RB C db 5 b 
A ~(A' A—By., 
h cosa + b| )sin a cos a + 
A—B b's b’ 


(1 2—- sina) sine 


F=b sin a| sin C sina.)] 


C (B—C) 2 (B—C) 
C(B—C) 1C(B—C) 6b / 9 
F (A COS 2 [cos 1 b cos x)] 
G = —-(C — 2A)sina SI -— cos 
A s sina + AC cose 
C2(B—C)2B 1—B Pe (1.25) 
5 ( )cos 2 AC sine 


Equations (1.25) are used to determine «B and « ”B, and depend on A, 
B, C, 6, 6”, a. They are independent of e’. 


We shall transform the integral (1.5). Substituting (1.19), (1.12), 
(1.14), (1.11), we will have 


(ap* + a’pr + (cp® + + + (bp + b’r)? | ep? 4 


By the same reasoning as above regarding the polynomial (1.21), the 
hemogeneous polynomial (1.26) is an identity in p and r. Therefore, its 
ccefficients must be equal to zero. Taking into account expressions (1.20), 
we will have the following five equations: 
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[ex 


A(A— 


2 


+6 (B—C)*(A— By? 2 


» bb Ab? 
4c cos + 40 


ole +e @ 


© BF 
b(B— 
eR sina [eB - j 
ACh"b 


+ © (A—B) 


bor |e 


cosa|eB 


ACbb*? 
C)(A 


— B) 


+ bb” [e" + e’ 


Ath" 


(B—Cy 


— COs a — 


[A 


AtCthth’ 2 


B) . 
Sine (C - A)| + 


cosa —e "Be 


‘ 


B) 

AChb Ath” 

2 (B—C)(A eB + 
PCbb*? 


(B—C)* (B—C)3(A 


Os 


3 ACbb’ 

2 (B—C)(A- 
By 


By [c 


AC*b 
= Zh —— ; 
(B—C)(A 


We shall substitute into equations (1.27) the quantity fh, defined by 


the first 
pressions 
algebraic 
not write 


Taking into account (1.9), 


five aforementioned quantities. 
In particular, we succeeded in establishing two solutions: 


patible. 


the first solution 


(A- By? (B—C 


Atct 


(A—B)(B—C) 
= 


formula of (1.24). 
for «B and«”B found from (1.25), 
equations for the determination of e’, A, 6, 6", 
these equations in expanded form, 


From the substitution in (1.27) of the ex- 
we shall obtain a system of 
tan a. We will 


since they are very unwieldy. 


we therefore have six equations relating the 
However, this system turns out to be com- 


(A — B)(B—C) 4 


b= AY 4= 
tga 


B 


B—C 
A—B 


a4 
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the second solution 


(¢ 1) (A — B)? (C — B)* (C — 2A)2(2C — A)? 

H® |3AC —B(A (1.31) 
} ( 1) if 4)2 / 4)2 

- 4 - a 29 

H*|3AC — B(A + — 2B(A + (1.32) 

} 

if 1 1 1) 1) (1.33) 
whe re 

20— Ay / ACSA) 
2A 1 By A) ( ‘) 
H = A(C— B) (20 — Ap + C(A— B)(C — 2Ap (1.35) 


Substituting these expressions into (1.25) we find for the first solu- 
tion 


A2 13 AC @i (1.37) 


Since in the formlas (1.28) to (1.37) A and C enter symmetrical ly, 
we let, without loss of generality, C > A. 


2. Let us consider the first solution. We conclude from (1.31) and the 
inequality C > A that 


( B B—A 
( A, sing | COS (2.1) 
‘Therefore (1.29) gives 
{ cos a, (sing (2.2) 


Substituting (2.2), (1.36), (1.29) into (1.11) and (1.14) we obtain, 
taking into account (1.30), 


peosa-+rsina=v, r= 2vi—g?, v aa V (C — B) (B— A) 


Hence 


sina V v-- veosa2, r : cosa V v? — + vsina 


P 
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Instead of 7, we shall introduce the variable o, using the equality 


= vy sing. Then 
visin gz COs Z COS 35) 


sin acoso), 


Formula (1.12) now gives 
ly’ = ¥sins[Acos*z — Csin*« + (A — C)sina cos 2 cos 3| 


We will obtain an equation for the determination of the dependence of 


o on time by way of substitution of the quantities found in any of the 


first two equations of (1.1), taking into account (5 
ds 
dt 


(the irrelevant integration constant is omitted). 


Therefore 
sinacosvl), @q vsin vf, v(sing COs COS vf) 
(2.3) 


v (cosa 
()sinz cos «cos vt] 


ly’ v? sin vt{[Acos*« + Csin®?« + (A 
Substituting (1.36), (1.29), (2.2) into (1.24), we find 
(2B — A—C), (A— BY (B 

Atc? 


After this, having obtained from (1.20) expressions for a, a’, a”, c, 
(1.19), we will find 


, ec”, and substituting these into formulas 
(C — B) cos zsin® vt] 


(C — B)(B— 


, 


ly “(C sina cos vi 
v? [— Acos2cos vt + (A — B)sinxsin® vt] 
The cited integrability case of this Section has been obtained and in- 
vestigated by Grioli [1]. This solution is given in article [2] in the 
form (2.3), (2.4). 
3. Let us investigate the second solution. We will intoduce the fol low- 


ing notations: 
sino 


COS p 


1 By(c 
[3AC 


Taking these into account, together with the substitution (1.33), the 
expression (1.11) will be written in the form Ap cos p + Cr sin p = v. 


The substitution of (1.32) and (1.34) into (1.11) gives 


q 
q 
at. 
: 
; 
a 
3n iC (¢ 1); By (C — 2A) i) 
H )] q 
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Dy? 3AC 2B (A+C)) 
A*p? + = [3AC — B(A + OC) — 9 ) 
We find from the last two relations 
SAC —2B(A+C)[, 3AC [3.1C — 4) 
| iy ic 9A) (20 1) q | (3.3) 


Instead of 7, we shall introduce the new variable o using the equality 
= sino, where 


(¢ 1) 1) 
| JAC — B(A (3-4) 


Then 


Let us see what conditions must be satisfied by the positive quantities 
A, B, C, in order that a, n, p, r be real, 


We conclude, as a consequence of C > A from (1.34), that it is nec- 
essary for the inequality 


B)(A — B)(C — 2A) >0 
to be satisfied. 
This is possible when: 
1) B>t 2A, 2) 2A>C>B>dA, 3) C>2A>2B 
In the first case 
3 AC B(A —C) C(B— 2A)— A(B—C)< 0 


A(B— C)(2¢ AY’ — C(B 1)(C — 2A)? < 0 
in the second 


34C — B(A+-C) =C(2A— B) + A(C— B)>9 
A(C — B)(2€ Ay + C(B— A)(2A—CY >9 


in the third 
3AC — B(A + C) = A(2C — B) + C(A— B)>0 


A(C — B)(2C — A + C(A — B)(C — 2A)? > 0 


We see that the quantity n, determined from the equality (1.31), is 
real in all these cases. We conclude from (3.1), that v will also be real. 


‘ay 
it 
+ F 
ay 
| 
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In the first case, the multiplier within the square bracket in equation 
(3.2) is negative, and the second factor 
2B(A+C) 24(B—C)+C (2B—A) 
A)” BAe € — 2A) (20 — A) 


is positive. Therefore, the first case mst be disregarded, since, under 
these conditions, p? + C*r? < 0, 


In the second case, formulas (3.1) give real values for cos p, sinp, 
but the expression under the radical in (3.3) is negative. In fact, 
3AC [3.AC B(A-+-C)| 
7 f 
[2C (B— A) +- AQB—cy{v 


{ (2A — C) (2€ 


[3AC — 2B(A + 


is real, since 2B>2A>C. In this case p and r are complex; therefore, 
the second case must also be disregarded. 


In the third case, which is characterized by the inequality C > 2A > 
2B, all quantities turn out to be real. Moreover C > A+B, which does 
not hold for a rigid body; however, this condition can be satisfied if 


the body has cavities filled with a fluid [3]. 


Substituting the found magnitudes into (1.12), we have 


(3.6) 
a AC (C ~ 2A) (2€ - A) 3 1 B)(C B) 
— — —cosc/sing * 
[3AC — (C — 2A) (20 — A) 


The dependence of o on time is obtained from the first equation of 
(1.1) in the form 


=k-+k’cos: (3.7) 
v at 


k = V (C — 24) (20 — A) (3AC — 2B(A 
k’ = (A +C)V3(A— B) (C — B) 
N =3AC V 3AC — B(A C) (3.8) 
Having obtained from (1.24) the value of (@, we next find the coeffi- 
cients (1.20), after which, formulas (1.19) will give, taking into account 
(3.4), (3.9) 
{cos p[3A(C — B)sin*s + B(A + sin pcos 3} 


{sin p [3C (A — B)sin* + B(A + C)}—3ACy cos pcos 


| 
3 
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Thus, the dependence of the variables p, 9, r, y, y’, y” om time is 
found. Hence, the Euler-Poisson equations with the conditions 


C >2A> 2B 


admit a solution, determined by 


(3.10) 


(cosp + ysinocoss), r (sin p — x Cos pcos 3) 


and equations (3.46) and (3.9). where sin p, cOSp, K, x, are determined 
from (3.1), (3.4) and (3.5) 


. l ( A 
H 3AC — B(A+C) 
The variable o is found from equation (3.7), taking into account (3.8). 


The validity of the obtained result can be verified directly by sub- 
stituting the solution (3.19), (3.6), (3.9) into equations (1.1), (1.2) 
and the integrals (1.3), (1.4), (1.5). 


Taking into account, for », the formula (1.24), we find from the re- 
lation Im = pn’, that the constant of the surface integral m is equal to 
the constant v, introduced according to equation (3.1), 1.e. m= v. 


In problems which are reducible to an integration of the Euler-Poisson 
eqiations it is customary to choose, for the main variables, Eulerian 
angles. 


We shall introduce these angles as follows. 


The formula 


Ap cos p + Crsinp = v (3.11) 


expresses the condition that the projection of the vector (p, q, r) on 
the straight line having direction of the vector 
(Acosp, 0, Csinp) (3.12) 

remains constant. We will denote the angle between the vector (3.12) and 
the vector fy, y’, by @: 

V A* cos?e + C*sin%e 
or, taking into account (3.9) 
3 (C — B) ces? p + C2 (A— B) sin? sin?o 

|3AC — B(A + C)| V Atcos?e + Ctsinte 

14 3AC (A— C) y sine cese ecse + B(A + C) (A cos? p + Csin® 
[3AC — B(A + C)| V A? costp + 


cos 8 = 


(3.13) 
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The components of the vector (p, q, r) in the directions (3.12) and 
fy, y’, y”.) are the derivatives of the angle of spin ¢& and the angle of 
precession «’, The projection of (p, q, r) in the direction (3.12) is, as 
can be seen from (3.11, v/v A*cos’p + C’sin’p. Hence, we have 


pr tar + ry’ = $+ ¢cos8, 


d cos 4 
V A* cos*e + C*sin*o 


It follows that 


vcos 


dy 


cos*e + C*sints 


Substituting in the last expression the values of the variables, which 
have already been found, we will find the dependence of db/dt ono, and 
consequently also the dependence of the angle of precession on time. 


Since the projection of (p, q, r) on the straight line having direction 
(3.12) is constant, it is sufficient to examine, in order to conclude the 
investigation, what kind of curve-is described on the unit sphere with 
center at the fixed point by the apex, i.e. the point of intersection of 
this line with the sphere. 


We conclude from (3.7) that when k < k’, the variable o approaches 
asymptotically the value o*, determined by the relation 


cos = —k/k’ 


Moreover, the variables p, 9, r, respectively, approach asymptotically 
the constants p*, q*, r*, so that in the limit we have a permanent rota- 


tion. 


For k > k’, o increases indefinitely with time, and the variable @, 
as can be seen from (3.11), is confined between the two limits 4. and 
6... Consequently, the trajectory of the apex is confined between the 


parallels determined by these limits for @. We will not investigate this 
trajectory. 
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In this paper we obtain an exact solution of the problem of diffraction 


of a transient plane elastic wave, with no resistance, propagated in 
three-dimensional space and striking against an edge in the form of a 
half-plane. The problem is solved by the method of functional-invariant 


Smirnov and S.L. Sobolev. 


solutions of V.I. 


elastic wave in space (x, y, z), which is occupied by a homogeneous iso- 
tropic elastic medium and in which a cut in the form of the half-plane 
y = 9, x > 0 has been made; the edge of the cut is fixed, i.e. the elastic 


Consider the diffraction picture due to the motion of a plane 


displacement is equal to zero on this half-plane. The analogous diffraction 


problem for acoustic waves in a fluid was solved by Sobolev in[1; p.414]. 


It is known (see [ 1; pp. 471-473] ) that if there are no external forces, 


the displacement vector (u, v, w) can be written in the form 


(u,v,w) = gradg + (1.1) 


where the scalar potential ¢ and the vector potential t= (v', 
satisfy the equations 


when 1/a and 1/b are the velocities of the longitudinal and transverse 
waves, respectively. On the fixed boundary ‘in our case on both sides of 
the half-plane y = %, x > %) the boundary conditions 


u=0 v=0, w=0 (1.3) 


hold. 


It is required to investigate the diffraction picture resulting from 
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the motion of the plane longitudinal wave 


¢(t,z,y,2) = f(t —cz + cy), Y(t, z,y,z) =0 (1.4) 


) f) 


where f(s) - for s < 9. The diffraction problem of the plane transverse 


wave 1s reducible to three diffraction problems as follows: 


(t 


Jo 


Fach of these three problems is solved by the same method as the 
diffraction problem of the wave (1.4). We shall. therefore, confine the 
liscussion to the solution of the diffraction problem for waves of the 
form (1.4). We shall assume that c > 9 in (1.4), since the case c < 0 
reduces to that of ¢ 0 1f z is replaced by - z and the case c = 1 is 
the plane problem* treated previously in [2]. 

At each instant of time t the front of the incident wave is a plane 
intersecting the axis Oz at the point z = t/c. This point is the vertex 
of the cone ¢ - ez [ (qt — ot Vlxe* 4 y}? occupied by the diffracted 


615] ). 


waves | analogous to [ l: p 


. 


In the exterior of the cone there are onl, plane waves: the incident 


wave (1.4) and the two waves (the longitudinal and the transverse) re- 


flected from the fixed boundary. At arbitrary ¢ t, the picture of the 
fronts of the wave in the plane section z = z, is the one eiven in Fig. 1 
for t cz, (if t ez,, then the front of the wave in the section con- 


sidered has not yet reached the cut). 


It is sufficient to solve the problem for the case 


{/(s)=0 for s<0, f(s) s for s>0 (1.5) 


in (1.4), since an arbitrary wave of the form (1.4) can be obtained by 


superposition of such waves. 


2. We introduce the notation 


It can be verified that if we put c = 0 in the solution obtained in 
this paper and then differentiate the solution with respect to ¢t (in 
order to pass from the initia) conditions of the form (1.4) considered 
here, where f(s) = s for s > 0, to the final conditions of [2], where 
f(s) = 1 for s > 0), then the solution of [2] is obtained. 
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a,* = a*—¢’, b,? } 
09 09 
? 9 
Uo iy? De (2.1) 
Avs OY. OY, Ove Ov 
v = — — 4 
uy Oy az Oz Or 1 ] Or Oy 
By (1.1) we have (u,, v,, w.) + (u,, v., (u, v, w). In analogy 


with [ 1: p. 615] we shall seek a solution depending only on the three 

» 
. 4 . . 

tions u., v,, w, satisfies 


variables x, y t — cz. From (1.2) it follows that each of the func- 


1 


72 
a,” 2.2 
(<.<) 
and that each of the functions u,, v., w, satisfies 
1 ot;? iz? jy 
From (2.1) we obtain 
Ou Op Au A» ’ Ain, Ap, 
Oy Or Ot; £3 Oty Oz Oy Oty 
The boundary conditions (1.3) can be written as 
0), Ww, ) for y r ) (? 5) 
Noting that (1.2) and (1.4) imply that c* + c,* + ¢,* = a* and putting 
Cc k, we obtain c,* = a,“ — k*. It now follows from (1.1), (1.4) and 
( .5) that 
Uy uy wy () for +, kr < 0 (2.6) 
vy 0, u, k, V a, ow, (2.7) 


for ?t; kr + Va;? 


For t, > 9 we have the picture shown in Fig. 1. Obviously, (2.6) holds 
in the regions MKx and M.C.AKx (before the wave front), and (2.7) holds 
in the region to the left of the curve MKCA.C ¥ (that is, those places 
on the front of the incident wave not yet reached by the reflected and 
diffracted waves). The regions ACK and AE DK contain the waves reflected 


from the plane boundary Ox in accordance with the boundary conditions 
(2.5) 


In the usual way (see [2; p. 689] ) we obtain 
U,=P, Wy=r in the region ACK 


u, = —Pp, —q, WwW, =——rin the region AEDK 


- 
. 
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(2.8) 


An arbitrary function ®(y ) can be written as half the sum of the even 
function ®* (y) = ®ly ) + ®(- y) and the odd function ®~ ‘YY’? h © (y) = 
®(- y). We shall denote by u 


tions of y 


the even func- 


v, , w,* the odd functions of y 
Ug(t,, 2, y) Ug (ty, 2, y) 


etc. where u., ..., w, is a solution of the problem (2.1)-(2.7). It is 
obvious that = 1/2lu + u.*) etc. and that each of the systems of 
functions u and u,*, v,*, u.® 


u 
satisfies (2.2), (2.3), (2.4) and the boundarv comtition (2.5), 

We shall first find the functions u 


— 
follows from (2.6) and (9.7) 


that these functions are homogeneous of 
order zero in t,, x, y for t. < 0. Therefore. the solution will be homo- 
geneous for t, > 9 as well. According to[1; p. 514] such a solution can 
be sought in the form 

Ug Re Uy (4%), vo” = Re V, (4,), wo = ReW, (6,) 


(2.9) 
uy, = Rel (9,), Re} (9,), Rell (9,) 


where [ analytic functions of the complex variables 


(2.10) 
.4) we obtain 
V a,2 — (6) = BV,’ (9), cU ,' (6) — OW,’ (6) 
cV,'(8) =) — 62 W,,’ (8) (2.41) 
6U,’ (8) + b,2 — @V,’ (6) + cW,’ (6) 0 
The radicals are to be considered continuous for Im @ > ! and positive 
for - a,<6< a, 


0 ‘ 
Because the functions Uys w,”, uy ° are even in y and the functions 
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F tk ) q F tk ) || 

a 

Uy (ty, y) y)4 U,(t,, 2, 

(4, 2% y)= y(t, 2, y)4 (ty, 2, y) 

etc. and by u.*, 1 w.. 
J 
ms 

cL 
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, v,” are odd in y, it is sufficient to consider the functions U.(@), 

W (A) only in the upper half-plane. In the same way as in [ 2; Sec- 
tion 2] we obtain the following conditions which the functions I/,(@), 
must satisfy on the real axis: 


Im U,' (9) = 0, Re V, (9) = 0, ImW,’ (9) 

Im U (8) = 0, V, (6) = 0, ImW,’ (6) - 

(9) =—2k, Re V,(6) = 0, ReW, (6) 

ReU, (0)=0, Rel,(0)=0, Rel¥, (6) 

Rel, (9) = p, ReV,(0)=¢. ReW, (9) 

ReU, ()=—p, ReV, (9) q, ReW, (9) 

Re (U,, (9) + U, = 0, Re (V_ (8) + V, (8) 

Re (W, (8) + IW, (9)) = 0 a <4 (2.17) 


3. We shall find functions U.(@), ..., ¥.(@), which are reeular in the 
upper half-plane and satisfy (2.11) and also satisfy the boundary condi- 
tions {2.12)-(2.17) on the real axis. It follows from (2.12)-(2.17) that 
Rel V.(@) 4 on the real 


axis. Therefore, 
V (9) Vi, (3.1) 


Py means of (2.11) and (3.1) we express the functions U.’, V.’, U, 
in terms of W.” and W.’. Using also (2.17), we obtain 


Re F (8) W,'(6) = 0 when a, < 8 < co (F (6) Ya? —PYb; 


From (2.12), (2.14) and (2.16) we obtain 


Im (9) == () for — 
Re (9) = () for — ay < 6 andk ay 
and for @ = k the function ¥,°(@) has a pole with principal part 


i(r + 2 2c (k* + ‘ 
‘(0)~ 3. 

0 { ) 7 (6 k) c) F tk) 4) 
From (3.2) and (3.3) we know arg W,’(@) is wholly on the real axis. In 

order to find ¥.°(@) we construct a function F.(@) such that 


In view of the considerations at the beginning of Section 3 of [| 2], 
we shal] seek the simplest particular solution of the problem (2. 11)- 
(2.17), i.e. a solution with the minimum number of singularities on 
the real axis and at infinity. 
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In F, (9) 


Then F, (sc) = 1; on the real axis F,(@) = 0. except for the interval 
(a,, b,), where arg F,(0) = — arg F(a), It now follows from (3.2) and 
(3.3) that 


ay 


is wholly on the real axis, except at the point 0 = k, where there is a 
pole. Therefore, 


iA + (3.6) 


From (3.4) we obtain 


The constant A will be determined later. From (2.17) and (2.11) it 
follows that 


From this and from (2.13), (2.15) and (2.16) it follows that 


Re [(cU (9) — OW’,’ (6)) Vb, +0) =O for (3.7) 
Equations (2.15), (2.16), (2.11) and (2.2) imply that Re (el, - aw) 
1S continuous at = k; hence the function cU,° aw does not have a 


pole there. Using (3.7), we write 


iD 
cU ,’ (0) — OW,’ (6) = — 
9 


From (2.1), (3.1), (3.6), (3.8) we find all six of the required fune- 
tions 


(3.8) 


ba i Va, — OF, (0) / BY 
0 (4) = J 1 (0) = \4 6 - (3.9) 
/ B \ 6D 
(6) = | F, (0) Va. — 0 + — 


We find the constants A and D from the condition of regularity of the 
functions U,’ and W.° at the point @ = ic. to do so, we must put the 


£ 

AF. 

7 

a F (t) { dt 

a, a, 

| 

W,’ (0) VO> 

Fy (8) 
VO! 
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expression in the square brackets in (3.9) equal to zero for @ = ic 


F, (ic) Va, — ic Wb, + icV + (4 =) —icD =0 


Putting the real part of this expression equal to zero, we find 


Ke (F, (ic) V a; — tc V by + ic) 


and putting the imaginary part equal to zero, we find D. We show that the 
denominator in (3.10) does not vanish. Indeed, 0 < a, < b, and c > 0 imply 
that 


—+ n<arg(Va,—icVb, 4 ic) << 0 


and (3.5) implies that 


arg (ic) = Im In Pyfie) < 


a, 


| arg (F, (ic) V a, — ic Vb, + ic 


and the denominator in (3.19) is not zero. Therefore, the functions U,’, 

oa W,° have been determined. Taking (2.14 and (2.15) into account, we 
find Uo, ren W., and then from (2.9) we 

find up”, ..., In the region BEA (see 

Fig. 1), where r, is imaginary, the functions 

w, are determined in the same way 


2; para- 


as the function in [2; Section 
graph 3]. 


4. To find the functions uy*, 


we write 


u, = ReU,” (9,),...,w,° = ReW,’ (6,) 


in analogy with (2.9), where @, and @, are the same as in (2.10). The 
functions U.*, ..., W,* will satisfy the same relations (2.11), but in- 
stead of (2.12)-(2)14} they will satisfy the following boundary conditions: 
ReU,°(9)=0, ImV,"(6)=0, ReW,°(8)=0 for <8 <a, (4.1) 
ReU,*(9)=0, ImV,°"(6)=0, ReW,°(6)=0 for—co<#<—b, (4.2) 
ReU,*(8)=0, ReV,*(0) =2Va?—k 
ReW,°(0)=0 for—a,<8<k (4.3) 


= 
Hence 
| 
— 
4 
Fig. 1. 
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Conditions (2.15)-(2.17) remain in force for the functions U,*, 
W.* as well. These conditions imply that 


for — < < 


Therefore, instead of a single equation (3.1) we obtain two: 
U, =9, W, +W,’°=0 


The rest of the discussion proceeds as in Section 3 and we obtain 


@ (4.4) 
WwW,” (9) Ww,” (0) = =U," (9) (9) iE Vb, _ OF, (8) 


if Vb, — OV (8) iF (6? + Fy (8) 
c ( ) c(8§8—k) Vb,+ 90 


where the function F,(@) is the same as in (3.5) and 


RF (hk) Fy (a,* + by? + 

Noctynnaa 
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The mixed boundary value problem (the problem of the die) in the static 
theory of elasticity is well studied [1-3]. In transient dynamics of an 
elastic medium for a half-space, the problems were studied effectively 
for which, for certain initial conditions, there are given on the bound- 
ary either the displacements of the tensions [ 4-6] or certain components 
of displacement and certain components of tension [4]. Paper [8] con- 
sidered Lamb’s problem for mixed boundary conditions, permitting to in- 
vestigate the propagation of longitudinal and transverse waves. 


In the present article we consider the plane case of the mixed bound- 
ary value problem for the dynamic equations of the theory of elasticity. 


1. We consider the equation 


Fu 


(A + grad div u + nAu— Poa = 0 (1.1) 


Here u= (u, v) is the displacement vector; A, » are Lamé’s coeffi- 
cients, p is the density and the elastic body occupies the half-plane 
y > 9. The initial conditions, for the sake of simplicity, are taken to 
J mp y 
be zero, 


and the boundary conditions are: 


(1.2) 


= 0, =O where v= f(z, t) where <! for y=0 


here o_., 7,, are components of the stress tensor and f(x, t) is a given 
function which is assumed to be bounded and possesses a finite number of 


lines of discontinuity. 


The physical meaning of the boundary conditions is as follows. 
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¥ A rigid die is impressed without friction into the elastic half-plane 
; along the portion |x| < 1; it produces on this portion the displacement 
v = f(x, t), while the remaining part of the boundary |x| > | is free of 


, 


tension. 


Paper [9] contains the solution of an analogous problem for one wave 
equation. It is a pity that the author was not acquainted with the work 
of Galin [13], where a problem is solved which may be reduced to the one 


of [9]. and therefore [9] does not contain the proper reference. This 


- drawback is corrected in the present work. 

+ The aim of the present paper is the construction for y = © of the 

} values 0, for |x| < 1, that is of the stresses underneath the die, and 

e in addition of v for |x! > 1, that is of the vertical displacement on the 
a free boundary. The construction of these functions on the boundary repre- 
sents, above all, an immediate interest and, in addition, reduces our ok 
: problem to one of the solved boundary value problems of an elastic hal f- 
plane [ 4-7]. 

aq As is known [ 4], any solution of equations (1.1) may be represented in 


the plane case in the form 


(1.3) 


where the functions & and vw satisfy the equation 


-= 
% \ 


(1.4) 


c Without loss of generality we may put 1 = 1, b = 1. We introduce the 

notation b*/a*= y* < 1. Theno,,, may be expressed by and 
Oxdy 


2. We shall tackle our problem by applying to the functions a one-sided 
Laplace transform with respect to t and a two-sided Laplace transform with 
respect to x. 


4 We introduce the notation 

oo 
\ e-Ptoyy (x, t) dt 
—co 0 


4 

3 Ox = Oy Ox 

te 

ox? oy" a’ p 
=i 

or" o-y { ary () 


Dynamic problem of the die on an elastic half-plane 


(8, Pp) = | dz \ (x, t)dt 


‘“dr\ e Plo(z,y,t)dt 


* dz \ e-P'd (2, y, t)dt 
0 


(2.4) 


The question of convergence of the integrals determining these func- 
tions shall be left open for the time being. Ye shall deduce the relation 
connecting os, p) and V(s, p) with the condition that o.,* 0 for y = 0, 


From (2.3) and (1.4) we obtain 
am 


dy? 


rr 


— — s*)® = (), 


(p? s*) 0 


The solution of these equations will be taken in the form 


() = Aexp(—y V vp s*), Y = Bexp(—y V p? — s*) 2.5) 


In the plane of the complex variable s cuts are established along the 
straight line passing through the points s = p and s = ( for the radical 


é 


v y‘p* — s* from the point yp to the right to infinity and from the point 
~ yp to the left to infinity, and for the positive values y* — s?/p? the 
arithmetic mean of the radical is taken. The branch of the radical 

p* s* is chosen analogously. 


Using the second relation from (1.3), formulas (1.5), (2.1) to (2.5) 


and putting on™ 0 for y = 9, we obtain 


op 


P) 


G(q) = (2¢° 1)? 4g? Vii 
That is G(q) is the left-hand side of Rayleigh’s equation. 


Formula (2.6) represents, as may be shown, the result of a double 
transformation of the relation, which connects the boundary values o 
ry 
and v (on the boundary y = 0) for the condition Ce,” on the boundary. 


(2.8) 


Syy (E, de d= 


q 
a 
>2 
92.0 : 
where 
(2.7) 
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Here the kernel w(x, t) is the vertical displacement of the points on 
the boundary y = 9, corresponding to the vanishing initial conditions 
and to the boundary conditions 0 andao__ = &(x)8(t). In its 
characteristics formula (2.8) is analogous to the relation between the 
boundary values of a harmonic function and the normal derivative. 


It can be shown that the satisfaction of (2.8%) is a necessary and 
sufficient condition that o.. and v be the boundary values of some solu- 
tion of system (1.1) in the half-plane under the condition e., 4 0 for 
y= 0. ; 

From this it follows that (2.46) is a necessary and sufficient condi- 
tion that o(s, p) and vfs, p) are the transforms of the boundary values 
of some solutions of system (1.1), in the half-plane, under the condition 


on the boundary. Therefore, (2.6) may be used to construct o(s,p) ; 
v(s, p) under certain conditions. >3 


It should be pointed out that for |x| < 1 relation (2.8) represents an 
integral equation of the first kind for the determination of 0 (x, t) 
and the exposition to follow below represents the construction of its 
solution using thereby the results of Fok [11]. 


3. Let us consider, as an auxiliary problem, the problem of a_ semi- 
infinite die. The initial conditions as before, shall be taken as vanish- 
ing, and on the boundary y fh, 

= 0, z<0, f(r,t) forz>0 (3.1) 
where f(x, t) is a bounded function with a finite number of lines of dis- 
continuity for x > %, t > 9. 


Using (2.6), we construct the function o y'x, t) for x>9, «> 9, 
possessing, with respect to x, singularities not higher than 1/x, bounded 
for x, and approaching infinity uniformly with respect to t, as well as 


the function v(x, t), for x < 9 and t > © such that 


viz,t)=O0O for t+7r<0 (3.2) 


and that it be integrable with respect to x in the usual sense, in an 
arbitrary finite interval for any t. 


The requirement (3.2) means that at the front of the wave, propagating 
from the die, the medium is at rest, which is in accordance with the 
vanishing initial conditions. 


If the function o,, for x < 0 satisfies (3.1), and for x > © possesses 
the properties enumerated above, then o{s, p), determined by (2.1), exists 
[10], and will be a regular function of the complex variable s for Re 
s > 0 and will approach 0 as s approaches infinity. 
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In order to clarify the question of existence of V(s, p) from (2.2), 
it will be represented in the form 


V (s, p) = Vy (s, p) + V2 (s, p) (3.3) 
where 


0 
V, (s, p) \ e~** dr r\ v (z, the dt. Vi(s, p) \ dz \ v(z, t) dt 


0 


a 


From what was said above with regard to the properties of f(x, ¢) and 
from (3.1), it follows that V,(s, p) will be regular for Re s > 0 and 
will approach at infinity [ at least as From (3.2), in 
ance with [19], it follows that V,(s, p) will be regular for Re s < 
Re p and will also approach 0 at infinity. 


Thus the determination of the functions o(s, p) and V,(s, p) (the 
function V, is known from condition (3.1)) is reduasd to the following 
problem. To find the function o(s, p), regular for Re s > 0 and approach- 
ing 9, as s approaches infinity; ond the function V,(s, p), regular for 
Re s < y Pe p, and also approaching 9 as s sppecndiins infinity in such a 
manner that 


p) + V,(s, p) = —V,(s, p) ) (3.4) 


with 


Re p> 0, 0 < Ree < 7 Rep (3.5) 


Here VAs, p) is a known function, regular for Re s > 0 and becoming 
0 at infinity as 


This problem will be solved by the method advanced in paper [ 11]. 


We represent the coefficient of o(s, p) from (3.4) in the form 


(9) ( YE 
K K _ Vr = 37 
£:(9)I, exp[— g2(9)) (3.7) 
3.8) 
£2 (9) = — (3. 
9 (0) = arctg (3.9) 


thereby 1/0 is the root of Rayleigh’s equation G(1/g) = 0. 


Using the properties of Cauchy type integral [12], we conclude that 
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K,(q) is a regular function of the complex variable q outside the interval 
~ l<q<-y, and does not have there any zeros except at q = © , K, (q) 

is regular outside the interval y < q < | and also does not possess * there 
any zeros, except at q = ~.At infinity K, and K, approach zero as gis, 
Then K,(s/p) is regular outside the interval connecting the points — yp 
and — p, and K,(s/p) is outside the interval [yp, p] and also does not 
possess any sexes at finite points of the plane aside of these intervals 
and becomes 0 at infinity as s~'/?, Using (3.6) we rewrite (3.4) in the 
following manner: 


K V3(s, 
Kx (9) (8; (3.10) 


2p (i — 7°) p q) 


q=s/p, 0<Res< 


The second term on the left-hand side of (3.19) is obviously regular 
within the strip 9 < Re s < y Re p and tends to 0 as s~*/? when s 3 
approaches infinity. Therefore, using Cauchy type integrals, we may re- 
present it in the form 


L, (s, p) + L2(s, p) 


where 
> 


Here the contours |, and 1, are rectilinear, parallel to the imaginary 
axis, and are situated along the left and right edge of the strip 0 < 
Re s < y Re p, respectively. It is not difficult to note that L,(s, p) 
is regular for Re s > 0 and approaches © at infinity, while L,(s, p) is 
regular for Re s < y Re p and also approaches © at infinity. 


We rewrite (3.10) in the following manner: 


V2 (s, p) 


K+ (q) (3.12) 


p (9) Lr (s, p) = Lo(s, p) 4 
As was indicated above, each term on the left and right-hand sides 

of (3.12) is regular at Re s > 0 and Re s < y Re p respectively, and 

approaches 9 at infinity. Then, from the satisfaction of (3.12) on the 

strip (3.5) it follows that (3.12) is satisfied on the whole plane s and ? 

from this, taking into account the properties of the terms, on the basis 2 - 

of Liouvilles’ theorem, we conclude that the left- and right-hand sides ; ; 

of (3.12) are identically equal to zeré. Then 


Ly (s, ‘ 
Vals, p) =— Ka (a) La(s, p) (3.13) 


where q = s/p and K,, uy, L, are given by formulas (3.7) and (3.11). 
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It is not difficult to verify that the functions o(s, p) and V,(s, p) 
so constructed satisfy the requirements of regularity and behavior at 
infinity formlated for them. The uniqueness of the solution of the 
problem studied in this section is easily proved, considering the 
corresponding homogeneous problem. 


In order to conclude the solution of the problem of the * semi-infinite 
die", the functions o(s, p) and V,(s, p) should be subjected to inverse 
transformation andoa_ (x, t) should be constructed for x >» 9, and v(x, t) 
should be constructed for x < 9. 


4. We shall consider first the most simple case when f(x, t) from (3.2) 
does not depend on x, that is, f(x, t)= f(t). We have 


=, F(p) =\ 


Formula (3.13) takes on the form: 


2p (1 — y*) exp [g2(9)] F (p) 


Performing inverse transforms we obtain 


4 for t—yr<0 

t/x 

for t- yz >0 

for t+ yr<0 

Here 
= exp[g, (—&)], = exp [— for E>i (4.3) 
A(E) = cos (—) exp [g, (— = cos (E) exp [— (E)] 


forE<1i 


Here g,(- €) and g,(€) for € > 1 are given by formlas (3.8) and for 
y < €< 1 by the same formulas, where the integrals are taken in the sense 
of their principal value. d(€) is given by formula (3.9). In (4.2) the 
integral is also taken in the sense of its principal value. A study of 
the physical consequences will be presented further below. 


5. Let us consider now the general case of the problem of the "semi- 
infinite die". It is not difficult to verify that (3.13) may be trans- 
formed to the form 


| 
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G(q)_ 2p (1 y*) p 1 (E—9)C(E) 
P) = — PP (8, P)+ 


Y 


V, (Ep, p) de 


It is not difficult to notice that the first term in this formula is 
a double Laplace transform (one-sided with respect to t and two-sided 
with respect to x) of the value of 0 yy(X, t) for y = 0, corresponding to 
the condition for y = 0 


Gon = 0, v=O0 for v=f(z,t) for 


These conditions lead us to the solved boundary value problem [7], 
which permits to construct the value of o,., of interest to us, and which 
shall be designated by o..°(x, t). Performing inverse transformations 
also of the second term, we obtain 


Syy t) = (2, t) for t—yz<0 
eo 
0 2(1— y*) # dt 
Syy (Z,t) = Syy” (2, t) — a2 \ dt \ R, = (9.1) 


0 0 
for t—yr>0 


Performing inverse transformations of the function V,(s, p) from 
(3.13) we obtain 


v(z,t) =U for t+yzr<0 


> 


In formlas (5.1) and (5.2) the following notation has been introduced 


‘ F, (£) C (2) DA (m) 


Fy (E) Fo (E, C1) Cc (&) B (n) dt 


1) 


The functions A(é) and B(é) are given by formulas (4.3). It is not 
difficult to verify that the constructed functions o y'* t) and v(x, t) 
satisfy all the requirements which we imposed upon them (see Section 3). 
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6. We shall show now how the values of o,. for |x| < 1 and v(x, t) 
for |x| > 1, may be constructed from conditions (1.2) and using the. solu- 
tion of the problem of the "semi-infinite die". The line of thought is 
analogous to the one used in paper [9]. We consider the plane (x, t)y=0. 
By virtue of vanishing initial conditions in the regions S,, and S,, v(x, 
t) = 0, 


St 
0 


Se 


In regions S,, and S,, we can construct. the values of v(x, t) using 
the solution of the gecblen of a semi-infinite die, since in formula 
(5.2), transformed to the new system of coordinates, the integration will 
be carried out within the region P,. + Poo OF Poo + Pio i.e. there, where 
the values of v(x, t) are given. 


In region Po (x, t) will be constructed by a well-known method, i.e. 
as the normal stress component, ao to a_._ = 0 and to the given 
vertical displacement [7]. In regions P,, and P e, (x, t) is constructed 
with the aid of the solution of the problem of the *3 "Semi-infinite die", 
since in formula (5.1), transformed to the new system of coordinates, the 
integration will be carried out within the regions P.. + Pi. or Poo + P.> 
where the values v(x, t) are given. The values of v(x, t) in regions 


21 
structed in the same manner aS in regions S 


( i = 
S52 and the values of t) in regions con 


11’ 


S 
2 11’ 
respectively, since the integration must be Married out ‘the 
lying within P,, + + Pi, + Py, + Poo + oF Pi, + Pig + P,, 
Poo + Soy + Sy, where the t) will already be known. 
Continuing this process, it is obviously possible to construct the 
values of o_ (x, t) for |x| < 1 and v(x, t) for |x| > 1, which concludes 


the solution of the problem. 


7. Let us investigate some properties of the solution of the problem 
of the "semi-infinite die". We shall consider first the expression for 
the vertical displacement on the free part of the boundary x < 9, which 
is given by (4.2). 


As we required, v = 9 for t + yx < 0, which in accordance with the 
vanishing initial condition t + yx = 9 is the equation of the front of 
the longitudinal waves, propagating from the die. At the front 
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Ov 


Ox 


0, 0 

It is not difficult to verify that v(x, t) is continuous at the point 
x = 0, however, dv/dx for x approaching %, is not bounded from the left 
and may be represented for small values of x in the form 


t 
Av { P s(t) at { 


Using [12], Section 29, we conclude that v(x, t) for t/x = — @ possess- 
es a logarithmic singularity, i.e. there is a logarithmic discontinuity 
in the vertical displacement on the free part of the boundary, which is 
propagated with the speed of Rayleigh waves, (see Section 3), as could 
have been expected a priori. Investigating expressions (4.2) and (4.3), 
the front of longitudinal waves t + x = & may also be separated, however, 
just as at the front of the longitudinal waves, v(x, t) and both of its 
first derivatives with respect to x and t, will he continuous. 


The most simple case occurs when f(t) = 1, t > 0, then 


’ 


B (5) dé 


It is important to emphasize that in this case v(x, t) is a homogeneous 
function of order zero in the variables x and t, and this means that in 
this case the problem of the semi-infinite die could have solved by the 
method of functional invariant solutions of Smirnov and Sobolev [ 4]. Let 
us study now the properties of (x, t). From (4. 1)we have 


Syy (2, t) = — t—yr<0 


i.e. at the points which were not reached as yet by the disturbance, "re- 
flected" from the free part of the boundary, the stress is the same which 
would be obtained if the condition o_, = 0, v= f(t) were prescribed 

along the whole boundary, as could be expected. 


At instant t = yx the front of the longitudinal wave reaches the point 
x; at thefronto, = 0 if f(0) = 0 and Oy, as a(x)/V¥ t-—yx if 
f(0) 4 0; thereby, as x approaches infinity, a(x) approaches 0 as x‘. 


Studying (4.1) and (4.3) we also may separate the front of the pro- 
pagating transverse wave t — x = 0. Underneath the die (x > 4), precisely 
such conditions are obtained in this case, when the propagating longi- 
tudinal or transverse waves, in interaction with the boundary, produces 
only the longitudinal or the transverse wave respectively [7]. Thus, for 
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t <x < t/y the stress o.. from (4.1) is the stress in the longitudinal 
wave, and for 9 < x < t the total stress in the longitudinal and trans- 
verse waves. 


At the points x = 0, just as in the solution in the corresponding 
static problem, there occurs an integrable singularity for small x, namely 


The investigation of the general case of the problem of the "sem- 
infinite die" shows that if f(x, t) = % from (3.2) for x= 0, then 
a. (x, t) and dv/dx will be continuous at the point x = 9, in the corres- 
ponding static case we have the same picture. 


It is important to emphasize that the problem of the die investigated 
in the present paper could be also solved by the method of functional - 
invariant solutions of Smirnov and Sobolev in the following manner. 


Considering the problem of the "semi-infinite die" we must put f(x, 
t)= 1 for x >» and t>r, where n, r > © are arbitrary parameters and 
f = 9 for other values of x and t. a. (x, t) may be constructed by the 
functional-invariant method valid for t — + < yn. The obtained wave should 
be represented in the form of superposition of plane waves, and after 
this, one should study how each wave will interact with the free boundary, 
and the result should then again be added. 


a 


Summing up the values of o ” corresponding to different values of n 
and r, one can obtain the value of o_., corresponding to an arbitrary 
function f(x, t). The passage from the semi-infinite die to a finite die 
may be carried out in the same manner as in the present paper. 


We take this opportunity to express our deep gratitude to N.V. Zvyo- 
linskii, who expressed great interest in the present work. 
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The basic concepts of the theory of equilibrium cracks, i.e. cracks the 
dimensions of which do not change at a given load, have been discussed 

in [1]. In order to avoid numerous references and repetitions in the 

present paper, we reproduce here briefly the fundamental! initial assumptions 
of [1]. The crack is subdivided into two regions: the inner region, in 

which the distance between the opposite edges of the crack is considerable 
and their interaction is negligibly small and the end region, in which 

the opposite edges of the crack are closely adjacent to each other and 

where cohesive forces of very considerable amount are acting. The entire 

the following three hypotheses: 


is based upon 


concept 


1. The longitudinal dimensions of the end region are small as compared 


with those of the entire crack. 


2. The distribution of the displacements of the surface points of the 
end region of the crack does not depend on the acting loads and is always 
the same for the given material under given conditions. The cohesive 
forces, which attract the opposite edges of the crack toward each other, 
depend only on the distribution of the displacements in the end region; 
therefore, the hypothesis just stated involves independence of these 
forces from the loads. 


3. The opposite edges of the crack are smoothly connected with each 
other at its ends, or, what is the same, the stress is finite at the ends 
of the crack. This hypothesis was originally advanced by Khristianovich 
[2] in a study of the problems of formation and development of cracks in 
rock strata. The only compressing factor in these problems is the rock 
pressure, the pressure produced by the weight of the upper rock layers; 
the cohesive forces were not discussed and not taken into account. 
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The mode) suggested above was applied in [1] to the solution of the 
problem of axisymmetrical equilibrium cracks. In the present paper, the 
sameideas are being applied to the solution of the problem of rectilinear 
equilibrium cracks in plane plates. We will find that in the case now to 
be considered the dimensions of the crack are again determined by the 
applied loads and by the new universal characteristic coefficient of the 
material, the cohesion modulus K, introduced in [1]. The cohesive forces 
are of essential influence only on the dimensions of the cracks and on 
the distribution of the displacements of the opposite edges of the crack 
in the vicinity of its ends. 


1. Condition of smooth connection and of finite stresses 
at the ends of a isolated slit [cut] in the infinite plane. 
We have to start with the following problem. Consider a slit from point 
x = a to point x = 6 along the x-axis in the infinite plane (Fig. 1). 
Normal stresses — g(x) and opposite direction are applied to points of 
opposite edges having the same coordinate x. Let us determine the condi- 
tions which must be fulfilled, if the stresses at the ends of the slit 
are to be finite, or, what is the same, if the opposite edges of the de- 
formed surface of the slit are to be smoothly connected with each other 
at the ends of the slit. 


We replace the coordinates x, y by the coordinates 


x’ = x—"/,(a + d), y=y 


so that the slit is symmetrical with respect to the origin of the new 
system of coordinates. For the solution of the problem under consideration 
we use the method of Muskhelishvili [4]. We recall the fundamental rela- 

tions of this method: 


X,+Y,=4 Re{@(0)} (1.1) 


(6) + 
(1.2) 


, 
Y, 2iXy = 2 |— 


where X_, Y.,,X. are the components of the 
x Y 
stress tensor, while the function 


06) = hl (1.3) 


yields the mapping of the exterior of the slit on the exterior of the 
unit circle on the parametric ¢-plane. The functions ®(¢) and YZ) 
are determined by the relations 


=1/,(b—a) 


= ¥ ()= (1.4) 


with 
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The integrals are to be taken along the periphery of the unit circle, 


while 


= (0) 
f=f=— \ g(zr’)dr (1.6) 
x’ 


where x,“ is a certain fixed point and x(a) is a variable point. Since 
the function f is real, the formulas (1.3) to (1.5) show that the condi- 


tion 


0 


is fulfilled along the entire x-axis, i.e. along the entire slit and its 
continuation. Thus, by virtue of (1.2) we have along the slit itself and 


along its continuation 


(4.7) 


Consequently 


X,=¥,=— 2 Re (1.8) 


Thus we find that the necessary and sufficient condition for obtain- 
ing finite stresses at the ends of the slit is fulfilled, if ®(+1) and 

®(-1) are finite, since the points ¢ = + 1 and ¢ = — 1 correspond to the 
ends of the slit. 


The simplest way of determining 4{C) is as follows. If concentrated 
splitting forces P of equal amount and opposite direction are applied to 
* of the slit surface, 


the opposite edges of the slit at the point x° = x, 
then by virtue of (1.5) we can obtain 


(6) = dee In — h= are cos (1.9) 


) —id 
r—¢@ 


Considering that, with x° = | cos A along the slit itself, the force - 
g(x’ dx” = g(l cos A) | sin AdA is acting on the element dx’ of the slit, 
we find by summation of solutions (1.9) the’ following formula for the 
function d(C) in the case of the general problem under study 


iA 


g ) sink In ) (1.10) 


iA 
\ 


#(5) = 


— 


1011 

aa ise 

X,=0 

. 

| 

| 

q whence 


.I. Barenblatt 


To make the stresses at the end x” = | of the slit finite, or, what is 
the same, to make (1) finite, it is necessary that N(1) should vanish, 
1.e. 


* g (i cos A) sin? dr 

(1.12) 
0 


Passing to the variable x’ = 1 cos A and to the variable x° = x + 


1/2(b + a), we find 
g sin? > dr Jt +2’ ,, / 3 
0 a 


Therefore, condition (1.12) for obtaining finite stresses at the right- 
hand end x = 6 of the slit assumes the form 


(1.13) 


Condition (1.13) for finite stresses can be obtained also immediately 
with the aid of the known method developed by Sedov [5] in the theory of 
thin wings. 


In exactly the same way we derive the condition for obtaining finite 
stresses at the left-hand end x = a of the slit in the form 


(1.14) 


It is not difficult to show that these conditions are not only necessary, 
but also sufficient for obtaining finite stresses at the ends of the slit. 
We are now going to show that condition (1.12) and, consequently, condi- 
tion (1.13), ensure smooth connection of the opposite edges on the slit 

at the end x = 6. Indeed, in accordance with the formla of Kolosov- 
Muskhelishvili [ 4] 


Qu.(u iv) = x9 (6) — (1.45) 


where u and v are the components of displacement in the x and y directions, 
respectively, while » is the shear modulus, v Poisson’s ratio and x= 4- 3y. 
From (1.15), together with (1.3), (1.5), we obtain for ¢€-values with an 
absolute magnitude equal to unity (such ¢-values correspond to the contour 
of the slit) 


® (6) V (4) + 1— cosa (1.11) 
22 
4 
z—a 
\ g (x) = | 
b 
a 
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2u. (u + iv) = xp (0) — im (6)]. (1.16) 


For x but slightly differing from b, i.e. for ¢ determined Ly the re- 
lation ¢ = e'’, where @ is a small quantity, we find 


= - ge (Lcos)) sin d In | di. -— 


*g(lcosd)sin? 2/82 g(lcosd)sin? 


1— cosa | 1— cosa 
0 0 
—iA)} 


In so far as the quantity In[(1- e“)/(1- e is purely imagin-, 


ary, we obtain 
r 
In g(lcosd) sin? 0 (6°) (1.17) 


4np J i— cos A 


In the case of small @ we have x’ = I(1- 1/2 6%) by virtue of (1.3), 
so that dx°/d@ = dx/d@= -—10, and we find in the vicinity of the right- 
hand end of the slit 


dv dv 


Thus, a smooth connection of the opposite edges at the right-hand end, 

corresponding to @ = 0, takes place only if cofidition (1.12), or, what is 

the same, if condition (1.13) is fulfilled, and this is what we intended 

to prove. In an exactly similar way we can prove that the condition of 

smooth connection of the opposite edges of the slit at the left-hand end 
a of the slit is identical with condition (1.14). 


2. General investigation of a rectilinear equilibrium crack 
in an infinite plane plate. Consider an infinite plane plate acted 
upon by a tensile loading, symmetrical with respect to some straight line, 
the axis of symmetry (Fig. 2). If we disregard the elements of accident, 
then the plate mst split along the axis of symmetry. Assume that a finite 
loading is applied to the plate on each side of the axis of symmetry, then 
the result of the process indicated is a rectilinear slit, which reaches 
some definite dimensions, the coordinates of the crack ends being x = a 
and x = 6; the crack itself remains invariable, if the loading remains 


constant. 


The state of stress in a plate with a crack can be conveniently re- 
presented as a sum of two states of stress, one of which corresponds to 
the infinite plate, without a crack, under the given tensile loading, 
while the other corresponds to a plate with a crack, over the surface of 
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which shear stress resultants and cohesive forces are acting. In the re- 
sulting state of stress the inner part of the crack is free of stress, 
while cohesive forces are acting in the end region; therefore, the in- 
tensity of the compreSsive stress resultants, responsible for the de- 
struction of the plate, of the second state of stress equals in magnitude 
and is opposite in direction to that of the tensile stresses of the first 
state along the axis of synmetry. For the first state the displacements 
of the points of the axis of symmetry are zero, therefore these displace- 
ments are fully determined by the second state of stress. The latter 
corresponds to the conditions stated in the preceding section, the dis- 
tribution of the stresses g(x) being determined by 


G (x) (a <2 2+ d) 
g (x) (x) (2.1) 
G (x) (bh—d<2z<b) 


where p(x) is the intensity of the normal tensile stresses at the axis of 
symmetry for the first state of stress, while G(x) is the intensity af 
the cohesive forces and d is the width of the end region*. 


In consequence of our hypothesis of smooth connection of opposite edges 
of the crack at its ends (third hypothesis of our system, or the hypothesis 
of Khristianovich) the conditions 


\ ¢(z) da \g(z = ( (2.2) 


a 


must be ful filled. 


Take, for example, the first of conditions (2.2), the condition which 
ensures appearance of finite stresses and smooth connection at the end 
x = b of the crack and substitute into it expression (2.1) for the dis- 


tribution of the stresses g(x). We find 


2. 


The function p(x) can be calculated in an elementary way for a given 
load; therefore it can be considered as given. 
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Consider the second and the third integrals. According to the first 
hypothesis d << 6, so that we can assume 
b b 


b—d b—d 


Gir) dx b—a 


Passing to the variable s = b — x, measured from the end x = 6 of the 
crack and replacing G(x) by F(s), we obtain 


a 
to 


The integral of the right-hand member of (2.4) represents, by virtue 
of the second hypothesis, the one concerning independence of distribution 
of stresses and displacements in the end region, the universal character- 
istic coefficient of the material, introduced in [1], namely the cohesion 
modulus K. 


Thus we have 


I,= VY 2K (2.5) 
Analogously we find that 
a+d 
I, G(r) F (s) V sd: (2.6) 
Since 
\F (s)Vsds=\F sds<a 
0 Vs Vs 
we find 
Kd I d 
3< 


where O(d/l) denotes a quantity of the order of magnitude of d/l; on the 
basis of the first hypothesis the integral J, can be disregarded compared 
with the integral I,. Correspondingly, the first of relations (2.2) gives 


p(2) dx = KV 21 = KV b—a (2:7) 


a 


Fntirely analogously, the second of the relations (2.2) gives 


b 
\ p (2) V = KVU=K (2.8) 
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Fquations (2.7) and (2.%) determine the unknown coordinates of the 
ends of the crack. In particular, if the applied load is symmetrical with 
respect to x = 0, so that the crack is also symmetrical with respect to 
x= 0, i.e. b=- a= l, then conditions (2.7) and (2.8%) become equivalent 
and assume the form 


V 


l 
\ Py tt = KAVA, or 


3. Examples. Distribution of displacements over the surface 
of the crack. 1. Assume that the crack arises under the action of a 
constant pressure p, applied along a slit of length 21,. The relation 
(2.9) then gives 


l 
Po V dx = 2po/ arc sin = KY 2l, (3.4) 


Io { 
arc sin (lp / 
Figure 3 represents graphically the relation (3.2). The graph shows 
that equation (3.2) has no solution, if 
= 
Vio * 


This means that no open cracks can arise at so small values of p,. Each 
P,. > p,* corresponds to a uniquely determined size of the crack; of course, 
the size of the crack increases with the increase of p,. 

2. Assume that the crack is produced by concentrated forces. This case 
arises if in the preceding example P, tends toward infinity, while l, is 
at the same time decreasing in such a way that the product 2p,/, remains 
constant and equal to P, where P is the amount of the concentrated force. 
In this case we have 

P p? 
kK =| 2l, l= (3.3) 

It is not difficult to derive this result, with an accuracy to a con- 
stant factor, from considerations of dimensional analysis, making use of 
the so-called I-theorem [ 6]. 


3. Assume now that the crack is produced by two concentrated forces of 
equal magnitude and opposite direction, whose points of application are 
situated at a distance 2L from each other along the common line of action 
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of these forces. We assume that for reasons of symmetry the crack will be 


perpendicular to the straight line joining the points of application 


the forces and symmetrical with respect to it. Summation of the known 


fundamental solutions of the theory of elasticity [7] gives 


20+ 


intersection point of the crack with the 
of action of the forces along the crack. 
stituting this expression into (2.9), we 
obtain 


Pig. 3. 
Evaluating the integrals, we find 


12 


It is convenient to transform this relation 


tw 
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where x is the coordinate measured from the 


of 


line 


Sub- 


= t 1)" —— = u ( 
(3.6) 


Figure 4 gives a graphical representation of 
the function (3.6) for the case v = 0.5, We see 
that the two roots of equation (3.6), i.e. two values of the crack | 
l, correspond to each value of P. It is, however, evident that, star 
from the minimum point of the curve, no physical meaning can be assi 


to values which correspond to the right-hand branch of that curve, because 


the size of the crack increases and the force decreases, so that the 


equilibrium states corresponding to this branch are unstable. Equation 


(3.6) has no solution for 


ength 
ting 
gned 
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This means that for any L there is a corresponding critical value of the 
applied force, so that no equilibrium crack is possible at values of the 
applied force which are smaller than the critical value. 


The results thus obtained are qualitatively identical with the results 
derived in [1] for the analogous cases of axisymmetrical equilibrium 
cracks. 


4. It has been shown above that the function df¢), by means of which 
the displacements are expressible, has the form (we confine ourselves to 
the symmetrical case for reasons of simplicity) 


4 \ ¢ (lcos h) sim a In | }d) = /, (3.7) 


p (Lcos sin In 


= \ G (cos hk) sink In (| 

0 

16 ett 


\ G (i cosh) sind In | = (3.8) 


Consider a point at the surface of the crack at such a distance from 
the ends of the latter which is large as compared with the width d of the 
end region; thus @ >> y d/l anda @ > vy d/l. For such @ and A we have 
in the intervals 0<A< V2d/l, 


ie 
i — 
—— = In ( — 
4 TA { 4 


i? 


9 


In ( — 
. 


Substituting this for example, into the expression for I,, we obtain 


1 G(lcosr) 
—\— 


. 
0 


(3.10) 


which shows that the absolute value of I, is of an order of magnitude not 
higher than Kd/y 1. The same holds true of the integral J,. The absolute 
value of I, is by virtue of (2.9) of the order of magnitude of Ky Ll. So 
we see that both | I, | and | J,| are small compared with |. I, determines, 
however, such displacements of the surface of the crack, which correspond 


| 

( 
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to its size determined by (2.9), but derived without taking into account 
the cohesive forces, while the quantities 7, and I, determine the part of 


the displacements which is produced by the cohesive forces. 


So we see that for points sufficiently far away from the ends of the 
crack the displacements produced by cohesive forces are, in analogy with 
the axisynmetrical case, small compared with those produced by the basic 
applied load. The displacements are essentially determined by the cohesive 
forces only in the vicinity of the ends of the crack; the latter circum- 
stance explains the smooth connection of the opposite edges of the crack 
at the ends of the latter. 


41. Problem of driving a wedge into a plate. 1. The problem of 
driving a wedge into a plate is formulated in the following manner* 
(Fig. 5). A rigid wedge of constant thickness 2h is driven into a plane 
plate of brittle material, whose modulus of elasticity, Poisson's ratio 
and modulus of cohesion are F, v and K, respectively. The plate is assumed 
to be infinite, in other words, the influence of the boundary line is 
assumed to be negligible; in correspondence herewith the wedge is assumed 
to be semi-infinite. A slit of length L is formed in front of the wedge. 
It is required to determine the length L, as well as the stresses and de- 


formations in the plate. 


It follows from the preceding considerations that the size of the end 
region of any crack is of the order of magnitude of K*/F*: assume that h 
is large as compared with the size of the end region; then the length L 
of the formed crack is large as compared with h, and the problem can be 
linearized by transferring the boundary conditions from the surface of 
the crack to the axis Oy (the origin of coordinates is placed, for reasons 
of convenience, at the point of joining of the edges of the crack). A 
similarly conceived statement of the problem is encountered in the study 
of deflection of a smoothly lowered roof into a coal mine. The solution 
of the latter problem was given in [3], where the cohesive forces of the 
material are not taken into consideration. The cohesive forces are, how- 
ever, of primary importance in the problem considered in the present paper, 
since other compressing factors of the type of rock pressure do not occur 
in our present problem. We shall see in the following that the necessity 
of taking the cohesive forces into account introduces into our present 


problem several particular features. 


If the frictional forces on the surface of the wedge are disregarded. 
then the boundary conditions along the cut 9 < y < ~ have for the problem 


* The problem is visualized by the case of an axe driven into a log 
without splitting it entirely. 
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under consideration the form 


= 
N 


y<d, 0, Xe = G(r) (AA) 
d<y<l X,=0, (4.2) 


u(r—vU, y) 


where d is the width of the end region, X_, Ye. XY are the components of 
the stress tensor, G(x) represents the distribution of the cohesive forces 


in the end region and u, v are the displacement components along the x- 
and y-axes, respectively. 


The problem with boundary conditions (4.1) to (4.3) is obviously a 
mixed one. Introducing the compressive stress resultants, acting on the 
faces of the wedge . 


and putting x. — fly), we replace the condition 
(4.3) by 


first kind 


a condition of the 


X, = 0, Az f(y) (4.4) 


and the problem with boundary conditions ‘4. 1), (4.2), (4.4) becomes a : 
problem of the first kind. The function fly) is, however, unknown before- 
hand; to obtain this function we have to construct a singular integral 
equation and to solve it. 

2. We use the method of Muskhelishvili [4] for the solution of the 
elastic problem with boundary conditions (4.1), (4.2), (4.4). Let us start 
with the relations 


(C) (0) at (4.8) 


— 
S 
_ 
wy 
— 
— 


where » is the shear modulus of the medium, while v is Poisson's ratio; 
the function 


(4.9) 


Loyco, X, 0, 
Pig. 5. h (4.3) 
: 
4 X,+Y, = 4Re(® (0)} (4.5) 
} y= + 2iX 2 (=) T ‘t (4.6) 
(u + iv) = (0) — x= 3— 4y (4.7) 
( 
in which 
| 
z= it? = (6) 
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effects the mapping of the physical plane z = x + ty with a cut along the 
positive imaginary semi-axis on the lower semi-plane of the parametric 
variable ¢. 


Using (4.6) and (4.8) we find 


2%, 028 (4.10) 


such that for real and purely imaginary ¢€, corresponding to the crack and 
its continuation, we again obtain relations (1.7) and (1.8). Furthermore, 
using relations (4.7) and (4.8), we have for real and purely imaginary ¢, 
i.e. on the crack itself and its continuation, 


2u (u + iv) = (4.11) 
Thus, for the determination of the stresses and displacements at the 
crack itself and its continuation, it is sufficient to know the function 


AC), and this means to know the function ®(¢) as well, which is connected 
with the function 4{¢) in a very simple manner. 


According to boundary conditions (4.1), (4.2), (4.4) and relation 
(4.8) we have 


(C) = (6) 


According to the third hypothesis, the hypothesis of Khristianovich, 
the stress must be finite at the end of the crack, i.e. for 2 = 0. It 
follows that ®(0) must be finite, so that 4’{9) must equal zero. This, 
together with (4.12), gives 


where K is the cohesion modulus of the material. So we have the condition 
for obtaining finite stresses at the end of the crack in the form 
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(4.13) 


or finally in the form 


K 


(4.14) 


It can be shown that the same condition (4.11) is the condition for 
smooth connection of the opposite edges of the crack at the end of the 
latter. 


3. Formula (4.11) gives 


4 (1 — v*) 


Integration of (4.12) yields 


ds—+\ (4.16) 


0 


We shal! now show that in the case under consideration the distribu- 
tion of the displacements not in the inmediate vicinity of the end of 
the crack, i.e. at such points of the surface of the latter whose dis- 
tance from the end of the crack is large compared with the size of the 
end region, is again independent of the cohesive forces. If a point of 
the crack surface is not in immediate vicinity of the end of the crack, 
then y>>d, so that the value of ¢ corresponding to this point is large 
in magnitude compared with y d. Under these conditions 


Va Vda 

\ G(s*)eln =| ds \ G(s*) << <AVd 

0 0 a 
7 
The value of the function ¢{¢) not in the immediate vicinity of the bs 


end of the crack is of the order of magnitude of Fh. It is, however, 
evident that Fh>> Kyd, since according-to the preceding discussion E/K 
is of the order of magnitude of y¥ d and h > d. Consequently, the second 
integral of the right-hand member of (4.16) (this is the integral which 
determines the dependence between the displacements and the cohesive 
forces at points not in the immediate vicinity of the end of the crack, 
i.e. at points whose distances are of the order of magnitude of several 
d’s from the end of the crack) is small and can be neglected. This 
applies in particular to all points of contact between the rigid wedge 
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and the wedged plate. For such points we have 


(4.17) 
VL 
where the plus or minus sign is to be used depending on whether ¢ is posi- 
tive or negative, i.e. whether ¢ corresponds to the lower or upper edge 
of the cut. 


In complete analogy with [3], the following result can be derived: in 
order to obtain a displacement of absolute value equal to h for y + ~, 
the asymptotic equation 


Eh 


must be fulfilled for y + «. 


Furthermore, differentiating (4.17) with respect to ¢ we obtain a 
singular integral equation for fly) of the form 


(4.19) 


which can be written also in the form 


(4.20) 


The integral equation (4.20), taken together with condition (4.18), 
is equivalent to the integral equation (4.17). Substituting 
1 
3 —s =, p(t) — a) 
into (4.20), we obtain 


(t) de 0 i 
VL 


+A 
\ 


Mikhlin has shown in ananeidin with another problem[ 8] that the 
solution of (4.21) is of the form 
= 4[7-—#| 
where A is an arbitrary constant; so we find 
_AVL 
VyVy—! 
If y + «, then relation (4.23) leads to 


f(y) 


(4.24) 


Compare this asymptotic representation with that given in (4.18); the 
latter is the condition for the fulfilment of the requirement that the 
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displacement have an absolute value equal to A at infinity. The comparison 
leads to 


AVL 


2z (1 


The stress distribution (4.25) must also fulfil the condition that the 
stress be finite at the end of the crack, see (4.14), whence 


- { tA K (4.26 
Vy L zVz { ) 


so that 


(4.27) 


From (4.25) and (4.27) we obtain the expression for the length L of 
the slit 


(4.28) 


Thus, knowing the function fly), we can determine the functions df) 
and ®(¢€) from (4.12) and (4.16), after which we can obtain all compo- 
nents of stress and displacement from relations (4.5) to (4.7). 


We believe that formula (4.28) can be used as a basis for one of the 
convenient ways of determining the cohesion modulus K. It is sufficient 


to this end to drive into a plate of the material under examination a 
wedge of constant width 2h and made of a material essentially harder than 
that of the plate (e.g. a steel wedge can be used for determining the 
cohesion modulus of plexiglass*). The wedge mst be driven so far as to 
make the distance L between the end of the wedge and the end of the crack 
in front of the wedge constant, showing that the influence of the bound- 
aries of the plate is inessential. This length L must be measured. Know- 
ing Young’s modulus and Poisson’s ratio of the material under consider- 
ation, we can determine its cohesion modulus K by means of formula (4.28). 


A preliminary experiment of this kind was carried out for the case of 
plexiglass by Maraev in the laboratory of Geiman**. A wedge made of a 

plane steel spring of thickness 2h = 0.034 cm was driven into a plate of 
plexiglass. A nearly rectilinear crack arose of length L = 2 cm. Assuming 


that Young’s modulus for plexiglass equals to FE = 25,900 kg/cm’, while 


* Trade mark for cast acrylic resin thermoplastic sheets and moulding 


powder. 


** The author wishes to express his gratitude to Geiman and Maraev. 
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Poisson’s ratio is v = 9.25, we obtain for the cohesion modulus the value 


K ~160 ke/cm’ 
2(1—)VL 

A cohesion modulus of approximately 100 kg/cm’? was obtained for an- 
other sample of plexiglass. The cohesion modulus K is of the order of 
magnitude of E\/d, where d characterizes the size of the end region; it 
follows that d is of the order of 1p» (107 om), i.e. the size of the end 
region is small as compared with the entire length of the crack, but 
large in comparison with interatomic distances (107 em). 


We again emphasize that the experiment just mentioned was one of pre- 
liminary nature. A careful experimental verification of the concepts de- 
veloped in [1], as well as in the present paper, would be very desirable. 


5. Remark on possibilities of taking into account the co- 
hesive forces and the influence of the boundaries of the solid 
on the development of cracks. 1. It was shown above that the cohesive 
forces are substantially influencing only the size of the crack and the 
distribution of stresses and displacements in the immediate vicinity of 
its ends. Thus, having determined the dimensions of the crack, it is 
possible to treat the problem as a problem of the theory of elasticity 
for a solid with cracks, disregarding the cohesive forces. With this pro- 
cedure we will arrive at stresses and displacements, particularly at dis- 
placements of points of the surface of the crack, which nearly equal, 
everywhere except the vicinity of the ends of cracks, the corresponding 
values obtained in calculations which take cohesive forces into account. 


Consider for example an isolated rectilinear crack in an infinite 
solid. If the cohesive forces are disregarded, then according to the 
foregoing the stress components xX. and Y. in the vicinity of the end 
x = 6 approach infinity according to the law 


b 

a 

where the points indicate quantities of higher order of smallness. By 

virtue of (2.8), expression (5.1) assumes the form 


1 
X,=Y, = —~K, s=r—b (5.2) 

An analogous relation holds true in the vicinity of x = a. This result 
is of very general significance in the following sense. The theory of 
elasticity permits to determine the state of stress for any position of 
the crack ends and for any given loading, if the cohesive forces are dis- 
regarded; the stresses near the ends tend toward infinity according to 
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the law A/\s, where s is the distance from the end of crack and A is a 
constant, in general varying for various ends, and depending on the posi- 
tion of the latter. We can state as a general rule: the ends of a crack are 
determined from the condition that the stresses tn thetr vicinity, com- 
puted without taking cohesive forces into consideration, tend to infinity 
according to the law 


K/-Vs (5.3) 


This rule permits in general to exclude from the consideration the 


cohesive forces as such. 
2. We illustrate the procedure of taking the cohesive forces into 

account indicated above by means of a problem, which is also of interest 

by itself, from the point of view of determining the influence of the 


boundaries of a solid on the development of cracks. 


Assume that a crack is produced in an infinite strip under the action 
of forces P, of equal magnitude and opposite direction, applied to the 

surface of the crack. The width of the strip is 2L, the forces are acting 
along the center line of the strip (Fig. 9). 


This problem is solved by means of the method of successive approxima- 
tions developed by Mikhlin [°%] and Sherman [19]. It is convenient to take 
as a first approximation the stress field in the strip (— L< x< L, 

—~ «<< y < «)of the infinite solid represented by the exterior of the 
periodic system of cracks situated along the x-axis, with centers at points 
x = + 2nl (n= an integer). The loadings which produce the cracks are the 
same as for the strip under consideration. Only the shear stresses vanish 
along the lines x = + L; the normal stresses do not vanish there. To com- 
pute the second approximation, we have to consider the problem of a con- 
tinuous strip under compression by boundary stresses; these stresses are 

of magnitude equal to that of, and opposite in direction to, the normal 
stresses obtained along the boundaries in the first approximation. In this 
procedure some normal stresses will arise along the x-axis; for the el imin- 
ation of these stresses and the derivation of the third approximation, it 
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iS again necessary to solve some periodical problem, and so forth. It has 
been shown, however, by Irwin [11], that the normal stresses along the 


boundaries of the strip x = + L are of comparatively small influence on 
the propagation of cracks normal to the boundaries, therefore, we confine 
ourselves to the first approximation. 


Using the results obtained by Irwin [ 11], we can show that for the 
stresses along the x-axis we obtain, disregarding cohesive forces, in the 
first approximation 


X,=Y,=— Psin [ sin? ( 


2. sin 2L) 


; )— sin? X,=0 (5.4) 


In the vicinity of the points x= + (1+ s), where s is a small quan- 
tity, we obviously have 


{ Pp a 
(5.5) 
Vs 


Comparing (5.3) and (5.5) with each other we find 


In the case of 1<<L we again obtain formula (3.4) for the length of 


the crack in an infinite plate. The function (5.4) is represented graphic- 
ally in Fig. 7 (curve IJ; curve I corresponds to the transformed formula 
(3.3)). We see that in contrast to curve J, curve IJ has an unstable part 


(shown by dotted line), along which the force necessary to keep the crack 
in equilibrium condition is decreasing, while the length of the crack in- 
creases. In other words, after the load has reached its maximum value 


= 2-KVL (5.7) 


even the smallest load increase leads to a sudden widening of the crack 
to an amount equal to the width of the strip and to a destruction of the 
latter. 


tu 
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We note that the situation becomes more complicated if the forces are 
applied not at points of the surface of the crack, but at some distance 
from each other along the center line of the strip. Namely, if the dis- 


tance of the points of application of the forces from each other is 
smaller than a certain critical value, then a crack is in general not 
formed until the force has reached a certain magnitude. As soon as the 
force reaches this magnitude, a crack of a certain finite size develops; 
on further increasing the force, the crack gradually increases until a 
certain possible maximum load is reached. Even the slightest increase of 
the latter amount causes sudden destruction of the strip. 


If the distance of the points of application of the forces is larger 
than the critical distance, then no crack will develop in general, until 
the force has reached a certain definite value. As soon as the force 


reaches this limiting value, the strip 1s suddenly torn; no stable eqn- 


librium cracks are possible in this case. 
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This paper contains a comparative analysis of some conclusions of three 
new theories of plasticity, (Batdorf and Budiansky’s slip theory {1 |; 
Sanders’ theory based on linear loading functions [2 | and the theory 


proposed in [3 }) and a model representation in [4 - 


As it is wel] known, the stress-strain relationships in the slip theory 
are quite cumbersome because of the extreme complexity of these relation- 
ships in a genera] case. Thus, the majority of the authors dealing with 
these topics limit themselves to qualitative investigations. As far as 
the exact analysis is concerned, outside of the conclusions of a quite 
general nature, some information was obtained only for the case of simple 
tension (compression) and subsequent application of a smal! tensile (com- 
pressive) additional load and twist. It was also clarified that in the 
case of simple tension (compression) near the point of the additional] 
load in the "axial shear stress" plane, the plasticity curve forms an 
angle (plasticity angle). The sides of this angle are always tangent to 
the initial yield curve (von Mises ellipse). It turned out that if the 
additional load is directed into the exterior (in relation to the origin 
of the coordinate axes) angle between the tangents to the initial yield 
surface from the point of an additional] load, then the ratio G; of the 
shear stress increment to the shear strain increment is independent of 
the direction of the additional load inside of this angle. Besides, it 
coincides with the value given by an ordinary deformation theory 

G 
WE (0.1) 


s 


(EF and G are the elasticity moduli; E. is the secant modulus). If the 
additional load is directed into the interior angle (inside of the plasti- 
city angle) then ¢; = G, Finally, if the additional load is outside of 
these two angles, then G; varies smoothly between the two values, even for 
the case of twist (orthogonal load). G; is determined by (0.1) with 3¢ 
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replaced by 3C/2. 


This information, however, is not sufficient to establish the objectives 
stated in this paper. Since the procurement of more complete information 
based on these relationships is connected with considerable mathematical 
difficulties, we make below a simplifying assumption, which will permit 
to obtain the required results, in particular those indicated above, by 
elementary means. The second of the theories, the Sanders theory, was in- 
vestigated only in its general form, and as far as we know, no stress- 
strain relationships were obtained for this theory. These relationships 
are given below for plane loading paths. 


As usually, the stress vector P, and the stress increment vector 45P, 
the strain vector 9, the plastic strain vector 9” and the plastic strain 
increment vector 839” will denote the vectors whose components are elements 
of the corresponding deviation vectors. Elements with same subscripts of 
these deviation vectors are assumed to orientate themselves along the 
same unit vectors of the vector space. Since in the sequel we will con- 
sider only plane loading paths, it will be convenient to use the follow- 
ing notation, The direction of the additional load will be characterized 
by an angle a, formed by the vector SP and the unit vector q and perpen- 
dicular to the unit vector p, 


q = 39 /| = ptp/ tocosa, 
p=|P|=V 3a = | SP | 


The magnitude and the position of the plasticity angle (differential 
element of the yield curve) at point P, is determined by angles ¢@ and wW 
which form its sides with the unit vector q. 


1. Stress-strain relationships proposed in [3 | for plane 
loading paths. The basis of the assumptions accepted in [3 ] constitutes 
the assumptions regarding the relationships between the angle of plasti- 
city at the point of additional loading and the vectors OP and 83”. It 
is assumed that these relationships are independent of the position of 
a rigidly connected system «5P, 69”, plasticity angle *" in the loading 
plane. Further there is the assumption regarding the locally minimal 
character of the variations of the yield curve along infinitesimally small 
segments of the loading paths. If along the 9” ~ pcurve for simple load- 
ing the following condition is satisfied 


adgP ( 1 


+ sin 29) (1.1) 


then the following is obtained: 
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sin(a +9 
sina 
sin (a + 


cos 


so” A {pép| a+ ¢) + 


sin + 


+ pip | (a + ¢)— 


= A 


The quantities <5 and «) in these expressions are arbitrary; thus, a 
possibility exists for an investigation of the relationships between the 
theory and experiments for various modes of variations of the plasticity 
angle during the loading process. 


2. Derivation of stress-strain relationships for the Sanders 
theory for the case of plane loading paths. The basic assumptions 
in the Sanders theory for the plane loading can be formulated as follows: 


(a) For an arbitrary state P, arrived at by a given loading process, 
there exists a closed curve ‘yield curve) which is an envelope of a plane 
family of straight lines (lines of plasticity). This curve is such that 
an arbitrary path fromP in the interior of this curve or along this 
curve (and only such path) results only on an elastic deformation of the 
material. 


(b) In the process of plastic deformations plasticity lines can move 
only away from the origin of the coordinate axes in a translatory motion 
(parallel to themselves). Besides, only those lines are moving, which 
have a common point with the stress vector. 


(c) During translatory motion of a given plasticity line by a magni- 
tude dh the plastic strain increases by an amount 
= D(h)dhn (2.1) 


where h is the distance from the origin to the given line, m is a unit 
vectorof the normal to this line in the loading plane. 


(d) The total plastic strain89?, produced by the additional load 5P 
is the sum of the plastic strains dd,” contributed by the displacements 
of the individual plasticity lines. 


(e) Volume movement of is elastic. 


Let now an additional loading 5P act from some state P. This incre- 
mental load causes to move such plasticity lines bb, which form an angle 
A with a unit vector q, within the limits (Fig. 1): 
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From Fig. 1 we find 
h = pcos? 


dh = 63sin(a2—)), n=pcoskh—qsink 


Because of the assumptions made above, the total plastic strain in- 
crement is 


59? = bc (h) sin (2 — [pcos  — qsin dd (2.4) 


— 


(2.5) 


The assumption (b) supplies a construction method for the plasticity 
angles for any point of an arbitrary loading path (method of’ external 
tangents), (Fig. 2). This method also permits the determination of the 
angles 4 and w which appear in (2.4) and (2.5). The unknown function ® 
can be determined experimentally from a simple loading. If we put 


(h) = D(pcos)) = A = const (2.6) 


then from (2.4) and (2.5) for simple loading 
dp 


on the 9?~p curve the same conditions as accepted in the previous section 
[ formula (1.1)] mst be satisfied. 


For a general case of loading we have 
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=— {{sina(h 4 ~sin 2) + + cosa cos 2h] p 4 


1 
2 


+ {+ sina cos 2h + cosa (hk — +sin q}*, (2.7) 


If we now utilize the first formula in (0.2) and substitute the limts 
of integration, taking into account (2.5), we arrive at the same expressions 
as shown in (1.2). In this case, however, & and «/ are completely determined 
by the method of external tangents. 


Vnitial von/ 


yield curve 
for state P 


Pig. 2. 


3. Derivation of the stress-strain relationships for the 
slip theory based on a plane body model. The assunptions of this 
theory are usually formlated in terms of plasticity of microstructure 
of the material. However, these assumptions permit of interpretations 
applicable for continuous media in the following way. 


(a) Plastic deformation in the neighborhood of a given point in a 


material is a consequence of irreversible slips along some planes passing 
through this point. 


(b) The irreversible slips occur only in those planes which contain at 
least one direction along which the component of the tangential stress r, 
of a given plane exceeds some constant value, r., and also exceeds all 
its previous values. 


(c) Along every such direction in a given plane plastic slip y,? occurs, 
whose magnitude depends on r only. 


(d) The total plastic strain in the neighborhood of some point of a 
material is the sum of all strains of the irreversible slips along all 
directions in all planes. 


(e) Volume deformation is elastic. 


Below we will investigate the consequences of this system when applied 
to a "plane body" model. "Plane body" model means a material which deforms 
in the plane of the application of the load only. The slips mentioned in 
(a) can, therefore, occur only along the planes perpendicular to the 
planes of application of the loads. For a given material the stress-strain 
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state is determined by the stress and strain components y 
€.» Y,zy) with respect to some fixed axes x and y in the plane of applic- 
ation of the load. The vector stress and strain components of deviation, 


in this case, are determined by 


= = Tey, 

If for the three-dimensional material the stress-strain vector space 
is in general nine-dimensional, then for the material considered here it 
is four-dimensional. Moreover, since the following must be satisfied for 
any loading 


Sux + =0, (3.2) 


the loading and deformation paths lie in the same two-dimensional plane. 

The vectors P and 9, therefore, must be determined by the two fixed unit 
vectors of this two dimensional plane, for the vectors P and 9, are deter- 
mined by the same rules as for a three-dimensional body. Let k,, k., k,, 


2 
k, be unit normal vectors of this space. From the definition ont (3.2) 
we have 


(3.3) 


P Sxxk, -+ Syyke Sxyks Sxx (ky ke) Sxy (ks k,) 
D = Ducky + + + = Aux (ey — keg) + Pry (ey + keg) 


let k, -k, = 2 i, k, +k, = V2 j. It is easy to see that the vectors 


i and j are orthogonal unit vectors, and we have 


+ Sxyil, + (3.4) 


Precisely in the same manner the components of the deviator vectors 
5P, 3P and 89? are expressed by i and j. 


Let a sample made out of this material be in some state of stress. In 
this case the following shear stress occurs at some angle w to the x- 
direct ion 


t= —(c,— oy)sin 2w try cos 20 = sin 20 + cos (3.5) 


Along the directions where r exceeds a certain constant value r_ and 
all its preceding values in accordance with (b), we will have plastic slip 


to? = F (2) (3.6) 


whicl. produces unit plastic deformation along x and y-axes. This plastic 
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x deformation is easily determined from the geometric considerations taking 
‘ into account the assumption fe), and it is 

= — 7,P sin 20 — F(t) sin 20 

To 2 = —e,P0 (3.7) 
= Yo? cos 2w = F(t) cos 2w 


The total plastic strain along the x, y-axes is found by summing over 
all angles w where r satisfies all the above mentioned conditions. Al]! 
admissible angles w are included between 7/2 and — 7/2. Since, however 


all plastic strains which occur as a result of the two perpendicular slips 
are equal, we can limit ourselves to the angles 9 < w< 7/2, and then 
double the resultant values. Taking this circumstance into account and 
the second formla in 43.4) we have 


or V 2\ F [sin 2@i + cos dw (3.8) 


If an incremental load is added to some state of stress, then, using 
the analogous arguments, it can be shown that the corresponding plastic 
strain increments are determined by 


\ F’ (2) dz [sin +- cos 2mj] dm (3.9) 


sin 2w + 6S xy COs 20 (3.10) 


Let us denote by ( an angle formed by the vectors P and i, (Fig.3), 
in the loading plane. Then 


i = pcos 3 — qsin 3, j = + qgeos8 (3.11) 
P P 


— COS 5, 


} = 


sin (a — 3), ry cos (2 — p) 


sin 3 


In this new notation r and Sr are expressed as follows: 


‘= psin (3 1. 2a). ot os COS(a } 2m) (3.12) 
2 2 


4 For simple loading f is constant. This is also true for all incre- 
e mental loadings from some arbitrary state of stress. Thus, introducing 
the notation 


B+ = = + (3.13) 


and passing in (3.8) and (3.9) from unit vectors i and j to p and q, we 
obtain 


. 
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\ Ip cos h — qsin)] dh (3.14) 


\F (t) sin (2 — h) [pcos — (3.15) 


Notice that (3.14) is valid for simple loadings and (3.15) - always. 
In these formulas r = (p/vV2) cos A. Denoting as before [ first formula 
in (2.3)], h- p cos A, and setting further 


} = y (h) 
V2 


we obtain 
dF {t) 


dy (h) 9 D(h) (3.17) 

} 2 dt dh 
The limits of integration in (3.14) and (3.15) are not determined. Let 
us find these limits for simple loading followed by an additional incre- 


mental load. 


Let some simple loading take place from the undeformed state. The first 


plastic deformations will appear when the maximum value of r = (p/y 2) 
cos A will reach some limiting value r= p./V2, i.e. when 
P Ds (3 18) 


Thus, the initial yield curve in the loading plane bejongs to a family 


of circles with radius p.. With increasing p, plastic slips are spreading 
out in a pencil of lines. The limiting rays are determined by the condi- 


tion 


cos Pe (3.19) 


P 


Denoting by ¢ the angle formed by q with the nearest tangent from P 
to the initial yield circle (Fig. 3), we obtain p,/p = cos ¢, and con- 
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sequent ly, (3, 19) means that 


(3.20) 


Thus the limits of integration in (3.14) are determined by 


(3.21) 


For simple loading the plastic strain vector must be directed along 
the constant vector p. To make (3.14) satisfy this condition it 1s 
necessary to assume that functions F{r) and y(h) are even functions. It 
is easy to see that under this assumption (3.14), together with (3.14), 
determine the 9° ~ p curve for simple loadings, 1.e. 

OF 2 


(h) cos). (3.22) 


If at the end of a simple loading some arbitrary smal! load is added, 
then the additional plastic slip can occur only along those directions 
where they had place at any previous instant, i.e. in the pencil (3.22), 
and only along those directions of the pencil, where Sr >", i.e. where 
a >A. Consequently, if @ is smaller than a minimum possible value of 
A = -— «6, then the so directed additional load is associated with elastic 
deformation only. This means that at the end of a simple loading the yield 
curve forms an angle, the sides of which are touching the initial plasti- 
city circle (von Mises circle). Next, if a is limted by —- d<€ ac 4, 
then the pencil, in which the additional slips are taking place, and con- 
sequently the limits of integration in (3.22) are given by 


(3.23) 


If a > &, then plastic deformation will he in the whole pencil (3.21). 


Thus, for the relationships between an incremental loading from the 
end of some simple loading and the vector 83° we have the same expressions 
as in the Sanders theory, [ formlas (2.4) and (2.5), where 6 = us]. The 
only difference is that the vectors appearing in these formulas determine 
the stress-strain relationships for two-dimensional materials, If, as pre- 
viously, we will characterize the magnitude and position of the plasticity 
angle in an arbitrary state by the angles ¢ and wv, then, in the general 
case, the additional loading from an arbitrary state wiil have the form 
given by (2.4) and (2.5), and conditions (1.1) will be replaced by (1.2). 
The values of d and wv in these formulas have to be considered as deter- 
mined. Besides, the explicit formulas found for the variation of @ and uw 
for simple loadings by the external tangents method suggest that a similar 
method may be applicable for a wider class of loading paths. 


We shall now make an assumption (mentioned in the introduction) that 
the relationships obtained above are also valid for a three-dimensional 
body under plane loading. This means that we will consider the vectors 
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entering into these relationships as being in a nine-dimensional vector 
space of real materials. Since exactly the same relationships were ob- 
tained in this case as those found at the beginning of this paper (this 
fact will be demonstrated below), we have some reason to expect that the 
stress-strain relationships for the class of the loadings considered 
here, are either a direct consequence of the initial system of the 


assumptions, or are sufficiently close to it. Thus, most probably, at least 


for an additional loading at the end of simple loading, the conclusions 
of the slip theory will agree with the Sanders theory. 


We will now show how from (2.4) and (2.5) for d= th, De \ and from 
(3.22) the results mentioned in the introduction follow. If the additional 
loading at the end of simple loading has the components 50, = do cos a 
along q, then the associated plastic strain increments have also a com- 


ponent 6.9,” in the same direction, whereby 


Pp 
89, { 


bo ‘cosa 
. 


\ x’ (A) sin (a — d) sinh 


dy (h) 
(h) 


psin? 
then integrating (2.24) by parts, we obtain 


x 


tg 
sin? \ a] (3.26) 


[ycos) ly sinid 


If x = & (the additonal loading being directed into the interior of 
the angle a >), then the first bracket and the first term of the second 
bracket are equal to zero. This is so because y(h) = y (p cos A) is an 
even function and y (p cos d)= x (p,) = 9. 


If x = 9 (an orthogonal additional load a = %), then the terms in the 
first bracket reduce to zero, as well as the first term of the second 
bracket, since fo A = y= 9, and for A = 9, = 9. 


Recause of all this and (3.22) we have 


gP 
for x= 0 (3.27) 


Suppose that, before an additional load is applied, a body is subjected 
to simple tension (compression), then 
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Consequently 


If the additional load is tension (compression) and twist, then 


Since G, 


(3.29) 


These results completely coincide with the results described in the 
introduction. It is also easy to see that the initial yield curve in the 
0, 1,, Plane will be the von Mises ellipse. The sides of the plasticity 
angle will touch this yield curve for the point of the additional load- 
ing 


4. Rabotnov’s model which illustrates strain hardening pro- 
perties of materials. The phenomena which take place in strain hard- 
ening materials may be possibly investigated qualitatively using some 
models, in particular, using an example of pure bending of thin-walled 
cylinder of elasto-ideally plastic material. 


Denot ing 


8 


(R is the diameter; t - the thickness; 4, M ” K , K_ = moments and 
curvatures in the perpendicular planes pheothe through the axis of the 
cylinder, i, j are unit vectors) we can represent the results of the in- 
vestigations in[4] in the following way. 


If we consider the vector M as being analogous to the stress vector 
P, and the vector N analogous to the strain vector 9, then the initial 


yield curve in this case will be a circle with radius 7. In the elastic 
material 


P=r9 (4.2) 


In the process of simple loading the yield curve is changing so that 
at the end of the vector P it forms a symmetrical angle. The magnitude 
of this angle is given by 


Pe _ 
 1— (29—sin29)/x 


cos 


(4.3) 


For an additional loading at the end of simple loading for a > oa, 
where » is given by 
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the relationship hetween P and is given by the usual Hencky-Nadai theory, 
where the elastic and secant moduli satisfy 


E, = x — 2¢ + sin 2¢ (4.5) 


In this work, the relationship between 5P and for additional load- 


ing in directions 


is found. 


It is interesting to note the following circumstance. If N is analogous 
toP, andNw-Mto 3p, then it is easy to verify that during the addi- 
tional loading at the end of a simple loading (1.2) is valid, where 
A= p, = 1 and ¢ is constructed by the exterior tangents method. It is 
also easy to show that for the additional load from any state of stress 
formas (1.2) are valid, where & and «/ have to be considered as deter- 
mined. The investigations of the dependence of ¢ and ¢/ on the loading 
path 1s somewhat complicated, as it was for the case considered in the 
previous section. We think, however, that the exterior tangents method 
should be also applicable in this case. 


On the basis of the above, the following conclusions can be made. 


(a) For an additional loading at the end of simple loading the 
Ratdorf-Budiansky and Sanders theories coincide. This similarity is ex- 
pected to exist for a broader class of loading paths. 


(b) For plane loading paths and with condition (1.1) the resulting 
relations obtained from these two theories appear to be a special case 
of (1.2). 


(ce) If in Rabotnov’s model we will consider the vector Nw- M to be 
analogous to the plastic strain vector and the vector N to the stress 


vector, then the resulting relations appear to be also a special case of 
(1.2). 


(d) It was shown in[3] that the second expression in (1.2), for 
d= Ww and with the assumption of the applicability of the exterior tan- 
gents method, is identical with the Hencky-Nadai deformation theory. 
Thus, for an additional loading at the end of a simple loading, the 
Batdorf-Budiansky theory, Sanders theory and the resulting relations in 
Rabotnov’s model coincide with the Hencky-Nadai theory for a » d. If one 
succeeds to show the validity of the exterior tangents method for arbi- 
trary loading paths in the Ratdorf-Budiansky theory and for Rabotnov's 
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model, (which seems to be very probable), then for all these theories one 
can prove the same as it was proved for the Sanders theory, viz. that 
they coincide with the Hencky-Nadai theory for the additional loads a > ¢ 
from an arbitrary state of stress in which d= t/. 


Quite instructional appears to be the fact that the old deformation 
theory, whose shortcomings under the conditions of the smoothness of the 
yield surface made it physically unreliable and thus had a consider- 
able influence on the development of new approaches, precisely from the 
point of view of new concepts finds its place in the system of general 
relationships of plasticity. 
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LONGITUDINAL DISPLACEMENT OF PLASTIC MASS 
BETWEEN NON-CIRCULAR CYLINDERS 


(PRODOL’ NOE PEREMESHCHENIYE PLASTICHESKOI MASSY 
MEZHDY NEKRUGOVYMI TSILINDRAMT) 


PUM Vol.23, No.4, 1959, pp. 732-739 


Vv. V. SOKOLOVSKITI 
(Moscow) 


(Received 1 April 1959) 


The present paper deals with longitudinal displacement of mass between 
rough non-circular cylinders. A method is developed which permits a re- 
duction of solution for various problems with non-linear law of deforea- 
ation of a certain form to a solution of the same problesas esaploying 


linear law. The longitudinal displacement between cylinders is considered 


when contours of cross-sections are confocal e!lipses. 


1. Fundamental relationships. Let us investigate the longitudinal 
displacement of a plastic mass between rough cylinders. Assume that the 
inner cylinder is displaced by an amount w in the negative direction of 
the z-axis and the outer cylinder remains stationary. 


Obviously, the components of displacement u « v = 9, and the stress 
and strain components will be 


0 


The remaining stress components r pa and strain compeo- 


ments y Yer ™ and also the displacesent components #, do not 


depend upon z. They are functions of x, y only. 


For this condition the differential equations of equilibrium are 
particularly simple. They are reduced to a single equation 


0 (1.1) 


The strain components y, and y, are expressed in terms of © in the 
following manner 


= 
“Ts (1 } 


The fundanental relationships between stress and strain components 
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have the usual form 


while 


= te” + tyes T=% + 
The condition of plasticity is determined in a certain form of re- 
lationships between r and y, namely 


t=t(y), or Y= 1(t) (1.4) 


On the basis of (1.1), the stress components r _ and r y may be expressed 
as a function of uw as follows 


dy’ Or 


j 


and following (1.2) the strain components y_ and yy may be represented as 
a function of 


2k, = k(w +W) (1.6) 


where k is a mechanical constant which will be introduced later. 


Fundamental relationships (1.3), together with (1.5) and (1.6), pro- 
vide a system of equations 


Oz dy 2h or Oy (1.7) 


Now examine the conditions existing along the contours of the bound- 
ing cylinders. Consider that adhesion exists along these contours. Then, 
obviously, on the contour of the inner movable cylinde { there will be 


w=—W, ofr 0 


and on the contour of the outer stationary cylinder there will be 


w=, or kW 


Now let us calculate the friction force Q which acts on the inner 
cylinder from the side of the plastic mss. 


Since the component r,, which acts along the contour of the cross- 
section of the inner cylinder, appears in the form 


d 
Tn = cos (nm, + ty cos (nm, y) = t, 
it follows that the friction force per unit length of the cylinder is 
equal to 


Q= brads = (1.8) 
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System of equation (1.7) becomes simplest «hen + and y are connected 
by linear relationships 


or 7 (1.9) 


which determine the usual elastic state and contain a single mechanical 
constant k. 


As will be shown later, the system of equations (1.7) also can be 
reduced to quite a convenient form when r and y are nonlinearly related 
2ky t/2k 


(1.10) 


describing a plastic state with hardening and containing two mechanical 
constants k and a. 


Notice that if w is assumed to be a longitudinal velocity and y, andy 
are assumed to indicate strain rates, then the derived equations describe 
the long‘tudinal flow of plastic mass between rough cylinders. Naturally, 
in such a case, the mechanical constants k and = and also ¥ assume new 
dimensions. 


2. Transformation of equations. Now consider the system of basic 
equat ions 
Or Vi Vi (me/ky? Or dy 


which corresponds to system (1.7), given previously. 


Express r_ andr. in terms of the modulus r of the shear stress vector 
and the angle of inclination @ of this vector to the x-axis, such that 


tz = cos 9, ty =tsin 


Transform system of equations (2.1) as follows 


09 t cos 6 


Ox V 1 — Oy 
ay oy 


=f 
ar dy cos 


~t sin 9, 


and introduce a new quantity t by means of equalities 


2t 
1+ (mt/k)? 1 + (mt/2k)* (0< t < 2k/m) (2.4) 


For convenience we will use dimensionless quantities 


? “iW ’ Y = iW 


| 
i — (2.3) 
q 
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and also 


lt 
kW 
where | is some characteristic length. 


For brevity let us agree to omit the primes. That is, let us denote 


the dimensionless quantities by the same symbols as the dimensional 
quant ities. 


Substituting t for r, and passing over to dimensionless quantities, 
let us rewrite the system of equations (2.3) in the following form 


Ox i—p*t? ’ 

OY t sin 6 

i+ pir? 
and the equalities (2.4) as 

t — 

V 1— (2pr)? 


Note that for » = % equations (2.5) will reduce the usual equat ions 
valid for a linear law (1.%), and equalities (2.6) indicate that t = r. 


Let us perform a substitution of variables using the transformation 
formulas 


1 dy 1 dz Oy dy ay 1 Ox 


A ay’ dy ay’ Or A Ap’ A 


assuming @ and w to be the independent variables, and x and y to be the 
sought functions. 


Finally, system of equations (2.5) will be transformed into the system 


(2.7) 


and the determinant of the transformation A will be 


A — 29 Ox dy 1 


Let us introduce complex quantities 


z=x+iy, w=9-+ id, 


mW 
dp tsin® 
= vol 
Oy i—pt (2.5) VOL. 
oy t cos 6 23 
dys — 
‘ pte 
Oz pit cos8, SY sin 
2.8) 
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and the corresponding conjugate quantities which will be identified by 
dashes. 


Multiplying the second and the fourth equations of system (2.7) by i 
and then adding them to the first and the third equations respectively, 
we obtain 


i— pte eid dz 1+ eié (2.9) 
t Oy t 

Substitution of quantities w, w for ¢ and « and substitution of T, T 
for t and @ will result in 


& 


= (2.10) 


dw 


From this it immediately follows that 
eT 


dz = e™'dw — dw, 


(2.11) 
Since the complex quantities 97/86 and @T/dw are conjugate, and 

since the variable quantity pt is real and varies within the limits 

N< pt < 1, then 0T/0G = 9. Therefore, the complex quantity T is an 

arbitrary analytic function of the complex variable w only, namely, 


ié 


—=e!, T T 
t 


Note that for the linear law (1.9), or for » = 9, equations (2.11) 
will be of the form 
dz = e™dw 2.13) 
and equations (2.12) become 


if 
= eT, T =T (w) (2.14) 

Along with the complex variable z, it is convenient to introduce an 
auxiliary complex variable ¢ as follows: 


=C(e), = e™dw 


Whereby, in performing this, the stress field in the z-plane will 
correspond to a certain auxiliary stress field in the ¢€-plane which occurs 
for the linear law (1.9). 


It is easy to observe that equation (2.11) can be transformed to the 
form 
dz = 7, dw—p* dw = di —p ae) dy (2.15) 


4 
23 
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and equation (2.12) can be rewritten as 


(2.16) 
t dw 
The above equations provide an opportunity to find a solution of the 
present problem of a longitudinal displacement of a plastic mass between 
rough cylinders, when a solution of the same problem for the linear law 
(1.9) is known. 


In fact, knowing the function ¢ = €fw), it is not difficult by way of 
integration of equations (2.15) to find the function 


Z= w) 


The region in the z-plane, which is occupied by a plastic mass between 
the curvilinear contours, will have the same form as the region in the 
€-plane. However, the forms of curvilinear contours which bound the in- 
dicated regions will differ somewhat. The diameters of these contours are 
determined by the parameters which enter into the solution, and which may 
be assigned previously. 


3. Confocal ellipses. Consider for example a field of shear 
stresses and longitudinal displacements when the inner and outer contours 
of the cross-sections of the cylinders are confocal el} ipses: 


y* , 
shown in Fig. 1. 


Again as before, let us employ dimensionless quantities, taking as 
the characteristic length | the distance between the center O and the 
focus L. 


First consider the linear law (1.9). That is, assume that the parameter 


p = 0. The solution of the formlated problem is expressed by a function 


z=ch Q, Q = (2 —a)w+a 


Determining the derivative dz/dw= ( 8B - a) sh, we obtain 


-== (B—a)shQ 


t 


Now assume the nonlinear law (1.10), that is, assume the parameter 
p # 0. The solution of the problem is then given by the function 


ch Q = (b — a) ® -+ a 


which contains arbitrary parameters a, 6 and c. 
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Fuqations (2.15) after introduction of ¢, can be transformed into the 
following form without much effort 


dz =csh QdQ—— =d—— 
c(b — a)? sh Q (b— a)? 


Integrating these equations an‘ making a final selection of arbitrary 
constants, we find 


2 1 
z=cchQ + = 6 + 
c(b—a)? ch 2 (b — a)? 


As a result of substitution of ¢, equation (2.16) can be rewritten as 


(b—a)sh® (3.2) 


e 


In equations (3.1) and (3.2) let us separate the real and imaginary 


parts. For convenience introduce the notations 
= (b—a)>--a, = (b—a)y 


Coordinates x and y are determined as functions of ® and Yim the form 


c y 


ch®cos ¥ + cs —— 


sin’ — (3.3 | 

and quantities t and are again expressed as * 

functions of ® and ¥ as : > 

c(b—a)V ch? ® — cos*¥, tgi= (3.4) 

q Lines of equal displacements and lines of action of shear stresses in 
4 the xy-plane may be constructed on the basis of (3.3) by assuming ® = 


const and ¥ = const respectively. 


The contour of the moving inner cylinder is the line along which d= 0. 
The coordinates x and y for this contour, as well as quantities ¢t and @, 
can be obtained from (3.3) and (3.4) for d= 9 or = a. 


Equations for the inner contour are determined in the following manner 


z 
* — chacos‘t 
cha ce (b a)? cha 


(3.5) 


shasin ‘T 


and quantities t and @ along this inner contour will be 


4 — tg (3.6) 


‘ 
: 
ae 
nh~*+— (3.4) 
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The contour of the outer stationary cylinder is the line along which 
& = 1, The coordinates x and y for this contour, as well as quantities t 
and @, may be obtained from (3.3) and (3.4) for d= lor ®= b. 


Equations for the outer contour are expressed as 


chicos + tanh- 
shdsin 


and quantities t and @ along this outer contour will be 


= c(b—a) V ch*) — cos’ ¥, (3.8) 


The friction force 2 per unit length of the cylinder is easily found 
from (1.8). Since VY acquires an increment of 27 when integrated along 
the inner contour, then 


= 2- ant Om 
b—a 


In these solutions the parameters a, b and c are related to each other 
by the two equations 


p2 aa ch 2 sh a .. 
cha (b a)? cha he tan sha c ) 


which follow from equations (3.5) and from requirements that the inner 


contour should pass through points x = cha, y = 9 and x = 9, y = sha. 
p gn po ) y 


Besides this, parameters a, b and ¢ are connected by two more equations 


c2 (b a)* hb e’ c*(b a)? sh 


which follow from equations (3.7) and from requirements that the inner 
contour should pass through points x = ch /?, y = 9 and x = 9, y= shfA. 


Three parameters a, 6 and c are determined from three equations of 
system (3.9) and (3.10), while the fourth equation is not satisfied. In 
this way the outer and inner contours are symmetrical about axes x and y. 
They pass only through assigned points A,, A, and B,, while the fourth 
point B, remains aside. 


It is especially interesting to find out the variation of shear stress 
along x and y axes. From (3.3) and (3.4) for Y= 9 the coordinate x and 
the quantity t along the x-axis will be determined as follows 


{ 
=ch® tanh cho’ ; c(b—a)sh® (3.11) 
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and the coordinate y and the quantity ¢ along the y-axis are found from 
(3.3) and (3.4) for W= 1/2” and will be 


c(b—a)ch® (3.12) 


c c? (b- a) 


tan sh® ; 
Qne should bear in mind that the longitudinal displacement w is ex- 
pressed in terms of ® in the simple form 
Note, that within the considered region of ® and ¥ variation, that is, 
for a< ®< b, O<¢ Ve 2m, the determinant of transformation A must be 
different from zero. Otherwise ® and ¥ will not be single-valued functions 


of x and y. Since the determinant is 


then from (3.3) it follows that 
c(b—a)V ch? ® — cos*¥ 
This condition will be satisfied if parameters a, 6 and ¢ are 
subjected to the following limitation 


Notice that for »« = %, equations (3.9) and (3.10) will give 
a=a, 
Let us carry out a numerical example for 
y=0.2, 2=04, §=1.0 


which would illustrate the preceding discussion. Parameters a, 6 and c 
are obtained from solution of equations (3.9%) and (3.19). They are equal 


to 
a == 0.347, b — 1.105. ¢ = 0.889 . 


The coordinates x and y for points of inner contour are determined 
from (3.5), and the corresponding values of t andr at these points are 
found from (3.6). In this manner 


0.000 0.314 0.628 ) 942 
1.011 O841 0.603 
0.153 0.265 0).345 
3.159 2.163 1.680 46: 1.399 
2.258 1.822 1.510 oe 1.297 


The coordinates x and y for points of outer contour are determined 
from (3.7) and the corresponding values of ¢ andr are found from (3.8). 
Hence, 
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0.942 
904 0.000 
1.009 1.245 
1.07 1.946 (1). 886 
1.953 1.02 1.972 0.913 0.87: 0.859 


These results make it possible to conjecture the contour forms for 
cross-sections of bounding cylinders and the character of variation in 
shear stress r along inner and outer contours. 


The values of t, 7 and w along the x-axis are determined from (3.11). 
Their final values are equal to 


0.347 498 
1.08! 


Analogous values of t, r and w, however, along the y-axis are found 
from (3.12). They are equal to 


GOR 
958 


These results indicate the character of variation of shear stress r 


and longitudinal displacement w along x- and y-axes. 


Contours of cross-sections for bounding cylinders are shown in Fig. 2. 
In the same figure, by dotted lines, are also shown 


contours of cross-sections for » = 9 which are confocal ellipses. In the 
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same figure is drawn the lattice ®= constant and ¥ = constant, which are 
constructed for various values of ® (from 9.347 to 1.195) for equal in- 
tervals of 0.152 and for various values of ¥ (from 9.900 to 1.571), also 


for equal intervals of 9.314. 


In conclusion we note that the technique presented here makes it 
possible to investigate also other problems of longitudinal displacement 


of plastic mass between non-circular cylinders. 


Translated by V.A.V. 
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TEMPERATURE AND VELOCITY DISTRIBUTIONS IN A 
LAMINAR FLOW OF A FLUIN BETWEEN 
ROTATING COAXTAL CYLINDERS 


(TEMPERATURNOYE I SKOROSTNOYE POLIA PRI LAMINARNOM 
DVIZHENIT ZHIDKOSTI MEZHDU VRASHCHATUSHCHIMISIA 
KOAKSIAL’ NYMI TSILINDRAMI) 


PMM Vol. 23, No.4, 1959, pp. 740-748 


A.I. BORISENKO and A.D. MYSHKIS 
(Kharkov) 


(Received 12 March 1959) 


In most electrical machines the gap between the rotor and the stator is 
filled with air. Investigations (for example, [1 ]) have shown that in 
this case laminar motion is preserved as long as the Reynold’s number, 


No. = pw, (R, - R,) pt, remains less than the critical value, which is equal 
to 41.2, R/(R, - R,), where R, and R, are the radii of the outer and 

the inner cylinder respectively, - the coefficient of viscosity, p- the 
density, "- the linear velocity of the rotating inner cylinder (with a 
stationary outer one), R, ~ 1/2(R, + R,). Numerical computations show 

that for many existing electrical machines this condition is satisfied, 
and the motion in the air gap is laminar. 


Since a substantia] portion of the heat produced in the rotor is’. trans- 
mitted across the air gap, it is important for heat transfer calculations 
to investigate the state of the air. The use of high voltage insulation, 
which allows large temperature differences to exist, brings up the 
question of the effect on the character of the motion of the changes in 
the physical properties (viscosity and thermal] conductivity) of the air 
due to temperature changes. 


oF 


In the last few years the electrical] machine industry has become 
familiar with a new type of machine - the so called immersed machine, in 
which the gap between the rotor and the stator is filled with oil. As is 
well known, the viscosity of liquids varies considerably with temperature, 
and consequently the problem nosed here is an important one. A similar 
problem arises, for example, in measuring viscosity by the rotating 
cylinder method [2], and in other fields of technology. 


An investigation of the question when the viscosity and the thermal 
conductivity are proportional to 7, with n= 1 and 1/2, is contained in 


vO! 
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the work of Stepaniants [3 ]. Closely related questions are examined in 
the works of Targ (( 4], especially Section 25) and Borisenko [5 ]. 


The authors wish to express their gratitude to L.G. Loitsiansky, who 
became acquainted with the work while reviewing it, and made some remarks 


which were taken into accountin the final editing of the text. 


1. Derivation of the field equations and the formulation 
of the problem. Let us examine a two dimensional (W = 0, 0/dz = 0) 
laminar uniform (0/dt = 9) axisymmetric (0/04 = 0) flow of a liquid or 

a gas between two coaxial cylinders with radii Rf, and R, A(R, < R,), with 
the cylinder axis coinciding with the z-axis. Then, from an examination 
of the portion of the flow enclosed between the cylinders with radii R, 
and R, R, <R< R, (with the same axis), it follows immediately that 

W, = 9, 1.e. the motion of the medium takes place along concentric circles 
R = const. 


It is easy to derive the basic flow equations hy examining an element- 
ary layer contained between the cylinders with radii R and R + dR; in 
doing this we will neglect inertia forces. Let p denote the density of 
the medium, and p- the pressure. Since the centrifugal forces must be 
balanced by the differences of the pressure on the surfaces of this layer, 


w? id we 
or (4.4) 


The resultant moment of the viscous forces acting on the layer must 


vanish. Therefore, 


dw 
d (Pre 27RR) = d| ) Re] =0 (1.2) 


The expression for pp, is easily derived (viz. [4], p. 41, for 
example). Integrating (1/2) we obtain 


d (W A 
\R) 


= (0 (A = const) (1.3) 


Finally, let us write down the energy equation for the cylindrical 
layer: 


R)= — E2nRdR=—p — 2eRdR (1.4) 


Here E is the dissipation function, the values of which can be ob- 
tained, for example, from[4] (p. 48), and A is the thermal conductivity 
of the medium, expressed in units of mechanical energy. From (1.3) and 
(1.4) we get 


(1.5) 


23 
d dT A 
—— = | 
| an \“t ar) + = 
if 
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The constant A and the three integration constants for equations (1.3) 
and (1.5) must be determined from the four boundary conditions. Two of 
these are piven by prescribing the cylinder speeds, i.e. by prescribing 


W(R,) =W,, W (R,) =W, (1.6) 


The other two conditions specify the temperature regime at the surfaces 
of the cylinders; they consist in prescribing the cylinder temperatures 
(boundary conditions of the first kind) 


T (R,) T(R.) =T, (1.7) 


or in prescribing the heat flux through the cylinders (boundary condi- 
tions of the second kind), or, finally, in prescribing the heat exchange 
between the cylinders and the medium (conditions of the third kind). 


Assume for definiteness that W = 0, T, > T,, and boundary conditions 
of the first kind (1.7), although all the other cases could be examined 
in a similar manner. After solving the system of equations (1.3) and 
(1.5) with boundary conditions (1.6), (1.7), we can determine the pressure, 
p(R), from equation (1.1) (taking into account the equation of state). 


From equation (1.5) it can be seen that every stationary point of the 
function T(R) is a maximum point; therefore, if T<¢ T, (this limitation 
is a natural one from physical considerations), then the function T(R) 
decreases monotonically. Introduce the dimensionless quantities 


_ Re—R Ra— Ry WwW 
(1.8) 
u(T 


Then equations (1.3) and (1.5), and the boundary conditions (1.6), 
(1.7) become 


ad w a 
0 
dz i1—hxr (1.9) 


d , a* 
(9) (1 — ha) + = (1.10) 


$ (0) = w(0) = 0, $(1) =w(1) =1 (O<2r<1,h<1) (1.11) 


where a is an unknown constant, and 


ve 9 


In general, for arbitrary a(@) and A(@), the system of equations (1.9), 
(1.10) cannot be solved in quadratures. The basic purpose of this work is 
to construct approximate formulas, using the smal! parameter method, for 
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as general a situation as possible, taking as a point of departure cer- 
tain special cases where the solution can be obtained by quadratures. 


2. The case of small x. In certain cases the constant « is small; 
this happens, for example, when the medium is air or water, while the 
speed W, is not too large, and the temperature difference, T, - T,, is 
not too small. 


For example, if ", = 20 msec™, T, = 80°C, T, = 30°C, then formla 
(1.12) gives for air, water, and lubricating oi] respectively, 


% = 5.79-10°3, x = 1.04-10-?, x = 8.9 


Here the values of A and » were taken from[4] (p. 22), and the value 
of «x for lubricating oil is shown to emphasize that x need not be small. 


Assuming « is small, one can use the expansion 


$= 9% x9, + —..., w= + xw, + x*w, + ..., 


= dq + xa, + x*a,+... (2.1) 


The terms in the series are determined from the equations obtained by 
substituting the series in (1.9), (1.10), and equating coefficients of 
like powers of x. Thus, the terms of lowest order satisfy the same equa- 
tions (1.9)-(1.11), but with «x = 0. In this case it is easy to integrate 
the equations. From (1.10) and the boundary values for 0, we get 


4, 
\ «(%) dd 


0 0 


From this, one determines the function 6,(x). Substituting this result 
in (1.9) and taking into account the boundary conditions for w, we get 


(2.3) 

Wo (2) = (1 —he)\ % = — "\ | 

x 0 0 

¥ Equations determining the terms of first order are obtained by equating 


the coefficients of x to the first power. In doing this, of course, one 
must use expressions of the form 


$,? ” 
a (9) = (9,) + (9) +? | + 7% (%) | eee 


Taking this remark into account, the aforementioned equations take the 
form: 


23 
In (1 — hz) 
In (1 (9) dd 2.2 
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dri—hz (9%) (4 —hz)® [3 (1 — 
d d9, ay? _ 
(9) (1 — hr) — + (9) (1 — hz) | + 


9, (0) = w, (0) = 9 (1) = w, (1) = 0 


where the functions 6,(x), w.(x) and the constant a, have already been 
evaluated. On integrating we get 


a (9) \In h) | 1 


hx 
0 


w, = (1 — hx) [a,G, (x) — a,G, (2)] 


ax 


x 
(2) 3 (80) (1 — (z) = hz)? 


Se" 


In an analogous way, if it is desired, one can find the terms of 
second and higher orders in «x. 


Let us examine the exanple of a liquid with small x (water, in 
particular). Here we can take 


This case was examined in [2] in general form; as it turned out, the 
solution can be expressed in terms of Bessel Functions (let us note that 
for large values of the argument it is convenient to use the asymptotic 
representation of these functions). If «x is small, one can obtain an 
approximate formula which uses only elementary functions. In fact, cal- 
culations from (2.2) and (2.3) yield 


> (1 — hz) + he (2 — hr) 
we = + th in (1 —h) 


on oo 2in(i—h) +h(2—h) 
a, =(t1—h) +8 thin —h) | 


Corrections for « are computed from (2.4) and (2.5), and in the pro- 
cess all the integrals can be evaluated and yield functions similar to 
those in the expression for w(x), although the results are quite cumber- 
some. Let us limit ourselves to the case of a small dimensionless gap 
between stator and rotor (i.e. small h), where one can retain terms of 
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first order only in h and x. The computation gives 


2z (1 z) 


z(i{—x) 


2 **e9 
z (2 + B°z) h 
2+6 
| 
3(2+ 8°) 


= (3 + B° + + 


Wo 


(1 + 108° + 163° + + 


Thus, for small h and « for a liquid we obtain the approximate form- 
ulas (with an error of second order) 
z(i— 22 (i—z) ,. 
$> z—h —— (3 + 
(2+ B°r) z(i—z) 


(. + 108° + + 4 


p°z? (1 — z) 
+ B° + Ba) 

If the thermal conductivity (and with it the quantity a) cannot be 
considered constant, then to improve the result one can use 1/2(A, + A,) 
instead of A,, or one can let al@)= 1+ a,(@) with small a), and, ex- 
panding in powers of a,, retain terms of first order only. 


In conclusion, let us note conditions under which for an arbitrary 
medium (i.e. arbitrary a(@) and A(@) it is permissible to discard the 
terms in « in solving equations (1.9) and (1.19), i.e. to accept 6, and 
wy, given by (2.2) and (2.3), as the exact solution. In order to do this, 
let us integrate equations (1.9) and (1.10), and in these integrals re- 
place the variable quantities by their mean values (these will be denoted 
by stars, and they can take on different values in different formlas). 
In this way we will obtain successively 


a (2x — hz*) _ 26°(1—h) 9 


_ (22 — hz*) 
28* 


1 


(9) 49 — | 


fai — —1) jz in(1 —A)] 


In (1 — hz) — 


\a(9)d9 = 


a (9) d9 + F(a) 
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Here 
In (1 — hz) —hz) 1 


4 
F()= [ais —1) + ae — — 


4 4 / 4 
— —1) + — (2.8) 


If in the last expression we set x = 9, it will go over into equation 
(2.2), with @ changing by A@. From the mean value theorem it follows that 


| as| = | F r)| 
Since both of the terms in expression (2.8) for F(x) are positive and 


(if we do not consider {* ) monotone increasing, 


2a*8* | (1 


| 49 | < 


In(! h) 


Thus, discarding the term in « in (1.10) leads to an error in TR), 
which, in absolute value, does not exceed 


2h—M —h) max yy (2.10) 


— hie 
2—h)*h min“min 


(obtained by transforming the right-hand side of (2.9)). 


If this error is smaller than the accuracy required in determining T, 
then it is certainly permissible to discard the terms indicated above. 
Let us note that the expression (2.19) can be simplified in the case of a 
small gap: if we neglect terms of order h, it goes into 


For example, if the gap contains air, and ®C«< T< 20°C, taking the 
values for p,,, from[6] (p. 256), we find that expression (2.10) exceeds 
1° only if 


The possibility of neglecting terms in « in equation (2.10) really 
means that under the conditions under examination one can consider the 
cylinders stationary in computing temperatures. 


3. The case of slowly varying A and x. For gases, in particular 
for air, the coefficients A and » vary slowly; the same situation pre- 
vails also for other media if the temperature difference, T, - T,, is not 
too large. In this case one can put 


a (3) = 1 + agp (4), = 1 + (4) 
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where a, and ff, are small. Such formas include all the possible cases 
of a(@) and A(A) which can occur. Equations (1.9), (1.10) can be re- 
written in the form 


w 


‘ d 
(1 + Bob — 


dd) 


(1+ Bod (9)) (1 + agp (9)) (1 — Az) 


We can look for solutions in powers of ay, fp: 
9 = 9 + + Boe +..., = Wy + 
For the principal terms we get equations (3.1), (3.2), in which a, = 
By, = 9, i.e. we get the case of constant A and wu. Then the equation (with 


boundary conditions (1.11)) can be easily integrated (see [4], p. 379, 
for example); we get 
(1 — h)* x (2 — hz) |} 


In (1 — hz) (2—h) In(i—hz)  (1—h)*: (3.3) 


In (1 —h) h(2—h)*| (i—h) —hz)* 


2 4 
(1 — h) (2 — hz) (3.4) 


a, 


(2—h)(1—hz) 


In order to find the terms of first order in a,, fi, we equate the 
coefficients of a, and fi, in (3.1) and (3.2): this gives 


(1 — 


w Qe 
= 0 


d 
( dz hz (i hr)? 


dz hz) | [? (%) (1 hz) dz} (i—hz ~ 0 
d dd, d 199] ( 
From this, taking into account the homogeneous boundary conditions for 
w,, and the 


w, and 6, , it is easy to find all the functions 


constants a,, a, explicitly: 


q 
(3.1) 
T 0 3.2) 
23 
1959 
hr 
dz \1—he 
di 
z (2 — he) 
w, = (1 — hz) | a. 
or 
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h)* x (2 — hr) 


. 
hy hr)? Gs(z)| 


In (1 — hx) ( Gs (x) dx | 
In(i—h) | 
hz) In (1 — hz) 
In (4 h) 


r d G(%,)dz 
T) d % Zz Md 


a similar way we can express terms of second and higher order. 


an example, let us examine the case where A(T) and p(T) are linear, 
is quite small (in particular, this takes place for an air gap). 
one can put 


(9) 


the constants a, and {, are obtained from 


{Let us note that if, as frequently happens, the Prandtl! number is in- 
= which simplifies some- 


Mn» 


dependent of the temperature, we must set a 


what the formula obtained. ) 


Let us restrict ourselves to terms of second order with respect to 
a, and 8., and to terms of first order with respect to x. In doing this 
one can use the method just described; however, it is simpler to bring 


in also formulas (2.2) and (2.3) for the group of terms which do not 
depend on x. 
From (2.2) we obtain for this group of terms the equation 


Le In (1 hax) 
+ =(1 
2 “0 In (1 — hy) 


Consequently, 
y (1 y) (1 


Substitution of this result in (2.3) yields, after some computations, 
an expression for w,; retaining only the terms of first order, we get 
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(Let us note that here @,, w, have the same meaning as in Section 2, 
and not as in the beginning of the present paragraph.) As for the correct- 
ion in x, we obtain it from formulas (3.3), (3.4). In particular, from 
(3.4) it is evident that in the expression for w, the term which is of 
first order in « and independent of a, and @. is absent. Combining these 


results, we obtain an approximate expression for @: 


hz 
hy y ad 


The term in a,‘ in this formula does not exceed (2/27) a.‘ and there- 
fore, gives in the expression for T(R) a term not exceeding 


This term plays a role only for a very large temperature drop; for 
example, if  < T< 200°C, then for T, -— T 125° it is less than 1°. 


The term in « bepins to play a role wie for sufficiently large ¥,; for 


example, one can calculate that for a smal! dimensionless gap h, for 

W <¢ T¢ 200°C, it is of the order of I° only for ¥, > 70 msec~!. If the 
temperature drop, T, — T,; and the velocity, ¥., are not too large, one 
can use the convenient forma 


with the expression for w being given by (3.5). 


If the dimensionless gap, h, is small, one can further expand with 
respect to h and retain terms of first order inh only. If, furthermore, 
we retain terms of no higher than second order ina,, f., and first order 
in x, then we obtain, after some calculations, 


(4... 9 4 (1 
2.8 r(t - 2) — z)(1- az)__ 


Yo 12 2 


If it is possible to discard terms in x and h, the 


formulas become extremely simple. 


4. The case of a gap small compared to the radius. In this 
case we can use the expansions 
9, + hd, + +..., w= wu, hw, + 


a = a, + ha, + h®a, + 
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The equations for the principal terms have the same form as the equa- 
tions (1.9)-(1.11) with h = 9; this corresponds to the case where the 
cylinders degenerate into parallel planes. Under this condition the equa- 
tions have been integrated in a general form in[5]. The equations for 
the terms of first order then become 


dw) d a; 6’ (9o) 3aor 
dz dz 3 (Yo) [6 (9) | 3 (Yo) 
d 
dz (90) Ger - 

(9) 


14 4 (Bo) 


This system of equations, although linear, is not in general solvable. 
However, it can be solved in certain special cases. This is the case for 
liquids (for all x). Then the system of equations for the principal terms 
has constant coefficients, and can be solved by using trigonometric func- 
tions (for example, [4], p. 3®2). In this case the equation for @, also 
has constant coefficients, and after 6, is found, the function, w,, can 
be found by a simple integration. 
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The statement and complete analytical solution of the one-dimensional] 
self-similar problem of a strong point explosion in a gas is given by 
Sedov [1] (see also[2]). Here it was assumed that the initial density 
of the gas p, either is constant or depends on the geometrical coordinate 
r according to the following law: 


(r) Ar~". A—const, (0.1) 

In addition, it was considered that the initial pressure p, of the un- 
disturbed gas can be neglected in comparison with the pressure P> at the 
shock wave front. It is known that the latter assumption is correct only 
for the initial stage of the explosion development, i.e. for a brief time 
interval. As the shock wave propagates the influence of the initial 
pressure becomes essential. Therefore, in the initial conditions of the 
problem there appears an additional] dimensional] parameter Py) by virtue 
of which the problem ceases to be self-similar and all non-dimensional 
characteristics of the flow will now depend not on one but on two vari- 
ables. The non self-similar problem can be solved by numerical integration 
of a system of nonlinear equations, and this has been done for the case of 


constant initial density [3 ] with the help of high-speed computing 
machines. 


However, a simpler means of solving the problem for values of (p, ~ P,)/ 
Py < 1 can be proposed, which is based on a linearization of the basic 
equations about the self-similar solution. For the problem of an explosion 
in a perfect gas with constant density and adiabatic exponent y = 1.4 
linearized solutions have been obtained previously [1,4,5 ]. In those 
papers the linearized non-dimensional parameter is q, which characterizes 
the intensity of the shock wave and is equal to the ratio of the square of 
the velocity of sound in the undisturbed gas to the square of the velocity 
of the shock wave: 


23 


| 
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q = = (0.2) 


In the present paper a solution of the linearized problem of an ex- 
plosion taking into account back pressure in a medium with varying initial 
density, which is determined by formula (0.1), will be considered. Using 
the method of linearization on the variable parameter gq, equations which 
describe one-dimensional motions similar to the self-similar cases are 
derived. A first integral of the obtained system of linearized equations 
is found and an exact analytical solution of the problem is given for 
+ 7 (2—v) 


@) y+ i 


(0.3) 


where v = 3 for spherical waves, v = 2 for cylindrical waves, andv= 1 
for plane waves. 


1. Statement of the problem and the basic equations. We 
shall take the initial system of equations of gas dynamics, which describe 
the one-dimensional adiabatic disturbed motions of a perfect gas behind 
the shock wave front, in the form 

dv 

Ot 

dp 
dp 

For the solution of the problem of a point explosion it is required 
to find a solution of system (1.1) with the boundary conditions at the 
shock wave front: 

q)c, Ps 29" P2 = (y+ 1)¢ Pr (1.2) 

Quantities immediately behind the shock wave front are denoted by the 

index 2. Let r,(t) be the radius of the shock wave. Then 


Vy=U(ro,t), Plot), ¢=dr,/dt 
The dependence of v(t), p(t), po(t), on time is unknown before- 
hand, their determination being equivalent to the determination of the 


dependence of q(t). In addition to conditions (1.2), we also have the 
boundary condition for the velocity at the center of symmetry 


v(0, t)=0 (1.3) 


At time t = 0 a finite energy £, is released at the center of symmetry 
and the initial conditions 
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r(r,0)=0, ofr,0)=p,(r)= Ar-*, p(r,0)=p,=const, r.(0) = 0 (1.4) 
are given. 


From the system which defines the parameters of this problem A, Py» 
E,, y, @ r, t it follows that the required non-dimensional functions 


fj=v/e h=p ps (1.5) 
will depend on two non-dimensional variables, for which we take 


9 
h=P/Pe, 


and on the constant parameters y and w. 


Passing to the introduced non-dimensional variables and taking into 
account that 


2 de 
drs 
dinp, d In pe 


at dirs 


{dinp, dinpe 


at drs [2+ 


system (1.1) can be transformed into the form 


We shall define the non-dimensional radius R, of the shock wave by the 
formula 


R,=r,/r° = (E, 


is a characteristic dynamic length. 


where r° 

In order to obtain the complete solution of the problem in the adopted 
variables, it is necessary to determine f(A, q), gfA, q), AfA, q) and also 
of R,(q). For this it is necessary to find a solution of system (1.6) in 
the A, q plane inside the square 0< A < 1 and 0< q< 1 which satisfies 
the following boundary conditions: 


at the shock 
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for r~=1 (1.7) 


at the center of symmetry 


/(0,q)=90 for .=0 (1.8) 


and the initial conditions 
F(A, 9) = 


where f(A), Bo (A), h,{) are known functions corresponding to the sel f- 
similar problem [1,2 f. They satisfy the system 


fo(), O) = h(,0)=ho() for g=0 (1.9) 


(1.10) 


in addition 


= 0 (1.11) 


Here, as also in all that follows, primes will denote differentiation 
with respect to A. We note that system (1.10) can be obtained from (1.6) 
by passing to the limit as q+ 9. 


For small values of q, i.e. for small values of the time, when the 
explosion is still sufficiently strong, the solution of the problem set 
down above can be sought in the form 


2 
&(A, 9) + (A)+.-- 


(1.12) 


Because a linearized problem is to be solved, then from (1.6), taking 
into account system (1.10) and neglecting terms of order q’ and higher, 
we obtain the following system of linear equations for determining the 
functions f,%), g,”), h, (A) and the constant A,: 


(fo — *) T + + Bohs T 


Bolt’ + (fo + ( o = + r hi + 
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A,)hg = 0 


From conditions (1.7), (1.8%), taking into account (1.11) and (1.12), we 


obtain boundary conditions for the sought for functions f,), g, (A) and 
h, a): 


= (1) = = 0 (1.14) 


System (1.13) can be transformed into a form that is more convenient 
for the investigations which follow. With this aim we shall introduce new 
unknown functions F(A), GA) and H(A) which are connected to the functions 
f,%), g,) and h,() by the relations 


AQ)=(f—)F, Q)=eG, (1.15) 


After the transformation,system (1.3) is written thus: 


2 1) ho’ o+v 
(fo — F’ + + F 4 (1.16) 


wits 


F + (fp — + — F + 4 


h) 


1 — + (fo— + (fo! — 1) + — (GE F + 


(1.18) 


From the two latter equations of this system it is possible to obtain 
a first integral. Let us show this. 


2. An integral of system (1.16)-(1.18) and a law of shock 


wave motion. If the quantities g.’/g. and h,’/h, be eliminated from 
equations (1.17) and (1.18), then we > will have 


(fo —)(F’ + G') + F + VG — 
+ 


H’)—v(y — 1) F + — v — 
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Replacing the independent variable according to the formula 


¥ 
A 


we obtain 


Multiplying now the first equation by v(2y— 1)/(@—- 2v) adding to the 
relation so obtained the second equation and integrating the result, we 
find 
v (2y Da 2y 2y¥—1 
v 


— 2v o—2 2 2y 


From the boundary conditions 


F (1) G(ty=0, 


we find the constant of integration 


— 1) (y +1) 
C,= —— + A, 


2y (7 1) 


Bo \ 0 


(fo—*)1 ho / 


and if we take into account that = 9, g, = 1, h.= | for A = l,then we 


obtain 


(ho 


Thus, a first integral of system (1.146)-(1.18%) is found which satis- 
fies the boundary conditions at the shock wave: 


v(2y— 1) , », w(2y—1) 
dv F + G+H 


(3y — 1) (y¥ +1) 2y—1! 9 
2y (7 - 1) A,| ry 1 @ Me (2.1) 
0 


The existence of an integral analogous to (2.1) was proved by Lidov 


{6}. 


With the help of the obtained integral (2.1) the problem reduces to 
the solution of a system of two linear equations, which for arbitrary 
values of w can be found by numerical integration. 


4 
(F G) (w v) F WG 
T 
+ H)—v(y—1)F + vH —v(4— — A,) = 0 
a 
q i If we make use of the adiabatic equation for the self-similar motions 
> 
=| 
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After finding the quantities A, the ,ependnce of R,(q) and r(q) can 
be found, where R, ‘ro andr = t/t°. Here r° is a Srnenic length, 
introduced eastiar, “ad t° is a dynamic time defined by the formula 


It is known [1] that for the self-similar solution we have 


(t) (=) ta — (2.2) 


where aly, w) is a known quantity. 


If equations (2.2) be transformed to the introduced non-dimensional 
parameters, then the dependence of R,(q) and r(q) can be found in the 
self-similar problem: 
2—v8 1 


9” (2.3) 


(q) ya qs = 


For the linearized problem of (1.12),by integrating and taking into 
account (2.3), we obtain 


R,” (q) 


xp (A,q) (2.4) 


Let us find r(q). Using the definitions of q, r, R,, it is easy to 
show that 


dt ( q 


Since d& /d7 = (dR,/dq)(d /dR,), taking into account (2.4) we find 


(=) (1+ Aq) q exp A\q) 


For small values of q it is possible to write 


(14 


Ayg)exp (“=" Aig) =1 + Ayg 


Thus, for the determination of r(q) we obtain the differential equa- 
tion 


2—v—@ 


2v+ 2 


Integrating this equation and determining the constant of integration 
from the condition r(9) = 0,we find the required dependence 


—1 wv 
= (=) q [vs 419] (2.5) 


1.9) y 
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Relations (2.4) and (2.5) give in parametric form the law of the shock 
wave motion, i.e. the dependence of R, (r), 


Using (2.4) and (2.5) and the conditions at the shock wave (1.2), it 
is possible to determine the dependence of al! characteristics of the 
shock wave front from its radius and the time. 


3. Exact solution of the problem for @ = o,. It was shown 
earlier that the solution of the linearized problem of an explosion in a 
medium with variable density can always be obtained by numerical inte- 
gration of system (1.16)-(1.18). However, in the case for which 


3v— 2+ 7¥(2—v) 


® = @, = 


the solution of this problem can be given in the form of closed formulas. 
This can be explained since for this value of w the self-similar solution 


has the simple form 


Substituting f,(A), g.(A), h,(A) from (3.1) into the coefficients of 
equations (1.146)-(1.18%), we find a system of three ordinary non- homogeneous 
equations with coefficients which depend on the parameters y and v. 


hy 


This system is a system of equations with constant coefficients, if we 
take | = In A as the independent variable. 


For the solution of system (3.2), it would be possible to use integral 


(2.1) which for w= @, has the form: 


v(2y—1) , >» 
T «|F “T 7 H = 
(3.3) 


(y — 1) 


But because the complete system (3.2) is easily integrated, one need 
not use the integral (3.3). However, it can be useful in computing the 


= 
2 
23 
4y — — 1)? 
LF’ 4. + 2(v—1) F 4+ - 1G (3.2) 
> 
y+1/y—1 
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dependence of the required functions on A and also as a check on the 


calculation. 
shall find the general solution of the homogeneous system of equa- 


We 
(3.2). The auxiliary equation of the system (3.2) is written thus: 


tions 


To each root n; of equation (3.4) there corresponds a solution 


exp {(n.1) = A"t of the homogeneous svstem. 
i 


The first root of equation (3.4) is equal to 
(3.5) 


m =v(¥+1)/(y¥—1) 
The second and third roots of equation (3.4) satisfy the following 


quadratic equation: 
(vy +4) (3—7) 


and are equal to 


for y = 3. The dependence of the 


From (3.6) it is seen that n, 
roots n,, n, and n, on v and y are piven in the Table. 
The general solution of a homogeneous system corresponding to system 
(3.2) can be represented in the form 
F() Cy) Ne 
2)(y— 1) 


2) (7 1) 
+ - 
(7 1) no C2 ( (7 1) ng 


C3h™ 


(y+ 1)v (y—1) ms 


+ vy + v) (y—1) 


1) ne 


The particular solution of the non-homogeneous system of equations 


(3.2) will thus be 


(3.8) 


| 
y—1 

n-+2(y 1) 0 i= 0 
(3.4) 
ee 
ya+v(y+ 1) 0 ) 

4 

where 
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Using (3.7) and (3.8) we find the solution of system (1.13) for w= a, 
in the following form 


v— 2) (y¥—1) 


— 
v(y+1)—(y—1) As 


(yna + vy + (¥ — 1) | 


viy+ 1) —1) ng 
We shall determine the constants c , Co, C3 and A, so that the func- 
tions f,), g, (A), h,(A) satisfy the boundary conditions (1.14). 


Thus, from the latter equation of (1.14) (the velocity at the center 
must be equal to zero), taking into consideration that n, for arbitrary 
y is a negative quantity whose modulus is greater than unity, we obtain 
c, = 9; from the other equations of (1.14) we obtain a system of non- 


homogeneous linear equations with coefficients which depend on y and v. 


(3.11) 
(3.12) 


(3.13) 


4. Results of calculations according to formulas of the exact solution. 
If c, from (3.12) is substituted into equation (3.13) and then equations 
(3.11) and (3.9) are used, we obtain a relation for determining A,. The 


quantity A, will depend on y and v. 


After determining A, from the system of equations (3.9), (3.11), (3.12), 
we find the dependence on y and v of the quantities Gis Bo, Be, Cy, Coe 


The calculation formulas for finding the indicated quantities have the 


form 


q os where a@,, @,, @, are expressed in terms of A,, v and y according to the 
formulas 
v(y +1) v— 1 
fi ( + 
2v—2) (y¥—1) 
959 
— 1 (yne + vy + v) —1) 
hy = [2s viy+1)—(7—1) ne 
, (neg+ 2v—2) (x 1) 
+ 1) (y—1).n2 
be: 
ae 
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v—i +¥—1 
By = 83 7) — BrBs — Ba, 


TABLE 1. 


1.2 |2.6364/33.000! 5.9131 11.923 |2.9058]1.9778 
1.4 |2.3333]/18.000| 3.1540 6.5665 |1.7540]1.8755 
3 |2.0000/12.000| 1.7684 4.2717 |1.1789]1.8244 
3.0 |1.0000! 6.000; 0.0000 1.6667 |0.4667|1.7778 
7.0 |0.0000) 4.000) —0.8031 |13.697/0. 1635/0. 4968/0.3887| 0.6098 lo. 169911 .7979 


4.2 |1.8182)22.000 4.1894 13 13. 304912 0696 
| 4.4 |1.6667/12.000; 2.2240 6.3238 |1.8481/1.9962 
2 | 3 8.000) 41.2394 |10.489)1.7715)3 4429/0 5381 4.0315 |1.2285)1.9191 
| 3.090 |4.0000! 4.000| 0.0000) 1.5000 10. 4762/1 .8333 
7.0 2.667, —0.5431 | 4225 0.5326 {0.171211 .8237 


The results of the calculations are presented in the table. 


The formulas (3.10) taking into account that ce, = 0 are written thus: 


(ay + 


gi(A)= 4 + (y —A4) Byeor™ | (4.1) 


— 
hy (A) =>” [as + + — 1) | 
From the relation (0.3) in the case of spherical waves (vy = 3), 
cylindrical waves (vy = 2) and plane waves (v = 1) we will have respect- 


ively 


= , = ——, = 


10¢ 


| 
Bs { B.A v—1 2 
| a= A+ 
7 2 
13 = — [ao + (y — 1) 
By v(y + 1)—(y—1) ne’ + 1) —(y—1) 
2ivy +1) 2 (vy + 1) 
23 
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The formula for finding the mass of matter enclosed in some finite 
region containing the origin of the coordinate system 


dr 
0 


shows that the initial mass will be of finite magnitude only in the 
spherical and cylindrical] cases. Therefore, the calculations were carried 


out for these two cases. 
The integral (3.3) in the case of spherical symmetry takes the form 
(y¥—3)(y—1) p_ 3 
17 — 


4 


21 (7 —1) 


and in the cylindrical case 


The dependence of R,(q) and f(q) is found from the relations (2.4) and 
(2.5) in which it is necessary to set 5 = 5,, where 


(@;) 


Using the calculated constants and formulas (4.1), the dependence of 
f,@), B, A) and h, (A) (Figs. 1,2,3 respectively) were constructed for 
various values of y and v. With the help of the functions f, A), 6, (A) 
and h, (A), and knowing the constant A,, it is possible to calculate the 
characteristics of the motion for small values of q. 


Fig. 1. 


In Figs. 4a and 4b the distribution of the non-dimensional pressure 
he= hy + qh, is given in the spherical case for y = 1.4 and y = 7 and in 
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the cylindrical case for y = 1.4 for the values q= 0 and g= 


9, 


5 


3. 


These graphs show the influence of back pressure on the development of 
an explosion in the initial stage. 


If the values for @, found foryv = 3 and vy = 2 are equated, then we 
obtain y = 3. In this case @, = 1. A comparison of the values of the non- 
dimensional pressure for y = 3, @, = 1 and various v(v = 3, vy = 2) is 


1078 
0. 2. 
| 
| 
a | 
: | 
4 4 
\ 
02 0h 06 A @O 02 04 06 OB A 23 
4 
Fig. 2. 
h, 
03 
3 ? | | 
a2 | | 
| 
d 08 iff De 10 
a 6 
Fig. @ 


Linearized explosion problems including back pressure 


given in Fig. 5. 


We note in conclusion that the exact solution for @= in the parti- 
cular case v = 3 obtained in the present paper supplements and makes more 


precise the results of [7] (see also [8 ]). 


a2 


The author sincerely thanks N.S. Mel’ nikov for discussing certain 
questions which are examined in the present paper. 
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FLOW OF HIGHLY RAREFIED GASES AROUND 
OSCILLATING SURFACES 


(OBTEKANIE KOLEBLIUSHCHEISIA POVERKHONOSTI POTOKON 
SIL’ NO RAZREZHENNOGO GAZA) 


PUM Vol.23, No.4, 1959, pp. 760-765 


N.T. PASHCHENKO 
(Moscow) 


(Received 9 January 1959) 


References [1-3 ] determined pressure, frontal drag, heat transfer, and 
skin friction of blunt bodies moving uniformly in free-molecular flow of 
rarefied gas 


In the present paper, the total force, acting on a unit surface, which 
performs small unsteady motions while moving forward, is determined, as 
well as its projection in directions corresponding to normal pressure, 
friction, etc. An attempt is made to assess the validity of analysis of 
flows around concave surfaces with the usual free-molecular assumptions. 
In the process, conditions on the shape of such surfaces and on their 
motion are established. As a concrete example, the flow around an oscill- 
ating flat plate is analyzed. It is found that the expression for the 
additional pressure due to the oscillation agrees, up to a multiplicative 
constant, with a known formula of the "piston theory", which can well be 
of theoretical interest. 


lL. Let the surface move forward through the rarefied gas with velocity 
v relative to a coordinate system* fixed in space and designate this 
motion as *undisturbed*. Also let the body perform small oscillations 
relative to this undisturbed motion. We shall take the molecular dis- 
tribution in the approaching stream to be Maxwellian. The distribution 
function referred to a local coordinate system embedded in the surface, 
takes the form 


Translator’s Note: The reader will find it helpful to refer to Section 
2, following equation (2.2), for specific definitions of the fixed and 
local coordinate systems used by the author. 
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Noo (Reo ha (e + when e.n <0 

u) = (Ng (ho / (1 — exp (— fe + u — 2n(e.m)]*?} + (1.1) 
+ eV (h/)*exp{—he*} when en > 0 

(h = mo / 2kT) 


Here ¢ is the molecular velocity relative to the surface, u the velo- 
city of disturbed motion of the surface relative to the fixed reference 
system, n- the normal to the surface in its perturbed instantaneous posi- 
tion, N- number of molecules per unit volume, m, - the mass of individual 
molecules, k- the Boltzman constant. In accordance with[1], the ex- 
pression for T was taken in the form* T= T, + a/e (T, — T,) where T, is 
the temperature of the wall, a- the accommodation coefficient, T, - the 
throttling temperature. The subscript refers to parameters of the medium 
at infinity, while the absence of subscripts indicates conditions of the 
medium near the body. 


The distribution function (1.1) corresponds to free-molecular flow 
around the body when the mean free path exceeds the characteristic length 
of the body. For the model of interaction between molecules and surface 

a combination of specular and diffuse reflection [1, p. 662] in the 
ratio « is assumed. 


We determine the force acting on the surface from the relation 
dK = —Fdt 


K is the impulse. From the change in K due to the impact of molecules on 
the surface we find the force per unit time: 


F= — {mo j act ae \(en) ef (ce, u) de® + my \ de (en) (e, u) 


0 —oo —oo 


Substituting for f(c, u) from expression (1.1) we obtain: 


exp [— A, (u- 
2V = 
exp [— (u - n)*] 

2V th, 


F = (1 + erf(V + 


Poo (2— 22) m(u - n) 


(2—e)pe,,m 


— + erf(V h..u — (1.2) 


Projection of the vector F on — n (with minus sign because the positive 
direction of the normal is outward) leads to the expression for the 
pressure 


hoo + 


* Translator’s Note: « is the fraction of impinging molecules which are 


reflected diffusely. 
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2 V }+ 
+ ert (V hes u-n)} + (1.3) 


Projecting F in the tangential direction, t, in the plane of the local 
normal and the velocity u, we find the expression for frictional stress: 


exp [—h,, (u- n)*] 
t= — } (1.4) 


Similarly one can oveduate frontal drag and total lift. 


Following the same procedure one can derive the expression for the 
amount of energy, £, which the impinging molecules transfer to the sur- 
face per unit time. (Here only the kinetic energy of the molecules is 
taken into account. ) 


0 oo 
> de \ de® (e-n) u) det | (c-n) u) de® 


—0oo 0 


With expression (1.1) for fle, w) one has: 


+ erf(V hu B)) 2h V th 


(Vhou-n))+ + 


The expression p = m.N, which appears in equations (1.2)-(1.5), can 
be evaluated by ounsidering the conservation of mass of the surface 


Mo de! \ de® \ (ec - n)f(e, u) dc? = my, \ de \ de® \ - n)f u) 


Hence 


0 = pool exp [— h(t +(u-n)V zh [1+ (1.6) 


The expression for EF can be utilized for the determination of the 
heating of the body when additional specific assumptions are made about 
the character of heat transfer. 


2. In the derivation of formlas (1.2)-(1.6) it was assumed that the 
impinging molecules come to the surface from "infinity" in the sense -that 
the distribution function was taken to be Maxwellian when (e+ nm) < 0, 
corresponding to "boundary conditions" which, strictly speaking, are valid 


4 
1959 
4 
2 
(u - n)*] 
Le 
= 
: 
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only for blunt bodies. We shall assess the errors allowed in the deriva- 
tion of (1.2-(1.6) by neglecting the fact that for concave bodies the 
locally impinging molecules not only come from "infinity" but also arrive 
after reflection from another part of the surface. 


With reference to the figure, one sees that for rigid surfaces such 
reflected molecules encounter the surface again, if the angle of their 
path relative to the local tangent is smaller or equal to /3. Since the 
velocities of the molecules are very large, one can assume that distances 
comparable to dimensions of the body in question are traversed by the 
molecules instantaneously. Then the counting of the molecules which meet 
the surface again after an earlier reflection, in the case of surfaces 


deforming with time, proceeds just as in the case of rigidly moving sur- 
faces. 


Let us find the number of molecules reflecting at angle ( or less: 
ng = -nf(e, u) dQ 
“a 
The domain of integration 2 is* 


—o<cl<w, <tgpV (cl)? 4+ (cP 


Evaluating ng, we obtain: 


N tg? 
np = i + (1— e) Neo (w-m) sin V healt") + 


~ {1 —erf(V hou-n)] — 
T co }- 2 ah, Pp 


h 
sin? BN... V = exp (— hu?) (2.1) 


It is clear from (2.1) that to ensure that na be small the following 
conditions are sufficient: 


sin? B <1, tg*B <1, (2.2) 


where c° is the most probable molecular speed in the undisturbed medium. 
Then it is permissible to neglect the molecules which meet the surface 
a second time after reflection in comparison with the totality of imping- 


ing molecules. As can be seen from (2.2), the error decreases, as u = |u| 


Translator’s Note: The axis identified by superscript 3 is in the 
normal direction n. 
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increases. 


Let the location of the undisturbed surface be characterized by the 
radius vector 


r(zt, t) = (z*) + vt 


relative to the coordinate system fixed in space. let the principal co- 
ordinate system be defined by F, Ff, F, =v where v is the unit vector 
normal to the surface in the endisturhea motion. Let the position of the 
deforming surface be given by the radius vector 


R (zi, t) = r(zt, t) + w(z', t) 


where w(x', t) = wr is the displacement vector. The velocity of the 
disturbed motion of the surface becomes: 


oR or «Ow 


Evaluating m = n*r, andu~+ m= u%n,, one can see that, in order to 
make nq small, it is sufficient to consider only small v?/e°, w’/,c°, 
w’/.: ‘so that only the terms linear in these quantities need be kept in 
the expressions for n andu- nm. From geometry (see Fig. 1) one can see 
that the preceding conditions are sufficient to satisfy conditions (2.2). 
The notation w'.,/., after Kagan[4], signifies covariant differentiation, 


carried out relative to the local base r;. 


Putting ww’. / = — | in order to facilitate summation, we obtain to the 
stipulated accuracy 


a 3 P 3 
= — Pag**w. u-n = — 


where gt is the metric tensor of the coordinates r ;. 


Pig. 1. 


Substituting mn, u, u- m in (1.2)-(1.6) and keeping only terms linear 


a in the small quantities, we obtain 

+ w*.4) — — 6, v®) (w + 
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(Here, the vector t is determined to the same accuracy from the conditions 
that t- itl l and that t, and w are situated in the same 
plane). 


) Tr 


3. As an illustration, let us consider the case of a flat plate slid- 
ing at zero angle of attack with a velocity v in the direction of the 


x* axis. Here x and x* are Cartesian coordinates in the plane of the 

plate. Let the oscillatory motion be restricted to the x, i.e. vw direct- 
ion. Then 


Or? 


du 
w/t 
In this case the forces acting on the plate can be expressed in terms 


of the derivatives of the plate deflections and of the thermodynamic 
variables 
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(3.4) 


Consider the expressions for the pressure (1.3) and (3.2). When the 
surface is not disturbed, the pressure on it is 


7 
Po= F 
00 | 2 oo | 

where pT _, the pressure in the undisturbed medium. The pressure 
on the plate reduces to that in the free stream either when « = 0 (pure 
specular reflection, corresponding to the limiting case of an ideal fluid) 
or when a = © (no interchange of energy between gas and surface [1 }). 
In case of interaction between molecules and surface, in which there is 
exchange of energy, the pressure and the density at the quiescent surface 
differ from p_ and p_ of the undisturbed medium. This possibility in rare- 
fied gases was already noted by Maxwell [5] . 


Consider the additional pressure on the plate due to its disturbed 
motion: 


Ap P — Po= 


Expression (3.5) agrees up to a multiplicative constant with the 
linearized formula for the pressure in the "piston" theory. This agree- 
ment is natural, since the restrictions on the form of the surface and 
its angle of attack are the same in the two cases, and the limiting con- 
ditions on the distribution function in the form (1.1) effectively imply 
the hypothesis of "plane sections” on which the "piston" theory is based. * 


* Translator’s Note: See Section 2.4 of Hayes-Probstein: Hypersonic 
Flow Theory,Academic Press 1959, for discussion of the hypothesis, in 
English. 
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The difference consists mainly in the effect of diffusive reflections, 
i.e. in allowing for partial or full adherence of the gas to the surface 


(governed by the magnitude of « ), we pass beyond the domain of ideal gases 


(in the sense of limiting conditions). 


In a series of papers (for instance, [6]) the interaction between 
thin elastic panels and gas streams was considered in which the additional 
pressure due to the pane! motion was accounted for by the piston theory. 
Simple conversion of magnitudes to the case of rarefied gases shows that 
many aeroelastic effects observed at ordinary altitudes could be signi- 
ficant at very high altitudes but only at high flight speeds not yet 
reached (forces otherwise being negligibly small). One can show, however, 


that in certain unfavorable cases in presence of thermal stresses, ques- 
tions of dynamic stability of panels and shells may be of definite interest. 


Expressions similar to (3.2)-(3.5) can he obtained for a cone moving , 
at zero angle of attack with a velocity v. The cone angle must be smal! 190¢ 
so that terms like (v/c’) sin f can be neglected. The meridional angle 4 
and the distance / along the generators of the cone serve as the basic 


polar coordinates. Then, with identical assumptions on the disturbed motion 
of the surface: 


vsin 3) 


For cylindrical surfaces moving in the direction of their axes with 
velocity Ws 


at 


ou 
al 


where the polar coordinates are the meridional angle ¢ and the distance 
l along the generators. 


4 


| 


Expressions (3.6) and (3.7) are identical with those for the flat 
plate. Similar derivations can be carried out for still other surfaces 
which satisfy conditions (2.2). 
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FLOW OF A GAS JET OUT OF A CHANNEL 
PAST A FLAT PLATE 


(OBTEKANIYE PLASTINKI STRUEI GAZA, VYTEKAIUSHCHEI 
IZ KANALA) 


PMM Vol.23, No.4, 1959, pp. 766-769 


L. TROSHIN 
(Moscow) 


(Received 16 April 1959) 


In this paper the solution is given to the problem of the flow of a gas 
jet issuing from a channel] with parallel walls, and flowing past a flat 
plate. In the solution, use is made of a suggestion of Falkovich [1 - 
which makes it possible to extend Chaplygin’s method {2 | for the solu- 
tion of the gas jet problem to jet problems having a number of character- 
istic speeds greater than one. The solutions of the problem of the flow 
of a free jet past a flat plate, of the problem of a flat plate in a jet 
of incompressible fluid issuing from a channel, and of other problems, 
follow from the solution of the present problem as special cases. 


1. Due to the symmetry of the problem it is sufficient to consider 
only half the flow (Pig. 1). 


Here AB is the wall of the channel, FO is the axis of symmetry, OK the 
plate, BC and DK are free surfaces of the jet. Let v, be the velocity of 
the gas at infinity in the channel, v,- the velocity of the gas on the 
free surfaces of the jet, m- the angle of inclination of the jet velocity 


at infinity downstream of the plate, 21- the diameter of the plate, 2d- 


T | 
? 
i rn 
y 
A 8 A 
‘\m z 
Fig. 1. 
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the diameter of the channel, s- the distance of the plate from the mouth 
of the channel. If the gas flow is denoted by 0, and ++ = 0 is taken on 
the line FOKD, then we must have vt’ = 1/2 @ on the line ARC. 


In the hodograph plane r@, where the variables are r = v*/v* where 


max’ 
v is the speed and Una, ~ the maximum flow speed, and @- the angle of 
inclination of the velocity to the x-axis, the flow maps into a quadrant 


of a circle (Pig. 2). 


b= 0 for it 


Assuming that the velocities are subsonic, we look for a solution of 
the form 


oo 


: > a, 2,, (t) sin 2n8 for 0<t< 7; 


n=1 
oc 
+ {A,2, (+) + (t)} sin 2n8 for 1 (1.4) 
n=! 
Here vw is the stream function, zn (7) is an integral of Chaplygin’s 


equation[2], regular at r = 0, and ¢, (7) is another integral of that 
equation [1,4[, linearly independent of the first integral. 


In what follows we shall make use of the equality 


EA 
The boundary conditions are as follows: 
at 7 +2, ( ) 
q ¥=0 121 


% 


Troshin 


Here y is the polytropic index. 


The stream function t’, defined by equations (1.3) and (1.4), satisfies 
the boundary condition (1.1). We now require that the boundary condition 
(1.2) be satisfied and that «’, be the analytic continuation of «, from 


< 


the region 0<r r, into the regionr, <r<r 


2° 


(t2) = for form <6< 


Y1 (7) (72), [= for0<6<t- 


OT Jt=t | OF 


Substituting into (1.6) and (1.7) the expressions for Uh, and Uh. we 


find the coefficients ane A Be This also determines the stream func- 


n’ 
tion t’, We have (1.8) 


— f(t) sin2n6 (1.9) 
n=] 


where, for convenience of writing, we have put 


(t) 7 


- 


,, we find from (1.8), using (1.5), that 
n=! 


sin 2n8 (4.44) 


To) 


The last result gives the stream function for the flow of a free gas 
jet past a flat plate, as found by Chaplygin [2]. 


2. Taking into account that along the plate ts = 0 = const and @ = 
1/2 7 = const, we obtain 


1 1—(2B +1) 
(2B + 1) t Ay 


— dt 24 
t 6 V zat 22 (1 — 08 


Here y 2a = Umax Putting into (2.1) the stream function wv, as given 
by relations (1.8) and (1.9), and integrating fromr = 0 (y= 0) to 
3 (y = lL), we obtain 


Q 


cos2mn 
z,, (2) (1 — t2)” dt 
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Here use has been made of the equality [2 ] 


d 


The same expression applies to Cnt). Use was also made of the equal- 
ity 


If the expressions d(z.Vr)/dr and )/dr are expanded and 
is eliminated by means of (1.5), then we find from (2.2) 
=r] 
Zn (72) 
| ] 


2.3) 
(1 — +3)” | 


In the same way, the functions Cait) are eliminated in general. 


If use is made of Chaplygin’s function z, (7) and the expression for 
the mass flow. 


Q = 2d (1 — 11)® (2.4) 


and also the equality 
cos 2mn cos m — 2 
4n?—1 


n=! 
then (2.3) may be written in the following form: 


1 — (32 


Te 


(24) 008 2mn | (2.6) 


n=! 


4n? — 1 


(t)) 


(t2) 


are, 
LY — B V t2 (1 — 
22 
2 
| cos m + 
+> 
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For what follows, we note that, from (1.10), 


f, (72) cos 2mn (3.1) 


» - Fo 8 (71) 
| cos 2mn (t2) 3. (ta) (x) | (3.2) 
n (72 
Relation (3.2) is obtained by differentiating (1.10) and making use 
of (1.5) and (2.4). 


Instead of the axes x, y, we introduce the axes x’, y’, taking for axis 
x’ the straight line toward which the free surfaces of the jet tend, 
downstream of the plate, while for the origin 0° we take the point of 
intersection of that straight line with the axis of symmetry (Fig. 1). 
Let 0° have the coordinates x = a, y= 0. We shall also take the distance 
s aS a coordinate, i.e. we shall take its sign into account. In the new 


axes we will have 


oe sin 9’ + cos (6’ — 6 — m) 

Integrating (3.3) from 0° = 0 to @° = 1/2 7 — am and putting r = fo. 
we obtain for point M the ordinate y° = a sin a+ | cos a. Integrating 
from 0° = 0 to 0” = — a and putting r = r,, we obtain for point B the 
ordinate y° = —(s — a) sin a + dcos a. If, from the first expression 
obtained in this way, we subtract the second one, complete squares and 
use (2.4), we obtain 


(3.4) 


rs. l 2n (— 
_| —sinm 4 cos m — cos m — eos m 
7) in? { 


en 
of (To) | ; i Le ; 

os m int —sinm + COs m 4- sinm 
n=) 


If in (3.4) we put expressions I/d, f,(r,), f, >) from (2.6), (3.1) 
and (3.2), we obtain 


) sin m + 
1 — te/ 


+ 


4n [= 


2 1 9 || 
n=1 


Relations (2.6) and (3.5) give the dependence amongst the parameters 
of the problem, I/d, s/d, Ty 1, and a. As for the pressure R on the 
plate, it is determined quite straightforwardly from the momentum law 


R = Que [ — cosm + F (1, Te) (3.6) 


Ve 
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(3.7) 


It is easy to confirm that for v, 


+ co the function Fir,, r,) becomes 
the function 


ax 


F (v1, Ve) / V2 (3 8) 
2 ve 


4. From the general relations obtained above, a number of particular 
cases follow. 


Puttingr, =r, = 17>, we obtain the solution to the problem of the 
flow of a free gas jet past a plate [2]. From (3.5) we find s = — «, as 
it must be. Equations (2.6) and (3.6) will give 


{ —cosm + — f 7 (1 — cos 2mn) z,, (To), R = Qvo (1 — cos m) 

Putting a = 1/2 7, we obtain the solution to the problem of a gas jet 
issuing from a channel and striking an infinite plate. We note that this 
problem may also be considered as the problem of the impact of two jets 
issuing from two similar and symmetrically placed channels. 


The relative position of channel and plate shown in Fig. 1 corresponds 
to the case s < 0. For s > 0 we will have the solution to the problem of 
flow over a plate which is inside the channel at a finite distance from 
the opening. 


In particular, for m= 0, we will have the solution to the flow past 
a plate in a channe!] whose opening is infinitely far away. This last 
problem, as was already noted by Zhukovskiil 3], is equivalent to the 
problem of flow out of a vessel] of finite width and infinite length, which, 
for the case of a gas was solved by Falkovich [2]. The method of Falko- 
vich was used, in fact, in the solution of the present problem. 


Putting rs =f, 0 in (2.6), (3.5), (3.6), we obtain the solution to 
the problem of an incompressible fluid issuing from a channel] and flowing 
past a plate. In this case the summation of the series is easy. The re- 
sult is 


1 — cos m + =|sinm Intg(= + — 
sin m + —/cosm Intg-——-+ + 
ve vr} 


\ 
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If in these last equations we put 
U2 


they can be easily obtained in the form given by Zhukovskii[3]. 
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FLOW OF A GAS STREAM FROM A CONTAINER 
OF FINITE WIDTH 
AT MAXIMUM DISCHARGE 


(ISTECHENIYE GAZOVOI STRUI IZ SOSUDA KONECHNOI 
SHIRINY PRI MAKSIMAL’ NOM RASKHODE) 


PMM Vol.23, No.4, 1959, pp. 770-776 


B.A. GUSHCHIN 
(Saratov) 


(Received 9 January 1959) 


We deal with a case of plane laminar gas flow. It is an adiabatic steady- 
state flow without vorticity. The method for solving such flows in the 
sub-sonic case with a specified reference velocity, has been given by 
Chaplygin [1 F Fal’ kovich extended the Chaplygin method to flows involv- 
ing more than one characteristic velocity [2]. The solution described 
here is based on this extension and also makes use of Franke!’s results 
{3 ], where it is demonstrated that the flow problem of a gaseous stream 
at maximum discharge reduces to the Tricomi problem for the Chaplygin 


equation [ 4 |} 


ary ae 
(1 — + +(B—1) (28 + 1) 0 (0.1) 


1. We assume a flat container of finite width 2B with straight parallel 
walls (see Fig. 1) and an opening of width 26. We envisage a maximum dis- 
charge gas flow from the vessel p.Q0. The flow has an axis of symmetry and 
is mixed sub and super-sonic. C,C, is the sonic line, and D is the center 
of the nozzle. The flow region to the left of the characteristics be, and 
DC, corresponds in the hodograph plane in Fig. 2 to epicycloids C,¢, ‘ 

, c,c,’. The coordinates in the hodograph plane are the polars 
r= v*/y and angle @ of inclination of velocity to the x-axis. The 


max 
region has a straight section of magnitude r. along the horizontal axis. 


We will assume that along the streamline AB,C,£ the stream function 
is vw = + 1/2 Q, then along the streamline AB, CLE it has the value — Q/2. 
In the hodograph plane we have the following 


(1.1) 


to > 0, 


(4.2) 


; 
23 
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1 


<T<K< Te, 


harctg 


V 


Because of symmetry it is sufficient to deal with the upper half of 
the hodograph plane. We arrive at the following Tricomi problem for solv- 
ing the flow; it is required to find a solution for equation (0.1) within 
the region bounded by straight lines B,C, and B,D and the characteristics 
(c,c,° and Dc, *) which take the given values (1.1) to (1.4) at the bound- 
aries of the region. 


If (rr, @) has been found we transform to the flow plane by means of 
the formulas: 


oy 
-- sin0) d® + (T) 


y= 5 sin 6 + cos 8) dO + Yo (t) (1.5) 
0 


2. Having drawn the circular arc AH, radius To with center at the 


origin, we divide the region where the solution is determined into two 
parts. 
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We have the solution in region | (Pig. 3) as follows 


ao 
8) + > 2,,2,, (7) sin 2n 
n=! 


where z (rf) is the Chaplygin function [1 ]. 


Fig. 3. 


The solution in region ? is as follows 
$s (7, 0) = — 25 > [A,,2,, + sin 2n 6 (2.2) 
n=} 


where is the Cherry function [2,5 |]: the function 
#) satisfies conditions (1.1) and (1.2), the function U(r, 6) satisfies 
(1.2) and (1.4), whilst wr (r, #) should be an analytic continuation of 
function Wt, #) in region 2. Therefore on are AH 


OY, Ove 

to, 8) = $2 (to, 9), ( ( ) (2.3) 

; These conditions yield a system of equations for finding the unknown 
Ce coefficients, from which we can obtain 

if Ge Q n Q on (To) (1 = 2 4 
i ie where Wir) is the value of the Vronskian at r built up from func- 
tions and On inserting, we get 


(To) 
(2.5) 


Expression (2.2) can now be written 


oo 
0) -—20+4 >} (1) sin — Dy (0) (7) = (2.6) 
n=! 
We now take into consideration the condition which the stream function 
satisfies in the neighborhood of the center of the nozzle,and represent 
coefficients A, in this form 


(2.1) 
= 
23 
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Frankel’ gave a similar representation of flow from an infinitely wide 
container [7]. Taking (2.7) into account, expression (2.6) takes the 
following form 


\) 


n\** n 
n=1 
bye = 2, Sin en 5 (70) (t) (2.10) 
“, 
n=1 


It is not possible to determine exactly al] the unknown coefficients 
from condition (1.3) on characteristic c,c,* To find several of the 
coefficients a. approximately we have chosen a method in which the bound- 
ary conditions (1.3) are satisfied at several points on the character- 
istic 


If coefficients a, are determined, equations (2.1) and (2.8) yield a 
solution of the required boundary value problem. Having solved the Tricomi 
problem we can find the relation between the mass flow of the gas Q and 
the containers parameter 6/B. Let us use (1.5); we will integrate it 
along the sonic line (circular arc DC,). On the sonic liner = a when 


6= 0, y= 0. Therefore ¥o(r) = 0. When 6&=- 7/2, y= b. Thus 


» Se) \ (2. 4 sin + | _ cos6 ) dé 


\ [fr (@) cos + (8) sin 6] a0 


0 


(8) fe (9) 0 |... 


find functions f,) and f,(0): 


(0) = — 14.05 


1100 
% O a a 
7 A, =~ + (2.7) 

2 . Q 

where 

| he’ n sin = (2.9) 

\T 
23 

TA, 

where 

: tt (1 — To) 

(2.42) 
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+ n 
n=] 


where x, (r ) is the value of the auxiliary Chaplygin function [1]. 
Frankel” obtained an asymptotic formula for £4 [6,7 ] 


Con" + Cyn! + Can" + Cyn) + = 


(2.15) 
Substituting (2.15) into (2.14), we obtain 


Ce sin 2n6 sin sin2n6 | 


n° — n'* n? 
n=] & 


mee 


oo : 
Cs >) sn 1 sin 
n=] 
We introduce the following integrals 


I; (§) cos (8) d6, 2 \ (8) sin 6d0 


0 


The calculated values of which are 


(-1)" 


(—1)” 


B (T0) On (Te) 


n=! 


LC = 
1) (4n® — 1) 


1101 
6)= ag —— + a sin — ——_*—_ (To) 
fe ( ) 0 at n (Te) (4 To) hal n ( 0) (Te) n? 
tT. n=l ~ 
(2.13) 
(2.14) 
2 
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Expression (2.11) becomes as follows: 


— —3 


Owing to the fact that 2Bv, = Q, we get from (2.19) 


B 2] 70 + 


Let us find the coefficient of discharge: 


a(i—t 


(2.21 
+ 2t, ele) 

If we compute several values of r, from formulas (2.20) and (2.21) we 
can construct the relation « = ¢€ (6/B). Bear in mind that the limiting 
ordinates are known: ¢ (0) = 0.85 (cm) [7 ] agd «(1) = 1. 

3. In order to determine the coefficients a, it is essential to be able 
to work out Ws” on the characteristic c,¢,°. The series (2.9) is not 
suitable for this purpose because it only converges slowly forr>pr 


To find #,° we use the asymptotic formula, obtained by Aslanov [8 #F 
the relation z)(r)/z,(r) for r pr 


From this it follows that 


If we insert (3.1) and (3.2) into (2.9) we arrive at the following ex- 
pression for w,°(r) for Tr > 


i 6 4) */, 1 - 
n'/2 
which can be put in the following form 


co co 
4|V (+) | y sin (26+4/,(— 7) n sin (26 


n=1 n=1 n 


= cos [26 + */3(—7) “Jn 3(- aS 


n 


(3.3) 


n=] 
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Calculating (~ »)?/? we have 


1 


From (3.4) and 6+ f(A) = 7/2, the equation of the characteristic 


c,c,”*, it follows that on this characteristic 


26 + 4 (— 7)’ 26 — 4. (— — 49 — 
(— 7 (— 6§ 


Therefore, expression (3.3), for points on the characteristic c,¢,", 
can be written thus: 


ova */, 
n=!1 n=] n 1 


a @ 
ALV(t)| [ sin (46—2) cos xy (— 1)" sin 2n6 
(3.5) 
4. The trigonometric series (3.5) must be made more rapidly convergent. 
We will improve the convergency by making use of Lindelof’s formula [ 9] 


oo n (le 

—=ra—s) (—Iaz)*" 4 > (s 
n=! n=—0 

which is valid in the complex x-plane with a cut on the real axis from 1 


to o, for Re(S) > 1 and S not an integer. 


(4.1) 


n! 


From formula (4.1), for |x| = 1 and s— 1 = p/q, we can get 


oo 

cosnp pr + ayn (s 2n) on 42 
r(i—s)¢ cos 2 a 1) (4.2) 
4 a co x 

1 _1... Spm + C(s—2m—1) 

>; r (1 - -s)o* T >) ( ‘i, (2n iy) (4.3) 
n=1 n=0 


In formulas (4.2) and (4.3) k takes one of the values 0, 
q- 1. 


We can get an expression for the main term in expansion (4.3) ina 
different way with different considerations, as was done, for instance by 
Usubakunov*. A comparison gives the following: 


r (1 —s) sin 29 r(s) 2sin! 


TS 


Plane-parallel flow at velocities above critical through a slit from 
a channel of finite width (Contribution to the theory of labyrinth 
packings in steam turbines and slit type weirs) Dissertation for candi- 
date’s degree Physics and Mathematics, Frunze 1955. 
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It is then possible to find k, which is important if it is necessary 


to use formula (4.2) for computations. We get the following formulas for 
the series which we are after: 


(4.4) 


(4.5) 


The series on the right-hand side formulas are absolutely con- 
vergent for |d| < 27. 


5. Now let us put rT, = 0.04 (M, = 0.456, p,/p, = 0.0447). We wil! 
determine the coefficients a. by satisfying the boundary condition (1.3) 


at five points on the characteristic c,¢,°. We choose the following points 
on the characteristic 


t= + 0.26 0.32 0.38 0.44 0.50 
6; = 83° 7.70 77°5.63’ 70°42.58"  64°6.91° 57°20.27’ 


To find a(n = 3, 4) we have this system of equations 


2,(t;) 
(t;, Al) sin 26; +...+4a, sin 88; = 6 


n=) 


;- 
t in 2n8. 
sin 0, (J=1, 2, 3, 4, 5) (5.1) 
(1 n? 

The coefficients on the left-hand side of (5.1) are worked out from 


tables of functions and formulas (3.5), (4.4) and (4.5). 


Determination of the elements of the last column of the expanded matrix 
in system (5.1) requires the ability to work out the values of Cherry 


functions )- Knowledge of the Vronskian functions z, (7), gives 
the differential equation 


z,, (t) 


t 


(t) (t) | (1 — 


from which Cntr) can be evaluated up to an arbitrary constant. As function 
¢,) we will take the following 


(t) = — nz, (t) \ (5.2) 


Calculations with Simpson’s rule give the following values for Cnt) 
and Ce 
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TABLE 1. 


¥ 


: 0 0 0 0 
§ 0.26 —2.30417 —43.9200 —625.110 —1796 64 
0.32 3.04486 53.3260 —650. 808 ~6346 .84 
0.38 —3.41703 —51.3526 |  —451.938 14813.72 
0.44 —3.52153 —41 .4922 | 754.233 71067 .36 
0.50 —3.43409 —27 .6224 5011.317 60575 .12 

te" Cs" 
—35.6002 —698. 478 -10468.7 |  —140867 


The expanded matrix of the system of equations (5.1) 


TABLE 2. 


0.15832 28126 0.58862 0.85217 1.01807 .130214 
0.31305 0.52489 0.93088 0.95512 —). 61015 —0. 253112 
0.46084 0.73162 —0.92329 0.39706 0.06136 —0.389836 
0.62010 0.86567 —O.§1092 —().03306 25588 —(. 506616 
0.78187 0.91362 —0.23207 +0.10838 0.46293 —0.664797 


The following values of a, are obtained: 


= 3.22389, a; = — 3.80398, ag—=—1.20411, as——0.49295, a, —0.13810 


are calculated 


the following values 


and (2.18) 
1.38530, 

From formulas (2.20) and (2.21) we find the vessel parameter ratio and 
coefficient of discharge: 


(2.17) 


From formulas 


I, = 0.41096 


b/ B= 0.749, ¢ = 0.932 


This flow problem was solved approximately by Usubaxunov in 1955 using 


the Tricomi equation as a basis. He found that « = 0.936 when 6/R = 0.64, 
This contradicts the result derived above, for it is obvious that function 
€ = €(6/B) should be monotonically increasing. 


Results more accurate than those obtained here can be achieved by 
greater accuracy in satisfying the boundary condition on the character- 
istic and greater precision in evaluating ¢,(t). 


This work was carried out under the guidance of S.V. Falkovich, to 
whom the author expresses his gratitude for help and advice. 
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ON THE PROBLEM OF SYMMETRICAL FLOW PAST A GIVEN 
SYMMETRICAL PROFILE WITH SUBSONIC VELOCITY AT 
INFINITY AND LOCAL SUPERSONIC VELOCITIES 


(0 ZADACHE SIMMETRICHNOGO OBTEKANIIA ZADANNOGO 
SIMMETRICHNOGO PROFILIA PRI DOZVUKOVOI 
SKOROSTI NA BESKONECHNOSTI I MESTNYKH 

SVERKHZVUKOVYKH SKOROSTIAKA) 


PMWM Vol.23, No.4, 1959, pp. 776-780 


I. FRANKL’ 
(Nal’chik) 


P. 


(Received 6 October 1958) 


In his paper [1] the author formulated the problem of flow past of pro- 
file with the occurrence of local supersonic zones terminated by straight 
compression shocks; in his paper [2] he formulated the similar problem 

for the case of curved compression shocks. 


Por this it was necessary to give the hodograph of a part of the pro- 
file and also the hodograph of the compression shock itself. The profile 

is determined by the latter condition, so that this problem is not direct, 
but inverse. 


In the present paper we show how we can construct, to the first 
approximation, the flow past an arbitrary given smooth profile with a 
given velocity at infinity, assuming that we have already solved the 
problem of paper [1] for a case giving a profile close to that specified 
in the data of our problem.* The first problem will be denoted for brevity 
by I, and the second by IJ. 


It is sufficient to consider the upper half of the flow - above the 
zero streamline, which consists of two infinite half-lines, lying on the 
z-axis, and the upper portion of the profile. The upper portion of the 
profile obtainedfrom the solution of Problem J will be denoted by L°, and 
the corresponding portion of the given profile by L (Pig. 1). 


The distance of the points of the profile L from the corresponding 
points of the profile L° along the outward normal to the latter, will be 


* For certain conditions the problem of paper {1 ] has been solved by 
Devingtal’ {3 Be 
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denoted by Sn(o), where o is any parameter which varies along the profile 
L°, It is assumed that Sn(o) is a sufficiently smal] quantity. 


A B Ly c 
Fig. 1. 


The stream function of , corresponding to flow past the profile L°, 
satisfies in the hodograph plane the equation which to the first approxi- 
mation coincides with Tricomi’s equation: 


+ Van = 0 (1) 


Here # is the angle of inclination of the velocity, 7 is a known func- 
tion of the modulus of the velocity, employed in the tneory of transonic 
flow. 


Let us recall! the formulation of Problem J in the hodograph plane 
(Figs. 2,3). 


Fig. 2. 


The boundary conditions are the following: 
v° =0 on HCABD, 


y° sin t+0(1) 


2 


in a neighborhood of the point A, where 


p=) & + 


| psint= 6, pcost : —n ) 
(8g, 1) = (8g, — 9). (8g, n) = 0 


on the vertical] segment FGH (here FG corresponds to the front side and 
GH to the rear side of the straight compression shock) 


(6,0) =f (6) on ED 


| 
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Symmetrical flow past a symmetrical profile 


Here FF is a characteristic. On this curve no boundary conditions at 
all are given. The curve DF, on which t* ’= 0, is determined later after 
the solution of the boundary problem. 


If it is assumed that the points B, C are points where the profile 
forks, so that the values of the velocity there are different from zero, 
whilst the values of 7 are finite, then the curve HCARD is finite. 


In this case the problem has been solved by Devingtal’ [3 ]. His so- 
lution was obtained under the conditions A= B= C (Pig. 4). 


Fig. 4. 


After the solution of Problem I, by means of the well known formulas 
of Chaplygin, we find the shape of the profile BDFHC in the physical plane, 
and also the straight compression shock FGH. 


For the solution of Problem II it is convenient to make use of the 


perturbation in the modified stream function [ 4 } 
= — (7) 


where 


= (uy°® — (uy — vr) 


) 


Po 
Here x, v, 2°, , are the values of the Cartesian coordinates in the 
physical plane corresponding to @, 7 Problems I and II, respectively. 


The functions w, @ and therefore also 5a satisfy the equation 


‘Bo, ) 
2 | 


to the first approximation in the hodograph plane. 


For small values of Sn(a) the value of Sw is known on the curve HCABDF 
of the @, 7 plane to an accuracy permitting only errors of the second 
order of smallness; we have [4 | 


to wtn (9) 
Po 


Furthermore, on the curve BAC, 5n = 0, dw = 0. 


At the point A we also have 5w= 0. To establish the conditions on FGH 
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we recall that the compression shock in Problem II is, generally speaking, 
no longer a straight line. Corresponding to it in the @, » plane there is 
a certain curve F’G’H’, close to FGH. On this curve we have the conditions 


[2] 
(10) 


C 
= V — m— 


(x + 4)'/*) (11) 


= nodhe 


where the indices 1, 2 correspond to the front and rear sides of the 


shock. Moreover, the quantities 6,. 6,, Ny» 7p are connected by the equa- 
tion 


We are considering the quantities 6, - 6, 9, — 9g to be small, and 
therefore, the quantity y - ", — > 1s of the same order of smallness, 
whilst the quantity (- 7; ~ 22) is of the second order of smallness. To 
the first approximation, condition (10) can be rewritten in the form 


+ Bh (Bg, 1) + (Og, 1) 801 = $° (8g, — + BY (Og, — 1) + (8g, — 2) 


where 60, = 0, —- 0, 50, = 0, — 0, (here we have used the fact that 
(- 7, — 7,) is a small quantity of the second order). 


But by virtue of condition (5) it follows from this that 
(8, n) = Bh — 
where St) and 5a are connected by the relation 


5 


or, to the given approximation, 


to 


By = bo + L(x + 1) (14) 


Accordingly, the function ba, ») also has to be an even function 
of 


bo (6,, 7) = (8g, — 4) on FGH (15) 


The boundary conditions (9) and (15) determine the function 5a. In 


order that the postulated boundary condition be permissible it is necessary 
that along the arc DF 


dy 
—(—* 
The theorem of uniqueness and existence for our flow pattern has been 
proved only for the equation of Lavrent’ev and Bitsadze under certain 
supplementary conditions imposed on the shape of the curve HCABCDF (see 
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below) 


The curved compression shock of our flow pattern is determined by the 
basic equations (11) which, after the functions ¢& and t/ have been found, 
become differential equations for @ as a function of 7 in the lower and 
upper half-planes, In fact, we have 


\ Ya + Yo dn (16) 


6.—6, (17) 


2|% 


where, neglecting errors of the second order of smallness, 7 =- 1, = 2- 


In formula (17) we have 
(4) = (n> 0) (18) 


Accordingly, we have, neglecting errors of the second order 


Pn — 7) — Pan 30; Pa 


where 0< 9 < Ny Moreover, the following relations must hold 
6; (0) = 6, (0), O(F’) = HH’) (20) 
The proof of the existence and uniqueness of solution of Problem II 
will now be given for the equation of Lavrent’ev and Bitsadze 
+0, 0 (21) 


in the region AOBCEA, where AOB is a segment of the y-axis and OA = OR, 
the line BC is a straight line with slope 7/4, and the arc CFA is syn- 

metrical (Fig. 5) with respect to the bisector vw = x. It can be assumed 
that 1. y 
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dy 

(22) 
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(23) 
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In the triangle OBC the solution has the form: 
Here 
g (2x —1) = U (x, x —1), f(1) =90 


The function g is therefore known on the basis of the boundary con- 
ditions. Accordingly, on the sector OC we have 


Ux + U, = 2g’ {z) 


As a result of the assumption concerning continuity of the first de- 
rivatives in crossing the segment OC, this equation holds good also for 
the approximation to the segment OC from above. Let us now map the region 
OCA conformally on the upper half of the é, 7 plane in such a way that 
points which are symmetrical] relative to the bisector y = x transform to 
points which are symmetrical relative to the n-axis and the origin of 
coordinates. 


The boundary condition (24) takes the 
9 
25 


Let us introduce the complex variable ® = Ug + it): Let Ug, n) = 
r(€). Then in the upper half-plane we have [5] 


(26) 


If it is assumed that the boundary values of U on the curve CA have a 
bounded first derivative, then at infinity we have 


az 0 


® (00) = (U, + Uy) 


Consequently, C = 0 and, finally, 


t 


(28) 


(29) 


(30) 


When & lies outside the interval — 1 < &< 1 the function r(&) is 
known as far as the boundary conditions, and consequently the function 
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®,(¢) is known, We notice that when- 1< €< 1, we have U,¢(é, 0) = 0. 
When —- 1 < & < 1 we have r(€) =~r(- &), so that according to (30) 


0) 


When & lies outside the interval - 1< & < 1 we have Ung = 0. 


Accordingly, for the determination of the function we obtain the follow- 
ing Riemann-Hilbert problem: 


dz | 


+ Uy, = 2g" [x (E)) , 0) when0<—E <1 


The solution of this problem is determined in a unique manner as a 


result of the supplementary condition ®, (00) = 0; this solution has the 
forn: 


(0<&<4) 


‘ d 


| dz | 


(8) = — 2’ [z (—8)]) 


<0 


By [ (1 -— ¢2)/¢2] 1/4 we denote that branch of this multi-valued function 
which assumes a real positive value as € + &+ i0, 0< &< 1. In the same 
way the existence and uniqueness of the solution is demonstrated in the 
case under consideration. 
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Frankl’ and Palkovich [1,2] have investigated that phase of the laminar 
flow through a Laval nozzle where a gas accelerates from subsonic to 
supersonic velocity during the passage through the critical cross-section 
(throat). Such flows take place when the difference between the pressures 
at the entrance and at the exit of the nozzle is sufficiently large. If 
on the other hand, the pressure at the entrance does not exceed very much 
the pressure on the discharge side, then the stream will be subsonic at 
both ends of the convergent-divergent nozzle, but it may contain super- 
sonic regions very near the walls adjacent to the region of the critical] 
cross-section. A simple solution of the equations of the gas motion, 
describing such mixed flow in plane and in axially symmetric nozzles, was 


given in works [3,4 - In the present note the solution is derived for 
the analogous spatial flows which contain supersonic regions adjoining 
the walls of a duct which has two planes of symmetry. By proper choice of 


the arbitrary constants contained in the solution to be presented, it is 
possible to increase the regions of local] supersonic flow and, as a re- 
sult, to join them along the axis of the nozzle. In a sense such a flow 
is singular, because in this case the regime of the flow changes and the 
velocity field behind the critical cross-section becomes supersonic. 
Moreover, the solution presented here transforms into the solution ob- 
tained in [5], which describes the spatial gas flows in the region of 
the transition surface from subsonic to supersonic velocities. 


We shall investigate the flow of an ideal gas with velocities that 
differ only infinitesimally from the critical velocity, in a duct which 
has two planes of symmetry. These two planes intersect along a straight 
line, namely, the axis of the nozzle. Chosing the x-axis of the cylind- 
rical coordinate system x, r, @ to be coincident with the axis of the 
nozzle, we shall write the equation which determines the transonic gas 
flow in the form 


q 
Ulie 
23 
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or 01 


or r- r or 


where © is the potential of the perturbations. 


a. a, a 1 a> 


v 


oz x’ Or xt1r (2) 


where ve ve and vg are the perturbations along x, r and f-axes of a 
reference velocity, equal in magnitude to the critica] velocity a and 
directed along the axis of the nozzle, «x is the Poisson adiabatic. 
coefficient. 


Differentiating relationship (1) with respect to x and introducing a 
new function 


Or 


we obtain the equation 


1 Ou 


2 Ozx* dr? r? ag? r Or 


To describe the spatial mixed flows which contain local supersonic 


regions adjoining the walls of the nozzle, we shall look for a solution 
of equation (4) in the form 


1 4 d 
u 4 (1 + k? + 2k cos 29) r? g (E) 


a x 


cr + d (1 +. k cos 28) r? (5) 


Substituting expression (5) into equation (4) it is easily seen that 


the constants c, d, and k may be chosen arbitrarily and that the function 
g(€) must satisfy the ordinary differential equation 


dg 


de 


Lat + (6) 


Hereafter we shall assume that 


everywhere c > 0 and d> OO. 


Let us find now the remaining velocity components v. and v9: To this 
end it is simpler to make use of the equations which express the condi- 
tion of irrotationality of the stream: 


{ ov, Ov, Ov Ov (rvg) Ov 


x r r 


7 Ox’ dr’ 0 (7) 


From the first two equations of this system we have, 
sideration formulas (5): 


taking into con- 


%= — 16 kar sin 28 — 8 kg (€) rsin 28 + — (r, 8) 
x+1 da? a? 

v, = (1 + 2k cos 28) zr + 8 (1 + cos 28) g (E) r + Xe(r, §) (8) 
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: Using the last of the expressions (7), we obtain the first equation 

a which connects the two functions y(r, @) and y(-, @) which have to be 

a determined: 

a 

q Or 0% 9) 
4 The second equation which these functions satisfy may be found by 

r substituting expressions (8) into the equation of motion (1): 

ay. 1 1 d3 

a cy rp? Fe r he 16 3 (1 k*) (1 + & cos 28) r* (10) 


It follows that the velocity component e. does not determine uniquely 
the components v. and va; on the contrary, to every solution u(x, r, @) 

of equation (4) there corresponds an infinite number of solutions of two 
linear partial differential equations (9) and (10). The particular solu- 
tion of these equations is derived from the formulas 


41 sin 4% *k (1 + k*) sin 28) 


42 = [— 3/41 cos 49 + 4/3 (1 + k*) cos 28 + (1 + (11) 


The remaining solutions of the system (9) and (10) may be expressed, 
using the principle of superposition, in terms of harmonic functions. To 
describe the flows in the nozzles, the cross-section of which has two 
axes of symmetry, it is sufficient to make use of the solution (11), be- 
cause then the functions v. and v. will be even with respect to @ while 
the function 77) will be odd. 


Now let us investigate the function g(&) in greater detail. To this 
end we integrate equation (6) and obtain as a result 


(12) 


The constant of integration here is included in &, since equations (1) 
and (4) are invariant with respect to a displacement along the z-axis. 
The differential equation of the first order (12) has one sdngular point 
é = ge = 0, which for any value of a is a saddle point. On the curve 

g=- a’é the derivative becomes zero, for g= 0 this derivative is in- 
finite. Therefore, the qualitative configuration of the integral curves 
of equation (12) will be the same for any values of the parameter a, as 
is shown in Fig. 1. To obtain an exact solution of this equation we shal] 
introduce the change of variables 


.. 13 
(13) 


From the resulting equation (6) we have now 


d 
—q—g*+a? (14) 


&q dg 


Be 
7 
111 
23 
0 
dg 
4 


0.S. Ryshov 


Equation (14) is easily integrable: 


92) (9 qi)” (q 2) 71 (15) 


where e is an arbitrary constant which may be real or complex, the quan- 
tities q, and qg, are expressed in terms of a* by means of equations 


a V1 ha? ), = 1'4 (4 + (16) 
11 2 i2 2 


Eliminating dg/d& = q from relationships (12) and (15) we obtain the 
formula which defines the function g(&) in implicit form: 


(g + / qx)" (g + / =e (17) 


For k= 1, i.e. in the case laminar flows, expression (17) becomes the 
solution obtained in [3 ]: equation (17) describes the flows with axial 
symmetry investigated in[4]. 


For the description of the mixed flows we have to choose from the four 
families of curves, shown in Fig. 1, the curves of the family A. Indeed, 
in the solutions which correspond to the branches B and pi, the deriva- 
tives of the velocity components of the stream become infinite at the 
points g = 0; if we chose branch A’ for the desired solution g(€), then 
the velocity field in the duct will be supersonic. The dimensions of the 
local supersonic zone depends on the magnitude of the constant e which 
appears in formula (17). When e is decreased the region of the supersonic 
velocities is increased and for e = 0, the supersonic zone is extended to 
the axis of the nozzle. In this limiting case the graph of the function 
g(€) is represented by the broken curve aob. Then the type of the flow 
changes, because the velocity field downstream of the critical cross- 
section becomes supersonic. The corresponding solution g(é) is represented 
in Fig. 1 by the straight line aoc; function v. in terms of Cartesian co- 


ordinates z= r cos 6, y= r sin @# is given by the formula obtained by 
the author in[5 ]: 


[3 + 2k* + 4a® + (5 VTS Gat) ky 22+ 
d 
2 [3 + FV 1 + F 4a?) k] 


The form of the function v. and %9 is easily obtainable when using 
equations (8) and (11). 


The derived solutions as given by formulas (5) and (8) may be used to 
describe the gas motion, as it is varied systematically by increasing the 
difference of pressure between the entrance and the exit of the nozzle. 
Also the extent of the supersonic zone, which is formed initially near 
the walls of the channe! in the region of the critical cross-section, is 
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increased gradually. When the difference of pressure is further increased, 
the surface of transition from subsonic to supersonic flow develops in 


Pig. 1. 


the region of the critical cross-section. The gas flow in this region is 
described by formula (18). The solution which is given by the equation 


e=0 = — / 9,5) (19) 
which describes a singular flow with a local supersonic zone is not an 
analytical solution. The derivatives of the velocity components, which 
correspond to it, contain a discontinuity on the surface: 


x de! (1 + k cos 28) r? (20) 


This surface, according to the theory of partial differential equa- 
tions, is characteristic for equation (4). A detailed investigation of 
solutions with second derivatives of the velocity potential, having dis- 
continuities on the particular characteristic surfaces, was carried out 


We shall introduce the notations 


(1 V1 + 


(22) 


From formulas (20) and (22) it follows that quantity k characterizes 
the degree of deviation of the form of the particular characteristic sur- 
face from a surface of revolution,and parameter n characterizes the de- 
gree of deviation of the stream velocity field from axial symmetry. It 
is interesting to point out that one of the two solutions, given by the 
equation e = 0, while describing the gas motion with a supersonic velocity 


> c 
A| 
23 a 
9590 
+: 
a 4 3+ 2k°+ yi + 4a? 
Then the expressions (18) will have the form [5,6]: 
ar x+1 2,1 2 21 2 
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field downstream of the critical cross-section of the nozzle does not 
account for all possible flows of that type. Only the flows to which 
correspond values of n of absolute magnitude not exceeding 5/16 are re- 
presented by formula (18). This is the case, because in the solutions de- 
veloped in this paper in accordance with relationship (20), the charac- 
teristic surfaces always pass through the center of the nozzle. At the 
same time in [5] it has been shown that similar surfaces exist only for 
n lying in the interval — 5/16 < n< 5/16. The absence of particular 
characteristic surfaces in the solutions for |n| > 5/16 and also the fact 
that such solutions cannot be obtained from formula (5) by means of a 
limiting process, when the magnitude of constant e is approaching zero, 
point to the instability of the corresponding mixed gas flows. 


Pig. 2. 


In those cases when values e are near zero, the graph of function g(&) 
does not differ greatly from the broken curve aob shown in Fig. 1. There- 
fore, using formula (18), it is easy to obtain the shape of the curves 
which are formed by the intersection of the sonic surface with the mutual- 
ly perpendicular planes y = 0 and z= 0. It may be shown that for 
|k| < 1/3 in both of these planes, curves are obtained which have the 
usual form; they are represented in Fig. 2a. The curves shown in Fig. 2b,c 
are obtained for | k| > 1/3 in either the plane y = 0 or z= 0. The first 
of these figures corresponds to the case 1/3 < | k| < 1 and the second to 
—~ |k|> 1. The form of the intersection of the sonic surface with the 
second plane z= 0 or y= 0, respectively for these values of k are 
qualitatively the same as for |k| < 1/3. In Figs. 2a, b, ec the abscissa 
coincides with one of the axes y or z depending upon the sign of k. 


I wish to express my sincere gratitude to I.B. Nemchinov who drew my 
attention to the results given in [3]. 
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A POINT SOURCE AND A VORTEX FILAMENT 
IN A HELICAL CURRENT 


(0 TOCHECHNOM ISTOCHNIKE I VIKHREVOI NITI 
V VINTOVOM POTOKE) 
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P. Ia. POLUBARINOVA-KOCHINA 
(Novosibirsk) 

' (Received 5 May 1959) 


In the book of Vasil’ev [1] the problem is posed of investigating the 
two-dimensional or two-parameter helical motion, which depends on the 
two cylindrical coordinates r, z as determined by the equation for the 
stream function 


kc 


by means of which the components of the velocity are expressed thus: 
1 dv 1 
The motion is considered in the region 0 < z< wand 0< r<co with 
boundary conditions 
) (0, r) = bo = const (3) 
Vasil’ev obtains the solution in two forms. The first form is 


ryo Re \ J, r) exp ( hk?) di ~ 


exp (— 2V 7.2 — 


Here for A < k, VA? ~ k? is taken as i V¥ k? — A? and consequently 


Re (e~?? = cos z} k? — 
It is stated that the integral (4) can take a simple form, if formula 


(22) on p. 35 of the book [2] is used. This formula for v = 0 can be 
written in the form 


vol 
fa) 1 a 
1) 
622 ar r k = 
= 
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oo 


1 eX 
Air, 2,k) -Re \ Ji (Ar) 


0 


—d — (sinks —sinkWzt+r2) (5) 
k* kr 


ne kt) 
2. 
taking the root VA? — k* equal to i ¥ k? - A? forA < k. It is possible 
also to assume 
A(r,2, k)=\ Jy Or) 


0 


sin -V 


= | 


exp 2? 


Now « is easily expressed by means of A(r, 2, k): 
OA 
¥ = kKCr\ A(r, 
0 
and, as a result it is easy to express it in the form 
z 
(1 cos/sz k\ sin ky r? a) 


0 


Y= ve cos kz 


It is easily shown that conditions (3) are satisfied, so that wv is 
bounded function. For k = 0 we have 
{ 
bo ( Vain 
which describes the stream function for a three-dimensional source in 


potential flow. In this expression, Wr, = — Q/2r, where Q is the strength 
of the source, i.e. the output. 


For Wy = 0, we obtain 


— 
y= — —cosk: sinkVF as) (10) 
0 


Thus, for the circumferential velocity vy in conformity with (3), we 
have 


(cos ks + k \ sin AV raz) (11) 


Substituting for Ww from (8) for this case, into equation (1), we obtain 
the equation for my: 


where 
P | 6) 
(8) 
a 
(9) 
q 
ns 
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Ov, 


er? r Or 


|», =0 (12) 


We see that equation (11) describes a solution of this equation which 
would be characteristic of a potential flow (k = 0) in which 


(ce. 
\ 


This corresponds to an infinitesimally thin vortex line along the 
axis, where [’ is the circulation of the velocity along a closed curve 
embracing the axis z tBF 


4 


Note: 0.F. Vasil’ ev obtained another expression for ur: 


AsindAz ,, 


0 


Comparing this expression with (9), and keeping in mind that 


oo 
sin Az di 


1 — cos kz) 
0 
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(the integral is considered as a Cauchy principal value), we derive 
following equations 


sin Az 
0 


C (r,2,k) = —5 = VE — 
2 22 4 ft 


In these integrals it is necessary for A > k& to replace 


k? 

In the figure, the general form of the flow lines is shown, that is, 
the lines ts = const, for C= 0, k= m7. In constructing the curves, assist- 
ance was provided by M.M. Semchinov and N.V. Volzhanskii. 
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ON THE PROPAGATION OF WEAK WAVES IN A 
CONTINUOUS MEDIUM IN THE PRESENCE 
OF RADIANT ENERGY TRANSFER 
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PRI NALICHIIT LUCHISTOGO PERENOSA ENERGITI) 
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The problem of the non-adiabatic propagation of weak plane waves in a 


continuous medium was investigated in the papers of Prokof’ ev [1,2 F 


where a system of linearized equations of gas dynamics was written out, 
in which the effects of viscosity, heat conduction and radiation were 
taken into account and some solutions of those equations were derived. 


In this note, the propagation of weak plane waves is considered in the 

presence of radiant energy transfer only. Two particular cases are noted, 
namely, for the case of motion only slightly different from adiabatic or 
isothermal motions; and for these cases the amount of attenuation of weak 


waves was worked out. 


The linearized system of equations describing the propagation of plane 
weak waves in the presence of radiation consists of the equation of con- 
servation of mass, Euler’s equation, equation of energy conservation, the 
equation of state, and the equation of radiant transfer (the latter equa- 
tion is taken in the diffusion approximation): 


Os 1 0H 
Ot po Oz at Ox 
where p', p, T’, s, wu and are small incremental changes in the 
- a equilibrium values of density Po. Pressure pp, temperature T,, entropy 
4 a So, velocity and radiant energy flux, a is the mass coefficient of ab- 


sorption, and o is the Stefan-Boltzmann constant. 


Eliminating from the equations of the system (1) the velocity u, and 
replacing the variables p’, s° by the variables T° and p’ by use of the 
thermodynamic formulas 
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we obtain the system 
( ds \ dp’ 1 aH 
Op Ot poly Ox 


ot oz? 


+ 3a%en — 


Ox Ar? 

We shall seek for a solution of the system (2) including the dependence 
of the unknown functions T’, p’, and H on the variables x and ¢ in the 
form exp [ i(kx — wt)]. Prom the condition of compatibility of the equa- 
tions of the system (2) we obtain the dispersion equation, which after 
substitution in it of the expressions for the thermodynamic functions for 
a completely ionized ideal gas, takes the form 

— iwe,) kt + (i i3a*po*we — 16acT a3 k? + i3a%pore,, =0 (3) 


Here cy and c. are the specific heats of the completely ionized per- 
fect gas at constant volume and constant pressure respectively, ay and 
a. are the isothermal and adiabatic velocity of sound respectively in 
the completely ionized gas. The solution of equation (3) gives the desired 


relation k(w), and can be written out. 
We notice two particular cases of the solution. If 


16ac7 


that is, the weak wave is an adiabatic sound wave with attenuation. If 


c /@? \ 


Ce (w* / an? + 3279?) 

ay 

that is, the weak wave is an isothermal sound wave with attenuation. 


Comparing (4) and (5) with the solution of the problem of the dis- 
persion of sound in the presence of thermal conductivity [3], it can be 
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seen that in relation to the attenuation of sound, radiant energy is 
equivalent to thermal conductivity with a coefficient of thermal conduct- 
ivity equal to 
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(NEUSTANOVIUSHAIASIA FILTRATSIIA GRUNTOVYKA VOD 
SLUCHAYE UZKOI DRENY) 


PMM Vol.23, No.4, 1959, pp. 789-791 


L. A. GALIN 
(Moscow) 


(Received 13 January 1959) 


This note contains a determination of the position of the ground water 
level in the case when there exists a narrow drain in the region occupied 
by the ground water (Fig. 1). The results obtained facilitate the study 
of drainage problems. It is assumed herein that the region originally 
occupied by ground water is a semi-infinite plane. Such a statement of 
the problem is acceptable when the impervious layer lies very far below 
the surface, while the depth of the narrow drain is comparatively small. 
The linearized condition at the surface of the ground water which was 
derived in reference [1] will be assumed here. 


We shall study a case of unsteady motion when the narrow drain does 


not contain any water. We shall assume that the change of the ground water 
level is small. 


3 


Let us establish boundary conditions that will hold at the different 
segments of the surface occupied by the ground water. 


The following boundary condition on the velocity potential holds at 
segments BD and CD of the free surface. Here & is the filtration coeffic- 
ient and a is the porosity. 


k 09 0 (1) 
m oy at 


Introduce a new variable r by means of the formula 
k 


In that case the boundary condition becomes 
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At the segments AB and AC the pressure will be zero during the un- 
steady motion. The pressure, however, is related to the velocity potential 
in the following fashion: 


) 4 
+) (4) 


If p = 0 then we obtain d= — ky. Thus at the segments AB and AC the 
following condition holds 
ky (5) 


If one introduces a complex velocity potential w(z) = 6+ iw, then 
the condition at the free surface may be written as follows 
dp Op Ow , , Ow 
by * Re| 5 
Introduce now a new function @, related to the complex velocity 
potential 


Ow Ow 
or Oz (7) 
In that case, according to (1), the values of its real part are given 
at the segments CD and BD. The condition for determining the velocity 
potential at the segments AB and AC, which are parallel to the y-axis, is 


of the form (5). From this it follows that 


(8) 


From (1), (8) and (7) it follows that the real part of the function is 
known along the entire contour bounded by the lines Ab, AC, CD and BD. 


Thus, if order to find wm it is necessary to solve the Dirichlet problem 
for half-plane with a cut subject to boundary conditions as shown in 
Fig. 2. Above all, it is obvious that the function w determined in this 
way will not depend onr. 


We shall assume that the depth of the cut, i.e. the depth of the drain, 


a a 1130 L.A. Galin 
D D 
4 
by + (a: + | y) k = 


Unsteady filtration of ground water in the case of a narrow drain 1131 


is equal to l. If the half-plane with the cut (the variable z corresponds 
to this region) is mapped on to a plane which is related to the variable 
¢ so that points C and B become points with coordinates — 1 and + 1, 
then the relation between the variables 4 and z will be the following: 


4 (9) 


The function w(C) that satisfies the conditions shown in Fig. 2 will 
be 
(10) 


In that case, on the basis of (9) and (10) 
In * (11) 
yi 2? //? — 
Thus we obtain the following differential equation for the determina- 
tion of w(z, rT) 


(12) 


We shall assume that originally there was a state of rest in the 
region occupied by the ground water and that the narrow drain was then 
created quite rapidly. Therefore, the condition for w#(z, r) atr= 0 
will be 

(13) 


The function w(z, +r) will be sought in the form of a sum of two com- 


ponents 
Tt) Wg (2) w, (2,7 (14) 


Here w (2) is the particular solution of equation (12) with the given 
right-hand side, and w, (2, r) satisfies the homogeneous differential 
equation 

Ow, Ow, 
Or a: 
CB Rew=-0D 

D Rew=0 The function will not depend on r. 
i Therefore, it can be found from 
Rew=-A 4) Rew=-k 


k ki 
or, Als) (15) 
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Fig. 2. Assume that » (2) is of the form 
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The function w, (2) that satisfies the homogeneous equation 
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will depend on the combination of variables z+ ir. Consequently, v, (z,7)= 


In order to have r w, (2) + w, (2) = 0 one has to have 


uw, (z, 0) u wy, (z) — Wo (2) 


From this we finally get 


wie, ama] [ae (19) 
6 


0 


By substituting A (z) from (12) and performing the integration, we 
obtain 


w (z, T) 


(z+it)/l 
ye+i—i 


One can determine now from the complex velocity potential the velocity 
potential d and the velocities of ground water motion at the boundaries 
of the drain. 


The velocity potential is 


ne{* 


2") 


At the free surface, i.e. at the segments BD and DC the pressure is 
p= 0. Thus G= — ky. On the basis of this the change of the ground water 
level (Fig. 3) is 


Therefore, 
(x+it)/l 


l Ve+i4 
— —j Elin 4 22) 
(z, T) im ; ( 
Let us determine the displacement of points at which the free surface 
is adjacent to the walls of the narrow drain (i.e. the displacement of 
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points C and B). When doing this one has to let x = 0. In that case we 
obtain 


+1 

vi — 


— In 


Replace the variable r by the time ¢ by means of formula (2). Then we 
obtain finally 


At/ml 
V1—kt/mi —1 ed V 1—(kt/mil)* 
(24) 
This formula will be correct up to the 
point when 
kt ml or 
mi or t (25) 
Then, on the basis of (24), the displacement of a point of the free 
surface at the boundary of the drain will be 


x=0 


Thus, in the interval of time t = al/k, the boundary of the free sur- 
face traverses half the depth of the drain. 


When t < al/k we shall have on the basis of (24) 


2t 


or passing to the variable ¢ we have 
2 kt ‘kt \2 


It should be noted that at values of ¢ of the order of al/k, the dis- 
placements of the ground water level. near the wall will be large, which 
contradicts the original assumption of smal) changes in water level. 
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ON THE STABILITY OF PERMANENT ROTATIONS 
OF A RIGID BODY WITH A FIXED POINT 
UNDER THE ACTION OF A NEWTONIAN 
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Reference [1] contains a study of the problem of motion of a rigid body 
with one fixed point under the action of a Newtonian central force field. 


The distance R from the center of forces to the fixed point is assumed 
to be much larger as compared to the dimensions of the rigid body. Thus, 
in a stationary reference system with the z-axis directed from the center 
of forces to the fixed point and the x- and y-axes completing a right- 
handed rectangular system, the projections Fie F., F, of the forces acting 
on an element of the rigid body will be to the second order of smal] 
quantities 


FP, =— fame, y, F,=—gdm+ dm: 
Here g is the acceleration due to gravity at a distance R from the 
center of attraction and x, y, z are the coordinates of the element. 


Since the forces are potential and stationary, and the ideal constraints 
do not contain time explicitly , the system of the equation of motion 
leads to an energy integral 


3 
H = (Ap* + Bq? + Cr*) + Mg + + 20°73) + (Ay:*B ys? + Cys") 


Here A, B, C are the principal moments of inertia of the rigid body, 
x", y’, 2 are axes aligned along the principal axes of the ellipsoid of 
inertia, Xo» Yo > Zo are the coordinates of the mass center of the rigid 
body, Yy» Yor ¥g are the direction cosines of the z-axis in the fixed 
system, p,» gq, r are the projections of the absolute angular velocity w 
on the axes of the moving system. If the generalized coordinates are 
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chosen to be ¢, wu, 6, the Eulerian angles of spin, precession and muta- 
tion, and the well-known formulas 
p= dsin@ sin + 6cos 9, q = bsinOcoso—4sino, r 


1 =sin@cos¢, y2=sinOsine, = cos6 


are applied, then one can write the expression for the total] energy of 
the system in the following form 


H = ($sin 6 sin + 6 cos)* + sin 8 cos § sing)*+C ( cos 8 + + 
+ Mg (zo sin 8 sin > + yo’ sin 8 cos > + 29’ cos) + 


3 
+ _ (A sin? @ sin? o +- B sin? 6 cos* o + C cos* 4) 


Since ws is a cyclic coordinate it corresponds to the integral 


aL 

P= O sing + 6 cos) sin sino + sin cos —sing) sin 6 cos ¢ + 
+ B(dcos® + 9) cos® = Apy, + Boys + Crys = const 

reflecting the constancy of the projection of the kinetic moment upon 


the z-axis. 
If d= 0, d= dp. 0 = are the solutions of the equations 
oH _» 9H _ oH _ 
then, as it is well-known, the equations of motion lead to a particular 


solution 


@=6=0, 0= 6, = Po, bo, Y= bb + de 


which is called the permanent rotation. 


The analysis of the equations shows that the axes of all permanent 
rotations coincide with the z-axis and in the moving system are distri- 
buted over the cone 


(B — C) + (C — A) + (A — B) = 0 (1) 


which is analogous to the Staude cone [2] in the problem of the motion 
of a heavy rigid body with one fixed point in a uniform gravitational 
field. 


Let us apply the Routh criterion [3] to the analysis. Regardless of 
the fact that the Routh criterion gives in its formulation sufficient 
conditions for conditional stability, Liapunov [4] maintained that in 
relation to non-cyclic coordinates and all velocities the theorem gives 
sufficient conditions for unconditional] stability [5]. 


Thus, the angles ¢, and 0, satisfy equations JH/Agd= 0, dH/dO= 0 
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constructed on the assumption that p = By. d= 6 = 0. These equations 
are 


sin 28 /3 
= + Mg sin + yo’ cos cos p — 29’ sin 8) = 0 
A— B)sin2¢sin?9 /3 By? 
— — + Mg (20' sin 8 cos ¢ — Yo’ sin6sin >) =0 


K = Asin*6 sin? > + B sin? cos? + C cos*?8, m= Asin?» + Bcos*>o—C. 


The equation of the Staude cone in terms of the variables ¢, 6 is 
obtained by eliminating from these equations the quantities in paren- 
theses. 


Note that the equations analogous to equations (2) for a rigid body 
in a uniform gravitational field are obtained by replacing the quantity 
3¢/R — p,*/k* by (- /k?). Therefore, the regions of possible axes 
under study will be somewhat wider. Actually, if these quantities are 
treated in every problem as an arbitrary parameter, then it can be seen 
that in the problem under study it varies from 3g/R to — «, and in the 
problem with a uniform field it varies from 0 to — o, 


The variable potential energy of the system is of the form: 


2 3 
F = + Mg sin 6 sin + yo’ sin 8 cos + 29’ cos 8) + K 
2K 2R 
The motion (a) will be stable in relation to d, 9, wi, d, 8 if the 
function 


= bo? 


is found to be positive with respect to 50, 84, which will be the 
case if, and only if 


>” Ber > 


These conditions are 
3 
m cos 20 + sin? 20 — Mg (zo’ sin sin + yo’ sin cos + 29’ cos 8) > 0 
w2m? 
K sin? 26 — Mg (zo’ sin sin + yo’ sin 8 cos + 29’ cos ®)| x 


3 2 sin* sin® 2p (A — B)* 
x | (A— B) —e*) cos 2p sinto + — Mg sin 6 (z9’ sin > -- 


+ yo’ cos (x — o*) sin 26 sin 2p (A — B) + w* sin® 2psin 26 sin? 6 


m 


K 
— Mg cos sin + yo’ cos | >0 


Together with equations (2) they single out the stable permanent axes. 
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The study of the general inequalities is very difficult. However, if 
A= B, and z,” = 0, then for x,° > 0, yo’ > 0 and sin 8, > O they reduce 
to the inequalities 


cos 20—sin*6 yo? 3g \ sin? 6(A—C)*V + yo? 
\ sin \sind(A—C)* MR! 


72 By? 


The problem of the stability of permanent rotations of a rigid body 
a uniform gravitational field was studied in detail by Rumiantsev [6 iB 
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Let us study an absolutely rigid body, free of supports, that is immersed 
in an infinite liquid. Assume that in the medium surrounding the body a 
pressure wave, whose potential is ®(x-— ct) = ®(&), is propagated. At 
time t¢ = 0 its front comes into contact with the surface of the initially 
stationary body. Let us assume that the function ®(f) tends to some limit 
as & + — oo, The latter means that the total pressure impulse of the wave 


am 
\ =—e\ dt (0.1) 


is assumed to be finite. 


We shall suppose that the body has two mutually perpendicular planes 
of symmetry perpendicular to the wave front (this symmetry is not only 
geometrical but also maintained with respect to the mass distribution in- 
side the body). This limitation is imposed only to avoid difficult com- 
putations. It will be shown below that the problem can be also solved for 
a body of a completely arbitrary shape. The weight of the body may be 
smaller, larger, or equal to the weight of the displaced liquid. We shall, 


however, neglect displacements of the body due to positive or negative 
buoyancy. 


It is to be proved that with the properties of the pressure wave 
described above, the displacement of the body tends to some limit (as 
t + 0). Beside that, it is required to find that limit. 


The problem is solved within the acoustic approximation. 


1. Differential equations of the problem. When the above limitations 
regarding the symmetry of the body are imposed, the body will move 
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gradually in the direction of propagation of the pressure wave, i.e. in 
the direction of the X-axis. 


The differential equation of motion of the body can be written in the 
following fashion: 

M qa =? \\ + 9 \\ nxd§ (1.1) 
where U is the displacement of the body, M is the mass of the body, p is 
the density of the fluid, n is the direction of the exterior normal to 
the surface of the body @(x, y, z, t) is the potential of the diffraction 
wave, 


The integration of (1.1) is performed over the entire surface of the 
body. 


The potential d has to satisfy the three-dimensional wave equation 


(1.3) 


As r= (x* + y? + 22)1/2 + co the function d+ 0, and the following 
condition holds on the surface of the body 
4 
+ cos nx (1.4) 
After integrating (1.1) twice with respect to time (with the limits 
from t = 0 to t), taking into account al! available initial data, we ob- 
tain 


©* cos +p \\ cos (1.5) 


t t 


ae — \ dt, \ odt (1.6) 


The displacements of the particles of the fluid are expressed in terms 
of these two functions by the formulas 


v = grad Oo, w = grad 9° (1.7) 


where v is the displacement caused by the incident wave (i.e. a displace- 
ment which would not exist if there were no body in the fluid), and w 

is the additional displacement caused by diffraction. Since the incident 
wave propagates along the X-axis 
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The function * has to satisfy equation 
1 de 
A-* 


and the boundary condition at the surface of the body 


an 
Equations (1.9) and (1.10) are obtained by means of integrating (1.2) 
and (1.4) with respect to time and taking into account (1.3). Note that 
if the integra] (0.1) is finite (as it was discussed earlier) then also 
the displacement wv wil] be finite as t + ~, and will tend to some limit 


om* 


lim (1.414) 


The potential of the incident wave © (and consequently also its in- 
tegral ®*) has no singularities inside the region occupied by the body. 
One can write on this basis 


\\ cos nz dS = ¢ \\\ =p \\\ (1.12) 


where the integration on the right is performed over the entire volume 
occupied by the body. The other integral of (1.5) can be written accord- 
ing to (1.10) in the following form: 


n 


{ 
\\ cos nz ais es - dS (1.13) 
When (1.12) and (1.13) are taken into account formula (1.5) becomes: 


(1.14) 


2. Solution of the problem. In order to find U(t) it is necessary to 
know the function @* (x, y, z, t), which is, of course, impossible with 
the above general statement of the problem. 


Therefore, we shall not seek U(t), but only the final displacement of 

the body 
U., = lim U (t) (2.4) 
t+a@ 

Note that, in general, it is possible that such a limit may not exist. 
Thus, for instance, if the wave had the form of a pressure jump, then 
because of its action, the body would acquire some constant velocity ERP 
If, however, the total pressure impulse (0.1) is limited, then the fluid 
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particles will acquire finite displacements and one can expect that in 
this case also the displacement of the body will be finite. Let us assume 
that this is the case and let us see where this assumption will lead us. 


Thus, let for t+ o«, + U+ UL, and then it follows from equation 
(1.14) that 
MU. = Me. 7—— lim {\\ 90% (2.2) 


where M, is the mass of the liquid displaced by the body. Thus, it is 
necessary to determine 


where 

9.,* = lim 9* = f (z, y, 2) (2.4) 


The function d* has to satisfy equation (1.9), whose right-hand side 
approaches zero as t + » (since it is proportional to the pressure in the 
diffraction wave). Thus }_° is a harmonic function. It damps out as r+o, 
and on the surface of the body it is subject to the condition 


= A cos nz (A=U,, — = const) (2.5) 


From this it follows that }.° can be identified with the flow potential 
of an infinite ideal fluid with the body under study moving in it at a 
constant velocity A in the direction of the X-axis. Besides, we are not 


interested in the function itself but only in the integral (2.3). 
We transform it by Green’s formula keeping in mind that as r= (x? 4 


+ 22)1/2 + co the function tends to zero as p. 370). 


Then we obtain 


9% 0° ree (9% \" 09..,° 
as = Gas = (GE) +) + GE) eo 


At the right-hand side of this equation the integration is performed 
over the region where ¢_* is given, i.e. over*the entire volume occupied 
by the fluid surrounding the body. 


Thus the problem is reduced to the evaluation of the integral 


Oy 


This is nothing else, however, but the kinetic energy of the ideal in- 
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compressible fluid in a problem with the boundary condition (2.5). From 
this we can write immediately ({ 2 ] p. 379, 384) 


T = + MwA? (2.8) 


where pp, is the coefficient of additional mass for the body studied 
(moving in the direction of the X-axis). 


On the basis of (2.6)-(2.8) and (2.5), expression (2.1) becomes 


= My - (U  — (2.9 


@ 


After solving this equation for U_ we obtain 


‘ 
U.=(44+2.) (2.10) 
x) + Mi M, 


Thus, the assumption that there exists a limiting value of the dis- 
placement (2.1) did not lead us to any contradiction and is confirmed by 
the final formula (2.10). 


The problem studied here can be also easily solved for an absolutely 
rigid body of a completely arbitrary shape. Such a body will experience 

a motion along all three coordinate axes due to the passing of an acoustic 
pressure wave with a finite impulse. In addition, it will rotate by some 
angles around the axes. By means of a reasoning similar to the foregoing 
one, using the information given in [2], p. 368, one can derive for the 
six unknown quantities (three displacement components and three rotation 
components) a linear algebraic system. The coefficients of this system 
will depend on the 21st coefficient of additional masses and on the static 
moments. We shall not go into this, however, in greater detail, since the 
particular case studied above is of greatest interest, and since it 
sufficiently discloses the method of derivation also for the general case. 
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In the paper mentioned, an attempt has been made to reduce the most simple, 
axially-symmetric, mixed problem of the theory of the Newtonian potential] 


for the half-space 


F tr) 


to a certain problem of the logarithmic potential for the half-plane. 
Differentiating n times with respect to r* the left-hand side of equation 
(1), and then formally putting n= — 1/2, the author obtained the equation 


aru 


(2°) 


ar? az? 


Here and in the following, author's equations are given with his 
numbers marked with asterisks: u,, denotes 


a n 
The derivatives of the fractional order are introduced by the author 
in a formal-empirical way: in the expression for the derivative of order 
n of a power function, the numerical coefficient is represented as a 
ratio of Gamma-functions; the integer n in their arguments will in the 
following be replaced by an arbitrary number. In the case of functions 
represented by power series, it offers the possibility of obtaining - by 
differentiating term by term - the series respresenting the derivatives 
of an arbitrary, non-integer order. 


(c — some constant, 


a 
920 
a 
r or a2? (1) 
Ou 
: 
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There is no necessity, however, for such an indirect procedure. 


Non-formal definition of the derivative of a negative order is given 
by the integral] transformation [1]: 


(y) dy (v > 0) 


This does not require f(x) to be analytical, but only integrable (in 
the sense of Riemann and Stieltjes). Zero as the lower limit of the in- 
tegral is not compulsory and may be replaced, if necessary, by any other 
number. The 24 +e of a positive ordér p> 0, p= [pn] + 1-v is de- 
fined as Biti pv. Replacing the variable of differentiation by x? 


we obtain 


—l uf (y) dy 


and in particular 


—! 
\ — y*)~ yf (y) dy 


V= 


(y) di 


From this point of view, the result expressed by equation (2°) does 
not appear to be new. Exactly by the transformation (4), Mossakovskii 
[2] reduces the axially-symmetric mixed problem of the theory of elas- 
ticity to the problem of linear conjugateness in the plane x + iz. In the 
particular case being considered, the result of Mossakovskii is obtained 
immediately, if the solution of equation (1) for the case of continuous 


circular area (on the boundary z= 0) is represented in the form 


oO 


Thus with Sonine’s integral 


» Jg(rt)rdr = sinzt 


0 


and assuming the admissibility of altering the order of integration (which 
will be always assumed when necessary) we obtain 


e~*' sin at dt (7) 


Hence, it is clear that v(x, z) is a plane harmonic function, being 


odd with respect to x. Notation v(x, z) corresponds to the author’s nota- 
tion u_,,/,(r, z). The author obtains this result when proving equation 
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integra] representing 


(2°) by differentiation, of order — 1/2 of (6) 
u(r, z). But in the following, the author, using a superficial analogy, 
commits an error in assuming that the boundary conditions for wiss2're z) 
Wishing to demonstrate his procedure with 


are the same as for u(r, 2). 


the example of obtaining the known expression for the pressure under a 


plane punch, p = e/(a* where 


0) = h (under the punch), u,“(r, 0) = 0 (outside the punch) (8*) 


in the following form 


he writes the boundary conditions for w_s/2 


gy r? (under the punch) 


Ou_,/2(r, 0 (outside the punch) (10°) 


It may be considered as a "misprint" ¢g Vr, instead of gr, as from 
the text it follows that the author has in mind gr and not gy r’. 


But the second of equations (10°) may not be considered as a "misprint’, 
since the further discussion shows that it is the starting point for him. 
The author takes the known solution of the plane problem in the case 

(10°), and writes the equations [3,4 ] 


Po Eg yr 


— (1i*) 


(Here a “misprint” again r? instead of r). Having this, he calculates 
the pressure p (denoted in his paper also by p.) under the circular punch, 
taking the derivative of order 1/2 by means of differentiation, term by 
term, of the power series expansion of the right-hand side of (11°). He 
claims that in this way the correct result is obtained. But in such a 

way it may not be obtained. In fact, by inversion of (7), or -which is 
the same - using (5), we have 


(8) 


t 


and consequently 


(9) 


Introducing (2) into this expression and performing the integration, 


we obtain 


2a Po Fg r\] 
(=) 


P(r) = | a 


Since the fractional differentiation term by term is equivalent to the 
determination of integral (9) by a series expansion, the author would 
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have obtained the same result, if he had calculated correctly. But he 
attempts to justify his more than careless calculations and states that 
in the process of differentiation "the terms containing the singularities 
of order (— 1) and higher " should be neglected. Judging from reference 
[5], this concerns the singularity at r = 0, caused by the singularity 
of order (— 1/2) in the first term of the right-hand side of (11*). But 
the second term is not better, and it should be clear from the beginning 
that the differentiation increases the order of the singularity at point 
r= aby — 1/2 and, consequently, if all the singularities of order (— 1) 
are neglected, zero remains on the right-hand side. 


Although the author refers to paper [2], yet he does not know that 
transformation (7) does not lead to a mixed problem, but to the problem 
of Dirichlet for a plane harmonic function. In fact, from (6) we find 


du é Jo (rt) tf (t) at d (t) de} 
Oz dr 


Hence, on the basis of the second boundary condition 


{r\ Ja(rt) at] 


r 
0 


Consequently, 


Ja(rt) (1) de = (13) 


Multiplying both sides by 1/(r? ~ x7)71/2 and integrating with respect 
to r from x to o (with the condition zx > a) and using the known integral 


Vr?— zt 


\ J; (rt) dr sin zt 


we obtain the equation 


Thus, the boundary conditions for v(x, 2) have the form 


x F (r) rdr 


| const, \z| >a 


v(x, 0) = D(z) 


Taking now the known solution of the problem of Dirichlet 


3 


and using transformation (8), we may obtain the closed expression for the 


Zz 
(t) are tg ——— at (16) 
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containing complex variables 


solution of the axially-symmetric problem, 
and being the same as in paper [6] and book [7]. But this calculation 
is rather cumbersome. In the given simple example, the use of the results 
of the plane problem is not suitable, since the auxiliary function f(t) 
may be found immediately by inversion of the Fourier integral determining 


the boundary condition 


sin xt at = (x) (17) 


0 


Hence 


f(t) = = \ (z) costrdt (18) 


In consequence of (15), the inversion exists at any integrable F(r). 
Introducing the latest expression into (6) and (11), and changing the 
order of integrations, we obtain for the kernels the following Hankel 


integrals 


= 
\e zt cos xt J (rt) dt Re —— 
0 


\e *t cos xt Jo(rt) dt - — Re —— 
r y + iz)?+ 


. 
0 


Finally we have 


+ ix) (x) dr 


(2 + iz)?+ 


a is the upper limit, because ® (x) = 0 at «> a. For z= 0 it is 


min (r, a) 
2 ®’ (x) dx 
s2==0 


(22) 


Oz mr dr 


Expressions (19) and (20) differ in notations only from those of book 
[7 }. In paper [6 }, the corresponding expressions have some other form, 


If the author established correctly the boundary conditions for 
U_s/2(r. 2), om the basis of (15), he would have at F(r) = 1 


min (r, @) (r > 0) 
u 


max (r, — a) (r < 0) 
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4 Pa From (16) we easily obtain 

0z |z=0 ja+r| 

. e His expression (11*) should have this form, Thus, the fractional diffe- 

. = rentiation would obviously lead to the correct result. In fact, introduc- 

* - ing the last expression into (9) and calculating the integral: 

; 

J \ In 1 r raz 

we obtain 

vO! 
as it should be. 
Fy . What was said for the circular punch saves us from the necessity of 195 
< . commenting on the expression for the pressure under the annular punch 

a : with a plane base, which was obtained in the same way. 
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ON THE EQUATIONS OF THE PRECESSIONAL THEORY 
OF A GYROSCOPE IN THE FORM OF EQUATIONS 
OF MOTION OF THE POLE IN THE PHASE PLANE 
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V FORME URAVNENIIT DVIZHENIIA [ZOBRAZHAIUSHCHEI 
TOCHKI V KARTINNOI PLOSKOSTI) 
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This paper gives a rigorous justification of the equations of motion 
of a gyroscope in the form of equations of the representative point 

in a certain plane, the so-called phase plane. It turns out that these 
well-known equations {1,2,3 ] are valid only if the forces acting on 
the gyroscope satisfy a number of limitations. 


l. The representative point (the pole) of a gyroscope and the phase 
plane are introduced in the following way. Let xyz be a coordinate system 
whose origin coincides with the center of the gimbal suspension, the z- 
axis making a small angle with the z-axis which is the spin axis of the 
rotor for equivalently with the direction of the angular momentum vector 
H of the rotor) (see Fig. 1). The orientation of the coordinate system 


xyz at any instant of time is assumed to be known. In particular, @,, @ 


x’ 
and w, which are the x, y and z components of the angular velocity of the 
system xyz with respect to the system &*n*¢*; which has constant orient- 
ation with respect to fixed stars, are known functions of the time. The 


directions of the axes x and y are chosen in such a way that the components 


@, and w, assume the simplest possible form. For example, in the case of 


a vertical gyroscope it is convenient in many cases to select the geo- 
graphical system, where the z-axis coincides with the local vertical and 
the x- and y-axes are directed East and North, respectively. In the case 
of a gyrocompass the z-axis would point North. In a number of theoretical 
problems (for example, for a horizontal gyrocompass, see [4]), it is 
convenient to select a coordinate system x, y’, 2°, in which the x°-axis 
is along the velocity vector of the suspension point of the gyroscopic 
system with respect to a hypothetical non-rotating earth. The z°-axis is 
taken along the radius vector of this sphere. 


The plane XYparallel to the coordinate plane ry (Fig. 1) at a unit 
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distance from the origin (its equation is z = 1) is called in the theory 
of gyroscopes the phase plane. The point P which is the intersection of 
the phase plane with the angular momentum vector H (or with the z-axis) 
is called the representative point or the pole of the gyroscope. The x, 

y and z components of the velocity of the representative point with 
respect to the inertial system €*n*¢* (whose origin is also in the center 
of suspension of the gyroscope) are expressed by the following formulas: 


Wy — YO: vy = a — Wy + Vz = YW, — v } 


Here x and y are the coordinates of the representative point P (the 
z-coordinate is constant and equals unity). 


The equations of motion of the representative point for the precess- 
ional (elementary) theory of a gyroscope are usually expressed in the 
following form 


P Hv, = M,, Hv, = M, (2) 


Strictly speaking, in these equations the right- 
hand members M_ and M, should not be (as it often 
is) regarded as sums of the moments of forces act- 
ing on the gyroscope with respect to the x- and y- 
axis, respectively. A gyroscope is a mechanical 
system consisting of the following three parts: the 
rotor, the inner gimbal ring, and the outer gimbal 
ring (Fig. 2). For this reason, when we construct 
the equations of motion of a gyroscope we must care- 
fully take into account on which part the appropriate 
forces act. Otherwise mistakes are unavoidable’. 


In what follows we shall explain how to interpret the right-hand 
members of the equations (2), how to make the equations more accurate and 
we shall list the conditions under which the equations are valid. 


2. In order to accomplish the tasks stated 
above we must use the rigorous equations for 
the precessional motion of a gyroscope on 
gimbals. As these equations will be derived 
from the principle of virtual velocities [5 ] 
we must first introduce certain kinematic 
relations, 


We shall introduce three new coordinate 


* One such mistake can be found in [6]. 
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VO! 
23 
mm 195 
p 
Pig. 1. 
4 


ring, respectively. 


y’-axis coinciding with the n 


momentum H, 
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systems ¢; and x’y’z’ with origins in the center of the gyro- 
scope suspension, like the systems £**¢* and xyz (Fig. 3). The coordi- 
nate system €n ¢ is attached to the base of the gyroscope system, the 
€-axis being along the axis of the outer gimbal ring. The coordinate 
system &1m36, is attached to the outer gimbal ring, the ei and n,-axes 
being along the axis of the outer ring and along the axis of the inner 


Finally, the coordinate system x’y’z’ is fixed in the inner ring, the 
-axis and z°-axis along the axis of rota- 
tion of the gyroscope (Fig. 4), that is along the vector of its angular 


We shall denote further by a the angle between the outer ring and the 
base, by 8 the angle between the inner and the outer rings. We shall 
introduce the condition that when a = the coordinate system & and 
En coincide, and when the angle a increases the outer ring turns anti- 
clockwise with respect to the base when observed from the side of posi- 
tive branches of the coinciding axes & and é.- Similarly, when 8 = 0 the 
coordinate systems x’y’z’ and €.9,¢, coincide and when f increases the 
inner ring turns anticlockwise with respect to the outer ring when observed 


from the side of the positive branches of the axes y’ and 7,. 


The angular velocity of the base with respect to the system &*n*¢* 
(of constant orientation with respect to the fixed stars), shall be de- 
noted by u and its €, and components by Ug, Up and 


It can be easily shown (Fig. 5) that @,, the angular 
velocity of the outer ring with respect to the system 
€*C*, has the following €.9,¢, is the system moving 
with the outer ring): 


at = U,COS& + Ur 


—u, sina+ (3) 


In a similar way we can obtain the x’, y’ and 2’ 
components of w, which is the angular velocity of the 
inner ring with respect to the system &*n*¢* (x’, y’, 


z’ is the system moving with the inner ring): 


da 
= (ug ar) B —(— u, sina + cos a) sin 


d 
=u,cosa +ursina + (4) 
wy’ = (ug 4 sin B + (—u, sina + uz cos a) cos 8 


Finally, the x’, y’, z° components of w, which is the angular velocity 


of the rotor with respect to the system &*n*¢* are 
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Wx = Wy’, Oy = Oy’, 


where d is the angle of anticlockwise rotation of the rotor with respect 
to the inner ring. 


3. We shall investigate the kinetostatics of the gyroscope in the 
system &*n*¢*. As we have stated above the gyroscope is a mechanical 
system consisting of three bodies: outer gimbal ring, inner gimbal ring, 
and the rotor (Fig. 2). 


In the precessional (elementary) theory of gyroscopes the angular 
momenta of the two rings are neglected, and the angular momentum of the 
rotor is assumed to be its natural angular momentum H. The vector H is 
directed along the rotor’s axis of revolution z’. The absolute value of 
H equals the product of the rotor’s moment of inertia about the z’-axis 
by the angular velocity of the rotor d¢/dt. 


It follows then, that according to the precessional theory of a gyro- 
scope, the D’Alembert inertial forces* in the system &*n*C* should be 
expressed only through variation of the proper angular momentum vector H. 


Pig. 4. 


The velocity vector of the tip of the vector H (with respect to the 
&%*C* system) has the following x’y’z’ components (Fig. 7): 


Hence, when investigating the kinetostatics of a gyroscope mechanical 
system, we must use couples with moments G,-, G,-, G,- which are app lied 
to the rotor and which are given by (4). 


An elementary D’Alembert inertial force is a vector in the direction 
opposite to the direction of acceleration (of a given element of mass) 
with respect to the considered coordinate system &*C* and numerically 
equal to the product of the acceleration and the element of mass. 


VOL. 
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The forces acting on our system could be classified as the external 
forces and the mutual reaction forces between the rotor and the inner 
ring, between the inner and the outer ring, and 
between the outer ring and the base. 


aH Among the external forces we include the 

x (dt Coriolis inertial forces and the inertial forces 
, of the transfer motion caused by the displace- 
ment of the coordinate system &*n*¢* with respect 
to the so-called absolute system whose origin is 
at the center of mass of the solar system and 
having constant orientation with respect to fixed 
stars. The system &*n*¢* does not rotate, hence 
the Coriolis inertial forces are absent. 


Pig., 7. Due to translation of the coordinate system 
&*n*C*, all the inertial forces of the transfer 
motion acting on the separate elements of the 
mechanical system are mutually parallel. All of them have an opposite 
direction to the acceleration of the origin of &*v*¢* with respect to the 
absolute system. It is obvious that the totality of the inertial forces 
of the transfer motion acting on an isolated body is equivalent to a 
resultant force through the center of gravity. The magnitude of the re- 
sultant equals the product of the mass of the body and the acceleration 
of the origin of the system £*n*¢* (or of any other point in the body). 


The forces of mutual reactions between different bodies in the gyro- 
scope mechanical system consist of normal reactions of the constraints 
and of couples, whose vectors are along axes constraining these bodies. 
Such is also the case with the mutual reaction forces between the base 
and the outer gimbal ring. If there are some other forces of mutual re- 
actions between the base and other bodies of the system they could be 
regarded as external forces. 


On the strength of D’Alembert’s principle, the gyroscope mechanical 
system under the action of all the listed forces together with the 
couples G,-, G-, G_- should be in equilibrium. The system has three 
degrees of freedom: the motion of the base with respect to the system 
E*n*C* should be regarded as known. The most natural choice of the 
generalized coordinates would be the set of angles a, 8 and 4, which are, 
respectively, the angles of rotation of the outer ring with respect to 
the base, of the inner ring with respect to the outer ring, and of the 
rotor with respect to the inner ring. 


Let us impart to the elements of our mechanical system virtual velo- 
cities corresponding to the generalized virtual velocities 
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6 (dx / dt), (d3 ‘dt), 8 (dp / dt) 


The &.7,¢, projections of the virtual angular velocity of the outer 


ring, corresponding to the above virtual velocities are obtained from 
(3) as 


= 0 (7) 


From formula (4), we obtain further the following expressions for the 


x’, y’, 2° projections of the virtual angular velocity of the inner ring 


ds 


d4 
Bu ‘= , AG (= - 
Dx rT, cus IWy 6 at 


= 8 —sin (8) 
Finally, we obtain the following expressions from formulas (5) and 
(4) for the projections of the virtual velocity of the rotor 


as 
dt 


de 


da 
== 8 — B84 ¢ 
dt sin; 


d 

2 toy = (9) 
We shall construct now an expression for the virtual power 5W due to 

all the forces acting on the gyroscope system, including the couples G,-, 

We obtain 


= (my + Gy) boy + (my + Gy) boy + (my + Gy boy + 


+ Bd + ly + ly Boy + he, 802, a + + (10) 


Here Kz, is the sum of the moments of the forces exerted by the base 
on the outer ring about the axis of the outer ring ¢,(€); L,- is an 
analogous sum of the moments of the forces acting on the inner ring and 
exerted by the outer one, about the axis of the inner ring y’ (yn, ); My 
is the sum of the moments of the forces acting on the rotor and exerted 
by the inner ring, about the rotor’s rotation axis z’. Further, k, | and 
m, with appropriate subscripts, denote sums of moments of the outside 
forces acting respectively on the outer ring, inner ring and the rotor, 
about axes indicated by the subscripts. 


In the expression for the virtual power 5W the forces of normal re- 
actions of constraints are obviously absent because they do not develop 
any power. 


We shall now in the formula for 5W replace the components of the 


virtual angular velocities by the expressions from (7), (8) and (9). We 
obtain 


BW = (Ke, + he, + (le + mx + Ge) cos 8 + (ly + my + Gy) sin + 


+ (ly + my + Gy + + (my + Gy + My)é (11) 
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According to the principle of virtual velocities, the power 5W should 
equal zero for any choice of virtual velocities which satisfy the con- 
straints, that is, for arbitrary values of 8(da/dt), 5(dA/dt) and 
5(d¢d/dt). This is possible only if every multiplier of these velocities 
in the expression (11) equals zero. Consequently, we obtain the following 
relations 


Kz, + he, + (le + my + Gy) cos 8 + (ly + my + Gy) sin’ = 0 
Ly + ly + my + Gy =0, My + my, +Gy =0 (12) 
in which the quantities Gy, G. and Gy , could be replaced by the ex- 


pressions from (6), After eliminating a group of terms from the first 
expression of (12) we obtain 


wy H = Mz’ + + (Kz, + sec 8 (My ly) tg8 


=my+ly+Ly, dH/dt=my+My (13) 


The equations (13) are equations of the precessional motion of a gyro- 
scope on gimbals. * 


4. In order to pass now to the equations of motion of the represent- 
ative point we shall begin by transforming the first two equations (13). 
The representative point is on the z’-axis at a variable distance p from 
the common origin of x’, y’, z° and xyz. It is easily seen that the x’, 
y’ and z° components of the velocity of the representative point with 
respect to the system &*n*¢* are given by the formulas 


ty =Wyp, ty=—wyp, vy =dp/dt (14) 


Using the above formulas we could write the first two equations (13) 
in the following form 


H= = My + ly + (Ke, + sec 8 — (My, — ly) tg 8, 
= my + ly + by (15) 


The x’, y’ and z° components and the x, y and z components of the velo- 
city of the representative point v are related through the equations 


A’ + +c"v,y (16) 


* Compare the above derivation with the derivation by the method of 
elementary statics as given in[6]. 
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The directions cosines between the coordinates systems x*, y’, 2° and 
xyz are given in the tabular form in (17), 


We shall substitute now in the right-hand members of (146) the ex- 
pressions for v,-, and v,- from (15) and the expression for v,’ from the 
third formula in (14), Consequently we obtain 


H = a(m, 4 le) + -}- ly) + 


kz ) sec - (MW,—l,) tg 8] 


H (my + le) +0" (my + ly) 4 


dp 


+ a’ [(Kz, + hy,) see B — (My —- ly) tg + 6'Ly + —— 


H =a" (my + le) +b (my + ly) 4 


c*H dp 


+ he,) see 3 —(M, —l,) tg 8] + 4 


The third equation in (18) follows from the first two. This can be 
easily shown by adding separately the right- and the left-hand members 
of all these equations, multiplying them beforehand by the direction 
cosines c, c’, c” respectively, and utilizing the well-known relations 
between directions cosines (17), the equation 


Vy = + c’vy (19) 


and the third formula in (14). 


Let us mention that, similarly to the equations (16), we have 
a (my + ly) + b(my + ly) + ¢(my + ly) = mz +l, 


a’ (my + le) +b (my + ly) + ¢' (my + ly) = my +1, 


a” (m,: + + (my ly) + ce" (my + ly) = Mm, + l, 
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where me My, and are sums of the moments of the external 
forces acting on the rotor and the inner ring about the indicated axes. 


By using the equations (20) we could express the first two equations 
in (18) in the following form 


= me + le + al(Ke, + see 8 — (Me — le) 
1 dp 
+ bLy ry Wt 


— my, — ly) 


H m, +1, +- a’ [((Kez, + he,) sec 2? — (My — ly) tg 8) 4 
+ b'Ly +-¢'(H — my —l,) 


The above relations represent the rigorous equations of the motion of 
the representative point in the phase plane. 


These equations should be supplemented by the equations relating 
direction cosines a, b, a” and 6’, which give the orientation of the 
moving object (that is, the coordinate system &n¢) with respect to both 
the coordinate system xyz and with respect to the coordinates of the re- 
presentative point x and y which are in the ryz system. Besides, the two 
first formulas of (1) should be taken into account and also the formulas 


r=pcosz = pe, y = pcosz'y = pec’ 22 
(23) 
5. The equations (21) could be considerably simplified in the case 
when the coordinates of the representative point x and y, and their time 
derivatives, are small quantities and their quadratic terms could be 


neglected. Then, according to the formula (23) the variable distance p 
becomes unity and the terms containing the time derivative of p vanish. 


Besides, according to the formula (22), to small quantities of the 
second order we obtain 


c= my 
Further, according to the table of direction cosines (17) we have 
+c’? = 1, a”? +b”? +c"? = 1 (25) 
and with the same accuracy we have 
ce? 1—z7*— y’, 24 = +. (26) 


From the above there follows that in the general case the direction 
cosines a” and 6” are small quantities of the first order, and the 
direction cosine c” differs from unity by a small quantity of a higher 
order. Taking into account the above observations and the relation 
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my +- ly + x) +c (my - ly) -+ (m, + (27) 


we could, without changing the prescribed accuracy, replace in the equa- 
tions (21) the sums of the moments mrs le by m+ l. respectively. 


Utilizing further the formulas (1) and (24), we finally obtain the 
differential equations of the motion for the representative point, in 
the form 


‘d 
H +- Wy — yw; ) = Mm, + l.—2x(m, + 1.) + 
al(Ke, + ke,) sec 8 —(M, —l,) tg 8] + bL,, 


H — + 20) = my +ly—y(m 4 


+a’ (Kg, + ke.) sec B (My ly) tg 8] + b’Ly 


The direction cosines a, 6, a’ and b” between the axes x’, y’ and x, 
y, for small values of the coordinates x and y, could also be represented 
in a simpler form. They could be expressed explicitly through the angles 
a and f and the angle x between the axes y’ and y (the course of the 
object if the axis y is directed North). 


6. We shall mention finally that the equations (2) are obtained from 
the rigorous equations (21) with the following addjtional assumptions: 
(1) The sum of the moments, Kz, of the forces of interaction between the 
base and the outer ring about the axis of the outer ring €,(€) is zero. 
In particular, this axis has no friction. Similarly, the moments L.- and 
M,- of the interaction forces of the inner ring with the outer ring and 
with the rotor are zero; (2) The sum of moments Ky, of the external forces 
acting on the outer ring about the ¢,(&) axis, is zero (this is equivalent 
to the requirement that the outer ring should be exactly equilibrated); 
(3) The moments m.- and |, of the external forces acting on the inner 
ring and the rotor, about the rotor’s axis of rotation z° are zero. (4) 
The coordinates of the representative point x and y are small quantities. 


Indeed, if we substitute in the equations (21) 


Ke, = Ly = M, = 0), z , , (29) 
and further assume according to (23) that p equals unity, then we arrive 
at 


Hv, = m, + l,, Hv, = my, + ly (30) 


which would be identical with equations (2) if we assume that M, and M 
in these equations are sums of moments m, + |, and m, + Lys of the ex- 
ternal forces, acting on the mechanical system rotor - inner ring. 
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In this way we have fully clarified the conditions under which are 
valid the well-known equations (2) of the precessional theory of a gyro- 
scope in the form of equations of motion of the representative point in 
the phase plane, and have also explained the meanings of individual terms 
of these equations. ~ 


It appears to be also possible to take into account the influence, on 
the motion of the axis of rotation of the gyroscope, of the moments K¢,, 
re my key, me, l. by using the equations in the form (21) or (2 }. 


y z 
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In this paper the author investigates the equations of the perturbed 
ef motion of a gyrocompass with two rotors, which does not have the pro- 
+ perties of the space (free) gyrocompass of Geckeler-Anschutz. 
i Without dwelling on the properties of a space gyrocompass in detail, 
Bf we shall mention only that the natural, undamped vibrations of its sens- 
- ing element have equal periods with respect to all three principal axes 


of inertia and that this period approximately equals the Schuler period 
that is T, = lwy R/g (R is the earth’s radius, g is the gravitational 
acceleration). 


The above mentioned property is imparted through a spring, which couples 
the two gyroscopes and creates a moment about the vertical axis of each 
inner ring, given by the formula 


N = Asin 2e (0.1) 


where A 


is a certain proportionality factor, 2¢€ is the angle between the 
axes of rotation of the two rotors. The theory of the space gyrocompass 
in simplified term is given in the books of Geckeler[1], Gramme! [ 2 } 

and Bulgakov [3 |. 


The equations derived in the work of Ishlinskii [4] could be applied 
to a gyrocompass which does not possess the properties of a spatial gyro- 
compass, like, for example, the two-rotor compass of Anschutz, and also 

certain domestic two-rotor gyrocompasses. 


This paper contains an investigation of the unperturbed motion of the 
above described gyrocompass on the assumption that it is mounted on a 
ship travelling at high latitudes (70-80°). 


In the gyrocompass investigated in this paper the condition (0.1) is 
not satisfied. 


When a gyroscope turns about the axis of its inner ring by a smal] 
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perturbation angle 5 from the position of its unperturbed equilibrium 
characterized by the angle ¢€ = €,, then the spring which is coupling the 
two gyroscopes creates the restoring moment 


M = sb (0.2) 


where s is the slope of the characteristic of the restoring moment de- 
pending on the rigidity of the spring coupling. 


l. We shall assume that for the unperturbed motion of a gyrocompass 
the following condition is satisfied 


V (V=V (Rucos > vp)? (1.1) 


2Bg' 
where B is the angular momentum of a rotor, Pl is the pendular moment of 
the gyrocompass, V is the velocity of the suspension point of the gyro- 
sphere, u is the angular velocity of the earth, ¢ is the latitude, Uy Up 
are, respectively, the Northern and Eastern components of the ship’s 


COS &) = 


velocity. 


The differential equations of the perturbed motion of the gyrocompass 
under consideration, which is mounted on amanoeuvering ship, are given in 
the paper [4]. Assuming that the conditions (0.2) and (1.1) are satis- 

fied we have 


(V2) — Pls — 2 Bsine, 28 = 0, —2y =0 
(2B sin e, 6) — Pl x - = QVa = 0, ‘+ 64+ 28 =0 


Here a is the aximuth deviation angle of the gyrosphere, f is the 
elevation angle of the Northern end of the gyrosphere above the plane 
tangent to the earth’s surface, y is the angle of rotation of the gyro- 
sphere about the North-South line. 


The equations (1.2), as well as the equations given in the paper [4], 
refer to the right-handed coordinate trihedral x°y°z° of Darboux, the x°- 
axis coinciding with the velocity vector V of the suspension point along 
the tangent line to the earth’s surface; the earth is assumed to be a 
sphere of radius R and the z°-axis is along the normal to the earth’s sur- 
face. 


The angular velocity 2 of the trihedral about the z°-axis is expressed 
by the formula 


Q = using 4 + = (1.3) 


where a* is the velocity deviation of the gyrocompass. 


2. We shall assume that the ship manoeuvres at a given fixed latitude ¢. 
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We shall introduce new variables x, and x, through the relations 


Ru cos@ _ sing 


We shall also replace the symbols 8 and y by the symbols x, and x,, 
respectively. We shall assume besides that the parameters of the gyro- 
compass are such that the condition 


2Bg = PIRu (2.2) 


is satisfied. 


Then the system (1.2) could be teduced to 


— Q(t) tg px, = 0, + 


u COS @ v? 


usin or, + Q(t)z, = 0 


(2.3) 


2 
+ + Q(t) ctg er, = 0 
where 
_ __VPis 
waa V R’ P(t) = 2B sin €, (t) (2.4) 


From the system (1.2) we could obtain the equations of motion of the 
gyrocompass, discussed in [1,2,3]. 


In order to obtain these equations, we must neglect the terms contain- 
ing the factor 1, and we mst regard the quantity p as a constant. Under 
these conditions the system could be broken up into two independent 
systems of equations with respect to Xi» X, and Xa, Xy which determine 
the undamped harmonic vibrations of the compass with the circular fre- 
quencies v and p, respectively. 


At high latitudes, the terms containing the quantity © become of the 
same order of magnitude as the remaining terms in the system (2.3) and 

could considerably influence the properties of the solutions. This can be 
easily shown in the simple case corresponding to {’ and p constant. 


With these conditions the characteristic equation of the system (2.3) 
could be written in the form 


M+ +e=0, (b= 4+ 20%, ¢ = (Q* — p*) (Q* — (2.5) 


The necessary and sufficient conditions for the roots of (25) to be 
pure imaginaries are 


b>0. b—4e>0 (2.6) 


The first and the third of the above conditions are always satisfied, 
the second one implies the following inequalities: 


either — p?>0, Q?—v?>0. or (2.7) 
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For example, if v* < 9 < p?, then the equation (2.5) will show that 
ce < 0, and the solutions of (2.3) in such a case will grow without bounds. 


3. We shall now investigate the case where at a given latitude the 
ship travels in a circle with constant speed v, beginning to circulate 
for the first time from the Eastern course. Then 


(3.1) 


Uy = vsinat, Ve = wl (w = 


where w is the circular frequency and T is the period. 


From the formulas (1.1), (1.3) and (2.2) we have 


sin? Ey = 1 2 Ru sin? ) jsin’¢ (3.2) 
Q= Ru cos 9+ vp + U sing + R ‘ge — (Ru cos @ + vp)* (3.3) 


Using the expressions (3.1) we obtain 


sin* = 2 cos wt — ) |sin 9 (3.4) 


vo cos wt 
Q= 
Ru cos 9 + v cos wt 


92 
+ using + (3.5) 


Under these conditions the variable coefficients of the system (2.3) 
would be periodic functions of period 7. We shall investigate by the 
Liapunov method the stability of the trivial solution of the system (2.3). 


Let || x.,(t)|| be the fundamental matrix of the solutions of the 
system (2,4) corresponding to the initial conditions 


4 
jx (0) = = {, (ise (3.6) 
where j is the index of the function Xj and k is the index of a solution 


{7}. 


In our case the characteristic equation of (2.3) will be reciprocal. 
To prove this we apply the same reasoning which Liapunov used in his in- 
vestigation of the system of differential equations in the problem of 


three bodies [5 ]. 


We shall present the system (2.3) in the form of two equations in x, 
and x,. We have 
2,” + (Vv — Q*) 2, = + tg or, 
a,” + (p? — Q*) 2, = — 2Qetg — etg 
On the strength of formulas (2.4), (3.4), and (3.5) the functions p* 
and 2 will be even and the equations (3.7) will not change if we replace 


(3.7) 
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t by — t and x, by — x,. Thus, if p-is any root of the characteristic 
equation, then alongside the particular solutions 


4, = M (t)o'". = N 


where M and N are periodic functions of t of period T, there will also 
exist particular solutions 
t/1 
r=M(—t)p , 

The above solutions correspond to the root 1/p of the same character- 

istic equation; consequently, the equation will be reciprocal of the form 

The regions of stability (non-asymptotic) are determined by inequal- 

ities, also derived by Liapunov (see also [61]), which are as follows 


n 


—2< A, <6, A, — 2) < A? < + 2)? (3.8) 


The invariants A, and A, could be computed by the formulas 


6 
Ay= VL, (7) 


(3.10) 


te 


4. In order to find the invariants A, and A,, we shall replace the 
system (2.3) by an equivalent system of Volterra integral equations of 
the second kind, and then use successive approximations. 


The construction of a scheme of successive approximations is more con- 
venient when the ship begins to circulate from the Northern course. Then, 
instead of (3.1) we have vy = v cos @ t, vp = — v sin@wt, and the equa- 
tions (3.2) and (3.3) assume the form 


sin*e, = [1 + 2uctg* wt — (uctg¢)*] sin® 


sin wt u2w cos? wt 
using — pu sing sin wl 


Sin wt sin wt)* 


? 
= - 
Ru cos 


In this case the functions p*(t) and ((¢) are not even; neverthe- 
less, as we shall see later, the characteristic equation (2.3) is also 


23 
q 39) 

. 

where 

L, 1 12 11 13 | | 

(4.1) 

i where (4.2) 
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reciprocal in this case. 
We shall make calculations for speeds of the ship less than 25-30 
4 knots (12-15 m/sec), with the period of circulation T = 4 min and for 


Under such conditions the dimensionless parameter p determined from 
the formula (4.2) will be small compared with unity (of the order 0. 15- 
0.2), Using this assumption in the expansion 


{ 
1 +p sin wt 


=1+usinwt 


and taking into account that u sin @ is a small quantity of order a we 
obtain 


Q = — pw sin wt + O (4.3) 


where O(n?) denotes all terms of the same order a uw? or higher. Similarly, 
considering cot“ a small quantity at latitudes 70-80°, we have 


sin*e, = sin*¢ + O(u*) (4.4) 
ie Using only the first terms in the expressions (4.3) and (4.4), we ob- 
- tain the system (2.3) in the form 

(4.5) 

—poctg psinwlz, = 0, Tz + U SIN — z, = VU 
; Here, on the strength of (4.4), we have taken p = y Pls/2B sind. 
= We shall break up the interval (0, T) into two intervals (0, #/w), and 
4 (w/w, 20 /w). We have 

4 2 4 2ut ccs 4 wf <t< 

sin wt = (4.6) 
4 2 4 ‘cos 2wt cos 4 wt 4 ( <1 


In the interval 0< t < 2/w, using the expansion (4.6), we shall ex- 
press the system (4.5) in the form 


— + =/(t) tg prs 
+ ucos or, + = f (t) 
Z + usin Qt, = — f(t) (4.7) 
ry — ctg px, = — f(t) ctg px, 


using. 
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4 
f(t) = 1 (4.8) 
Considering the right-hand members of the system (4.7) as the known 
functions of time and applying the method of variation of constants, we 
shall reduce the system to the equivalent system of Volterra integral 
equations of the second kind 


t 
(t) = (t) +.) Ky. 5(t, + | Ko, s(t, 2) + 
0 


0 
t 


Ks, ;(t, t)23(t)dt + Ka s(t, t)2,(t)de 2, 3, 4) (4.9) 


0 


where the functions x.°(t) in the indicated interval are solutions of the 
system (4.7) when the right-hand members equal zero (homogeneous solu- 
tions). 


The characteristic equation of this system is of the form (2.5) 


+. (p? + v? + 20,5?) + (Q,2 — p?) (Q,2 — = (4.10) 


Using the same reasoning as in Section 2, we conclude that if the 
quantity 2,7 is in the interval 
< < p’ (4.11) 


then the equation (4.10) would have a positive root. 


The condition 2,> 7 could be reduced to 


‘ x T 


Ru cos¢ (4.12) 


Assuming that the condition (4,11) is satisfied, we obtain the roots 
of the equation (4, 10) 


hy =m, he = — Mm, hs = gi, g=—gi (4.13) 


We shall apply to the equations (4.9) an iteration scheme, taking as 
the first approximation x.(t) = x.°(t). The iteration scheme is fully 
legitimate, because the sequence of the successive approximations for 
the equations (4,9) is convergent. 


Using only the first approximation we obtain solutions in the interval 
(0, w/w) in the form 


x; = C;chmt + D;sh mt + E; cos qt + G;sin gt (4.14) 
Here 
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: AAS 
Cy = + x, (0) — 2 (0) | ( ) 
1 v2 
= E cos + P* — Qo") (0) — (m* + — p?) tg 


i 2 
— mi + + 2,2 — gq?) x, (0) —2 0)| 
9 + |u cong — 20° — 9°) (0) — 20 — p — #)tg921(0) | 
[ 2 24102 0) +o (P* 
m* + m* + p® + 24%) 2, (0) + sin (0) 


1 
= m (m* + 93) cos @ m* — p*) x, (0) — Qe (m* + Q,? — v*) zy (| 


E,= — gi | + — 9°) 22 (0) + +1 )usin (0)| 


Gy == — gh E cos + — p*) 2; (0) — Q, (Qo? — — q*) zs (| 


| cos 
C3 = 20, (p* + v*) (0) + (m? + 0,2 + v*) zy 
1 


2 
Ds = m (mt 93) B + Q,? — p*) (0) + (0,2 — SiN 9% 


ucns 

al ya 29 (p? + v*) (0) — — + (0)| 

Ca = — | (20° — P* — q*) 22 (0) +\ P+ ) usin ex, (0) 

1 v? 
C.= ? [20, using’? (0) + (m?® + Qo? + v*) x, | 

1 2 2 2 f 2 2 2 oy | 


1 v? 


, 


1 
(v8 + — 24%) ctg (0) — g — Me? — 9°) 5 (0) 


Having formulas (4.15), it is easy to construct the matrix lx, ft) Il, 
satisfying the initial conditions (3.6). 


Taking into account the conditions (3.6) and using formulas (4,14) 
and (4,15), we can construct the solutions x, in the interval (0, w/w), 
which after proper adjustment to the new initial conditions can be con- 
tinued in the interval 27/w). 


Equation (4,10) does not change when Q, is replaced by - 1,; therefore, 
in the interval (w/w, 27/w) we shall also have solutions of the form 


ig 
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(4.14), in which the coefficients C, D, E, G should be computed by the 
formulas (4.15) changing. the sign of 


Let ¢ = 80°, v = 30 knots, T= 4 min, The parameters of the compass 


are as follows: 


Pl = 4550 gem; s = 200 gem; 2B = 21 x 10" gem sec, 


For the above data we have 


2 1.02438 x 107° sec™?, 


= 2.0330 x sec™*; 


Since v* =g/R = 0.15376 x 107° sec™*, the condition (4.11) is satisfied, 
and the roots of the equation will have the form (4,13). 


In this case the computed values of m and q are 


m= 1.405799 x 107? sec™!; q = 6.655935 x 107? sec™?. 


For the above data the matrix lz; ,¢DIl. satisfying the initial condi- 
tions (3.6), has the form 


(0.932136 28.392466 1.123568 0.491128 || 
0.00456165 0.932136 0.0909062 0.031682 


(4.16) 


0.00558646 0.0865987 0.492616 0.177823 


0.198115 4.249876 0.492616 


0.0160291 


The characteristic equation of the above matrix written with the 
accuracy of three decimal figures is 


p* — 2.849p3 +- 3.805p* — 2.849) +- 1.000 = 0. (4.17) 


Equations (4.5) have also been integrated on the high speed computer 
"STRELA" under the same conditions that lead to the matrix (4.16). The 
characteristic equation computed by the machine was 


2.848p3 3.809" — 2.848 + 1.000 — 0 (4.18) 


Equation (4.18) agrees very well] with equation (4.17). 


It can easily be shown that in both cases the conditions (3.8) are 
satisfied; hence, the solutions are stable in the Liapunov sense, in spite 
in the expressions (4.14). 


of the presence of the hyperbolic functions 


5. If we consider the equations of the perturbed motion in the finite 
interval of time (0, t*) (for example, in the interval 0 < t < m/w, which 
corresponds to half a circulation) after which the ship resumes the 
straight line course, then the presence of a positive root in the equation 
(4.10) causes the coordinates x. to increase in the given interval (the 
initial values at t = t, are x, 0)). 


In cases of prolonged manoeuvres of the ship, which consist of sequences 
of turns and circulations, separated by intervals in which the ship 
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travels in a straight line with constant speed (in such a case the motion 
of a gyrocompass is described by a system of equations different from 
(4.5)), and with non-zero initial conditions the gyrocompass could acquire 
very undesirable oscillations of increasing amplitude. 


6. Now considering the equation (4.10) and the formulas (2.4) we shal] 
allow the slope s characterizing the restoring moment to be sufficiently 
small, and satisfy the condition p = v. 


It could easily be shown that in such a case the indicated equation 
will not have positive roots, consequently there will be no tendency for 


oscillations to increase in amplitude. 


It could be mentioned, that when p = v, the equations of the perturbed 
motion (2.3) can be integrated in closed form and will possess the pro- 
perties of the space gyrocompass of Geckeler-Anschutz. 


This could easily be demonstrated by constructing the solution of 
(2.3) by the method used in [4]. 
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This article presents an asymptotic method for the determination of the 
eigenvalues of certain systems of homogeneous linear differentia] equa- 
tions, and techniques for the determination of the exponential matrix. 
The radius of convergence is indicated for the series which represent 


the invariants of the exponential matrix. 


1. Let the n-order matrix 


Viy= r*v, (1.1) 


k=0 


be eiven, where A is a numerical variable, the matrices Vp are independent 
of A, and the series (1.1) converges in the region 


(1.2) 


We will assume 


W =InV(A) = “Wy (1.3) 


k=0 


and that the series (1.3) converges in the region |A| <r, < r. 


1 


Theorem 1. If the eigenvalues of the matrix V‘A) do not vanish in the 
region (1.2), then the invariants of the matrix Whave a series represent- 
ation in integral powers of A, converging in the region (1.2). 


Proof. The eigenvalues v, fA), ..., v,) of the matrix V(A) are deter- 
mined from the equation 


,QC 
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... 47,0) =0 (1.4) 


where V,(A) (k= 1, ..., nm) are holomorphic functions of A in the region 
(1.2). It follows that in the region (1.2) the eigenvalues v,(A) have 
only algebraic singularities, an! that for any A. from the region (1.2), 
the eigenvalues can be represented in the form of series in integral 
powers of ‘A -A,) or (A - 
k <n. The eigenvalues W,, «ee, w, of the matrix ¥ are equal [1! to 


n 
In v,(A), ..., In v,(A) (we consider them as the principal values [2]). 


, where k is a positive integer, with 


The invariants o, of the matrix W are symmetric polynomials in In v 


i’ 
Inv, of order ko, (A) = o,(1n v 


5.) 
In v,). 
The albebraic singular points A. of the functions v,, ..., v. will not 
gular p 
be singular points of o,(A), since in the neighlorhood of the point A,, 
P k poe 


the functions o,(A) are single-valued by virtue of being symmetric func- 
tions of In v,, ..., Inv,, and by virtue of v,/A) 4 9 in the region 
(1.2). This proves the theorem. 


Corollary*. If the series (1.1) is integral, then also the invariants 
of the matrix W will be integral functions of A (with the condition 
vA) 9). 


In fact this Theorem was alrearly prove! in article [3] and has been 
mentioned in article [4]. 


2. Let the system of linear differential eqations 


dX /dt = XP(t) 2.1) 


be given, where P(t) is a continuous periodic matrix of orler n with 
perio! w= 27 in the region t 2 %, and ¥ an integral matrix of order n. 
The matrix X(t) normalized at the point t = " can be represented in the 
form 


X (t) = e4*Z (0) (2.2) 


where A is a constant n-order matrix relative to t and Z(t) is periodic 
with period w = 27. 


Z(0) =T/, 22A = InX (2) (2.3) 


Clearly the theorem and the corollary hold for any function Y= f(V(A)), 
where f(z) is analytic in the region (1.2) and where the eigenvalues 
of the matrix V(A) do not take on singular values of the function f(z). 
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We shall here take In X(27) as the principal value. We will assume 
that among the characteristic roots of the matrix X(2m7 ) there are negative 
roots [4]. Then 2(t) will have period 47 if we insist that A be real. 

But in the last case A is not determine! [4] by the equality (2.3). 


3. Let the linear system of differential equations 


dX /dt = XP (t,h) (3.1) 
be given, where the n-order matrix 
P(t,r)= >) Py (3.2) 
k=0 


the numerical parameter A, and’ the matrices P(t) are continuous and 
periodic with period 27. The series (3.2) converges in the region |A| <r. 


The integral matrix X(t, A) normalized at t = %, has, according to 
formla (2.2), the following representation: 


X (t,°) = eAONZ (t, d), Z(O,)=1 (3.3) 


k=0 


Here the series (3.4) converges in the region |A| < r. AsA + © we 
will have ¥{t, A) + ¥.(t) where 


(t) 


at 


(t) Py (1) (3.5) 


Ry formula (2.2) 


X, (t) = e4 Zo (t) (3.6) 


Let the characteristic values of the matrix X¥,(2m ) be 
and the characteristic values of the matrix 27A), be the principal values 
In ood, with none of the nerative. 


When = x also In x,° In and the matrix on A, In X, (2m) 
will be real [4]. Then [ 4] 


In X (2, = 2eA 2rA, for A-0 


and hence* 


A(h) = + In X (22,2) = A >, Ag" (3.7) 


0 


We will note that in article [5] the discussion centers about the 
expansion of the canonical form A(A); in article [6 | Lemmas 1.1 and 

1.2, Theorem 2.2, and the formula for Y"(r, €) (p.320) repeat the known 
results. 
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Nere the series (3.7) converges in the region |A| <r, < r, but the 
invariants of the matrix A(r) are, in accordance with Theorem 1, holo- 
morphic in the region |A| < r. Moreover Z(t + 27,A) = Z(t, A), and 


Z(t,r4)= Dy Ze (tyr (3.8) 
k=0 


If some of the 2,” are negative, we have 
2nA, = A,° riA,° = In X, (22) 


where A,° is a matrix commiting with A,*, which has a diagonal canonical 
form, such that the eigenvalues are equal to zero, if their position 
correspondls to the non-negative eigenvalues Pd and equal to one, if 
their position corresponds to the negative x,°. The matrix A,° is real. 
In this case we can write [4 ] 


(4) exp | In X, (22) (t) exp! A,°t| Z, (t) 


Z, (t) exp) (1) 
Hence the matrix 7,(t) will have a period 47. llere 
X X, (42,0) when 0 
InX InXQ(4z,0) = — Av for 


an 


The expression 1/47 In X(t, A) can be represented in the form 


X(t, = 


>) 


In all the cases, whenever in formula (3.3) the matrix A‘A) has a 
series representation in powers of A, the matrix Z(t, A) can also be re- 
presented in such a series. This can be seen from (3.3) where the free 
term of such a series will be Z(t) or Z(t) (from (3.9)). 

A special case of the system (3.1) is the case when P, 


constant matrix. 


Tt follows that if the characteristic values p,° of the matrix P, are 
such that p,° ~ p, # im (m integral), then we must take in formula (3.6) 


A, = Ps, Z, (t) I 


Now let some of the p, have the form 


! 
pr hy — Im is an integer) 


Then we can write 


A.A,, Im (ay - Aik 


Ay ri A, 


> 
ear 
oy 
23 
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and the characteristic values of the matrix A,, which has a diagonal 
canonical form, will be zeros or integers; 4,, -x- r of the matrix 


We can write 


X, (t) = (3.10) 


and let in (3.4) 
Ao = + A, Z,(t) = exp(+A,it) 


Now we will have 


X (2, h) X, (2x, 0), + In X (22,4) +A, =+A, 


Z(t, d) 2, (t) = exp (+ 
as A + 1 also (3.7), (3.8) hold if m) are even. 


If among the characteristic values p,° + (m/2)t of the matrix P, 
there are such values that m is odd, then 7, = exp 1/3 A,it will be 
. Thus we wil have (3.3), 


where 


‘co 
A(h) = = A, > A,i", Z(t,h) = exp (. 
k=1 


A,it) + 
k=1 


\ method for the determination of the coefficients of the expansion 
(3.8%) is piven* in article [4]. 


We may proceed somewhat differently [5]. In particular, supposing 


P(t) = P, to be a constant matrix, we can replace the integral matrix ¥ 
Ly the matrix Y, using 


** 


the equality 


— 


X : Y exp( A, it) (3.11) 


> 
2 


Substituting in (3.2), we shall obtain an equation for the determina- 
tion of 


Now we shall find 


Y= exp (= A, 


* This method has been formulated in article [3]. 


** See article [31] p. 10. 
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and consequently, 


X = exp A, + > Ayh*) t (exp A, it + > ) 
kot k=1 
In other words, the operation of replacement of the variable in (3.11), 


in the case of the constant matrix P,, is equivalent to the foregoing 
operations, where we set 


Z, =exp +A,it 


Tt must be noted, however, that in the case of the system (3.1) (re- 
gardless of whether P(t) is constant or not) the method for the deter- 
mination of the coefficients of the expansions (3.7) and (3.8) is very 


unwiel:ty. We offer, in the following Sections, another method for special 
cases. 


4. let us consider a system (3.1) in which P.(t), , P(t) are con- 
stant matrices. We shall further assume that the matrix P, does not have* 
characteristic values P,, P, such that py - p, = mi (m integral). 


We shall seek a solution of the system 3.1) in the form (3.3), where 


A(\) and Z(t, A) have the forms (3.7) and (3.8) respectively. Moreover, 
A, = P, and Z, = 1. 


We have, for the determination of Z, and A,, the ecmation 


. 


[=0 
We must look for periodic 2,(t) and Z,(9) = 9. We see from (4.1) 
Z, = 0, A, P, (k=1 ,m) 


Thus we have 


= P, + + 


Z(t,rA)= 1-4 Z, 


k=m+1 
We may set approximately 
A(k)~ P, + + (4.4) 


In finding the characteristic values of the matrix AA) by means of 
the equality (4.4), we can use, by Theorem 1, the convergence of the 
series (3.2) in the region |A| < r. 


We may also proceed as follows: Writing the system (3.1) in the form 


* We can always make such a reduction, as we have just seen, 


4 4 
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d 


@ 


k=0 k=m+41 


shall consider the auxiliary system 


is a parameter) (4.6) 


shall now seek a solution of the system (4.6) in the form 


X = expA(e)t-Z(t,¢) (4.7) 


A (e) = Z(t,¢) =I Zn (4.8) 


k=1 k=1 


this form the solution always exists [3,4] fore sufficiently 


have for the determination of 7, andA, the equation 
k-1 


az 
= + Pa(t,)] — Ar — >) (4.9) 


= P(h) Py (4.10) 


Pu \P, (t,») dt — \ P,(t,d)dt (4.44) 
0 0 = 
In finding the characteristic values of the matrix‘A‘e ) we can put 
« = l, since the invariants of the matrix Ale) are, by Theorem l, inte- 
gral functions of ¢. Moreover we see from (4.9) and (4.11) that Z,(t), 
Z,(t) ..., as well as A,, A, ... are small, of order m+ | relative to A. 


Therefore to within magnitudes of order m+ 1, the characteristic 
values of the matrix A(1) of the system of differential equations (3.1) 
can be sought, in this case, by setting 


A =P (4.12) 
We have obtainel the previous result; here however we may consiler 


P,(t, A) only as small, of order m + 1, without presupposing analyticity 
with respect to A. 


5. Let us again consiler the system (3.1), this time assuming P(t) = 
P, to be constant with the property p, — p; # mt. In this case the solution 
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X(t) can be represente:! in the form (3.3) where Af) and Z(t, A) have the 
series representation (3.7) an! (3.8). This solution, however, can be 
written somewhat differently. We shall apply the abridge! Krylov-Rogo- 
liubov transformation method, which was used by Shtokalo [&] and also 
by the author [9]. First we obtain 


m m 


k=] k=0 


and then, in accordance with Section 4 
k=0 k=1 


where A, - Poe and A, Z, (k= 1, ..., m) are determined from equations 
(4.1) 


Thus 
X = exp( >) T+ (t) 1+ Zs (t)] (5.3) 


k=0 
Tf the condition Pp-P,# mi is not satisfied, then, as was shown in 
the work of Shtokalo [%], the characteristic values of the matrix Ay 
in the second equation of (5.1) will satisfy such a condition, while in 
the first equation we shall have, instead of the matrix I, R exp Vit, 
where B is a constant matrix and V a diagonal matrix whose elements are 
integers. 


In article [8], Shtokalo considers a system of the form 


dX 


where F(t) is a finite sum. But clearly nothing is change in the method 
if we consider a system of the form 


k=1 
where P,(t) (k= 1, ..., m) are either matrices of the form F(t) or 
periodic. 


We must only make a reduction to the case a, — a, # mi (where a, are 
the characteristic values of the matrix A and m is integral) and find 
A,, Z, by the method of Section 8, article [4[, or by the method of 
article [8]. 


We may assume P,(t) to be uniformly quasiperiodic functions [19] with 
exponents* A,‘*) + «as | + « and also with certain other exponents. The 


* Por simplicity we assume the totality } AL of the exponents of 


the matrices P,(t) to be independent of k. 
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matrices A, and Z, (k = 1, ..., m) can be found in many cases. (See for 
examp le wektahe (4 ]}. But since Theorem | does not hold in these cases, 
the stability problem of the solutions must be investigated by Shtokalo’s 
method, i.e. by the construction of Liapunov’s function. Consequently, 
the matrices 


m 


>) 


k=0 
cannot be considered* as approximate values of the exponents. 


If P,(t) is not a constant matrix, then we can use the abridged trans- 
formation 


X = ¢[Z,(t) + 2 [2 Rn (5.5) 


where Z, o A, are determined from equations (3.5) and (3.6) and Aj, 
Z,(t) (k = 1, ..., m) are found from the se (4,1): 
. 


with Z,(t) subjected to the periodicity condition, and Z,(0) = 


Section 8 of article [2] gives formlas for the determination of 
Z,(t) and A, [ (8.45), (8.46)]. Next, if RU(A, t) is a periodic matrix, ¢ 
ea be pare A in (5, 5) by the method of Section 4 of this article. If in 
(3.6) the characteristic values A, are pure imaginaries and simple, we 
may proceed in a different manner. 


Replacing 


X an YX, (5.7) 


Y [XoPX,* Y{[XoP, (t, h) Xo (5.8) 


P, (t, 4) = P—P, = > P, (t) * 


Substituting in (5.8%) the expression X, from (3.6) we will find 


Provided we are not working with a system for which the stability of 
the eigenvalues is valid. (In this connection see the works of B.F. 
Bylov, I.G. Malkin, R.E. Vinogradov, Iu.S. Bogdanov). 
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= Y (t) Py (t, 4) = YQ (t. dy 


Here the coefficient matrix %t, A) has the form 


Qt N= (5.10) 
k= 


where the elements of the matrices 9,(t) will Le periodic if the matrix 
exp'A,t) is periodic, and of such period as P,(t), or if it has the form 
p(t) exp (ait), with the function p(t) periolic anda real (if A, has 
simple elementary divisors). Hence we can apply to the system (5.9) 
Shtokalov’s method [® ]. Here we shall get for the determination of A, 
equations [4,19), where we must put P, = A, = %. Hence the matrices 7, 
and A, will be easily determined (since P, = A, = ", see (5.6)) from the 
con‘lition of boundedness for 7,(t) (since the function p(t) exp (iat) 
has a mean value [10] or from the periodicity of 7,(t), provided the 
Q(t) are periodic. If in (5,19) the matrices %,(t) turn out to be periodic, 
then we may take for approximate values of the exponents of the matrix Y 
the eigenvalues of the matrix 


We will note in conclusion that if the matricesP,(t) are perioclic 
with a single period 27, then by (3.4) we can find the matrix (3,7) 
(directly (without finding Z,(t)), using the formla 


A (i) = Im X (2s, 7) 
Nere we take always the principal value of the logarithm and use the 
formas (1.31), (1.32) of article [2], or the corresponding more general 
forma for n-order matrices of article [12]. This will absolve us from 
examining the special cases when the values of In X,(2m ) are regular or 
irrepular. 
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A qualitative investigation of a nonlinear differential equation of 
the second order is carried out. This equation, in particular, 
describes the motion of a particle along a closed curve subject to a 
pushing force. Under certain additional conditions the presence of a 
pushing force assures the existence of at least one stable limit cycle. 


A simple illustrative example is a pendulum, subject to the action 
of a pushing force. 


Consider the equation for the oscillations of a pendulum 


+af+bsind = L+ 8M (1) 
for 0, for 6<0 


where 5 = 1 for 6 > 0, 8 = — 1 for @< 0 and a, 6b, L, M are positive con- 
stants such that 


0<L+Ma<b 
holds. 


The constant L in equation (1) corresponds to the presence of an ex- 
ternal moment, the constant a characterizes the magnitude of the resist- 
ence of the medium and M is determined by the presence of a force pushing 
the pendulum in the direction of its motion. 


Let 8, be the smallest positive angle satisfying the condition sin 6, = 
(L + M)/b. By the substitution x = @ - 6, equation (1) is reduced to the 
form 


+azr+/(z)=0 
where 
{ (xz) = b[sin(z + 9,)—sin9,] for x >0 


f(x) = bfsin (x + —sin9,) 4+ 2M for x <0 
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In the article under consideration oscillations determined by the 
equation 


f(z) =0 (3) 
are investigated, where 
(a) =f,(2) for #>0, 


f(z) = f,(z) for 12 <0 


Conditions are imposed on the functions R(x, x), f, (x) and f, (x), such 
that equation (3) becomes a generalization of equation (2). 


Differential equation (3) is equivalent to the system of equations 


y = —R(z, (2) 


(4) 


<= y, 


The functions f,(x) and f,(x) are assumed to be continuous for all x, 
each continuously differentiable in the neighborhoods of its zeros. In 
order to avoid critical cases, it is assumed that the derivatives of the 
functions f,(x) and f,(x) do not vanish for the zeros of the functions 
themselves. 


In addition, let the functions f,(x) and f,(x), for all x, satisfy the 


conditions 

i fale + 2n) (2) 

= = f2(%)=9, % 0 (6) 

i Here x, and x, denote the roots of the function f,(x) nearest to 

7 x= 0, while 7, and, are the roots of the function f,(x) nearest to 

4 x=, xf, (x) > 0 in a neighborhood of x= 0, (x - nN) )f,(x) > 0 ina 


neighborhood of x = No» and 


on 
J, =\ dx <0 (7) 
In the present article we shall consider only one case of the mutual 
disposition of the roots of the functions f,(x) and f(x), namely, we 


shall assume that the inequalities 


Le < To < To < (8) 


hold. 


Obviously, in the case of the example mentioned at the beginning of 
the article, the presence of the pushing force of the pendulum assures 
the above mentioned disposition of the roots of the functions f,(x) and 
f,(x). Sketches of the graphs of the functions f, (x) and f,(x) are given 
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in Fig. 1. Notice that the graphs of these functions can, in general, 


intersect. The integral 


= \ (x) dx (9) 
can assume any sign and may also be zero. For further investigations this 
fact will be of essential importance. 


We shall assume that the function A(x, y) is continuous on the whole 
xy-plane, continuously differentiable in the neighborhoods of the points 
‘no, 0), (0, 0), (x,, 0), (n,, 0) and such that the conditions 


R(z + 2, y) = R(z, y) 
Riz,y) increases with y (10) 


limR(z,y)>0 Rizr, 0)=0, lim Riz, y)<0 as 
are satisfied. — 


Equation (3), satisfying the conditions (5) to (8), in general, des- 
cribes the motion of the particle along a certain closed curve, subject 
to the action of a pushing force. 


The aim of the present paper is a qualitative investigation of system 
(4) under the assumptions (5) to (8), i.e. the consideration of the 
possible different dispositions of the integral curves of this system 
and the study of its limit cycles. 


From the assumptions concerning the function f(x) it follows that the 
trajectories of the system (4) for the half-plane y > 0 are determined 
by the system of differential equations 


z= y, y =— R(z, y)—/, (2) (11) 


while for the half-plane y < 0 by the system 
g=y, y = — R(z, y) — /2 (2) (12) 


The possible disposition of the trajectories of the system (11) under 
the assumptions (5), (10) has been investigated fully in an earlier paper 
[1]. If the condition J,(y,, 7,) < 0 is satisfied for system (12) also 
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the disposition of its trajectories can easily be established by means of 
Theorem 1 of the same paper [1]. In order to apply the results of the 
above mentioned paper to system (12) for the case J,(y,, n,) > 0, it is 
sufficient to carry out a substitution of variables, by replacing y by 

— y and x by 7, — x. Introduce the notations 


x) = F(z), — R(%- 


Then it is easy to see that equation 


which is equivalent to the system of equations (12), satisfies the 
assumptions of Theorem | of article [1], i.e. the results established 


in that theorem can be applied anew. 


In order to investigate the disposition of the trajectories of system + +¢ 
(4) on the whole plane, it is sufficient to "paste together" along the 
x-axis the trajectories of system (11) for the half-plane y > © and the 


corresponding trajectories of system (12) for the half-plane y < 9. Let 


us elaborate on this in detail. 


The phase trajectories of system (4) are determined by the different- 
ial equation 
Rix. y 


(13) 


where the functions R(x, y) and f(x) satisfy conditions (5) to (7). 


We shall consider the phase space of system (4) as being developed on 
the xy-plane [1]. Because of the periodicity with respect to x of f, (x), 
f(x) and R(x, y), the disposition of the integral curves in the xy-plane 


will be the same in all strips of width 27 and parallel to the y-axis. 


Therefore, it is sufficient to investigate the disposition of the in- 
tegral curves of equation (12), for example, in the strip 


<2, for for y<9 

Of essential significance for the disposition of the integral curves 
of system (4) are the singular points of systems (11) and (12), the co- 
ordinates of which are found from the equations f,(x) = 0, f, (x) = 0, 
y = 9. In order that the motions of system (4) have an oscillating 
character, assume that the following conditions are satisfied: 


The singular points of systems (11) and (12) decompose the interval 
[x,, »,] into several segments, of which the three segments [x,, 7,], 


1188 
— = (x, y) 
dy — R, (zx. y) F i 
dx y 
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(n,, 9) and [x,, ,] consist in their entirety of unstable points (Fig. 
2). These segments will be called unstable segments of system (4). 


We shall study the disposition of the separatrices of system (4), and 
also of the several needed integral curves of this system by means of the 
isoclinics of equation (13). Isoclinics of inclination zero are the 
curves determined by the equations 


(z7)+ y)=0 fory>9, te for <0 


Due to the assumptions mentioned below regarding the functions f, (x), 
f,(x) and R(x, y), these equations uniquely determine the dependence of 
the ordinates of the points of the isoclinic as functions of their 
abscissas 


y = ®,(z) fory > 9%, y = D, (x) for y <9, (14) 


Moreover, as it is easy to establish, the zeros and the intervals in 
which the functions ®,(x) and ®,(x) have a constant sign coincide with 
the zeros and intervals in which the functions f,(x) and f,(x), respect- 
ively, have a constant sign. The isoclinics of zero inclination (14), 


together with the isoclinic of vertical inclination y = 0 of the integral 
curves, decompose the xy-plane into regions in which the derivative of the 
integral curves of system (4) has constant sign. Therefore, the direction 
field of the system can be easily constructed (Fig. 2). 


The study of the direction field of system (4), satisfying assumptions 
(5) to (10), and of the nature of the singular points of systems (11) and 
(12), shows us that the presence of unstable segments of system (4), 
in comparison with the previously considered case [1], creates a larger 
number of possible qualitative pictures for the disposition of the in- 
tegral curves of system (4). In particular, the presence of the unstable 
segment Ino, 0) may imply the existence of a stable limit cycle, embrac- 
ing this segment and carresponding to the periodic solution X(t) of 
equation (3). 


959 
rom 
Z 
/ Py Se 5 
/ 
= 2 \ 
a ig Pig. 2. Fig. 3. 
: 


4 


1190 B.A. Barbashin and V.A. Tabueva 


If the conditions (5) and (8) are also satisfied, it is possible that 
system (4) possesses periodic solutions Y,(x) and Y,(x), corresponding 
to the limit cycles embracing the cylinder of the phase surface of the 
system and satisfying for all x the conditions 


(x + 2n) = Y;(z) (i=1,2) for all x 
(15) 
\ (a) 4 R(x, ¥i(z)))dx=0, (x) 
0 


The functions Y, (x) and Y. (x) can vanish only at the points which corres- 
pond to the cbecione of the unstable singular points of systems (11) and 
(12), respectively. 


Let us denote the separatrices of system (4), and also some of their 
continuations, by means of integral curves as in Fig. 3. For the con- 
venience of the exposition the latter will also be called separatrices 
of system (4). 


23 
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The varieties of the qualitative picture for the disposition of the 
integral curves of the system under consideration are determined by the 
various combinations of the existence and nonexistence of the periodic 
solutions X(t), Y, (x), Y, (x) of equations (3) and (13), respectively, as 
well as by the various sasible mutual dispositions of the separatrices 


Analogous to Theorem | of article [1], a theorem can be formlated 
and proved to the effect that system (4) under the assumptions (5) to 
(7) possesses five and only five possible varieties for the qualitative 


picture of the disposition of the integral curves. 


The necessary and sufficient conditions for the existence and non- 
existence of periodic solutions with respect to x are given in Theorem 1 
of the previously mentioned paper [1]. So the fulfillment of the in- 


equality 
(0) > (0) (16) 
is a necessary and sufficient condition for the nonexistence of the solu- 


tion Y, (x). On the other hand, for the existence of this solution it is 
necessary and sufficient that the inequality 


(0) < (0) (17) 
be satisfied. 


Analogous conditions can be given also for the periodic solution Y,(x) 
of equation (13). So, the fulfillment of inequality 


> Te (%o) (18) 
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is a necessary and sufficient condition for its nonexistence, while for 
the existence of Y,(x) it is necessary and sufficient that the inequality 


(%o) (%) (1%) 
be satisfied. 


Criteria for the existence or nonexistence of periodic solutions with 
respect to x can be obtained by means of inequalities (6) to (19), using 
estimates for separatrices contained in these inequalities. 


In order to derive conditions for the existence of a periodic solution 
X(t) with respect to t of equation (3), it is necessary to consider the 
mutual disposition of the separatrices Fos Toe Sys Sp: The disposition of 
the separatrices will be given by the comparison of the segments cut off 
by them either on the y-axis or on the x-axis. Denote by x(s,) the length 
of the segment from the origin of the coordinates along the x-axis to the 
largest positive root of the function s(x), by x(r,) the length of the 
segment along the x-axis from the origin of coordinates to the smallest 
negative root of the function ro(x), and by x(r,) and x(s,) the lengths 
of the analogous segments. The points x(r,), x(r,), x(s,) and x(s,) are 
assumed to lie on the segment [n,, x). 


Lemma 1. Let the bounded region D contain in its interior an unstable 
segment [n,, 0] of system (4) and let it be situated in the strip x < 


If there is a point on the boundary of the region D such that the 
positive half-trajectory issuing from this point lies in the region D and 
does not coincide with the separatrices s, and r,, then there exists at 
least one stable limit cycle of system (4) embracing the segment [n,, 9). 


Here and in what follows a limit cycle is called stable if it is 
stable in the sense of Liapunov. 


Let us prove the Lemma. If a point, moving along a trajectory of system 
(4), remains as t + + « in the bounded region, then it must have a set of 
@ limit points, not intersecting the unstable segment [n,, 9) of this 
system. Since the set of w limit points consists of complete trajectories 
of the system, then it must contain the linfit cycle [2], necessarily 
embracing the unstable segment (no, 0). 


The limit cycle cannot lie in the upper half-plane. In fact, consider 
the funct ion 


v(z,y)=y? 2\ dr. 


0 


Computing the derivative with respect to time, we have,due to 
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equations (4) 
dv / dt = —yR(z, y) <0 for 


From this we conclude that the function v decreases along the limit 
cycle as t increases. This, however, contradicts the single-valuedness 
of function v. 


If we assume that the limit cycle lies in the lower half-plane, then 
we arrive at an analogous contradiction by considering the function 


x 


v(z, y)=y* + 2 \ Jo(x)dx fory<0 


No 
On the other hand, the limit cycle cannot lie either to the left of 
the point x = 7, nor to the right of the point x = 0, since such a dis- 
position would not be consistent with the direction field of system (4). 


Hence, the limit cycle lies in the region D and embraces the segment 
[n,, 0]. 


If the found limit cycle is unstable, then inside it must lie another 
limit cycle, being the set of w limit points for points which recede from 
the first cycle as t increases. Using the method of transfinite induction, 
we obtain at least one stable limit cycle, lying in the region D and 
embracing the unstable segment (no, 0] of the system. 


Theorem 1. In order that system (4) possess at least one stable 
limit cycle it is sufficient that one of the following conditions be 
satisfied: 
(a) 0 < < 2 (Pe) (20.1) 
(b) ($3) << £(To) < %o (20.2) 
(c) (0) < s, (9), To (%o) > T2 (%o) (20.3) 


Let the condition (20.1) be satisfied (Fig. 4). 


Consider the region D, bounded by the curves s,, rs and the segment 
[x(s,), x(r,)] of the x-axis. The segment [n,, 9] is situated inside the 
region D. The trajectory of system (4), coinciding with the separatrix 
Sy, enters the region D for some value of t. As t increases this traject- 
ory cannot leave this region due to the structure of the direction field 
and uniqueness of the integral curves of system (4). 


From the fulfillment of the conditions of Lemma | follows the exist- 
ence of at least one stable limit cycle of the system. 


In the case of the fulfillment of conditions (20.2) it is necessary 
to take for the region D the region bounded by the separatrices r,, s, 
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and the segment [x(s,), x(r.)] of the x-axis, and for the trajectory to 
be investigated to take the trajectory of the system coinciding with the 


separatrix r,. 


Finally, if the conditions (20.3) of the 
theorem are satisfied, one can take for the region 
D the region bounded by the separatrices s,, Sy) 
Pos and the segments ro(n,) 
[s,,(0), s,(0) ] of the y-axis. 


Fig. 4. Investigating the behavior of the trajectories 
of system (4), coinciding either with the sepa- 
ratrix s., or with the separatrix r., we can 

easily establish by Lemma | the existence of at least one stable limit 


cycle of system (4). 


Let us consider in detail the derivation of sufficient criteria for 
the existence of a limit cycle of system (4). 


Lemma 2. The integral curves s, and s of the system satisfy the in- 
equalities 


x 


$, (x) (2\ (2) (2\ /, (21) 


x 


for all those x for which the corresponding integrals are positive. 


In order to prove the first inequality consider the curve 


y (2\ (x) de) 
This curve intersects the x-axis in addition to the point x yr at 

a certain point x_ x, situated on the segment [x,, 0]. In fact, intro- 
ducing the notation 

(D(x) 2\ (x) da 
we have by virtue of the properties of the function f,(x) the inequalities 
® (0) > 0 and ® (x,) < 0, i.e. on the segment [x,, 0] there is a zero of 
the function ® (x). 


The separatrix s, satisfies the differential equation (13), i.e. the 


relation 


1 


(2) = 2\ S$, + da (23) 


Consider the difference of the squares between the ordinates of the 


curves s, and (22): 
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(2) (x) 2\ Rix, da 


x 


For s,(x) > 0 this difference is positive by virtue of the properties 
(10) of the function R(s, y). In this way the validity of inequality (21) 


is proved for all x. < x < x,. 
1 


Analogously, the validity of inequality (22) for all those x can be 
proved, for which the curve 


Na 


y = (2\ (24) 


x 
is situated above the x-axis. In exactly the same way also the following 


lemma can be proved. 


Lemma 3. The integral curves r. and r 
equalities 


, of system (12) satisfy the in- 


“2 1 


— (2 (x) dz) ro(x) > — (2\ (x) dx)" (25) 


for all those x for which the curves 


y=—(2\ (26) 


y= —(2 ( fo(x) dx)” (27) 


respectively are situated below the x-axis. 


Remark. It is easy to verify that for the values of x under consider- 
ation the curves (22), (24), (26), (27) are without contact [2] and 
intersect, as t increases, with the trajectories of system (4) along the 
x-axis. In fact, consider the function 

v (zx, vy) =y*—2| fi (x) dx 
x 

For this function the derivative with respect to time, calculated with 

due regard to equations (4), 

dv'dt = — 2yR (z, y) 
is negative for all y > 0 according to the properties (10) of the function 
R(x, y). 


Noticing that v(0, 0) < 0, we conclude that the curve (22) is con- 
tactlesg. 


Analogously one can verify the fact that the other curves arealso 
contactless. 
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Theorem 2. If the curves (24) and (26), issuing from the point (n,,0), 
intersect the x-axis correspondingly at the points x= x, x= 9, and 
0< x, then the system (4) has at least one stable limit cycle. 


In order to prove this theorem, consider the region D, bounded by the 
curves (24, (26) and the segment [x_, 7,] of the x-axis. Since the curves 
(24) and (26) are without contact, and are intersected by the trajectories 
of system (4) in the inward direction of the region, as is the segment 
[x,, nt, the trajectories of system (4), intersecting the boundary of 


the region D, as t increases, enter the region and remain in it as 

t + + «. The region D so constructed, embraces the segment [7,, 9] of 
unstable points of the system. Applying Lemma 1 we convince ourselves of 
the existence of at least one stable limit cycle of system (4). 


. Theorem 3. If the curves (22) and (27), issuing from the point (x, ,0), 


intersect the x-axis at the points x = x, and x = 7, in such a way that 
the inequalities x, < x, <1. <p, are satisfied, then the system (4) 
has at least one stable limit cycle. 


The proof of this theorem can be given analogously to the proof of the 
preceding theorem. It is necessary to take for the region D the region 
bounded by the contactless curves (22) and (27) and the segment [x_, 7] 
of the x-axis. 


Let us remark that Theorems 2 and 3 can also be proved by means of 
checking correspondingly the conditions (20.1) and (20.2) of Theorem 1. 


Theorem 4. If 
2 \ A(z)dz > 


0 


where 


A=max@®,(z) for B=min®,(z) for % 


are the extremal values for the ordinates of the isoclinics of zero in- 
clination (14) in the corresponding intervals of variation of x, then 
the system (4) possesses at most one stable limit cycle. 


In fact, from the properties of isoclinics (14), it follows that 
s, (0) < A and ro (no) > B. On the other hand, the curve (22) is contact- 
less and lies below the separatrix s 3 the 
curve (26) is above the separatrix r, for 7, < x < 9,- Consequently, we 
have 


— 


,» im any case for 0g x< x 


2 


s,(0) > (2 h (x)dz) rs (%) < —(2 fa (x) dx)" 


Ne 
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in conformity with inequalities (21) of Lemma 2. Comparing the obtained 
inequalities with the conditions of the theorem to be proved, we conclude 
that from the fulfillment of the conditions of the theorem follows the 
validity of inequalities (c) of Theorem 1. Thus, system (4) has in fact 
at most one limit cycle. 


Applying Theorem 4 to equation (1) we can assert that for sufficiently 
large (a) this equation has a periodic solution with respect to t, 
corresponding to the undamped oscillations of a pendulum. 


Theorem 5. If there exist values x = x. and x = on the segments 
[0, x, ] and [n,, No |, respectively, such that the inequalities 


x, 

\ fo (x) dx <0, \ f, (x) dx >0 

Te Ne 
are satisfied simultaneously, then system (4) possesses at least one 
stable limit cycle. 


In order to prove the theorem consider the curves 


Te 


y=(2\ (28) 


x 


y= —(2) (29) 


=x 


F (zx) = \ dz (30) 


Then by virtue of the assumptions with respect to the function f, (x) 
we have F(0) > 0 and Fix.) < 0, i.e. the curve (28) intersects the x-axis 
at a certain point x = € on the segment [0, x] as well as at the point 
x=. Analogously, it can be established that the curve (29) intersects 
the x-axis at a certain point x = ¢ of the segment [n,, ny | as well as 
at the point x = x,. Consider the region bounded by the curves (28) and 
(29) and the segments [n., and [é, x I. 


It is easy to show that the curves (28%) and (29) are contactless curves, 
intersected by the trajectories of system (4) inside the region D as t 
increases. By virtue of the structure of the direction field of system 
(4) the segments [y,, ¢] and[é, x_] are also intersected by the traject- 
ories of the system, entering the region /) as t increases. Finally, from 
the conditions of our theorem follows that the unstable segment [n,, 0 |] 
is contained inside the region )). 


From the above considerations follows that for the region PD the con- 
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ditions of Lemma | are satisfied, i.e. the system (4) actually possesses 
one stable limit cycle, if the assumptions of our theorem are satisfied. 


Corollary. If the inequalities 


\ A(z)dz>0 (31) 
Na 


\ fa (2) dx <0, 


are satisfied simultaneously, then system (4) possesses at least one 


stable limit cycle. 
The correctness of the formulated statement follows from Theorem 5 


proved above for x, = x, andy, = 7,- 
Notice, however, that the corollary to Theorem 5 can also be proved 
independent ly by verifying that the inequalities (20.3) of Theorem | are 


satisfied. 
In conclusion let us remark that the estimates for the separatrices, 
given by Lemma 2, can be improved without great difficulties. The suffi- 


cient conditions for the existence of limit cycles of system (4), form- 
2 to 5, in the same way, can be made more precise; 


ulated in Theorems 2 
it is true that this can be achieved only by making them more complicated. 
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ON THE VIRRATION THEORY OF QUASTLINEAR 
SYSTEMS WITH LAG 


(K TEORIIT KOLEBANIT KVAZILINEINYKH SISTEM S ZAPAZDYVANIEM) 


PMM Vol.23, No.5, 1959, pp. 836-844 


S.N. SHIMANOV 
(Sverdlovsk) 


(Received 25 February 1959) 


This article generalizes the vibration theory of quasilinear systems 
whose motion is described by ordinary differentia] equations to systems 
with a time lag. The case of resonance in quasilinear non-autonomous 

systems with a lag is considered. 


1. Formulation of the problem. ‘Ye shall consider a system whose 
motion is described by differential-difference equations of the form 


“here 


x(t) = (7, (t),..., In (t)), Ag = 


a, are constant matrices, f{t) = f,{t), ..., f,(t)) are periodic and con- 
tinuous functions of time t, of period 27, and the functions X = (X,, 

., X,) are periodic and continuous with respect to t, of period 2m. 
These functions have continuous partial derivatives with respect to 
x,(t-—17,), in some region G, defined by the inequalities 
= rs) | <R, < p* where and p* are positive constants. The 
functions X, have, in the same region, continuous partial derivatives with 
respect to the parameter The positive constants r,, 


+, 7, are such 
that 


The problem is to determine the periodic solutions fof period 27) of 
the system (1.1) which become, when » = %, the periodic solution x, °) of 
the generating system 


= Sa x(t—+,) +/(t) (1 2) 
o=1 


r 
dx (t) 
dt 
1198 


Quasilinear systems with lag 


We will consider the characteristic eqation 


A(h) =| >) ase 


of the homogeneous system (1.2). 


The roots of this equation which are either equal to zero or to 
N; V¥ — 1 will be called critical. (N are integers). 


We will distinguish two cases: the non resonance case, when equation 
(1.3) has no critical roots or roots near ‘to a magniturle of order of 
smallness x) to numbers of the form+ NV. /¥ —- 1, and the resonance case, 
when among the roots of equation (1.3) some of the roots are critical. 
In both cases the problem will be the determination of the periovic 
solutions of the system (1.1). 


This is the way in which the problem was stated in articles [1-3 | 
when quasi-linear systems whose motion is described by ordinary ‘iffe- 
rential equations were considered. The results of these articles can, 
however, Le carrie! over with great generality to systems with lag. 


2. Periodic solutions of the system (1.2). 1. The non-resonance 
case. (a) Let us assume that all roots of the equation (1.3) have real 
parts which are different from zero. 


We will introduce into the discussion the functions 


(id 
(a) = (2.4) 


where A(iA ) is defined by formula (1.3), and A. (iA) is the algebraic 
cofactor of the element of the matrix || \ {iA )|| in the jth column and 
sth row. It is clear that under the assumption marle about the roots of 
equation (1.3) the functions Pr; (iA ) will be continuous in the interval 
—o<A< oo, and as |A| + 0, will have order O(/A| “preover, the 
functions ™ fia ) will also be continuous and satisfy the condition 
~*). 


We will define the functions 


+00 4 +2 


In accordance with the remarks made about the properties of the func- 
tions Dr, (ta ), it can be shown that the integrals 
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+c 
\ | Kjs(t)| de (2.3) 


have finite values. 


The periodic solution of the system (1.2) is defined by the following 
functions: 


n +00 n +o 
xi (t)= >) \ Ky >) \ (2-4) 
j=1-—@ j=1 —oo 


This periodic solution will be uniqme. Tt can, of course, always be 
found in the form of a Fourier series, if we assume that the functions 
f(t) have Fourier expansion. The estimate 


n +o 
lx? (t)|< AM, A = max 1> \ | Ky; (x) | dz} (2.5) 
j=1 


holds, where is subject to the condition <M, 


(b) We will assume now that we are dealing with the non-resonance case, 
but that among the roots of equation (1.3) there is a finite number of 
simple pure imaginary noncritical roots of the form w.,, where w,. 4 N 


(NV. are integers). In this case the system (1.1) will also have a unique 
periodic solution, conforming to an estimate of type (2.5). 


To construct the solution, we will define the functions I *(iA) as 
follows: we will surround the numbers ow. by the intervals 2« which are 
so small that the intervals [w.-—«¢, w. + «| will not contain any inte- 
ger. This can always be accomplishel, since w,V— 1 are noncritical roots. 
Let outside these intervals and on their boundaries _*(i) = oa (iA). In- 
side the indicated intervals we Jefine the functions such that the 
functions, together with their first derivatives with respect to A, will 
be continuous in the interval — « < A < «©. This can always be done. Then 
the periodic solution x*(t) of the system (1.1), will also, as before, in 
this case determine the relations (2.2?) and (2.4), in which the T_.(iA) 
are replaced hy the Pj). For this solution the estimates (2.5) are 
valid. 


2. The resonance case. We will assume now that among the roots of 
equation (1.3) there is a finite number of simple critical roots of the 
form Nv - 1 (j = 1, ..., k) and that the remaining roots are noncritical 
and satisfy either conlition "a" or condition "b". In this case the 
periodic solution of the system (1.2) can be broken up into two parts; 

one part will have no critical harmonics N.V/- 1, and the other solution 
will consist of critical harmonics only. Speaking generally, it is natural 
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that in this case a periodic solution may not exist. In order that the 
system (1.2) have periodic solutions, the functions f,(r) must satisfy 
conditions which are similar to the case of ordinary Ai fferential equa- 
tions. 


Let 


k 
(t) = 95 (t) + exp (Nit V—1) 


l=] 


Here the functions b(t) have no resonance harmonics 
en = \ dt i= 
We will seek the periodic solution x.*(t) of the system (1.2) in the 
form of the sum 


* 
= 


where the x_,* are determined from the system (1.1), in which the f(t) 
are replaced by the d.(t), and where the $.,* are determined from the 
system (1.1) in which the functions f ,{t) are replaced by the second term 


of (2.4). 


We will construct the functions [.*(t) as in "b", supplementing the 
intervals (w, w; + €) by the additional intervals (N = ode 
Outside these intervals .*(iA) = (iA). The [.*(iA) are constructed in 
the interior of the indicated intervals so that the functions and their 
derivatives with respect to A are continuous in the interval — ~<A < +, 
Then the periodic functions x.,° will be determined using formulas (2.2) 
and (2.4), in which [,,; must be replaced by I j and the functions f(t) 
must be replaced by the periodic functions b(t). 


The functions .(t) have the estimates 
M(i+k)= M* (M > (2.8) 


where M are positive constants. The estimates (2.5) will hold for the 
periodic functions s,,*, in which M and IT, must be replaced by M* and 

rj respectively. We will note that the estimate (2.%) can be substantially 
improved if we assume differentiability with respect to t of the functions 


f(t). 


The periodic functions x,>* will be sought in the form of a trigono- 
metric series 


k 
(t) = C.jexp(NjV (s=1,...5 (2.9) 


j=1 


The constants Cj satisfy a system of linear homogeneous algebraic 


| 

= 

1) 
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equations of the form 


n 


(> exp (—t.V; V —1) — NV —1) Cy 


om] 


The system (2.19) has a solution, and the system (1.2) admits a 
periodic solution, provided the conditions 


or 
\ exp (— Ny V fr (t) dt = 0 (2.41) 
0 l=1 
are satisfied. 


Here bi exp (— N. Y- 1) Fj = 1, ..., k) are period solutions of the 
"conjugate* system of the homogeneous system (1.2), of the form 


+ (2.12) 


where a,” is the transposition of the matrix a,. It is clear that bn; 
satisfies the following system of linear homogeneous equations 

n r 

i=] o=] 

We will assume that the conditions (2.11) are satisfied. Then the 

system (2.10) is compatible. The solution can be found as follows. 


Since N. ¥ -— 1 is a simple root of the equation (1.3), we can find 
among the first minors at least one minor which is different from zero. 
We will assume that this minor corresponds to the element in the inter- 
section of the first row with the first colum A,, ¢ 0. Ignoring the 
first equation and setting C, = 9, we shall find the remaining C,., ba 
C,,; by Cramer’s rule from the last n- 1 of equation (2.10). It is easily 
seen that all Cj will have the estimate 


< BjM (M > '\f;(t)|) 


where B. depends on the form of the matrix a 


j and the root N; 1 of 
the equation (1.3). 


Therefore the solution x.,* will be completely determined by the de- 
termined operator L.*, which depends on f: 


= L,* (t, 7) (2.14) 


This operator has the properties 


(t, = (t, 4 Ly (t, (2.15) 


on 
= 
(2.10) 
r 
n 
re 
VU1 
d 
, 
fie 
a: 
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L,* (t, cf) = eL,* (t, f) (c = const) (2.16) 
k 


j=1 


Finally, the linear homogeneous system (1.2), in the resonance case, 
has a periodic solution of period 2” of the form 
k 
= >, Mjd,; exp (N; V —it) (s=14,..., a) (2.18) 
j=1 
where M,, ..., M, are arbitrary constants d,; — k of particular solutions 
of the k linear homogeneous system (2.19) (in which C,; = ), 


The particular solution x,,*(t), which has been found earlier, can also 
be represented by means of a completely determine! operator L.**, satisfy- 
ing the conditions (2.15), (2.14) and the estimate 


L,** (t,¢)|< AM (2.19) 
where the constants are determined in the formulas (2.5), (2.8). 


Introducing the determined operator L, = L.* + L.**, we come to the 
following conclusion. 


In the resonance case, when the equation (1.3) has k simple critical 
roots, a periodic solution of the system (1.2) exists, provided the con- 
ditions (2.11) are satisfied. 


This periodic solution will have k arbitrary constants M 
and can be written in the form 


i’ 


k 
(t)= Dy (t) + Lat md) 
j=l 
where «>, are periodic solutions of the homogeneous system (1.2), and L 
is a completely determined operator satisfying the conlitions (2.15), 
(2.16) and the estimate 


[La (ts fa) | < (By M = AM (2.21) 


j= 


Note. In the case when the critical roots N; vy — 1 are multiple, the 
number of periodic solutions of the homogeneous systems (1.2) and (2,12) 
will be a< k, The conditions (2.11) will, as before, be existence con- 
ditions for a solution of the system (1.2) but there will be a of them. 
As these conditions are satisfied, the periodic solution can, as before, 
be written in the form (2,20). Here, however, the number of arbitrary 
constants oF will be a, and the operators L, will have another form, but 
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they will still have the same properties of linearity and homogeneity and 
an estimate of type (2.21). 


3. The periodic solution of the system (1.1) in the non- 
resonance case. Theorem 1. If among the roots of the characteristic 
equation there are no critical roots, and if the number of pure imagin- 
ary non-critical roots is finite, then the system (1.1) has a unique 
periodic solution of period 27, defined in the region |p |< (n is a 
sufficiently small positive number) and becomes, when p = 9, the eenerat- 
ing periodic solution of the system (1.2). 


The proof of Theorem | is easily obtained by the usual metho! of 
successive approximations. 


We will note that the theorem is also valid for an infinite number of 
imaginary non-critical roots, provicle! we can find ane > 9, such that 


in the intervals fw. - e, @, + «) there will be no imaginary non-critical 
roots on the imaginary axis. 


{. The periodic solution of the system (1.1) in the reso- 
nance case. “Ye will assume that the system ‘1.2) admits a generating 
pertodic solution of the form 


= (t) + ... + Mugen (t) + (t) (s = 1,..., (4.1) 


where m,°, are constants, are particular perio:lic solutions 
of the homogeneous system (1.2), and (t) is the periodic solution of 
the system (1.2). The latter holds if the conditions (2.11) are satisfied. 
Ye will assume that the constants M.‘”’ are such that | x. “/} lies in the 
region @. Then the following theorem, which generalizes the propositions 
of Malkin [2] to systems with lag, is valid. 


Theorem 2. A necessary condition that the system (1.1) have a periodic 
solution x(t, #) which becomes, when p = 0, the generating solution of 
(4.1), is the requirement that the constants M, J) eee, MY! satisfy the 
system of equations 


P;(M,),...,M,°) = — X,(t, — 2),..., 2 (t — 0) dt 


(4.2) 


where the he are periodic solutions of the "conjugate" of the system 


(2.13). 


If under these conditions the Jacobian 


for M — 


on 
(My,,...,M,) +0 (4.3) 
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is different from zero, then the system (1.1) has a unique perio‘ic solu- 
tion x_(t, which becomes, when = 9, the eeneratine periovlic solu- 
tion of (4,1). 


The solution is «lefine:! in the region || < 7 where n > 0 is suffi- 
ciently small. This proposition is a simple consequence of the more 
general condition for the existence of a perio:lic solution for the system 
(1.1), and it generalizes the conditions which we o!taine! in article 
[3]. We will derive these conditions. 


5. The auxiliary system and its periodic solutions. 1. We 
will consider the following system of equations: 


r b 
(t— te) +4 (t) + s(t); (5.1) 
o=] 


where «5. = are periodic solutions of the homogeneous 
system and the uf, are constants. 


We will show that the constants ¥. can always |,e chosen so that the 
conditions for the existence of a periodic solution of the (i fferential 
system (5.1) will always be satisfied. 


In fact, for the system (5.1), these conditions have the form 


where t’_. are perio-tic solutions of the "conjugate" of the system (2.12), 


and dij is defined by the equations 
an 


ly \ poi at (5:3) 


Tt is sufficient to show that the determinant 


is different from zero. 


Bt Gs, @ isc & di, = ", then this would mean that to the critical root 
N, ¥- 1 there correspon! not one, but two particular solutions. There- 
fore, not all the dij are equal to zero. 


We will assume now that |d;,| =. We will show that this leals to a 
contradiction. In fact we can fied \, such that 


A,d,; +...+ = 0 (5.4) 
But then the system of equations 


= Got (t — + Aig + ... + Ange (5.9) 


o=1 


will have a periodic solution ¢{t), and the homogeneous system (1.2) will 
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have, in addition to the k periodic solutions corresponding to the k 
critical roots, a solution with secular terms which also corresponds to 
the critical roots: 


w(t) = p(t) + (t) +... + (t)) t 


The latter is impossible by virtue of the assumptions that we have 
made, since x(t) is independent of Dy, «++, , and is the k + 1 solution 
corresponding to k critical roots. Therefore the determinant ld; 5 | is 
different from zero. 


2. We will consider the auxiliary system of integro-differential equa- 
tions with lag having the form 


, 
dz(t) r 
= (t — + f(t) + (t, 2 (t —4),....2(t— 1), 2) 4+ Dew; 
j=1 
(5.6) 
Here the constants uf} are uniquely determined from the linear non- 
homogeneous system 


\ X(t, x(t—%),..., 2(t—t,), + (5.7) 


0 
We assume that the conditions (2.11) are satisfied for f 


Lemma. The system of integro-differential equations with lag deter- 
mines a family of periodic solutions depending on k arbitrary constant 
parameters M, bees M, and a parameter of the form 


(t, = + .-. + + + (t, My,...,. 
(5.8) 


where x.*(t, M, are continuous functions of the parameters ooo, 
defined in some neighborhood of the fixed point m6), Ter M, | /, and 
the parameter w, for |p| < is some positive number). These func- 
tions have continuous partial derivatives with respect to M,, ..., M,. 
They are periodic and continuous functions of time t and period 27. 

When X_ are analytic relative to x andy in G, the functions x* will 
also be analytic relative 0 H., sea M, in some neighborhood of the 
point m9), for ne p*. 


The proof of this proposition is obtained hy the method of successive 
approximations. 


We will take for the first approximation the generating periotlic 
solution x_'°) and the constants W.(°) determined from the system (5.4) 
and (5.7) when » = 0. We find that the x9) are determined using formas 


VOT 
4 
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(4.1) and W.°) — 0, Then the Ith approximation is determined from the 
system of linear equations 


= > (t — + f(t) + (t, (t — t,),..., w) + 


k 
+ 
j=1 
k 


on 
X (t, (t (t — tr), dt + > W =a 
0 


i=] 


In proving that all approximations lie in the region G, as well as in 
the construction of majoring series, we will use the estimates obtained 
in Section 2 of this article. 


1) 


The proof of the convergence of the sequences x!) and W. yields 


an estimate for the number p“*. 


6. Necessary and sufficient conditions for the existence of 
periodic solutions of the system (1.1). We will assume that the 
periodic solution x.* of the auxiliary system (5.4), (5.7) has been found. 
The corresponding constants will be found from the equations (5.7). 


let us introduce the notation 


(i= 1,...,% (6.1) 


The functions as well as an:| will be defined in some 
rerion 


(i 


where H is some positive number letermine! in the course of the proof of 
the convergence of the successive approximations x 1) WM so that the 
x'") lie in the region G. 


Theorem 3, In orler that the system (1.1) have a periodic solution of 
period 2m” which becomes the generating solution, it is necessary and 
sufficient that the equations 


P;*(My,..., Meu) (6.2) 


have a solution in some neighborhood < 7, < satisfying the 


condition M (0) - 


a 
23 : 
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Proof. Let the system (6,2) have a solution M;(n) (M ,(0) = m,(0), Then 
the system of functions 


(t) = (t, My (p),..., Me(u), (8 = 


will be the periodic solution of the system (1.1). This proves the 
sufficiency. 


We will assume that the system (1.1) has a periodic solution of the 
form indicated. Then the solution must belong to the family (5.%). Sub- 
stituting in (5.6) and (5.7), we will find that the P.* must be equal to 
zero. This proves the necessity of the condition (4,2). 


In particular, to insure that the system (1.1) have a periodic solution, 
it is necessary that the constants satisfy the equations (4,2). The 
necessity of the condition (4.3) follows from an application of implicit 
function theory to the equations (6,2). 
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APPLICATION OF THE RESIDUE THEORY 
TO TRANSFORMATION OF AUTOMATIC CONTROL SYSTEMS 
EQUATIONS TO CANONIC VARIABLES 
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PERE MENNY™) 
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(Leningrad) 
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In stability investigations of automatic control systems canonic vari- 
ables are frequently used; sometimes it is not only necessary to 
transform the equations to canonic forms but also to know the trans- 
formation matrix. 


Lur’e [1 ] developed formulas for transformation of variables for 
the case of simple roots of the characteristic equation; applications 
may be found in the paper by Letov {2 ). 


In the present paper we propose a method of constructing the trans- 
formation matrix, based on the residue theory and permitting us to de- 
termine transformation coefficients for any structure of the roots of 
the characteristic equation. 


1. Let us consider a system of linear homogeneous equations with con- 


stant coefficients 
n 


Qi- Te (1.1) 


The characteristic equation of this system is 
D(h) =0 (1.2) 


and it has nonrepetitive roots A,, ..., A,. Then the general solution of 
(1.1) may be written in the form [3 [ 


n n 
1 


where D(A), Dy, j(A) are the characteristic determinant and the algebraic 
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cofactors of its elements, respectively. 


Let us construct the transformation, tlhe coefficients of which shall 
be the coefficients of exp A, tp 2, (2.35), 
n n 
1 . 
“i= » CuP (he) 26 (1.4) 
e=1 u=] 
Let us show that the variables z. are canonic. To this end let us 
differentiate (1.4) and substitute into (1.1). In this transformation of 
the resulting expression let us make use of the obvious equality 


n 
Daz = Bui D (2) (2) (1.5) 
T=1 

where 5, is the Kronecker delta; also let us make use of an expression 

that directly follows from (1.5) and is given by VOL. 
n 23 
Dd) (he) = be Dus (he) (1.6) 195: 
t=1 


where A. is a root of equation (1.2). This will result in the following 
system of homogeneous algebraic equations with respect to expressions in 


parenthesis 
n n 


> Dd) CuDui (he) (Ze — = 0 (1.7) 

If the arbitrary constants G. are so chosen that no column or row of 
the determinant of the system (1.7) is zero, then the determinant of the 
system (1.7) (as the determinant of the fundamental system of solutions) 
is different from zero. Therefore, the system (1.7) has a unicqme zero 
solution, i.e. 

Ze = (p | 

It follows from this that the varialles z, are canonic. The trans- 
formation may be considerably simplified through judicial choice of 
arbitrary constants ©. If the characteristic determinant possesses a 
row with all algebraic cofactors of its elements different from zero, 
then it is convenient to take all C, = 1 except Ce (€ is the row number); 
Ce 1s to be chosen such that the transformation coefficients would be as 
simple as possible. 


Let us now assume that there is no such row, i.e. among the algebraic 
cofactors of the elements of every row there are some equal to zero. Let 
us select one row with the least number of zero algebraic complements of 
its elements. Let us denote it by €. Then let us take another row with a 
non-zero algebraic cofactor in the place where the row & has its first 
zero and denote it by 7,. In this fashion let us assign numbers to the 
rest of the rows, = (1 = 1, ..., k) where k does not exceed the number 
of zero algebraic cofactors in the row &. Then it will be convenient to 


2 

“4 


Wis 
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take Ce £0, Gi # 9 and the remaining C, = 0, 


2. Let the characteristic equation (1.2) have one root A of mlti- 
plicity n with respect to the elementary divisors. 


As the transformation coefficients for this case, let us use the 
coefficients of the following functions 
tk 
iv exp At (k& = 1,...,n) 


in the general solution written in the form of sum of residues. 


Then, taking into account the root structure, we obtain the trans- 
format ion 


n n 
u=1 


Let us differentiate (2.1) and substitute the result into (1.1); 
utilizing (1.5) we then obtain 


n 


(n — (A) Cy Dui (A)(A — A)" A Az,) 4 (2.2) 


« 


=] 


The determinant of the system (2.2) is different from zero by virtue of 
of the same considerations as used in the Section 1; consequently, the 
system has the — unique solution 


z,= 2j= Az; 
From this one can see that z; are canonic variables. 


3. Let the characteristic equation (1.2) have nonrepetitive roots 
Ay, «++, A, and root A of miltiplicity k, simple with respect to the 
elemutery divisors (m+ k =n). Let us form transformation formulas in 
accordance with the same rules as before and taking into account coeffi- 
cients of the general solution for the -™ case of root structure: 

yi (A) 
A= de (Ap) (A) 2m+yv (3.1) 


=) v=1 


Here the coefficients C, are selected amone ©. and are all nonzero. 
By repeating the above manipulations one can show that the variables z; 


are canonic. 


4, Let us now assume that (1.2) has a multiple root A with the corres- 
ponding two groups of solutions, i.e. that the root A is repeated twice; 
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first time it is of multiplicity k, with respect to the elementary 
factors and the second time it is of multiplicity k,. Let us assume that 
k, > k,. For this case let us write the solution of the system (1. 1) in 
the Sort of sum of residues as follows 

ky 


4 1 ~ 


By selecting C, let us divide the solution into two parts: one will 
contain t/~-* (j = 1, ..., k,) and the other will contain tJ-1 (j = 1, 

-, k,). Taking into account this division the expression within the 
braces in equation (4,1) will be used as transformation coefficients as 
follows 


At (4.1) 


j 


Constants C,, and G are subject to the same restrictions as before 
and, furthermore, let us demand that G, will satisfy the following 
k, — k, conditions 


Dui Qh) ,=0 (j = 1,..., (4.3) 


Then the variables z; will be canonic. 


5. Let us now make the most general assumptions regarding the struc- 
ture of roots of equation (1.2). Let (1.2) have m non-repetitive roots 
A,, «++, Ay. The root A, (a = 1, ..., m) has s, corresponding groups of 
solutions, i.e. root A, repeats s, times and at the ith repetition it is 


of mltiplicity k with respect to the elementary divisors of the fol low- 


ing characteristic matrix 


Let us assume that k;* are so arranged that , i.e. the 


number of solutions in a group increases as the group number is increased. 


Then the following transformation formlas will be obtained: 


{ Sc D k, @ 
k | ( a) %a 
— 


2;*+- 


| 
= | 
aks 
a; | 
Lie 
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4 
a 
ki 
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ae: 
j 2, | 
4 | 
x: 


Application of the residue theory 


i)! 


where C, and G Pa are so chosen that no row or column of the transform- 


ation determinant is equal to zero and, furthermore, constants GPa 
subject to the following conditions 


n 


6. For the system (1.1) one can write inverse transformation formulas 
expressing canonic varialles z, in terms of the original variables Xj 
Liapunov’s idea[4] is use! in constructing this transformation. 


The system, adjoint to (1.1), is of the form 


(6.1) 
The characteristic equation of the system (6.1) has the same root 
structure as the characteristic equation of (1,2) except that the roots 
of (6.1) differ in sign from the roots of (1.2). Let us suppose that the 
roots of the characteristic equation are subject to the same general 
assumptions as in the Section 5. Then the general solution of the system 
(4.1) in the form of sum of residues will be written as follows 
n 


(2) exp (6.2) 


2% 


where X f (A) denotes the sum of residues of the function f(A) at all 
significant points in a finite region, \ ‘A) and A oj (A) are the 
characteristic determinants of the system (6.1) and the algebraic co- 
factors of its elements, respectively. As the coefficients of the jth 
linear inverse transformation form we shall use the elements of the jth 
column of the coefficient matrix of general solution (6.2), written with 
the solution groups corresponling to the roots of the characteristic 
equation. Then the inverse transformation formulas will be as follows: 


n 


4 
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( K,°+...+ 7; Ks a=—t,..., m) 


where C, and GPa are so chosen that no row or column of the transform- 
ation y Revere may vanish and, furthermore, that GPa will satisfy the 
following conditions 


j = “— hg", 1,...,8,— 1; a= 1,...,m 


The fact that the variables z,; determined from (6.3) are canonic may y - 
be proved by direct differentiation and utilization of (6.4) for the 23 . 
adjoint system. 12 


Example (see Chetaev [s]). 


where » is same parameter. 


The characteristic equation of the system (6.5) has a root A = — 1 of 
multiplicity four and the elementary divisors will be (A + 1)? and (A + 1) 
[8 }, i.e. the root A = — 1 has two corresponding groups of solutions. 


The algebraic cofactors of the elements of the first row of the 
characteristic determinant are all non-zero. Therefore, in the transform- 
ation formulas we can take C, = l, C, = Cc, = C,, = 0, The transformation 
formulas will be as follows: 


D,, (d) 1af 4 
1i 3 


(i = 1, 2, 3, 4) 
where G, are subject to the following conditions 


a >) (AWA + =0, Fans > (AMA + 0 
u=1 u=t 


Substituting the algebraic cofactors, we obtain 
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The conditions imposed upon G,, will assume the form: G, + G, = 0 and 


G, + CG, = 0, Let G; =-— G, =1 and G, = Gy = 0, Then, finally, we obtain 


Let us construct the inverse transformation for the system (6.5). The 


characteristic equation of the system adjoint to (6.5) will possess a root 
A = 1 of multiplicity four, and of the same structure as the root A = — 1 


in the characteristic equation of the system (6.5). 


The algebraic cofactors of the elements of the fourth row of the 
characteristic determinant are al] non-zero; therefore, let Cy = 1, C, = 
C, = C, = 0. For this case the formulas (6.3) will be written as follows: 


Ay (A) 


=i 


(aA — 


=) * 


where Gr must satisfy the conditions 


i d i 


In accordance with the last formulas we obtain 


Here G, = G,, G, — G, + pG, = 0. 


Let G, = G = 1, G,= 0, G, =-, then for z, we shall have z, =— px 


~ 
7. Let us now consider the equations of a direct automatic control 
system. Let us suppose that the system is represented by 
n 


2 h; f (2), om >) (7.4) 


fi, are constants, the physical meaning of which has been 


where ai, 
Let us construct the corresponding homogeneous system 


defined. “ef 
for the system (7.1) 


n 
t=! 
It is easy to show that the system (7.1) may be transformed to canonic 
variables by means of the same transformation as would be used for the 
homogeneous system (7.2). The transformation for the system (7.2) is al- 


ready given and is of the form (5.1). 


(7.2) 


OL. 
| 
9290 2 (& =1, 2, 3) 
1 


4 
i 
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Example (see Popov [61]). Let us consider equations of an aircraft 
flight correcting control system 


— f(s), — (y — 1) 21+ (2), o= (7.3) 


where y and r are constants depending on the coefficients of equations 
describing the elements, the feedback, and the amplifier. These equations 
are equations of a direct contro] system, otherwise the equations would 
be in canonic form, The characteristic equation of the system (7.3) has 
roots A, == 1, A, - A, = 0 and the multiple root is not simple with res- 
pect to the elementary divisors. The algebraic cofactor Dy, (A) = 0 but 
D,,(A) # 0. Therefore, taking into account assumptions regarding C,, let 


C, ~ C, = l, C3 = 0. For the system (7.3) the transformation formulas will 
be as follows 


Dy; (— 1) + Dy; (— 1) Dy (A) + Dy\),, 
D’ (—1) di D\h) D(A) 
= 1, 2, 3) 


For this we obtain 
2. — 22, — 1) 21— (7 — 1) 22— 723 
and the canonic form of the system is 


— 2;— f (9), f (s) 


‘ 2y—2—r 
— = (y — 1) (7 — 1) 22— 728 
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In an earlier paper [1], there was developed a method for the con- 


struction of periodic solutions of a non-autonomous system with one 
degree of freedom for the case of simple roots of the equations of 
fundamenta] amplitudes. In the present work there is considered the 
genera] case when the roots of these equations may be multiple roots. 
A solution containing secular terms is constructed for the case when 
resonance with unlimited amplitude of oscillations occurs. 


1. We shall consider a non-autonomous oscillatory system with one de- 

gree of freedom 
dz \ 
= 7 (t) +pF(t, (1.1) 

Let us assunie that the function f(t) is a continuous function, of 
period 27 in t, and that its Fourier expansion does not contain harmonics 
of the mth order (m- an integer). The function Flt, x, x’, #) is assumed 
to be analytic in the variables x, x*, #, and to be a continuous periodic 
function of period 27 in t. The quantity » is a small parameter, which 
for the sake of definiteness we assume to be positive. 


Let us separate from the function F(t, x, x*, ») the linear term in x 
and the harmonics of order m: 


F it, x, = Fy, (t, x, + cx + vcos mt + mt 


The coefficients c, v, and A are assumed to be constants (independent 
of «) such that c # 9, and v2 + A? # 0. The linear system will thus have 
the frequency k, where k is not an integer. The "perturbation" of the 
system 


ing 
=. 
< 
VOL. 
5 
5 
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k? = cu 


is therefore of the orler of magnitude of the small parameter p. 


The equation thus generated 


qe ~ my = (t) (1.3) 


has a general solution wiich can be written in the following convenient 
form: 


(t) = p(t) + A, cos mt 4 sin mt (1.4) 


The function o{t) represents the forced oscillations of the system 
(1.3) under the external force f(t). The last two terms in the formula 
(1.4) represent the free oscillations of that system. The generated equa- 
tion thus has a family of periodic solutions depending on two arbitrary 
constants A, B,. 


We shall seek the periotic solutions of the fundamental equation (1.1) 


by the use of the small parameter method. Ye choose the following initial 
conditions: 


x (0) = (0) + By, 2° (0) = (0) + 8, (1.5) 


where the quantities f, and fh, are functions of », which take on the 
1 


value zero when » = ". The solution of (1.1) will thus be of the form 


By, Bo, 2) 


Ye shall try to determine the structure of the function x(t, f,, A,, 
pw). Let us assume that this function has a series expansion in positive 
powers of the parameters f,, 8, and». Let us fin! those terms of this 
series which are independent of fh, and B, but do depend on p. It is 
easily seen that all these terms vanish, except those that are linear in 
f, and B,. This is due to the fact that the coefficients of these terms 
satisfy second order linear homogeneous differential equations with 
vanishing initial conditions. After the terms which are linear in fi, and 


fi, have Leen computed, the solution of (1.1) can be represented in the 
form 


x(t, By, Be, #) = @ (t) + A, cos mt + = sin mt + 8, cos mt + Pr sin mt +- 

+2 n (t) + Bi + 53,03, BiBe+ (1.6) 

It is necessary to note that all C,(t) and their derivatives with res- 
pect to f, and (3, are taken when B, = B, == 9. 
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It is not difficult to prove that the following formulas hold for the 
function x(t, B,, B,, uw) and its derivatives with respect to time 


akt+i+n x akt+i+n x 
(; (casas (1.7) 
For n = 0 the formulas are obvious. For n #4 0 they can be proved by 
complete mathematical induction analogous to that corresponding to 


autonomous systems [2]. For this purpose the following equations are 
used 


( ak+ I+n+1, n + atti+n F 
By B,=u 0 dp” 


These formulas can be obtained by considering the coefficient of VOL. 


in the expansion of the function x(t, B,, B,, #). 23 


sin m (t —t,) dt, 


On the basis of the above established property of the function x(t, 
B,, B,, uw), one can rewrite the formula (1.6) in the following form: 


(1.8) 


x(t, By, Be, = p(t) + Ay cos mt + sin mt cos mt + sin mt +- 


4 


n=! 


Hence, for the construction of the function z(t, B,, B,, #) one has to 
know how to compute the coefficient C(t) of t". The remaining coeffi- 
cients of the series are then found by successive differentiation of 
C,(t) with respect to A, and B,. 


The coefficients C,(t) satisfy the equation 


a*C,, (t) { 


with the initial conditions C,(0) = 0, C,°(0) = 0. 


The quantity dF/dp is the total partial derivative of the function 
F(t, x, x’, p) with respect to the parameter np. We obtain 


t t 
= sin m(t—t,)dt,, C,"(t)= Hn (th) cos m (t — t,) dt, (1.9) 


0 


In the explicit form, the first three functions H,(t) are given as 
follows [2]: 
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H, (t) = F (t, 2, 29", 0) 


H,(t)= + +( 


‘0 


40 


The subscript 0 at the parentheses indicates that the symbols x, x’, 
and # have been replaced by x), x,° and 0, respectively, in the deri- 
vatives of the function F. 


2. The conditions of periodicity of the function x(t, f,, B,, #) and 
its derivative with respect to time can be expressed in the following 
form with the aid of the initial conditions (1.5): 


x (2n, By, Be, = + Ay + (2m, By, Be, = (0) + Bo +B, (2.1) 


Let us substitute x(27) and x* (27) into the left-hand sides of these 
equations by means of the formula (1.8). After some cancellations there 
result the equation 


pad ac, ac, 
+ 94, Pi + op Pat + (2.2) 
n=! 


and an analogous one 


oo 


. ac,,° ac,,° 1 &C,,° 
> (2) + Pa + 3B, °2 + Pr + 
n=! 
1 #C,,° 


a2 
The functions C, and C,* and their derivatives with respect to A, and 
B, are taken with t = 27,8, = B, = w = 0 in formlas (2.2) and (2.3). 


Let us assume that the quantities B, and f, can be expanded in power 
series of i.e., 


1221 
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We now substitute the expressions for B, and B, into the left-hand 
sides of equations (2.2) and (2.3) and express them as power series in pt. 
Next, we equate to zero the coefficients of these series and arrange the 
resulting equations in pairs. The terms which are independent of p» yield 
the following equations 


(2n) = 0, C;° (2m) = 0 (2.4) 
The coefficients of the first powers of » yield the equations 


A, + 


=0, Cy + A, + -B,=0 (2.5) 


C, + 


The of lead to the equations 


Cy(2n) + A + B, + 


an 


4 OCs acy 
Cy (2m) + + Ba + 
The coefficients of p? yield 


ac ac 
&C _ 


aC 
+ A,A, + B:B + 


GAS? 
Art 4 By - 0A,0B,* * + OBS BY =0 (2.8) 


and analogous equations in which the C, are replaced everywhere by C,’ 
The other equations can also be written down quite easily. 


The equations (2,4) represent the equations for the determination of 
the constants A, and B,. If these equations have simple roots, the func- 
tional determinant 


|8C,/8A, / OB; 


will be different from zero. In this case it is possible to determine A 
and B, from the equations (2.5). Furthermore, by means of equations (2.6) 
and (2, 7), one can find A, and B,, and so on. All these equations are 
linear in A, and Ba and have the same determinant A; 


3. If the equations (2.4) have multiple roots, then 


19 


ac, ac, VOL. 
A, + 5B, B, (2.6) 53 
aC, 1 Oh wo. 
A,B, + 2D OB; By =0 
acy 
aB, (2.7) 
1 ec, 
A,B, OBS = 0 
aC. 
ac 
As + 5B. Bs; + 
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4,=0 (3.1) 
If there is to exist a periodic solution with a finite amplitude in 
this case, then the following additional condition has to be satisfied: 


8C,/OB, _ (3.2) 
/0A, OC, /0B, Cy 


Making use of condition (3.1), one can eliminate A, and B, from equa- 
tions (2.6) and (2.7). Solving the resulting equations simultaneously 
with (2.5), one can determine A, and B,. 


For example, the coefficient A, is found to have to satisfy the 
quadratic equation 


coefficients of this equation have the following values: 


2 \6B,/  GA,6B, 8A, 8B, 


— 5B, |Z \5B, ) — SAAB, GA, OB, 


“2 \ 3A, 3A, 4A,0B, 4B, 
(AC, acy ac; ac, 
+ $B, \5A, 0B, 0A, OB, 


\ 


6B, OB, 

OC, \8 ane 


aC, OC, 
OB, OB, 


We note that the coefficients of the equation (3.3) can be represented 
in different equivalent forms. Knowing the value A,, it is not difficult 
to find B, by means of one of the equations (2.5). 


In order to find the coefficients A, and B, we multiply the equation 
(2.8) by C,*. The analogous equation, obtained through a replacement of 
every C| by C,*, we multiply by C,. Next we add the two resulting equa- 
tions. Then we also add equations (2.6) and (2.7). The system of equa- 
tions thus obtained will be linear in A, and B,. Let us find the deter- 
minant of this system. After some simplifications we obtain 


= (C, C,") A, (3. 
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aC, OC, , 
6B, OB, OB, 0A, 


aC, ac, 
a 1,2 OB, 


1\9A,0B, 0B, 0B, dA, 


It is not difficult to convince oneself that the systems of equations 
for the determination of A, and B, (n = 3, 4, ...) will also be linear. 
The determinant of all these systems will be A,*. 


If the equation (3.3) has two real roots, there will exist two periodic 
solutions corresponding to a pair of double roots of the equation of the 
fundamental amplitudes. In this case one can speak of the bifurcation of 
the solution of the generating equation. 


The condition for the existence of triple roots of the equations (2. 4) 
of fundamental amplitudes is the vanishing of the functional determinant 
that is equal to twice the coefficient P, in equation (3,3). 


In this case one of the roots of equation (3.3) becomes infinite. 
Hence, one of the solutions of equation (1.1) will be periodic, while the 
other will be unbounded. 


In all cases when there exists a periodic solution of (1.1), this 
solution can be represented in the form of a power series in zp: 


x(t) = (t) + pay (t) + +... (3.6) 


The generating solution x,(t) is determined by formula (1.4). The 
coefficients x(t) are computed by means of the formulas 


x, (t) = A, cos mt + = sin mt + C, (t) (3.7) 


(t) = A, cos mt + — sin mt +- + C, (t) (3.8) 


0A, OB, 


= As cos mt + mt + A, 


( 1 


‘2 and so forth. The question on the radius of convergence of the series 
a (3.6) is not considered in this article. 


4. Let us consider the stability of the periodic solution of equation 
(1.1) for the case of multiple roots of the equation of fundamental 
amplitudes. The equation of variations for equation (1.1) is 


aC, acy ac, 35 
“1\0A,? OB, 0A,0B, 0A, ' 
+ 5A, 
I 
18°C: (t) 
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=0 (4.4) 


We denote by y,(t) and y,(t) the particular solutions of the equation 
of variations which form a fundemmatal system. These solutions satisfy 
the initial conditions 


(0) 1, (0) = 0, Yo (0) = 0, (0) == { 


Let us consider the characteristic equation for the equation of vari- 
ations 


B=0 


The coefficients of this equation, as is wel! known, have the fol low- 
ing values 


? [yr (2m) + yo" B® = y; (2m) yo" (2%) — yo (2m) (2m) 


In order that the periodic solution of equation (1.1) be asymptotic- 
ally stable, it is necessary and sufficient that the inequality |p| < 1 
be satisfied. For the equation of variations (4.1) this condition reduces 
to the following two conditions [1 ] : 


B’—2A°+1>0. (4.2) 
We shall seek y,(t) and y,(t) in the form 


Ys (t) = Yro + (4) + (t) +” 
Yo (t) = Yoo (t) + UY er (t) + 


For the function y,,(t), y,,(t), y,,(t) we have the following equations 


+ myo = 0, + = (5) yo + (5), 
dty 1 { @F 
+ Yio + (ae), Yu (a=), Yu 
Analogous equations hold for y,.(t), y,,(t), (t). The initial con- 


ditions for all these equations are 


422 


Y19 (0) 1, (0) 0, Yin (0) 0, Yin (0) 0 
Y2o(0)=0, yon(0)=0, Yon" (0) =O 1, 2,3...) 


Solving these equations, we obtain 
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0 
Yio (t) = cos mt, (t)= 


6°C; (t) 2C, (t) 
+A, + B; 0A,0B, 


(t) 


Yi12(t) = 


Yoo (t) = sinmt, Y2(t)= 


(t) A 8°C; (t) (t) 


+ 4155 0B, +B (4.3) 


Yoo (t) = 


After some computations, the left-hand side of the first of the in- 
equalities (4.2) can be shown to take the form 


(BY — + 1 = (27) Yor” — (27) yor + 


+ [yar (27) Yoo (27) + (27) Yor” — V 
— Yao" (2%) Yor = Ayu? + +... (4.4) 


105 


The quantities A, and A, are determined by means of formulas (2.9) and 
(3.5). In the case of simple roots of the equation of the fundamental 
amplitudes, one of the conditions for asymptotic stability will be 


4,>0 (4.5) 
In case of double roots, this condition is replaced by 
A, >0 (4.6) 


In each of these cases, it is necessary to add the second condition 
of (4.2), which reduces to the inequality 


(4.7) 


5. We shall next consider some periodic solutions of equation (1.1). 
If the parameters A. and B, are not roots of the equation (2.4), the 
function x (t), which enters into the expansion (3.6), will in general 
have the form 


(t) = (t) + tx, (t) 
= (t) + tag") (t) + (t) 


In = (t) tay) +... + (1) 


where all the x,(*)(t) are periodic functions of period 27 in t. Hence, 
the solution of equation (1.1) in this case will have the following 
structure: 


z(t) (t, + pt (t, + (t, +... (5.1) 


4 
2 
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The functions (¢, uw) in formla (5.1) represent periodic functions 
of period 27 in t, which in the general case do not vanish when yp = 0. 
All the coefficients A, and B, that appear in the initial conditions can 
be given in advance in this case. 


To each simple real root of the equation of fundamental amplitudes 
there corresponds a unique periodic solution of equation (1.1). If, how- 
ever, the roots are multiple ones, but the conditions (3.2) are not 
satisfied, then the equations (2.5) will yield infinite values for the 
coefficients A, and B,. In this case, there will exist no periodic solu- 
tion of equation a1). We shall now try to find a solution which con- 
tains secular terms. 


The secular terms cannot occur in the coefficient of the first power 
of » in the expansion (3.6), for the equations of fundamental amplitudes 
are obtained from the condition for the periodicity of this coefficient. 
Therefore, the secular terms can first appear in the coefficient of p’. 


The functions C(t), which occur in the coefficients x,(t) of the 
periodic solution 13.6) of equation (1.1), are periodic functions. This 
is due to the fact that the quantities C (2m) and C,*(2m) and their 
derivatives with respect to A, and B, are subjected to special conditions. 
If these conditions are not imposed, then (as is easily verified) the 
functions C(t), determined by formulas (1.9), can be represented in the 
form 


(27) 


C,(t) = Cn (t) + (2=) cos mt 


sin (5.2) 


where C.°(t) is the periodic part of the function. 


In the case under consideration, the function x,(t), will have, in 
view of (3.8) and (5.2), the following form (the subscript zero has been 
dropped at C,(t) and C,(t)): 


AC, (t) a 


(t) = A, cos mt - Bs sin mt-+ A, 3B, 


(t) 
+ 


+-C,(t)+ sz ( M cos mt 4 = sin mt ) (5.3) 


N= A, GA, + (5.4) 
The coefficients " and B_, beginning with A, and B,, can be given in 


advance. However, the coefficients A, and B, are obtainable if one imposes 


auxiliary conditions on x,(t). Let us consider the equation for the func- 
tion x,(t). Denoting the right-hand side of this equation by G,(t), we 


= 
92 
d 
| 
Cm 
m 
\ 
Here 
= 
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separate the periodic terms which enter into it 
(OF (OF \ t (OF OF 
ou | oun = / eee 


Let us impose the condition that the function x,(t) shall not contain 
secular terms with t*. This leads to the conditions 


OF 
= i = ( 
7B), sin mtdt = 0, 


oF ]cos me dt = 0 


These conditions are equivalent to two equations which determine the VOL. 
coefficients A, and B,: 23 


2 = 0 (5.5) 


ac 
B 
OB, 


The solutions of equations (5.5) are 


The quantities M and N are given by 


It is interesting to note that the same result is obtained if one does 
not impose on the function z,(t) any conditions, but instead restricts 
the function S,4 ,(*) to the same terms which are contained in the pre- 
ceding function z(t), i.e. to the terms with el, 


The coefficients A, and B,,and the succeeding ones, cannot be deter- 
mined from any conditions imposed on the functions z,(t), for such con- 
ditions lead to unbounded values of A, and A>. These coefficients can 
only be given in advance. 


The formulas (5.7) and (5.8) have a meaning only under the condition 
that the quantity S in (5.6) be different from zero. Thus, the indicated 


form of the solution is not applicable, in particular, for the case of a 
conservative system. 


Hence, in the considered case, the solution of equation (1.1) has the 
following structure: 


M(—-) + N( 
0 
+N 
0 
ar ac AC, ac, 
0A, OB, dA, OB, 
es We introduce the following notation: 
= /o 
0 
Cy = 9 
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(t, + (¢, + (t, w) +... (5.9) 


where the functions ‘2) (¢, are re in a manner analogous to 
the one used for the decocuiaation of ®, 1)(¢, w) in formula (5.1), 


If conditions (3.2) are fulfilled, then the quantities M and N will 
vanish and the function x,(t) will be periodic. The coefficients A, and 
B, determined by the formulas (5.7) satisfy equations (2.5). They do 
not, however, satisfy the infinite system of equations which determine 
the set of coefficients A. and B.. As is shown above, under the condition 
(3,2) one needs equation (3.3) and one of the equations (2.5) for the de- 
termination of the coefficients A, and B,. Should the equations (2.4) have 
triple roots, one of the solutions of equation (1.1) becomes unbounded. 
In this case the secular terms can not occur earlier than in the function 


x,(t). 


The considered cases, when the coefficients A. and B, satisfy equa- 
tions (2.4) but the solution of equation (1.1) contains ’ scotia: terms, 
are the resonance cases. In addition to those considered, one can 
point out also other types of resonance, when, for example, the coeffi- 
cients A, and B, have finite values, while the coefficients A, and B 
become unbounded, and so forth. This will occur under otudittan (3. 5) if 
the equations (2.4) have multiple roots and the determinant A; ° 
becomes zero. 


From the above it follows that the basic difference between the re- 
sonance solutions and the periodic solutions is the appearance in the 
resonance solutions of secular terms within the coefficients of pu’ and 
of the higher powers of the expansion (3.6), while in the non-resonance, 
non-periodic solutions these secular terms already appear in the coeffi- 
cient of the first power of p. 


6. Let us consider some examples*. We make the preliminary remark that 
all the results presented above also remain valid for the nth order re- 
sonance. 


1. Oscillations in the neighborhood of the resonance in a regenerative 
receiver. In this case the equation of oscillations can be reduced to the 
form 

de 


+2=p| veost+rsine +ce+(a + +727] (6.1) 


We have the following equations of fundamental amplitudes 


* All examples are taken from the book by Malkin [1]. 
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(6.2) 


The condition for double roots of equation (6.2) leads to the follow- 
ing relation between the coefficients: 


+ + 16ay + Get) + 22) + B4c2 (a? + (6.3) 


The roots of the equation (6.2) are thus found to be 


Oy). + —Be (3c? 


A 
Bay (v? + A*) + (a? 4 


9yv (vy? A®) + 32ac%v + Be (3c? 


In the presence of relation (6.3) there exists a resonance solution 


with secular terms. Periodic solutions will not exist. 


2. Resonance of the second type in a regenerative receiver. We take 


the equation of oscillations in the following form: 
= — 3vcos 2t 3) sin 2t-+ cx + (2 + Ba + +z?) (6.4) 


The amplitude equations will be 


cAy + aBy + — B (AA, vBy) + 4-7 Bo [+2244 


1 were (6.5) 
cBy — aAg — = B (vA, + ABy) — — yA, [v2 + + — (A,*+ B,*)| 


The condition under which there will exist double roots for these 
equations is 


(v? + — 4c? = 0 (6.6) 


Let us consider some particular cases (the coefficients a and y have 
different signs, 4,* > 0, B,* > 0), 


(a) vy = 0, Two sub-cases can arise: 


Under these conditions there will exist resonance solutions of the 
type (5.9). In the presence of the following auxiliary relation 


58% (32a — yA*) = (60a + 26ayA? — 772A!) 


between the coefficients, the condition (3.2) will be fulfilled, and, 
hence, there will exist a periodic solution. 


¢ 
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Oscillations of a quasilinear non-autonomous system 


(b) A = 0. Here also two sub-cases can occur: 


Ay = By, By= 2e 


B? = — v? —2 


This corresponds to the resonance solutions with secular terms. When 
the additional condition 


(32a — yv*) = 7 (60a? + 26ayv* — 


is fulfilled, there will exist a periodic solution. 


3. Duffin’s problem in quasilinear formulation. The equation of 
oscillations is 


d*z 
(vcost+Asint + cx + 72”) 


959 


The equations of fundamental amplitudes are 


3 3 
+ + + B,*) = 0, A+ cB, + 1B, (A,* + B,*) =0 (6.8) 


The condition for multiple roots reduces to the following relation 
between the coefficients of the equation: 


(v? + A*) + = 0 (6.9) 


The coefficients ¢ and y must have opposite signs. The the roots of 
the equation (6.8) will be 


3 


Under condition (6.9) there can exist no periodic solution. 


The examples considered above show that the phenomenon of resonance 
occurs, as a rule, when c # 0, i.e. when the *perturbance* of the system 
(1.2) is not zero. In case of a fundamental resonance this means that 
the frequency of the natural (characteristic) oscillations of the linear 
system with resonance, does not usually coincide with the frequency of 
the disturbing force. In case of nth type of resonance the frequency of 
the natural (characteristic) oscillations with resonance, is usually not 
1/n times the frequency of the disturbing force (n being an integer). 
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One encounters various problems in modern technology that require the 
study of simultaneous vibrations of an elastic body and a liquid. The 
study of this problem in its general statement is complex. This 

paper presents an approximate theory that is based on the following 
simplifying assumptions: (a) Linearity of the problem: all displace- 
ments and velocities are assumed to be infinitesimally small, and 
consequently the equations of motion and the boundary conditions are 
linearized; (b) beam model: the real elastic body is replaced by a 
beam with a straight neutral axis, and the correctness of the hypothesis 
of plane sections is assumed; (c) the fluid is ideal and incompress- 
ible, and its motion is irrotational; (d) the body force is the force 
of gravity; (e) the external forces are conservative. Presented here 
are: the derivation of the general equations, the solvability of 
fundamental problems, an analysis of the spectrum, a formulation of 
the variational principles and their derivation, 


1. Plane flexural vibrations of a beam with a cavity com- 
pletely filled with liquid. 1. Introduce a coordinate system in the 
following manner (Fig. 1): The y-axis is directed along the neutral axis, 
the x- and z-axes are fixed in a section perpendicular to the y-axis so 
that the coordinate system is a right-handed system. The length of the 
beam will be denoted by |, the mass per unit length by mly), the bending 
rigidity by cly). We shall study only the case 
in which the vibrations take place in the yz- 
plane. We shall denote the deflection by 
t). 


Let r be the volume occupied by the fluid, 
= the surface bounding it, d(x, y, z, t) the 
velocity potential of the absolute motion of 

the liquid. ¢ is a harmonic function inr. On > it satisfied the condition 
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/ On (1.1) 
where v, is the projection of the velocities of points of = upon the 
exterior normal to =. In the given case 

Oz 


0, 0 = 
Un ot (z ot 


Here n° is the unit vector of the exterior normal, y= cos(z°n? ). 


Let H(P, Q) be the Green function of the Neumann problem for the 
region 7. Let us introduce the Neumann operator 


Construct expressions for the kinetic and potential energy of a beam 
with a liquid 
T = 4 dy +2 +4 


0 


8Z* dy (1.3) 
where p is the density of the liquid. The first part in the last equation 
is the potential energy of the elastic forces, the second part is that 
of the external forces, which are assumed to be conservative. 


2. We set the problem of finding the free vibrations of the beam. For 
this we let first 


Z(y; t)=cosotd(y), (1.4) 


Since the use of the Ritz method is anticipated, we write down the 
equation of Hamilton’s principle 
t 
= 8\ (7 —Il)dt =0 (1.5) 
0 
After substituting in this equation the expressions for the function 
Z and & from (1.4) and also putting t = 27/w, and by discarding an in- 
significant multiplier, we reduce the expression for L to 


l l l 


L = {\ m9*dy + — \ dy \ 89%dy (1.6) 
0 


0 0 


Now let tw} be some complete set of functions orthonormalized in 
[O, 1]. Then according to the Ritz method we must assume 


anbn (1.7) 
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where a, are numbers to be determined. By substitution of series (1.7) 
into the expression for the functional L we obtain 


L w? > Andm Ynm) — Anam (Cam T Bam) 


n,m n,m 


! 
= \ dy, ‘my \ Ym” dy 
0 


tum = 9\ dz, Bam = \ dy (1.8) 
0 
Thus, equation (1.5) will be reduced to a system of algebraic equa- 
tions 
da Am (Sam + {nm) — (Cam + Bam)} (n =1,2,... (1.9) 
n 


The characteristic equation of this system 


|? (Xam + Tam) (Cam Bam) = (1.10) 


will be the frequency equation. 


The coefficients y,. can be called coefficients of additional fluid 
mass, corresponding to the set of functions vn Thus the inertia pro- 
perties of the fluid are determined by a symmetric matrix of infinite 
order. From the fact that in the general case Ynnt Tif nsa, it 
follows that the presence of the fluid inside the cavity changes not only 
the natural frequencies, but also the fundamental modes of vibration. 


3. The foregoing section contained an exposition of the formal scheme 
of applying the Ritz method, and it was established that the problem of 
hydromechanics can be solved independently of the dynamical problem of 
the system. (The functions Hy, y depend only on the geometry of the cavity 
and the choice of the w, functions,and do not depend on the motion of the 


beam). 


When the computation scheme outlined above is realized, one encounters 
two questions. First, how to determine rationally the set of functions 
and second, how to construct the functions Hwy effectively. 


Concerning the second question, it is very difficult to give any 
general recommendations. With regard to the first question, one can in 
many cases recommend choosing for the functions |v, { the characteristic 
functions of the operator 


Lu = [ctyylyy + Bu = (1.11) 


} 
where 
‘ 
92 
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which satisfy boundary conditions corresponding to the conditions of beam 
support. If, for instance, both ends of the beam are free, then 


=u"(0)=0, u”(l) =u"(0) = (1.12) 


One can easily verify that in the case of boundary conditions (1. 12) 
the operator L is self-conjugate and that the characteristic functions of 
equation (1.11) posses the following properties: they are orthonormal with 
the weight m(y) 


0 (mn) 
| m(y) Un (y) Um (y) dy = ( 


0 


(1.13) 


(m = n) 


0 
Un" (y) Um” (y) dy + \ Buntm dy = (1.14) 


n 


where A. is the nth characteristic value of the L operator. 


These properties permit a great simplification of the system (1.9), 
since in this case 


Bam + Cam = SamAn®, onm = bam (bm is the Kronecker delta) (1.15) 


The characteristic equation (1.10) then becomes 


w* (1 + — (1.16) 
w* (1 + 33) — 


The infinite system (1.9) and the determinant (1.10) or (1.16) are 


always convergent. This fact follows from the general theory (see Section 
3), 


If the beam is homogeneous and the external forces are uniformly dis- 
tributed along the span (the functions cy), Aly) and m(y) are constants) 


then the construction of the set |v, { is elementary. If the parameters of 
the beam vary along its span, then the construction of the system of co- 
ordinate functions is considerably more complicated. 


4. Zhukovskii showed that from the dynamic point of view the rigid 
body which contains a cavity that is completely (without a free surface) 
filled with an ideal incompressible fluid is similar to some rigid body 
without the fluid. The mass of such an "equivalent" rigid body is equal 
to the sum of the masses of the rigid body and the fluid, and the inertia 
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tensor is determined by the density of the fluid and the geometry of the 
cavity. 


It is interesting to explore to what degree this fact influences the 
phenomenon under investigation, i.e. can one maintain that from the 
dynamic point of view the beam with a fluid is equivalent to some beam 
without fluid but with some other mass distribution along the cross- 
sections? 


In order to settle this question we set up the differential equations 
of motion for the system under study. 


Let us compose the Hamiltonian equation 


L=L,+lL, 
where 


tt 
L, = (mZe —cZ,,* — 2%) dy dt, Ly = 
0 oT 


0 
The variation of the first functional is computed by the standard 
method. It is equal to 
= — (cZyy)yy 3Z} 5Z dy dt (1.17) 
We compute the variation of the second functional 
t 
bly =p \\ (V H de dt 
then apply Green’s 
t 


Since, after determining the H operator, dHu/dny = u, the expression 
for L, can be simplified as follows: 


ve t 
er > \ 
=p\ 8ZF (y,t)dt (F(y,t)=\ (HyZ) dl) (1.48) 
ly 
Here 1, denotes the perimeter of the cross-section normal to the y- 
axis, whose ordinate equals y. Integrating (1.18) by parts with respect 
to t and taking into account the convergence of the variation yields 


t 
bL, p\ \ (H dldZ dy dt (1.19) 
ily 


= 
‘4 
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The integration with respect to y in this expression can be assumed 
to be performed within the limits zero to 1. For that purpose it is 
sufficient to let H= 9 for values of y lying outside the interval [y,, 


According to Hamilton’s principle 


6L, + 6L, = 0 
When one substitutes into this equation the expression for the vari- 
ations of L, and L. and uses the differential of the quantity 5Z, one 
arrives at the fol lowing integro-differential equation for flexural 
vibrations of the beam which contains a fluid inside: 


o\ (AyZu) + mZy + (cZyy)yy + =O (1.20) 
ty 

The first integral takes into account the inertia of the fluid, If it 
is equal to zero then we have the equation of flexural vibrations of a 
beam without a liquid. That is well explored. In this case the accele- 
rations at any cross-section are determined uniquely by the values of the 
elastic force and the external force at that cross-section. The value of 
the first term is determined by the character of the accelerations of all 
cross-sections of the beam. In other words, the hypothesis of plane 
sections is known to be incorrect for the fluid (fluid particles displace 
along the y-axis). Consequently, it is impossible to introduce an 
equivalent beam in the general case. 


5. The simplifications which are introduced into the calculations by 
reducing the problem of the beam with a liquid to a problem of an equi- 
valent ordinary beam are so significant that it is natural to explore 
those conditions under which such a replacement does not lead to large 
errors. A detailed exposition of this problem requires a rather large 
amount of space. Therefore, we shall present here only the final result. 


The hypothesis of plane sections can be used only in the case where 
the length of the beam is large compared to its other dimensions. In 
addition, it is necessary that the surface of the cavity differs only 
slightly from a cylindrical surface whose generator is paralle] to the 
axis of the beam (y-axis). However, even in that case the hypothesis of 
plane sections can give a more or less accurate result only for the 
analysis of the first natural modes. 


Let us assume now that the hypothesis of plane sections is correct. 
This means that the fluid moves only in the plane of the cross-sections, 
normal to the axis of the beam, Let us denote by G(x, z) the velocity 
potential of the fluid flow at a cross-section, whose ordinate equals y 
and by Hy the Neumann operator for this section (a plane figure bounded 
by the contour l.). Then 
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Here Yy = cos(n)°2°) is the direction cosine of the normal to l. in 
the xZ-plane, 


Introduce the notion of an additional fluid mass per unit length 


m,.(y) = yty dl 


Then the kinetic energy of the beam-fluid system can be written in the 
following form: 


T= > fm (y) + m,,, (y)} 2,3 dy (1.24) 


This expression shows that in the case studied the problem reduces to 
the investigation of flexural vibrations of an "equivalent beam" having 
the same bending rigidity but a changed mass per unit length. 


m 

2. Flexural vibrations of a heam in the case when the 
liquid substance contained inside has a free surface. |. It was 
established in the previous section that if the fluid fills the cavity 
completely, then it does not add any new degrees of freedom. The motion 
of the fluid leads in this case only to some change in the magnitudes of 
the natural frequencies and principal mode shapes in comparison with those 
which the beam would have if it did not contain any liquid. 


If the liquid has a free surface on which waves can be formed, then 
the motion of the liquid leads to the appearance of an additional natural 
frequency spectrum and additional principal modes. 


Thus, let the fluid have a free surface. We introduce still another 
"fixed" coordinate system x,y,z, such that the plane x,y, coincides with 
the free surface of the fluid in the equilibrium position. The axis oz 
will be directed upward ‘in the general case, in the direction of the 
body forces), as is shown in Fig. 2. 


1 


The region r will now denote the volume bounded by the wetted surface 
of the cavity (surface =) and the free surface and the free surface 
(plane surface S). Because of the linearity of the problem the velocity 
potential of the absolute motion of the fluid can be written as follows: 


2(P,t)= H (P, Q)vn(Q, t)dsg 4 \ H(P, Q) dso - 


ot 
5 
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where z, = C(t, x,y,) is the equation of the 
free surface and the velocity v_ is determined 
from the formula v, = Z ,cos(nz) = Z, y. 


The operator H has been already determined. 
The operatory H* determines some function in r 
whose normal derivative on = is zero, and on S 


is equal to 0¢/dt 


Using the assumption of incompressibility 
and the hypothesis of plane sections (from which it follows that the 
volume of the beam remains unchanged) we establish that 


5S 
From this it follows that the function H*(d ¢ /dt - v,) is harmonic 23 


To proceed further it is convenient to introduce the quantity 
U = —Zy: 


U is the additional displacement of the liquid due to the waves fornm- 
ing on its surface, z, is the displacement of the points on the surface 
S due to bending computed in terms of the X,¥,2, coordinates. 


The kinetic energy of the system investigated is given by 


0 t 


+ (TH (THU) de + | (THU, (2.2) 


The potential energy of this system is equal to the sum of the potential 
energies of the elastic and external forces and the potential energy of 
the fluid (which is determined from the change of the position of the 
center of gravity of the liquid mass): 


pZ* dy + pg \z,dt 


0 t 


Let us evaluate the last integral in this sum: 


2,dt = + \@dx, dy, — \ 2° dx, dy, 


s 


Here z, = z,*(x,, y,, t,) is the equation of the = surface in the 
X,¥,2, coordinate system. ¢=U+z, 


: 
= 
Fig. 2. 
=, 
ae 
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(2, = dx, dy, + \ UZ, dx, dy, + J 


The last part of this sum has the following structure: 


J ={ 2% (y, t) F (y)dy 


Vv: 


where F(y) is a known function (which does not depend on time). Thus, 
this part has the same structure as the potential energy of the external 
forces. It should be so because J determines that part of the energy of 
the force of gravity which depends only on the deflection. Thus, the 
value J can be included in the expression for the potential energy of 


the external forces after changing the function & in a suitable manner. 
Thus we will have 


= dy + BZ? dy - pg \U*ds pg \ UZy ds 2.3) 


0 9 


2. The equations of motion can be constructed in the simplest way if 
one uses Hamilton's principle 


L, +L. 


tl 
(JHyZ,)* d= dt — (eZyy? + dy 


00 


t 
= e\\(s (VH*U,) + + 7H* de dt 


0 


pg \ \ U2 dsdt — pg dsdt 


s os 


The variation of the first functional was evaluated in the previous 
section of the paper: 
tl 


= — \ {mZu + (cZyy)yy + BZ + p \ 1Zu dl} 8Z dy dt 


00 ly 


Let us evaluate the variation of the second functional: 
t t 
= 4Z,) BU,) de dt + \ U,) dt de 
oT ot 
4 o\ \ VH* U,-TH*8U dt — 
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t t 
ds dt og \ \ ds dt — pg \ \ ds dt (2.6) 
os 


de 
os 


Use Green’s formula and the fact that 


On (PEX+ 9), =10 (P €%) 


This allows us to represent expression (2.6) in the following form 


t t t 
BL, yH*l,8Z,dsdt 4- p\\HyZ, dsdt 4 \ H*U,8U, ds dt — 


~ os 0s 


t 


og \\ Ul ds dt \ \ 8Z ds dt — pg \ \ aU ds dt 
os 8 


Integration by parts (with respect to t) and utilization of the iso- 
chronous property of the variation yields 
H* Uy + BU ds dt — 


t 
yH* ds dt — pg \ \ xl 8Z dsdt (2.7) 
os 


By substituting (2.5) and (2.7) into equation (2.4) and using the 
independence of the variations we obtain the following equation: 


\ yHyZudl + p \ yH* Uy dl 4- (eZyy)yy + 4 eg\ di =0 
ly d 


+ H°U + pg =0 (2.8) 


Here d denotes the line of intersection of the surface S with the 
plane of a normal cross-section. 


Thus the motion of the beam-fluid system in the given case is described 
by a system of two integro-differential equations. 


3. We shall use the Ritz method to determine the natural frequencies 
and principal mode shapes. To do it we substitute into equation (2, 4) 

(2.9) 

Z(y,t) =cos @t(y) yon [0; U(P,t)=coswt/(P) Pons 


The problem of determining the natural vibrations reduces to the 
minimizing the following functional: 
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l 


0 t 


l 
4 de} [(c9")?+- 882] dy — ds — pg 1/%ds (2.10) 


s 


In order to solve this variational problem by the Ritz method it is 
necessary to choose two sets of coordinate functions W(y) and vy, (P), 
which are complete and orthonormal on [0, |] and S, respectively. Then 
we put 


-Zandn, | = 


After that this problem is reduced in the usual manner to a system of 
homogeneous algebraic equations with a symmetric matrix. 


Thus the problem of the study of free vibrations of a beam inside which 
there is a liquid having a free surface reduces to constructing the H 
and H* operators (for this purpose it is necessary to be able to solve 
numerically the Neumann problem for the region +), to constructing a set 
of functions /, and y,, and to setting up and solving a homogeneous 
system of algebraic equations. 


The previous sections contained a formal analysis of the problem, It 
was demonstrated by means of an example of a simple "one-dimensional" 
motion that it is possible to reduce the problem to an algebraic one. The 
general case of small vibrations of a beam is studied below, where the 
main attention is focused on the problem of the existence of principal 
modes and the properties of the spectrum, 


3. Arbitrary vibrations of the beam. Some general problems 
of the theory. 1. Reduction to a functional equation and some simpli- 
fications. Let us denote the deflection in the x0y plane by Xly, t) and 
the angle of twist by @(y, t). The kinetic and potential energy of the 
beam without the fluid can be written as 


+ + + 2A gg Zi + dy 


(3.1) 


Il, \ {C,X yy? 7 C.Zy,* 4 B,X* BZ dy 
0 


Here C, are the bending and torsion rigidities and B, are functions 
characterizing the external forces. 


The normal velocity component of points on the surface of the cavity 
is expressed in our case by the formula 
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Vn = + 9: 


where 


= cosinx®), Y.=cos(nz°) Y= zcos(nx°)— xcos(nz°) 


Introduce the elastic displacement of points in the plane: 


dn = + Ns 


Similarly, as it was done in the previous section, we shal! introduce 
a function U(P, t): 


U(P,t)=0(P, t)—da(P, t) (PES) 


Repeating then the reasoning of the previous sections we can write 
the expressions for the energies, the functional L and the integro- 
differential equation of motion 


= 1, ++ pg \ U*ds + pg + + ds 
s 


t 
L=(\(T—M)de (3.3) 
0 


Ay, | wy, dl +- Aye Zu + | dl + Ays (3.4) 
v 
\ dl + p dl + (CyXyy)yy + pa\ dl =0 
v a 
Ay. + + Age Zu + dl +- Ags 44+ (3.5) 
+0 dl + + + 08 dl =0 


ly 


ly 


+p \ dl + AgsZu + P dl +- Ags + (3.6) 
v v 
+ \ dl + p \ dl — + + pg dl 
ly 


4 
HXwy, +- HZute + H*U + + + pers? + pgU =0 (3.7) 
In order to study the existence of periodic solutions of the system 


(3,4) to (3.7) and to analyse the properties of the spectrum, it is ex- 
pedient to write this system in operational form. 


Let us introduce the following function spaces: 


23 
10a" 
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(a) Function spaces £, and £, of functions u,(y) and u(y) with a 
summed square on[0O 1], possessing generalized fourth derivatives and a 


scalar product 


(ui, = [mi (i = 4, 2) (3.8) 
9 
(b) A function space E, of functions u,(y) with a summed square on 
[0 1], possessing generalized second derivatives and a product of the 
type (3.8). 


(c) A Hilbert space of functions u,(P),P€Swith a summed square 
on S and with a scalar product of the form E = £,+ £,+ £,+ &, 


(1g, Yada = dy dy, (3.9) 
5 
(d) A direct sum of the function spaces F = F, + E, +E, +E, with a 
scalar product 


4 
(z, y)= >) (uj v;) 


i=1 
Here x is a vector with components u,, u,, uz, Uy. 


The functions u, should also satisfy some boundary conditions which 
are determined from the type of beam support. We shall not specify these 
conditions in detail. We shall assume them to be homogeneous and such 
that they insure the self-conjugate property of the operators which 
describe the elastic vibrations of the beam without the fluid. 


We introduce the operators Lj and Mi acting from E, to E:: 


Lj ju; = Ajju; +9 \ (i,j = 1,3, 2), Lyjuj = Hyju; (i 


ly 


Lig Uy \ dl (i l, 3), Lig = H*u, 
ly 
Muu; = (Ciiyy)yy + (i = 1, 2), = pg Tilly dl (j = 1, 2, 3) 


= — + Batts, May = = payee; = 1,2, 3) 


Since H is an integral operator (1.2), whose kernel is a Green’s func- 


tion, then in order to have the operators L, and M.. act from L. to L;, 


it is necessary to impose some limitations upon the functions Ai, C; 
and B;, We shall not stop to consider these questions, but assume once 
and for all that these functions satisfy all necessary conditions. 


Let us also introduce operators L and M in terms of the following 
equalities: 


= 
7 
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M; O My) 
M 0 0 Ma, 
0 O Mss Mss 
Mar Maz Mas Mas 


With this notation the system (3.4) to (3.7) becomes 
Lan +Mr=0 . (3.10) 


Let us explain some properties of the L and M operators. Operator L 
is self-conjugate, i.e. ‘ 
(La, y) = (z, Ly) or > (Li; uj, > (uj, Li; (3.11) 
i, j=1 i, j=1 


The validity of equations of this kind is established by a simple 
verification. 


Thus, the L operator is self-conjugate. However, it is not completely 
continuous. This circumstance complicates the proof. 


Let us now proceed to the study of the M operator. Calculate (Mx, x): 


\ \ dl dy +\ dy + 


0 


(Mz, = u, dy + 2og 
0 


| | 


0 
i 

(Co Uoyy)yy U2 dy + 2pg Ug \ Yous dl dy + \ dy +- \ (— C3Ugy)y Us dy +- 
0 


0 0 d 


0 d 


l l 
+2pg { us dl dy + | Baus? dy + pg ds 
0 Ss 


After comparing this expression with equation (3.2) we have 


= (3.12) 
In order to be convinced of the validity of formula (3,12), 


it is necessary to use the self-conjugate property of the boundary con- 
ditions for the functions u (i = 1, 2, 3). 


Remark. 


In order that the problem make sense it is necessary that the func- 
tional Il be positive definite. Questions regarding the conditions which 


have to be satisfied for that purpose by functions c. 


and are not 
trivial. However, this investigation is greatly simplified because of the 
following fact. 


Theorem. For the functional II to be positive definite it is necessary 
and sufficient that the functional !1* be positive definite, where 


= I], — pg \ 12 ZX ds — pg \ ds — og \ 
8 (3.13) 


1246 
Lan Las 
1905 
< 
— 
| 4. 


Vibrations of elastic bodies 


ds — pg Z*ds — +g ( 6" ds 


and the functional IJ, is determined from formula (3.1). 


In order to be convinced of the validity of this theorem, it is suffi- 
cient to perform the following substitution in the expression for the 
potential energy: 


U =v—y,X — 7,2 — 7,8 (3.14) 


After that the functional II has the form 


This theorem, which is a generalization of the analogous theorem of 
the theory of motion of a rigid body with a fluid (see reference [2 ]), 
has a principal character. It shows that the question of the stability 
of a beam, inside which there is a liquid mass having a free surface, 
reduces to the study of the stability of the same beam without a fluid 
but under the action of another system of external forces. The potential 
energy of the changed system of forces differs from the potential energy 
of the original system by terms that are identically determined by the 
density of the fluid and the geometry of the cavity. 


The positive definite quality of the functiona!) []* will thus denote 
the fact that in the equilibrium state the potential energy of the bean- 
fluid system has a minimum, and consequently this state of equilibrium 
will be stable. (Strictly speaking, this statement is still to be proved, 
as will be done below). 


In the following we shall assume that the functional [!*, and con- 
sequently also the operator M, are positive definite. 


The operator M is sel f-conjugate. This fact is established by a direct 
verification. 


2. Study of the quadratic functional [1*. It is rather complicated to 
study in general the necessary and sufficient conditions for positive 
definiteness of the functional I] *. However, it is very simple to set up 
the sufficient conditions only, and in addition they will have a simple 
physical meaning. 


Let us first study the simplest case of only torsional vibrations 


of the beam. The functional 'l* will then have the form 


= \ +- — 6,9") dy (6s(y) = pg dl) (3.15) 
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If one assumes that C, never goes to zero, then one of the sufficient 
conditions can be written immediately (see, for instance, [4], p. 122): 


Bs > bs (3.16) 


Using the expression y, = z cos nx — x cos nz, equation (3,15) can be 
written in the form 


bs(y) = pg {422 (y) cos® (nz) 4 


J xx cos* (nz) — 2J,, cos (nx) cos(nz)} (3.17) 


Here Taw Fes Fe, denote moments of inertia of a segment d. 


If the axis of the beam is horizontal then z° = m°, and then 


b(y) = pgJ xx (3.18) 


If the axis of the beam is vertical then y’ = m9 and then bly) = 0, 
i.e. the fluid does not influence the sign-definiteness of !Il. Thus, for 
the functional to be positive definite (and conseqently, also for 


stability of the equilibrium position) it is sufficient to satisfy the 


condition which is identically determined by the geometrical character- 
istics of the free surface and the density of the fluid. 


If the beam undergoes only flexural vibrations in one of the planes 
then similar conditions are derived analogously. In that case 


=F {e,X by) X*} dy (1 (y) \ 11° dl) 
0 


Since y, = cos nx, therefore b, = ped cos‘nx, For future use let 


Jin = pg dl 
The criterion for the form of (3.16) can also be easily obtained for 
the general case. For that purpose let us represent the functional Il * 
in the form of a sum: 


= + 0," 


l 
= 2 \ {By — Jy} X* dl +- + (4, — Z* dl + 14 3 — J gg} 9? dl - 
0 0 
— pg dl dy —pg X8 dl dy — pg ots 29 dl dy 
od od od 


For the functional [1*, to be positive definite it is sufficient that 
for an arbitrary y [0, 1] the functions c, satisfy the inequalities 


+: 
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c; > 6,, where 6, are arbitrary positive numbers that can be as smal] 
as is desired. For the functional [l,* to be positive definite it is 
sufficient, for instance, that the following conditions be satisfied: 

B, —J,, > 8, - — J — > (3.19) 


Su 
Ses > Be (3.20) 
J 


where a, are arbitrary positive numbers that can be as small as is 
desired. 


These conditions are analogous tothe Sylvester inequalities. They im- 
pose limitations upon the geometrical characteristics, and one can express 
them in graphical form. We shall demonstrate this with an example of 
flexural vibrations in two mutually perpendicular planes. 


In this case conditions (3.20) can be written in the following form 


[1] 


3, > 8, + 3, > (3, — (Bs — 32°) (8 + > 0 


He re 


3, = ped cos nz, = oged cos nz, cos nr cos nz 


Consequently, in order to satisfy these conditions,the quantities A. 
and 8, should be such that for an arbitrary y [01] the point A,A, lie 
in the shaded region of the plane 8,0 B, ‘Fig. 3). 


The conditions that we have just considered are 
very crude. Intuitively, it is quite clear that if 
the rigidity is positive then in order to insure 
positive definiteness of !I1* it is not at all necessary 
that the external forces have a restoring character. 


Let us study vibrations with "one degree of free- 
dom", for instance, torsional vibrations. We have 


= \ esBy*dy + \ (y) Pdy (r(y) = 35 — og \ x*dl) 
0 


0 


and let r 2-5 for y on [Ol], where 5 is some positive number. 


| 


Il’ \ - 6 ||? 


Evaluate from below the first term of the right-hand side. Since 
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But one can always assume that 
and thus the foregoing inequality leads to 


\ > || + 29 


From this it follows that for positive definiteness of the functional 
l1*, it is sufficient that function c, satisfies the inequality 


(3.21) 


This condition imposes a lower bound on the rigidity c.,. It will be 
necessarily satisfied if it is required that function c, satisfies the 
inequality 


Ca (y) (3 22) 


where 7 1s a positive number chosen in a suitable manner. 


A condition of the form (3.22) can also be obtained in the case of 
arbitraty small vibrations. The following statement can be proved. 


For positive definiteness of the functional II * it is sufficient that 
the functions C, satisfy the inequalities 


min C; > %, y € [02] i= 1, 2,3) (3.23) 
where 7, are some completely determined positive numbers. They depend on 
the character of the external forces and on the geometry of the liquid 
cavities and the density of the liquid. 


3. Proof of the existence of principal modes. The problem of determin- 
ing natural vibrations reduces to the study of the spectrum of the 
operator equation 
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Lz= —Mz 
where the L and M are sel f-conjugate operators and M is positive definite. 
The L operator is not completely continuous. This circumstance requires 
some additional calculations. 


We perform the substitution (3.14) in the expressions for T and Il and 
set up new equations of motion. In the simplest case of purely flexural 
vibrations this system becomes 


+ Pp \ + endl r 8,°X = 0 
l—d l—d 


+ per = 0 
Here 
H,=H—H, = 8, —pg \ 

Let us recall that H(P, Q) is the Green function of the Neumann 
problem for the region r. The outstanding feature of the transformed 
system (3.24) in comparison with the system (3.3) to (3.7) is the fact 
that its first three equations do not contain terms with v in them (the 
first equation contains only derivatives of that function with respect 
to t). 


Introduce the function space EF * = E+ &, + 8, + and let w* E*. 


Then the system of equations of motion in the general case can be 
written as follows: 


Bw,’ Dow Nu* = 0, oH vy + pgv = 0 (3 25) 
He re 


B=(Li); De=p \ T=] 4.1. Ti= te tol 


The operators L* Gi = 1, 2, 3) differ from the operators L;, by the 
fact that under the integral sign the operator H is replaced by H , and 
the integration extends over the interval | - d. 


The symmetrical operator N is determined by the matrix || Bi, \. where 
the numbers B;; (i # j) are given by the formulas 


Bi; = — pg 


d 


It can be easily verified that the operator 
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B D 
A H* | 


just as the operator L, is self-conjugate. In order to be convinced of 
this it is sufficient to check the validity of the equations 


(Aw,w,)=(L2,2;), Aw;)=(2,L%), (w 


v 


The elements w and x are related by the equation (3.14). 


The operator N is unbounded and positive definite. Its inverse N-‘ is 
a completely continuous integral operator. The structure of this operator 
can best be seen by considering a particular case. For instance, if one 
studies purely torsional vibrations then the equation Nu = f becomes 


and consequently 


l 


- 


0 


where G is the Green function taking into account the corresponding 
boundary conditions and having a weak singularity. 


To find periodic solutions let 
w* = weos o,f, v = COS 


System (3.25) becomes then 


Bw + Dy = Nw, yw + = 


j 


a/ 
Here we change the variables ¢ = N' 2» andd = Vogy. We obtain 


+ N-*p — = 
V 


V pg V pg V 


Since the operator B is bounded, N~ 1/2 BN- 1/2 is completely con- 
tinuous (inasmuch as N~‘ is completely continuous). Operators D, H, and 
li* are completely continuous as integral operators with weak singular- 
ities. Consequently, the operator that determines the left-hand side of 
the system (3.28) is completely continuous. Similarly it is easily 
verified that the operator 
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V pg 
| 


R =| 

| 
V pe 


H 


= 
V pg V pg 


is sel f-conjugate. 
Thus we have arrived at the characteristic value problem 
Rf =f 
for the completely continuous sel f-conjugate operator R. 


On the basis of known theorems of linear analysis we can establish the 
validity of the following fundamental theorem. 


Theorem. If the quadratic form fl is positive definite then the system 
(3.3) to (3.7) has a periodic solution (principal modes of vibration) of 
the form (3.26), where @, are positive numbers (natural frequencies), 
forming a sequence such that w, + ~ as n+ o, 


This theorem contains Lagrange’s Theorem on the minimum of potential 
energy as a special case of the given problem. The proved theorem indi- 
cates that if the potential energy of the beam-fluid system in the 
equilibrium state has a minimum, then this equilibrium state is stable 
in the sense that all principal oscillations of the system are bounded. 


4. Proof of completeness. The system of principal modes of vibration 
is complete in FE. In order to show this we shall write the fundamental 
operational equation in the form 


Introduce the Friedrichs norm (x, yp = (Mx, y). For the proof of 
completeness in the Friedrichs norm it 1s sufficient to show that from 
the condition M~!Lh = 0 it follows immediately that h = 0. Consider 


(M ‘Lh-h)p = (Lh-h) 
The scalar product on the right is the kinetic energy. Consequently, 
if h # 0 then this expression cannot be equal to zero. Consequently also 
M-!Lh #4 0. 


The completeness of the system of principal modes allows to find the 
solution of the Cauchy problem in the form of a series composed of 
principal modes. 


This completes the proof of the existence of a complete set of 
principal modes of the syStem studied. At the same time the proved state- 
ments substantiate the use of the Ritz method, whose scheme was discussed 
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in detail in the first Section of this paper. 


A short summary of several results of this article were published in 


the Dokl. Akad. Nauk SSSR (see [5] ). 


The author expresses his gratitude to A.A. Abramov and M.A, Neimark 
for a number of comments and suggestions. 
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ON SMALL HARMONIC OSCILLATIONS OF A CYLINDRICAL 
SHELL ALONG THE AXIS OF WHICH AN IDEAL GAS 
FLOWS WITH SUPERSONIC VELOCITY 


(0 MALYKH GARMONICHESKYKH KOLEBANIIAKH TSILINDRICHESKOI 
OBOLOCHKI, VDOL’ OSI KOTOROI TECHET SO SVERKHZVUKOVOI 
SKOROST’ IU IDEAL’ NYKH GAZ) 


PMM Vol.23, No.5, 1959, pp. 879-884 


B.I. RABINOVICH 
(Kiev) 


(Received 20 June 1959) 


A circular cylindrical shell is considered to have a flat bottom at one 
end where a system of uniformly distributed supersonic sources is located. 
The other end of the shell is open and through it flows a uniform super- 
sonic stream of an ideal gas originating at the bottom. On the assumption 
that the shell performs small harmonic oscillations in a certain plane, 
the dynamic interaction between the gas and the shell walls is invest- 
igated. The gas compressibility leads to the appearance of nonstationary 
forces whose role in the general scheme depends upon the Strouhal number; 
in other words, the principal vector of the gas-dynamic forces manifests 
itself during the shell oscillation as displacement and rotation relative 
to the longitudinal axis. 


l. rippers of the problem. The following notation is intro- 
duced: = area of the shell bottom; S, = area of the side surface of 
the vor) R, = shell radius; h = length of the generator; 2 = volume of 
gas inside the shell; c = displacement velocity of the gas; p, = mass 
density of the entioverked gas, and 


the mass efflux per second. 


The pressure in the surrounding medium is taken equal to the pressure 
in the gas stream. 


For describing the motion of the gas we introduce an "associated" c 
ordinate system Oxyz with an origin at the center of the circle S, 
The Ox-axis parallel to S,, the Oy-axis lying in the plane of the die- 
turbed motion; and corresponding to this an absolute coordinate system 


. 
23 
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O*x*y*z* which coincides with the Oxyz system in the absence of any dis- 
turbance. Subsequently, by an undisturbed motion we mean either a state 
of rest or motion of the 0*x*y*z* coordinate system such that the inertia 
forces in its field are neglected when considering a disturbance in the 
gas. The motion of Oxyz relative to 0*x*y*z* will be characterized by the 
velocity vector u of the point O and by an angular velocity w , supposed 
to be a small quantity of the first order: 


® = Wi, (1.1) 
where i, and i, are unit vectors in the O*y*z* coordinate system. 


Quantities of the second and higher orders are neglected. The shell 
motion in the O*x*-direction due to the disturbance is of minor interest 
and so it will be assumed that u.= 0. 


In order to construct the velocity field the following assumptions are 
made: 


(1) the components of the velocity vector of the disturbance at any 
point in the region Q are small compared with c; 


(2) the gas flow is a potential flow. 


Consider the absolute flow of the gas in the associated coordinate 
system, i.e. fix attention on the Oxyz system at the instant when it co- 
incides with the O*x*y*z* system during the disturbed motion. Then the 
linearized equation for the velocity potential ® may be written in the 
following well-known form 


Of a dxdt a® 
where a is the velocity of sound, M= c/a > 1 is a certain constant, and 
the time derivatives are calculated in the 0*x*y*z* coordinate system. 
For the formation of the boundary conditions we assume that the gas 
particles close to S, move with S, and rotate about Oz-axis as a solid 
body during the disp lecenent and rotation of the bottom S,. Normal com- 
ponents of gas velocity must be created on the surface S,. By virtue of 
the supersonic character of the flow, this cylindrical surface may be 
considered as semi-infinite, so that any additional condition at the open 
end is unnecessary. 


Thus, at the instant when Oxyz coincides with 0*x*y*z*, 


amd 


3, = (u, s)+ (R x s, o), = (R x ¥,@) on 5; 


= (u,v) + (R x ¥,@) on (1.3) 


Here vy is a unit vector normal to Q, and s is a unit vector in any 


? 2 
he 
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direction of the S, plane. For harmonic oscillations, one may write 
u(t) = w(t) = (1.4) 


2. Determination of the velocity potential of the disturbed 
gas flow. We seek the velocity potential in the form of a sum of terms 
corresponding to an incompressible fluid flow inside an infinite cylinder 
S,, and an infinite series expressing the effect of a wave system arising 
during the disturbed motion: 


co 
Or, (x,t 
= yu + + >} dn = (2.1) 


where y and xy are harmonic functions satisfying the boundary conditions 
(1.3) and S,, and where W,(n = 1, 2, ...) are eigen functions of the 
Helmholtz equation 


Sy? ka yn — 0 (2.2) 


In the region S_ representing a cross-section of Q, the relation 
= 0 


2.3) 


is determined from the boundary condition on the contour C which bounds 


S. 
Because of the circular region under consideration, we introduce the 
4 following expression for the functions Ww, in (2.1): 
Ji (E,R/ Ro) 
yn TE) cos 6, ka : R, (2.4) 
“ where J; is the Bessel function of the first kind and first order, @ is 
* the polar angle measured from Oy, R is the radius and | is a root of the 
equation 
4 (&) =0 (2.5) 
a Substitution of expression (2.1) into equation (1.2), on the assumption 
= ; that the series in (2.1) is differentiable term by term, gives the follow- 
i : ing differential equation and initial conditions for the function 
r,(x, t): 
(2.6) 
| + 2e T | y (u- + 2ew + ) =0 
(x, t) 
ra(0,t)=0, —a—-=—2yo = tor (2.7) 


n=1 


after recalling condition (2.1) and neglecting an arbitrary function of 
the coordinates. 
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By use of the substitution r(x, t) = ¢ (x)e* and expansion of the 
function y = R cos @ in a generalized Fourier series of uw, functions, 


( 


equations (2.6) and (2.7) may be brought into the following equivalent 
system of ordinary differential equations and initial conditions for the 
¢,,(x) functions 


2.9) 


a? —1) Dies. mn, > x %)| 


(2.10) 


10c 


(2.11) 


A solution of (2.9) which satisfies (2.10) may be written in the form 


(2.12) 


= Uo, Xo - 


3. Caleulation of the principal vector and principal moment 
of the system of gas- dynamic forces. The principal vector P and 
the principal moment M. of the system of gas- dynamic forces relative 
to the point O are most simply obtained by employing a function character- 
istic of the disturbed pressure and by taking into account an additional 


change in motion and kinetic moment resulting from efflux of gas from the 
sources on the surface S,: 


(2,2 — 1) 
n=1 
on (VU) = 0, on (0) N (n = 1, 2, 
23 
where — 
< 
on (2) = >) (2) 
where 
(2) =——; f | |. [cos al On” + 3° 
iMe 
= sine - r}} (2 133) 
3,° + 
(2) — a? — a? — 2)? cos 6} + — 
(M? — 1) (64 + + 26% 2 . 2» | 
V | 
a(M*—1)’ 
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P \\ bpydS — M, : \\ ép(R v)d8 (3.1) 


i 


— — en’, M, c?\\(R < ¥) bod S (3.2) 


and R is the radius vector of a point on the surfaces S, + S,. The vari- 
ations of pressure 5p and of density 5p may be expressed in the associated 
coordinates. The Lagrange-Cauchy integral in the movable Oxyz system has 
the form 

aD dp 


ot 4 


where Vv. is the absolute velocity of the gas particles, v, the transfer 
velocity, and y(t) an arbitrary function of time. 


In the case under consideration v,=c+ v;=u+oxR, : 
therefore the expression for 5p takes on the following form after neglect- 
ing the nonessential functions of time 

(aD 

bp — ) (3.3) 
where p, is the mass density of the undisturbed gas. The expression for 
the variation 5p in density to the same degree of accuracy has the form 
ip (oD ap (3 4) 


By virtue of the boundary condition (1.3) on the surface S, 


op at 

By substitution of Sp from (3.3) into formulas (3.1) and integrating 
over the surface S, + S,, in the second case by parts, we get 


i 


OD 


M, = — po | \\ x + x ¥) dS — 
§,+S8, | 


— x ew (\ x vy dS M: vas | 


A further substitution of ® from (2.1) into (3.5) yields 


r 
a 


n or, 


ot 


(3.6) 


or 
|(R x v)dndS 


Or 
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where » is the mass of gas filling the volume 9, R. is the radius vector 
to the center of the exit section, R ‘ is the radius vector to the center 
of inertia of the gaseous mass Q 


9 
u = tR,*ho,, R, = hi, 


The following formulas were used in obtaining expressions (3,6) 
co 


n=1 


We introduce the operators 


j 9 9 d al x 
(nt) = | (M?—1) + ico (2) | 


Que (Car) = h ja? — 1) + ies] (h) 4 (It) dh — 
ies | (1) dx +- \ (x) da dx 


and pass over to the scalar form of the equations (3,6). Substitution of 
the corresponding expression in (2,4) for the functions v/,,and recalling 
formulas (2.8), (2.11), (2.12) and (1.4), emation (3.6) gives after some 
squaring 


co 
‘ | 


n=) en k l 


Returning to the functions u(t) and w(t) of equations (1.4) and intro- 
ducing the notation 


(3.12) 


for small rotations of the Oxyz system relative to the 0*x*y*z* 


system, 
formulas (3.11) may be given in the following form: 
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L, = x R, - (wo xR.) x R.| + é6L, 
- { + —2— 13 (3.7 
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h, 
(3.9) 195° 
{ j= > 2 
‘ (3.10) 
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Py = — [Yar (2) + ra (3) + (2) + (3) @ + 


(3.13) 


Moz = — [Yor (2) + foe (9) + (2) Age (3) 


Pix = 3 Re [Qn; in == (3.14) 


>) fan Jm [QQn; (j,k 1,2), 


The expressions for »,, andA,, (k= 1, 2) obtained from (3.14), after 
substitution of ¢,,(x) and f(z) from (2,13) and squaring,reduce to 


(9) = thn (¢) Sy (2) — (3.15) 


1 


—[Pu™ (3) + (2) + (2)} 


= [Py™ (7) — Qa, Cy™ (3) + [Pu™ (2) 4 


h=1 


+ Qi (2)} 


Has (2) = tn Ro + Cy (3) — 


n=1 


(2) —Qi2™ (2)] (2) — 2} (2) — I 


hye (2) en R, (3) + Qyo'™ (2)] (2) — - 


n=1 
q (3)] (3) 
a He re 


we 


(2) = cos M+ M?—1 + 


Mt, (1 +£,2) 
En (1 on V M2—1 + Cn? En (i 
M (( M2 — 1)(5,4 + 2)+ 2¢,! 


iy 


It is evident from (3.15) and (3.146) that effects connected with the 
nonstationary process are nonessential, if the value of é.7 is negligibly 
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smal! in comparison with unity, i.e. if-the inequality 
(rear) <— ! (3.17) 


1, 8442, 


is satisfied, where é, = 


Supposing, for example, that R,/a 10°? sec, we obtain in this case 
for the condition of applicability of the stationary hypothesis 


Noticeable deviations from this must be observed only for forced 
oscillations with frequencies of the order of hundreds of cycles per sec. 
In other words, a supersonic gas stream flowing through a cylindrical! 
channel may be considered as “absolutely stiff" in the transverse direct- 
ion for a wide range of Strouhal numbers. By passing to the limiting case 
of o + 0 in (3,14), expressions are obtained which indicate the range of 
applicability of the stationary hypothesis for the effect of the bottom 
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1. We consider a shell, subjected to a loading which increases proportion- 
ally to some parameter A. We assume that the boundary conditions of the 
shell admit for A = 1 a membrane state of stress. In this case, for a 
large class of shells, the following picture of the change of the number 
of equilibrium shapes of the shell and their properties will be typical. 


There exists a certain number A, such that for A < A, there exists a 
unique membrane equilibrium shape of the shel! which corresponds to an 
absolute minimum of the energy of the system, composed of the shell and 
external forces. Further, there exists a number A, > Ay such that for 
A, <A <A, the shell possesses in addition to the membrane equilibrium 
shape also a bending equilibrium shape, however, the membrane equilibrium 
shape of the shell will have a lower energy level than an arbitrary bend- 
ing state. Further, there exists a number Ang 2A such that for A, < 
A <A... the membrane equilibrium shape of the shell, even though it is 
associated with a relative minimum of the energy, is accompanied by at 
least one bending equilibrium shape, associated with lower energy level. 
Finally, for A > ¥,. the membrane equilibrium shape of the shell, in 
general, ceases to be associated with an energy minimum. 


Such a change of equilibrium shapes was factually established in a 
series of investigations (see the bibliographies in [1,2]) for a spherical 
and cylindrical shel] on the basis of application of approximate methods. 
The same finding received a strong justification for a rather large class 
of shells and boundary conditions [3]. 


From what has been mentioned above, it becomes clear that even if it 
were possible to completely surmount all mathematical difficulties asso- 
ciated with the solution of the basic equations of the nonlinear theory 
of shells, the problem could still not be considered as being solved 
completely, since the degree of reality of each of the possible equilibrium 
shapes of the shell for A, < A < A,, would still not be determined. 
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The selection of the most real equilibrium shape of the shell must be 
made, taking additional considerations into account. It is rational to 

introduce as a measure of reality of a certain equilibrium shape of the 
shell the probability of finding the shell in that shape. 


The idea of introducing the probability considerations into stability 
problems of shells was expressed by Feodos’ev [4] and Vol’mir[1]. The 
introduction of probability considerations in our opinion will signific- 
antly advance the solution of such important questions as: 


(1) Determination of admissible loads on the shell in studying stabil- 
2 ity, taking into account the conditions of its behavior and the irregular- 
# ities in its manufacture; 


(2) The determination of inaccuracies with regard to basic shell para- 
meters. Of most importance in this regard the most important factor we 
have in mind is the analysis of the necessary accuracy in manufacturing 
the middle surface of the shell. 


The development of the statistical theory of stability of shells must 
in our opinion include the following items: 


(1) Methods of statistical description of factors which determine the 
random characteristics of deformation of the shell. Methods and technique 


of experimental determination of statistical characteristics of indicated 
factors. 


(2) Methods of statistical description of parameters which characterize 
the deformation of the shell. Methods and techniques of experimental de- 
termination of statistical characteristics of indicated parameters. 


(3) Relations between the statistical characteristics of the parameters, 
which describe the deformation of the shel! and the statistical character- 


istics of factors which determine the accidental character of the deform- 
ation of the shell. 


An approximate approach to the construction of such a theory is pre- 
sented below. 


Let us assume that all factors which determine the accidental character 
of shell bending may be subdivided into three groups: 


(1) The dispersion of elastic and geometric shell properties; 


(2) The dispersion of parameters characterizing the method of shell 
fixing. 


(3) The dispersion of external loading applied to the shell. 


23 
10¢ 


3 
4 
: 
¥ 
: 


A statistical method in the theory of stability of shells 1265 


Further, even though the indicated groups may contain also functional 
parameters, as for example, the deviation on the shape of the middle sur- 
face of the shell, deviations in the thickness of the shell, etc., we 
shall still assume that the totality of factors of the first two groups 
may be described by a finite number of parameters a,, ..., a,. In view of 
this it is natural to assume that the probability properties of the first 
two groups of factors will be given, if the law d(a,, ..., a.) of dis- 
tribution of the parameters is specified. We now assume that the para- 
meters a,, ..., @, are fixed and we now write down the equations of shell 
motion, subjected to a loading F(P, t) and taking energy dissipation into 
account. We have 


+ 2yw, + D7*w = Dyy (Wax + fax) + (Wyy + — 


— (Way + fry) + Z(P, t) 


(1.4) 


‘@ => 2Eh (wry Wxx Wyy | Wyy on | W xx + 2hxy Wxy) (1 .2) 


In these equations p is the mass density of the shell, referred to a 
unit area of the middle surface of the shell; the energy dissipation in 
the shell is described by the term 2yw,. For the sake of simplicity in 
the equations (1.1) and (1.2), we neglected the energy of longitudinal 
motions of the shells and we assume that F(P, t) has only one component 
Z(P, t). All these assumptions may be omitted at the cost of certain 

complication of further calculations. 


We assume that w satisfies certain homogeneous support conditions and 
further 


® = r(s), = q (s) (1.3) 


where r(s), q(s) are certain functions of the arc contour length s. 


We shall seek an approximate solution of the problem in the form: 


w= qx (t)yn(P) (1.4) 


k=l 


Here x,(P) is the base in the energy space of shell bending [5,6 Fe 
To determne q,(t) we use the method of Bubnov-Galerkin, assuming that 
X, are also normal in L,. We then obtain the following system: 


(1.5) 
— Zell) (2x =\ Z(P, 1) xx(P)aP) 


Here U is the potential energy of shel! deformation expressed in terms 
of q,. 
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The system (1.5) may be considered as the equations of motion of a 
certain point moving in n-dimensional space of the coefficients q,, ..., 
q,: This point moves in the force field with the potential p~ U and 

under the action of accidental loadings p~* Z,(t). We shall assume below 
that (1.6) 


M. o.Z(P,1)) 


Z(P,t) = Z (P, t) + Z@)(P,t) + Z(P, 2) (Z') (P, t) 


Here Z'7)(P, ¢) is the fluctuation term producing accelerations of the 
point of the type of Brownian motion, 213) (p, t) representing the con- 
tinuous random process. 


We assume further that we can set with sufficient accuracy 


Z(P,t)= 5) >) ap (P) (t) (1.7) 


Here w)(t) are some fixed functions of time. We shall assume that a 
continuous random process is given if the law of distribution 6(a,,) of 
parameters a,, is known. In accordance with (1.6) we have 


= + Ze + Yaw (0 (1.8) 


las} 


The problem is now reduced to finding the law of distribution of V4) 
+» 7, im time. 


To solve this problem we assume that the groups of parameters a, ‘ 
a, and a,, and the random process z'2)(p, t) are statistically independent. 
We assume further that the parameters a,, ..., @., @,, have acquired a 
certain fixed value and we seek the law of distribution of Vy +209 FW, 
under these restrictions. For the instants of time t > p/y the distribution 
law to be found may be determined from the Smolukhovskii equation [7 ] 


i=] 


In equation (1.9) the parameter 5 characterizes the dispersion of 
collisions (impacts), acting upon the shell; the smaller 5, the smaller 
the dispersion of impacts applied to the shell. The parameter 5 character- 
izes the conditions under which the shell is put into service, and must 
be determined from experience. 


In as much as f is a certain distribution law, equation (1.9) must be 


supplemented by the following conditions valid for t > 0. (1.10) 
1) 7>0, 2) fdqy dqgn=1, 3) npn 
«ti 
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Furthermore, f(q,, 9) = f*(q,, where f* is the law 
of distribution of a initially. 


Let us suppose that we were successful in finding f from (1.9), (1.10), 
Obviously f will depend also on the parameters sy soe, Gy, ; thereby, 
the unconditional distribution law f° for the conditions Saal ered will 


be 


Let us investigate several important cases in which the realization of 
the scheme indicated above is possible to the end and in which explicit 
formulas may be obtained. 


Let Z\3) « 0, and let Z\1) be independent of time. In this case the 
distribution f(q,, ..., q,) which will be approached as t + «, must be 
determined from the equation 


(4.12) 


J= exp((—U 


@ 


satisfies all the conditions (1.10) and the equation (1.9). The distribu- 
tion (1.13) is seen to be the Gibbs distribution. 


The conditionless law of distribution in accordance with (1.13) is 
determined by formula 
(1.14) 


= Qn, (Ax) 9 (@ xr) daxday, 


The magnitude f° may be taken as a measure of reality of a specific 
equilibrium shape of the shell. 


Formula (1.14) yields a sufficiently complete solution. 


Let us note certain most significant features of the method of statis- 
tical analysis of shell equilibrium advanced in this paper. 


1. The calculation of the distribution law in accordance with the 
formula (1.14) requires neither a preceding solution of the problem 
of shell equilibrium under specific loading, nor the analysis of the 
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number of equilibrium shapes, nor the replacement of real relations be- 
tween the deflections and the external load by single-valued functions, 
etc. It is only required to note the expression of the potential energy 
of the system in terms of generalized coordinates. The construction of 

this expression however, does not present any difficulty. 


2. The analysis of the distribution law by formula (1.14) is reduced 
to quadratures. Thereby, since the expressions under the integral in 
formula (1.14) are sufficiently smooth functions, these quadratures may 
by evaluated numerically without any complications, even in cases in which, 
for the sake of accuracy, a large number of parameters Gy sees Gp, are 
used. In this connection, obviously, no special difficulties arise, 
associated with the use of machines for the calculations by formula (1.14). 


3. Formula (1.11) takes into account in principle all basic factors 
which determine the accidental character of shell bending, among them 
also such accidental loads as change rather rapidly with time, and 
also loads which change periodically with a period comparable to the period 
of variation of the shell itself, etc. This formula makes it possible 
to follow up the process of probability changes in time. It is true that 
to this end the solution of the corresponding boundary value problem for 
equation (1.9) is required first. 


However, equation (1.9) is one of those equations which are particularly 
suitable for numerical evaluation. 


2. Let us consider the stability of a quadratic cylindrical panel 
subjected to the action of a longitudinal compressive force (Fig. 1). In 
solving this problem, we assume that accidental deviations in the shape 
of the middle surface and the action of accidental, rapidly varying ex- 
ternal loads are taken into account. 


ae 


The potential energy of the shell may be taken in the form[ 1 ] 


2 


Here a is the edge length of the square of the shell, 2h is the shell 
thickness, E Young’s modulus, f is the shell deflection, fy is the initial 
deflection of the shell. 


We shall consider a shell with a curvature parameter k = 12. In this 
case the potential energy will be expressed by the formula 
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U = TEM + 03 (46, — 4.36) + 3.866, + 11.85(1— 23.41 6, 
8a? 


P = S/Sp (2.2) 


In accordance with (1.13), the conditional distribution law ¢ (the 
distribution law for a determined ¢,) is given by the relation 


+0) 


In equations (2.3) the following notation is introduced 
V = +-05(40,— 4.36) + [— 3.866, + 11.85 (1 — P)] — 23.410,P 
The conditionless distribution law will be given by the formula 
rO= 6a) (Co) (2.4) 


where d(C.) is the law of distribution of Co: 


Let us determine, for example, with the aid of (2.4), the probability 
of displacement ¢ not exceeding unity in magnitude. 


Obviously, 


+ 


1 +1 
—) 


The results of numerical calculations by the above 
formulas are indicated in Figs. 1, 2, and 3, for the 
case when ¢, is subjected to a triangular symmetric 
distribution law. 


Figure 4 indicates the dependence p(D ¢.), where 

D ¢, is the dispersion of ¢. The calculations were made 

for the P = 0.5 (that is, for the case in which the 

compressive force has half the upper critical value) 

and for » = 1, 0.5, 0.2, 0.1. The parameter » for a 
fixed shell depends on 5, the quantity which characterizes the tondition 
of shell performance. The larger the 5, the "quieter" are the conditions 
of shell performance. As seen from Fig. 4, for sufficiently small yz, that 
is, for not very "quiet" conditions of shell performance, D bo has 
practically no influence on p. 


Figure 3 indicates the dependence p(D ¢,) for » = 1 and for different 
P. It can be seen from Fig. 3 that p(D ¢,) has a different character for 


a 
| i 4 J = a, == (2.3) 
4a*p*% 
OL. : 
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different P. If P< 0.544 of the lower critical number for the given case, 
then an increase in De. leads to a decrease of p. However, if P> 0.544, 


P=05 


Pig. 2. 


then an increase of D Co is followed by an increase in p. This circum- 
stance, which seems to be paradoxical at the first glance, is fully ex- 
plicable. 


In fact, a detailed analysis of the number of the equilibrium shapes 
of the shell and the degree of their stability indicates, that for P>P, 
(P, is the lower critical loading) and for large positive ¢, there exists 
a unique equilibrium shape which corresponds to ¢, being located outside 
the interval [-1, +1]. 


For small positive Co the shell has three equilibrium shapes, and one 
of these is located within the portion [-1, +1]. 


However, this shape corresponds to a higher level of potential energy 
of the shell as compared to the shapes which are located outside [—1, +1] ¢ 
Therefore, even though for small positive ¢, there exist equilibrium 
shapes within [-1, +1], they contribute but little to the increase in 
the probability of realizing the inequality |¢|< 1. For negative ¢, how- 
ever, positive equilibrium positions also exist, which correspond to ¢ 
in the segment [-1, +1]. But for negative ¢, these are precisely the 
forms which appear to be most stable and the larger the ¢,, the more 
stable is the corresponding shape. Therefore, as we decrease the dis- 
persion ¢,, decreasing thereby the probability of occurrence of suffi- 
ciently large negative ¢,, then the probability p may decrease. 


If P< 0.544, then to each ‘9 there corresponds a unique equilibrium 


shape of the shell and the smaller the Co» the smaller the value of ¢, 
corresponding to the equilibrium shape of the shell. Thereby, obviously, 
by decreasing the dispersion fo the magnitude p must increase. 


We also note that if D Co is decreased, concentrating the distribution 
law Co on the negative ¢,, then we will always have an increase of p. 
Therefore, it is natural to raise the question of introducing of techno- 
logical, constructional and other types of measures, with the aid of which 


= 
p 
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an artificial dispersion could be created, concentrating the distribution 
law of ¢, on negative values. 


Figure 4 indicates the dependence of p on P for different D ¢,. It may 
be noted that the function p(P) undergoes a sharp change for those values 
of the loading which are slightly higher than the lower critical number. 
These values of the loading are characterized by the circumstance that 
three equilibrium shapes of the shell correspond to them, and two stable 
equilibrium shapes of the shell have equal levels of potential energy. 


The graphs in Fig. 4 are constructed for » = 1 and consequently they 
may be used only for the condition of shell performance corresponding to 
p = 1. However, it is entirely possible to construct a series of such 
graphs for different ». This would give the possibility, using a given 
probability level of finding the shell in a specific state for given per- 
formance conditions, of determining the allowable dispersion in the shape 
of the middle surface of the shell. We turn our attention now to the 
analysis of the probability of snap-through of the shell. Figure 5 indi- 
cates a graph of the potential energy of the system composed of the shell 
and the external forces. For a certain value of P > 0.544 the snap-through 
of the shell will occur, if, as a consequence of accidental impacts, the 
potential barrier 6. is overcome. Therefore, it may be assumed that for a 
fixed ¢, the probability of snap-through p, will be given by the relation 


\ 16,5) (2.6) 


Applying the theorem on total probability, we 
obtain the following formula for the calculation 
of snap-through probability: 


Fig. 5. 


Pr = \ Go) (So) 


Further, if it is considered that snap-through may occur only for Co» 
which satisfies the inequality 


+0 S So, (P) (2.8) 


where ¢, is a certain number determined for each P, then formula (2.7) 
may be written in the form 
Cae (P) 00 
—o 

The results of calculations by formula (2.9) are given in Fig. 6. The 
circumstance should be pointed out here that as, D ¢, increases, the 
snap-through probability decreases. This is explained by the fact that 
by decreasing D ¢, we make large values of ¢, (in magnitude) less probable 
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(we recall that the distribution law was assumed to be symmetrical). But 
2 for large positive ¢, snap-through does not occur, 
and for large negative ¢, snap-through is improbable, 
06 because the state of equilibrium before snap-through 
0% Dl y=006 is associated in this case with a lower energy level 
DC 5=00267 than the state after snap-through. 


p We note in conclusion that in employing the scheme 


6 08 Ww outlined above, it is abvious that all possible 
practical operating conditions of shells must be 

Pig. 6. divided in accordance with the level "quietness" of 

performance, and for each case to be analysed, the value of » must be de- 

termined experimental ly. 
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l. 1. Let a rectilinear crack in an infinite flat plate by supported in 
an open state by breaking loads, symmetrical relative to a straight line 
along which the crack lies and relative to the center of the crack. As 
was shown earlier[1] the half-length of such a crack | is determined by 
the relationship”* 


p(x)dz 


21 


0 


(1.1) 


where K is the modulus of cohesion [1,2], the coordinate x is the dis- 
tance along the crack from the center, p(x) is the distribution of the 
normal stresses appearing along the x-axis in the continuous plate with- 
out a crack under the action of the same stresses. The function p(x) is 
easily found for the given loads and can therefore be considered known. 


Let us assume that the acting loads are proportional to a certain 
parameter A; it is evident that p(x) will also be proportional to A, so 
that p(x) =A f (x). 


Note that the whole consideration in reference [1] was carried out 
for the case of plane deformation (thick plate). For the conversion of 
results to the case of the generalized plane state of stress (thin 
plate), it is sufficient to substitute £/(1-— v) for E and K for K, = 
Ky l1- y?, In particular, the formula for the length of the crack in 
the problem on the cracking of the plate in the case of the general- 
ized plane stress takes the form L = Ben? /4K?, 


1273 


4 
A 
= 


1274 G.I. Barenblatt 


Converting to the dimensionless variable & = x/l, we reduce equation 
(1.1) to the form 


. (LE) dE 
V 2). 


(1.2) 


Further, the radius R of a circular crack in an infinite body, sup- 
ported in an open state by an axially-symmetric breaking load, which is 
also symmetric relative to the plane of the crack, is determined by the 


relationship [ 2 ] n 
rp(r\dr R 


where p(r) is the distribution of normal stresses in the plane of sym- 
metry of the load for the continuous body without a crack under the action 
of the same load. If again the acting load is proportional to the para- 
meter A, then the function p(r) is also proportional to the parameter A, 
so that p(r) = A f(r) and equation (1.3) is reduced to the form 


1 
© (R) = VR\ 


Therefore, in all cases the relationship determining the crack dimen- 
sion has the form: 


D(c) = K/V 2k (1.5) 


where under c one must understand the hal f-length of a rectilinear crack 
l or the radius of a circular crack R, and the function ®(c) for the 
rectilinear and ciruclar cracks is determined, respectively, by the equa- 
tions 

1 


D(c)= Ve \ = D(c)= Ve \ (1.6) 


2. The study of the dependence of the crack dimension upon the load 


leads to the study of the functions ®(c) determined by the equations 
(1.6). 


Let us exclude from consideration the case when the crack is formed 
by concentrated forces applied on its surface; these cases are considered 
in sufficient detail in references [1,2]. Let the crack, therefore, be 
maintained in an open state by some forces, in particular it may be by 
concentrated forces applied inside the body, and by distributed loads 
applied at the surface of the crack. Moreover, the function p and con- 
sequently also the function f will be limited. 


10¢ 
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At small values of c, we obtain respectively in the first and the 
second cases from equations (1.6) 
1 


> 


so that at small c the functions ®(c) grow proportionally to yc. If the 
breaking forces applied to the body from each side of the crack are 
limited and for definiteness are equal to AP, then the following relation- 
ship holds 


\ p(x) dz = iP, \ f(c3) di (1.8) 


—20 0 
oc 


\ p(r)rdr x \ f(c3) = 


Hence from (1.6) we also obtain respectively in the first and second 

cases as ¢ + « 

so that in both cases the functions ®(c) at infinity decrease, converging 
to zero, and have at least one positive finite maximum. We assume that 
the largest of the maxima is reached at some point c = c, (c, known to be 
positive), at which the value of the function ®c) is equal to ®,. Then 
at A <A, = K/V2®, equation (1.5) does not have a solution; this means 
that at too small loads an equilibrium crack generally does not form. At 
A= A, there is one root c = c, of this equation. Physically this means 
that at reaching a certain critical load a crack of a definite finite 
dimension is now formed immediately and abruptly. 


For A > Ao» equation (1.5) has several roots. Which of these roots 
really correspond to the actual crack is determined by a consideration 
of stability. 


In the case when the applied forces, acting on the body from both 
sides of the crack, are not limited, the function ®(c) cannot have de- 
creasing portions. It will be thus, in particular, in the case of a homo- 
geneous field when ®(c) is proportional to yc. 


2. The equilibrium state of a crack according to definition is stable 
if any sufficiently small change in dimension of crack leads the appear- 
ances of forces striving to return the system to the state of equilibrium 
that has been disturbed. We shall investigate the condition of stability 
for cases of a rectilinear crack in an infinite flat plate and a circular 
crack in an infinite body for arbitrary symmetrical breaking loads. 


e- 
5 
= 
0 
7 
‘ 


1276 G.I. Barenblatt 


Let the loads again be proportional to some parameter A, so that an 
increase in the parameter A corresponds to an increase in load. 


For the stability of a crack it is necessary that the equilibrium 
dimension of the crack grow with an increase of the parameter A. Actual- 
ly, we assume that with an increase of load the corresponding equilibrium 
dimension c increases. Let the dimension of the crack be slightly decreased 
in comparison with the equilibrium dimension at the same load. Moreover, 
the total force connecting both halves of the body together is decreased, 
the equilibrium with the applied, somewhat larger, loads is disturbed and 
the crack will tend to spread. If the crack dimension is somewhat in- 
creased in comparison with the equilibrium dimension, then the equilibrium 
is disturbed in the reverse direction and the crack will tend to close 
up. If the equilibrium dimension of the crack is decreased with an in- + 
crease in load, when the situation is close to a given equilibrium state, ; a 
then, evidently, at a small change in crack dimension the forces produced an 
will aggravate the deviation from equilibrium condition and the crack wil] 


abruptly or catastrophically spread so that the corresponding equilibrium 
state will be unstable. 


Thus, the equilibrium state, corresponding to some dimension of crack 
c and to the corresponding value of the parameter A, is stable if for the 
given c and A the following condition is fulfilled 


ic 


(2.1) 


Differentiating equation (1.5), we obtain 


dc K 
Hence from the inequality (2.1) we also obtain the condition of crack 
stability in the form 


M’ (c) < 0 (2.3) 


Therefore, only those equilibrium states are stable which correspond 
to the decreasing portion of the curve ®(c). Hence, in particular, it 
follows that if the crack is maintained in an open state by forces applied 
inside the body, and propagated by loads applied on the surface of the 
crack, and if the forces applied from each side of the crack are limited, 
then at loads greater than the critical there is at least one stable and 
one unstable equilibrium state. In case of a homogeneous field all equi- 
librium states are unstable because in this case the function ®(c) is 


proportional to Vc and its derivative is positive for all values 
of c. 


The critical equilibrium states, separating the stable from the un- 
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stable states are determined by the relationship (1.5) and also by the 
requirement of the maxima and minima of the function ®(c) for these 
states. 


In the transition through the critical equilibrium states, the crack 
dimensions change abruptly, - the point representing the equilibrium 
state passes from one stable part of the curve ®(c) to another. There- 
fore, the graph of the function ®(c) makes possible a complete represent- 
ation of the picture of crack development with increasing load. Generally 
speaking, the number of extrema of the function ®(c) may be arbitrarily 
large; therefore, this picture may appear quite complex. If the crack is 
reversible, then using the graph of the function ®(c), one may also study 
the picture of the change in crack dimensions for a decrease and any non- 
monotonic change in load. Moreover, it is evident that the abrupt change 
in the crack dimensions will occur, generally speaking, not for a mono- 
tonic increase in load, but rather in other cases. The resulting condi- 
tions of stability make it possible also to judge the crack stability in 
finite bodies, because the effect of boundaries can replace the action of 
corresponding forces in an infinite body. 


3. In almost all investigations without exception which have shed 
light on the formation and development of cracks, beginning with the 
classic work of Griffith [3], the energetic approach was used, the 
idea of which is essentially the following. Let W be the decrease in 
elastic energy of the body due to the formation of the crack, and U the 
surface energy of the crack; at a given crack configuration the values 
of W and U will depend only on the crack dimension c. For the equilibrium 
state the maximum and minimum condition of free energy must be fulfilled 


2 (Ww —U) @ (3.1) 


which also determines the relationship of load and crack dimension. 


Under the assumption that the supplementary stresses caused by the 
cohesion forces add an essential contribution to the increase of elastic 
energy because of the crack formation and that the density of the surface 
energy is constant, the result is that W does not depend upon the cohesion 
force and is determined by the solution of a problem in elasticity theory 
for a given load and crack configuration, and l/ = 27S, where S is the 
area of the crack in a plane. Considering the rupture to be ideally 
brittle, Griffith [3] identified the density of the surface energy T 
with the surface tension of the material. Orowan [4] and Irwin[5] ex- 
tended Griffith’s conception to incompletely brittle materials, consider- 
ing 2T to be the specific work of plastic deformations in a thin layer 
close to the crack surface. 


The energetic approach to the solution of the problems in the develop- 
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ment of cracks is essentially more complex than the proposed force 
approach, because of the necessity of using the elastic energy. This, in 
particular, is evident from the fact that hitherto in fact the de- 
termination of the crack dimensions by the energetic method has been 
done only for the trivial and, moreover, unstable case of a homogeneous 


field. 


We shall show that the force approach does not contradict the energetic 
approach. Indeed, from the smallness of the terminal region (first hypo- 
thesis [2]) and final stress in this region (third hypothesis) follows 
a small contribution to the elastic energy, introduced by the presence 
of cohesion forces. From the autonomous final region of the crack (second 
hypothesis) follows the constancy of the work T, done against the cohesion 
forces in the creation of a unit surface of crack, so that the work spent 
on surmounting the cohesion forces during the creation of a crack with an 
area in the plane S, - and this also is the surface energy of the crack 
in conformity with its definition, - is equal to 2TS. 


Therefore, for the establishment of the relationship of the modulus of 
cohesion K with the density of the surface energy T one must, evidently, 
compare the relationships determining the crack dimensions obtained by 
the energetic and the force methods for any problem, for example, for the 
problem concerning the ciruclar crack in an infinite body maintained by 
an arbitrary axially-symmetric rupturing load which is symmetric with 
respect to the plane of the crack. 


We shall represent the state of stress in a body with a crack in the 
form of the sum of two states of stress: the state of stress in a con- 
tinuous body with a given load and the state of stress in the body with 
a crack on the surface of which normal stresses p(r) are applied. 


What is interesting is not the increase itself of the elastic energy 
of the total state of stress, but the derivative of this increase with 
respect to the dimension, in the given case with respect to the crack 
radius (rate of release of the elastic energy); therefore the calculation 
of the increase of elastic energy of the total state of stress can re- 
place the calculation of the increase of elastic energy of any state of 
stress differing from the total in magnitude not dependent upon the crack 
radius. The first state of stress, obviously does not depend on the crack 
radius, hence one may take as such a state of stress the second stress 
state. In general form this convenient method was first proposed by 
Bueckner [6]. 


Let us calculate the elastic energy of the second state of stress. If 
on the surface of the crack of radius R normal stresses - «p(r) are 
applied, then as shown by Sneddon [7], the normal displacements of points 
of the crack surface are equal to 


— 
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1 1 
nk 2 2 R 3.2) 


and the changes in the normal displacements, corresponding to the increase 
in load up to - (« + de )p(r), are equal to 


1 
dt 
3) 


~ 


(3.3) 

It is easy to see that the decrease in elastic energy caused by the 
formation of the crack is equal to 


1 R 


W =2\ eds \ 


0 0 


AN 


Changing the order of integration, we find 
1 
8(1— v4) 


1 
W = \ \ p de 


Vi-#® 
Setting p = pé, 


Sp de 


\ u®F? (UR) du 


Differentiating (3.5) and then integrating by parts, we have 
1 
aw 8 (1 ame \ 


, 8(1—v*) 


Further we have 
U = dU = 4-R17 


whence also from the equilibrium conditions 
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we obtain 


) 


1 


Finally we find, passing to the variable r = &R: 


R 
4 _rp(r)dr R 29 
V R? — ) 


Since this relationship must coincide with the equation (1.3), the 
modulus of cohesion K must be related to the density of surface energy T, 
Young’ s modulus E and Poisson’s ratio v by the equation 

nET 
K* = 3 (3.10) 

Since this relationship relates the universal characteristics of a 

medium, it also must be universal. 


4. Completely analogously, though technically somewhat more complicated 
one may obtain by the energetic method equation (1.1), determining the 
dimension of an isolated rectilinear crack in the case of plane deform- 
ation for an arbitrary distribution of rupturing stresses. 


The equation for the change of the elastic energy is obtained in this 
case in the form 


bed 


8 
(e088) sin p (1 sing de +... (4.4) 
0 


0 


where x = | cos 6, and the dotted line indicates terms not dependent on 
the crack dimension. Differentiating with respect to | and integrating by 
parts thereafter, we obtain an equation for the rate of release of elastic 
energy 


(4.2) 


Whence, using the equation of the surface energy U = 471 and equi- 
librium conditions (3.1), we obtain the equation 
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t — 
p(z)dz nET 

i—v 

which coincides with equation (1.1) if the cohesion modulus K is related 
to the density of surface energy and elastic characteristics of the 
material by the expression (3.10). The problem of determining the crack 
dimensions in an arbitrary field of rupturing stresses has been considered 
repeatedly; an attempt to solve it was proposed not long ago by Masubuchi 
[8]. Using the expansion of stresses and displacements of the points of 
the crack surface in a trigonometric series, Masubuchi obtained an equa- 
tion for the rate of release of the elastic energy also in the form of a 
series whose terms were expressed by a coefficient of the mentioned 
trigonometric series. The inadequate effectiveness of the approach did 
not permit Masubuchi to obtain a simple resulting equation (1.1). 


Therefore, we come to the following conclusion. The clarification of 
the physical picture close to the ends of a crack (1.2) permits one to 
consider the problem concerning equilibrium cracks as a problem in 
elasticity theory, adding to the characteristic properties of a material 
a new characteristic, the cohesion modulus K. Such a force approach does 
not contradict the energetic approach developed in the preceding work 
[3-5]; however, being essentially more effective, the force approach 
makes the energetic approach unsuitable. 


One must note that repeating the energetic derivations of the equations 
given above, which relate the load with the crack dimensions, one can 
obtain corresponding conditions regarding the finiteness of the stress 
[1,2] from the maximum and minimum condition of the total elastic energy. 
The total elastic energy is governed by the loads and the cohesion forces, 
considering the cohesion forces acting in the end region; moreover, the 
cohesion forces are assumed to be surface forces and normal to the crack 
surface. On the other hand, from the condition of the finiteness of the 
stress at the edges of the crack one can obtain the maximum and minimum 
condition of the total elastic energy. This shows the equivalence of the 
force and energetic approaches. 


The solution of concrete problems uncovers various possibilities of 
experimental determination of the cohesion modulus-K; on the strength of 
equation (3.10) each such determination also gives the density of surface 
energy T. We notice that such a determination of surface energy density 
will be based on the rigorous solution of a problem in elasticity theory. 
At the present time there exists a single method of determination of sur- 
face energy proposed by Obreimow[9] and based on the approximate solu- 
tion of the problem by the methods of strength of materials. 


In conclusion the author takes the opportunity to express his sincere 
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gratitude to Ia.B. Zel’dovich and S.S. Grigorian for their interest in 
the work and its discussion. 
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The present paper presents a solution of the plane contact problem of the 
theory of creep, taking into account aging and the change of the modulus 
of the instantaneous deformation of the material. 


This problem was studied in the linear formulation by Prokopovich {1  F 


In solving contact problems under the conditions of nonlinear creep, 
it is necessary to initiate the study from certain sufficiently well 
founded physical hypotheses regarding the relation between stress and 
deformations. From this point of view we do not consider it possible to 
use as a theory of creep one of the theories of aging*, since it may lead 
to incorrect results in solving these problems. As a fundamental physical 
hypothesis we here admit the theory of plastic heredity, advanced by 
Rabotnov [2], and developed by the author [3] for aging material. 


A series of experimental investigations [4,5,6 ), completed recently 
and carried out especially to verify the basic equations of the theory of 
plastic heredity, which confirms a sufficiently good agreement of results 
obtained on the basis of this theory, with data from creep experiments 
for such materials as aluminum alloys, copper, low carbon steel and 
others. 


In Section 1 the basic equations of the theory of plastic heredity are 
presented, which relate the components of deformation and stress, taking 
into account creep of the material in the case of plane state of strain. 


Using these equations for a power law relating stresses and defornm- 
ations, Section 2 presents a preliminary solution, directly in terms of 
stress, of the problem of equilibrium of a half-plane, under the condi- 


* We note that the theory of aging presented in various publications 
devoted to problems of creep is not related to the phenomenon of aging 
of materials. 
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tions of nonlinear creep subjected to a concentrated force applied 
normally to its free boundary. 


Further, using this solution, it is proved in Section 3 that the 
solution of the plane contact problem of the nonlinear theory of creep 
reduces to a simultaneous solution of two coupled integral equations. 


A discussion and solution of these equations are presented in sub- 
sections 2°-4° of this same section, for both cases of symmetric and anti- 
symmetric loading of compressed bodies. 


1. Relation between deformations and stresses for nonlinear 
creep. In the general case of a three-dimensional state of stress, the 
equations of the theory of plastic heredity which relate the strain in- 
tensity « ,(t) with the stress intensity o,(t), taking creep of the 
material into account, are of the following form: 


oC ( (t, t) 


t 
(t)) = = 2 (2) d- (1.1) 
Here C(t, r) is the measure of creep of the material and dl j(t)) 
is some function which characterizes the nonlinear relationship between 
stresses and deformations: both of these functions are determined from 


an experiment of simple creep: r, is the age of the material, ¢ is the 
time. 


It is assumed 


(t) = —— V fe, (t) —e, (t)]* + fe, (t) —e, (t)|? + [e, (t) — ()]* + (t) (1.2) 


= V (t) — 3, (t)]? + [3, (¢) — 3, (t)]? + (2) — + (2) 


Using the usual transformation formulas relating the components of 
stress and strain in cylindrical coordinates (r, 6, z) with the corres- 
ponding components in a system of principal axes, and assuming that the 
stress and strain deviators have equal principal directions at any instant 
of time t, it follows from (1.1) for the case of plane state of strain* 


t 
er (t) = (t) — 2 (t)) — \ (9, — 2 de 


Por the sake of brevity the arguments r, 0, z are omitted. 
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e,(t) = 0 


t 
[e; == (t) \ (1) ac (t, +) de 


a(t) = 3, (t) = + [2, (t) + 29 (1.4) 


We note that equations (1.3) describe processes of deformation, taking 
both aging and heredity of the material into account, and are valid for 
active deformations; the criterion of activity is the condition of increase 
of ,(t). 


These equations are deduced assuming incompressibility of the material: 


e(t) =e, (t) + =0 (1.9) 


Experimental creep curves for metals are sufficiently well described 
by the power law of the form 


[ei (t)] = ples ei (t) = 


(1.6) 


Here K, and » are some physical constants determined from a simple 
creep test. 


The available experimental data regarding the creep of metals and other 
structural materials under constant loading [7] show that with increase 
of loading the total deformation usually increases more rapidly than pre- 
dicted by a linear law. Analytically this condition is expressed by the 
inequality 


> 9 tor = const (1.7) 


Therefore, for the creep law (1.1) and (1.6) adopted here, this condi- 
tion will be satisfied for 


K,>0, (1.8) 


2. Equilibrium of the half-plane, subjected to a concen- 
trated force, applied to its free surface, under the conditions 
of nonlinear creep. Let us consider the quasi-static problem of 


1285 
(1.3) 
where 
OL. 
? 2 
ae 
q 


1286 N.Kh. Arutiunian 


equilibrium of a half-plane subjected to a time-dependent concentrated 
force P(t) applied to its free surface, taking creep of the material into 
account, and for a power law (1.3) and (1.6) relating stresses and strains. 


This problem, for plasticity with a power-dependent hardening in terms 
of stresses, was solved by Sokolovskii [8 Fr who determined the stress 
and strain distribution in the half-plane under the conditions of 


simultaneous action of a vertical and a horizontal force applied to its 
surface. 


However, the problem of determining the displacements in the half- 
plane considered, using the given components of strain presented in paper 
[8 }, is reduced to the solution of differential equations with variable 
coefficients, which are not integrable in closed form. 


In this section, based on the fundamental equations (1.3) and (1.6) 
of the nonlinear theory of creep, the solution of this problem directly 
in terms of displacements is given, because it is precisely in this form 
that we will need this solution subsequently , when studying the plane 
contact problem of the theory of creep. 


We place the origin of a cylindrical system of coordinates (r, @, z) 
at the point of application of the concentrated force P(t) to the hal f- 
plane and direct the axes r, 6 and x, as indicated in Fig. 1. 


Then, solving equations (1.3) which relate the components of strain 
with the components of stress under the conditions of nonlinear creep, 
with respect to [o (t) ~ o(t)] ,log(t) oft)] + g(t) and taking into 
account relations (1.4), (1.5) and (1.6) we obtain 


t 
Cy (t) = 39 (t) + {er (t) (t) \ (t) (t) R (t,t) dt} 


(t) = Ko (t) (0) + tro (2) (2) R(t, 2) (2.1) 


2, (t) = {2,(t) + 


where R(t, +) is the resolvent of the creep kernel K(t, +) = dC(t, 1)/dr, 
that is, the relaxation kernel. 


The equations of equilibrium in the cylindrical system of coordinates 
(r, 6, z) applicable in the given problem are of the form: 


or 


yo! 
23 
a At,» (t) Ac, (t) 
+ — 30(t) = 0, + t+ (t) = 90 (2.2) 
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The relations between the components of strain and the components of 
displacement are 


u (t) 
Ov(t) 1 u(t) 


2%ro (t) ar 2.3) 


aw (t 


where u(t), v(t), the components of displacement along the directions of 
coordinates (r, 6, z) at the instant of time t, yield the differential 
equation of strain compatibility in the form 


(t) (t) de, (t) 


The boundary conditions of the problem are 


(t) = tro (t) = 0 for 


that is, the free surface of the half-plane is free of external loading. 


We shall seek an exact solution of the formulated problem in terms of 
displacements in the following form: 


u(t) = (7) x! (8, t) + fo’ (8, 0)) 
v(t) = x[fo(r) x (6,0) — fo (8, (2.6) 
v= 0, r= +14 
where f(r), f,(r), «(@, t) and f, 6, t) are some 
single-valued and continuous functions, to be defined 


in the whole half-space — 7/2 < 0 < 7/2 and r > 0 at 
any instant of time t 27,. 


From the first two relations (2.3) we have 


(r) x,t), =*x— + (2.7) 


Using relation (2.7) and the condition of incompressibility of the 
material (1.5), we find 


(2.8) 


We assume that the shear stress r g(t) is equal to zero in the whole 
half-plane for any t. Then by virtue of (2.1) and (2.3) we have 


dv (t) v (t) 1 du (t) 


of = 0 
Or (4.4) 
Substituting into (2.9) the expression for the components of displace- 
ment and their derivatives from (2.6) and using equation (2.8), we obtain 
the following equations for the determination of the functions f,(6, t), 


q t a (t) 

u 

r iré ‘rd ‘ 
—2r — — = 2.4 
oe? ar 2 0 ( 4) 
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x(6, t) and f, (r): 
fo" (8, t) + fo (8, t) = 0, x" (8, t) + My (6, t) =0 
(r) + rh (r) (7) = 0 
where A is a parameter to be determined later. 
The general integral of the equation (2.11) is 
= 4 tor —w< (2.12) 
Here D, and D, are the constants of integration. 


Admitting the obvious condition that for r + « the displacements u(t) 
and v(t) should be finite for arbitrary t >+,, we obtain D, = 0 by 
virtue of the relations (2.6), (2.8), and (2.12). 


Then expression (2.12) for f,(r) takes on the form 
f(r) (—w< (2.13) 


where for the sake of simplicity of further calculations it is assumed 


that D, = 1. 
Using relations (2.3), (2.6), (2.7), (2.8), (2.9) and (2.13) we find 
e, (t) = —e9(t) = —xV 1 y’ (8, t) 
{re (t) (t) = 0 (2.14) 


The intensity of shear strain ,(t), by virtue of relations (1,2) and 
(2.14) will be 


e;(¢) = |e, = V1 — (6, (2.45) 


Substituting the expression for the components of strain ,(t), eg(t), 
y,g(t) and ,(t) from (2.14) and (2.15) into (2.1), we obtain 


o, (t) = 29 (t) — 2x Ky (Vt — (6, t) 
(2.16) 
32 (t) = [2r(t) + c0(t)], (tre (t) = 0 


t 
H, (8,1) 0,0 +) 8G) R (2.17) 


(9, t) is here the solution of equation (2,10). 


The expressions (2.14), (2.15) and (2.16) for the components of strain 
and stress, by virtue of equation (2.10), identically satisfy both the 


vol 
22 
where 
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equations of the theory of plastic heredity (1.3) or (2.1), and also the 
equations of strain compatibility (2.4). 


Substituting expressions for the components of stress from (2.16) into 
the equilibrium equations (2.2), we find that these equations will be 
satisfied if we set 

Vi-= —i, 39 = const (2.18) 


But on the free surface the stresses vanish, that is 
sy (t) = (t) = 0 for and t>7 


These conditions are compatible with (2.18) only in the case when 
og(t) = 0 everywhere. 


Then expressions (2.16) and (2.18) take on the form: 


(t) =<, 1)" H, (8, t), (t) = Tre (t) 


= — — (0,1), = (2.19) 


where the function H,(@, t) is determined by formula (2.17). 


Equating the component of the principal stress vector acting at an 
arbitrary section of the half-plane bounded by a cylindrical surface 
r= const, to the vertical force P(t), we obtain an equation which has 
to be satisfied by the stress a(t): 


P(t)=— 3, (t)rcos dé (2.20) 


From relation (2.19) it follows that for 0< mu < 1 the parameter A? 
varies in the range - ~<A? < 1, whereby the sign of the equation 
yw = A* = 1 corresponds in accordance with (2.1) to the case of equilibrium 
of a half-plane under the conditions of linear creep of the material. 


We proceed to the determination of the displacement u(t) and v(t) in 
the half-plane. 


The solution of the first differential equation (2.10) is 
(8, t) = Dg (t) cos + D,(t) sin (2.21) 


The solution of the second differential equation (2,10) will have a 
different form depending upon the value of ». For » = 1/2 the function 
x(@, t) will be linear with respect to @: 
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x (9, t) = Ds;(t) + D,(t)9 


and for » # 1/2 the function y(@, t) is expressible by means of trigono- 
metric or hyperbolic functions in the following manner: 


x (9,1) = Dy (t) cos 8 + D, (t) sin 0 (u > +) (2.23) 
y (8, t) = Dy (t)ch + D, (t) sh (u < +) 
Here D,(t), D,(t), D.(t) and D.(t) are arbitrary functions of inte- 
gration which depend only on ¢. 


We assume that the half-plane considered is not being displaced in the 
horizontal direction and is not rotated, so that 


v(t)}=O0 for @=Oand t>r (2.24) 
Then in accordance with (2.6), (2.21), (2.22) and (2.23) we will have 
D;(t) = Ds(t) =0 (2.25) 


and the expressions (2.21), (2.22) and (2.23) for functions f,(@, t) and 
y(@, t) take on the’ form 


fo (9, t) = De (t) sin 9 

x (9, t) = D,(t)9 

y (9,t) = D,(t) sin 18 
(9, t) = D, (t) sh 39 


role 


where | and are related to as 


° 2u — ae { — 2p 
Now, using equations (2.17), (2.19), (2.20) and (2.26), for the deter- 
mination of D,(t), we obtain the following Volterra integral equation 


t 


\ Dy Rit, 2) dz (2.28) 


P (t) 


Dy (t 


Dy (t) = Dy" (0), 


Ale \ (cos cos0d) 


0 
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J = \ (ch (wt), J(u) (um?) (2.29) 


K, and » are the physical constants which characterize the power law of 
the nonlinearity (1.6). 


The solution of equations (2,28) is 
t 


since R(t, r) is the resolvent of the creep kernel K(t, +) = C(t, 1)/dr. 


Substituting into relations (2.6) the expressions of the functions 
t), f,(r) and f,(r) and their derivatives from (2,26), 
(2.13), (2.8) and using the expression for the function D,(t) (2.30), 
obtain 

1d L) My’ (6, i dD, (t) cos 

K,™ (m — 1) J™ (p) (2.31) 
{m -2){(1 L) P(t)” 


u (t) 


v(t) = (0, 4) — Dg (t) sin 4 


Here L is the Volterra eter operator of the form 


& ae (2.32) 


(u (u> (2.33) 


7 (9, 2) = sh (u ) 


The displacements of the boundary points of the half-plane, that is 
for 6 = + #/2, in accordance with (2.31) and (2.33), will be of the form: 


[u = [u = —L) 


jv (t) = —[v (A) = — L) + DY) 
Here 


(2 m)sin' 
(2—m)sh 


A= 
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The equations for u(t) and v(t) obtained above are valid when the 


material is under the conditions of nonlinear creep, that is, for 
0< 1, 


We note that, as follows from formulas (2.34) and (2.35), for a 
quadratic law of nonlinearity, that is, for » = 1/2 and m= 2, all bound- 


ary points of the half-plane undergo instantaneous rigid displacements in 
the vertical direction which are equal to 


v(t} = —ovit) = Dit) for 


Using relations (2.19) and noting that in accordance with (2.17), 
(2.26) and (2,28) 


£(9,t) = Dy (9, = Dy* (t) (6, w) 


u 
H, (9, t) - (6, 


(2.3) 
K,(m — 1)" J (p) 


we obtain the following final formulas for the stresses o,(t) and a(t): 


2P (t) (8, P (t) [7 (8, 
3-(t) = — 


3 = 2.37) 
rJ (wu) 32 = rJ (2.3 


3q(t) = 


which, for each fixed instant of time t = ty, coincide with the formulas 
for the stress in the half-plane under the conditions of plasticity, with 
a power law governing the hardening of the material given in paper [9]. 


These formulas were obtained in a different manner by Sokolovskii [9]. 


7,9 (t) = 


Thus, the stress distribution in the half-plane considered (2.37), 
coincides identically with the system of stresses which correspond to an 
instantaneous problem of the nonlinear theory of elasticity for the same 
half-plane, even though the strain rates turn out not to be constant 
here, but are variable, since the factor D,(t) to be determined from 
Volterra’s integral equation (2,28) depends on time t. Under the condi- 
tions of nonlinear creep this is explained by the fact that the system of 
equations (1.3) and (1.6), even though it represents the equations of 
steady creep, understood in a broader sense than the usual one, is still 
reduceable, by means of the elastic analogy as in the usual case, to the 
corresponding instantaneous problems of the nonlinear theory of elasticity. 


3. The plane contact problem of the theory of creep. 1. 
Formulation of problem and deduction of basic equations. Using the non- 
linear - elastic analogy as a basis, we consider in a general form the 
solution of the contact problem of two bodies bounded by smooth surfaces 
which are in the conditions of nonlinear creep, obeying the power law 
(1.6) which relates the deformations with stresses. 


Let two bodies, in contact with each other at a point or along a line 


4 
Ther 
a 
f 
23 


x 
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(Fig. 2), and which possess the property of creep, be compressed by means 
of external forces whose resultant P is perpendicular to the x- axis and 
which passes through the origin of the system of coordinates. 


The relation, which has to be satisfied by the displacements of the 
points of the contact region of these bodies, is of the form: 


(t) + (t) = 4(t)— fy —/e (2) (3.1) 


where 5(t) = 5,(t) + 5,(t) is the approach of these bodies in the direct- 
ion of the axis oy, and f,*(x) and f,*(x) are the equations of the sur- 
faces, bounding the first and the second bodies. 


We shall assume further that friction and cohesion between the two 
compressed bodies are absent. Then, on the contact area each of these 
bodies will experience only a normal press- 
y ure which will be designated by p(x, t). 
However, the contact region will usually be 
small as compared to the dimensions of the 
compressed bodies, and therefore, it may be 
assumed that the displacements on the con- 
tact area of the compressed bodies will be 
the same as those of the boundary points 
of two half-planes ‘an upper and a lower), 
subjected to the action of the same normal 
Pig. 2. pressure p(x, t) as the compressed bodies 
considered. 


We divide the pressure diagram p(x, t), acting on the contact area 
Sla< x< 6), into elementary strips of widths \s, and height p(s,, t) 
(1 = 1, ..., m) and consider the effect of one such strip (for example, 
ith) on the lower half-plane. 


If a concentrated force P;(t) = p(s;, t)\s,; is applied at the point 
x = $s. normal to the boundary of the half-plane, then the boundary point 
of this half-plane with abscissa x will be displaced by v(t) in the 
direction of the axis oy, which can be determined in accordance with 


formula (2.34) 


(3.2) 


v(t) = A[(i —L) Pi + DY 


or in a different form: 
v(t) = Ay (t) p(si. As, (3.3) 


where 


(t) = [v(t)—D(yr 


h;(t) = (1 —L), 
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LP, (t) = \ Py (2) (3.4) 


In what follows, v*(x, t) will be called the generalized disp] acement 
of the boundary points of the half-plane. 


For the case of simultaneous action of a system of forces P.(t) = 
pP\s., t) Vs, = l, ..., mn) the generalized displacement v*(x, t) of the 
arbitrary point on the boundary of the half-plane, will be in general a 
certain function of these forces v*(x, t) = vl P,(t) P(t), ..., Pi{t) 
which can be represented in the form , ; 


k=n j=n 


s(t) p(s As; + (t) p(se. t) p(s; t) Ase Asy 


j=! 


>) (t) t) p (Se, t) p(s;, t) As, Asy As; +... (3.5) 
j=1 


where C.(t) vj 
also on x and $s. = l, ..., m), which are omitted for the sake of brevity 
in the notation. 


, C.,(t) and C,.,(t) are certain coefficients which depend 
l 


However, on the other hand, if only one force is acting, that is, if 
P(t) = 0 for) #4 t and P(t) = P(t) for j = i, expression (3.5) for 
v*(t) should coincide identically with the exact solution of this problem, 
given by formula (3.3). As a consequence we will have 


C;(t) = A; (t), Cy (t) = 9, Ci (t) = 0 (3.6) 


and the expression for the generalized displacement v*(t) takes on the 
form: 


v(t) = >) h;(t) p(s;, t) As, 


>; C jx (t) p(s;, t) p (sx, t) As; Ase +... (i, 20) 
jek 


Since the area of contact Sla< x < b) is small, it.is possible to re- 
tain in expression (3,7) for the generalized displacement v*(t) only the 
principal term of the expansion, staying within the same range of accuracy 
as was assumed in solving the given problem. We then obtain from express- 
ion (3.7), after passing to the limit as As, + 0 


= Ant — \ (3.8) 
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where the integration is carried over the whole area of contact Sla < 
x <b), which in the general case will be dependent on time; hence, 
using formula (3.4) which determines the operator |, we obtain the 
generalized displacement v*(t). For the displacement v(t) of the contact 
points, we obtain 


(s, t)ds 


v(t) = A{(1—z)\ —]" + Dit) 


where m= l/u and the constant A is determined in accordance with (2.35). 


If the same normal pressure p(x, t) were acting on the boundary of the 
upper half-plane, then the boundary point with abscissa x would undergo 
a displacement oy in the direction of the axis v(t), which will be equal 
to 


v(t)=—A Pi Dit) (3.9) 


~ 


4 d Thus, under the assumptions stated above, the expressions for the dis- 
a placements v,(t) and v,(t) for the first and second body, in accordance 
aa with (3.8) and (3.9), will be 
| 
v; (t) — £)\ — D, (t) 
(t) = Ay (1 —L)\ - Dy(t) (3.10) 
2-—m)sin' (2— m)sin'/,lz 
(m — 1) J™ (m — 1) J™ (yu) 


A, = A, = 


where K., and K., are physical constants of the first and the second body. 


Substituting the expression for vs (t) and v,(t) from (3.10) into the 
relation (3.1) for the determination “of pressure p(x, t) we obtain the 
following integral equation: 


t 
(s,t)d  pls,t)ds dC 


s—z|'-* Or 


where 


23 
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(x) + (2) 
A, + Ag 


and where f(x) does not depend on t, Sla< x <¢ 6) is the contact width, 
which will in general be a function of time, and y(t) is the unknown 
function of t, to be determined later. 


Io (2) = 


The integral equation (3.12) may be represented in a more compact form, 
namely, as the following two integral equations: 


t 
= w(z, t) (3.14) 


Here and subsequently , for the sake of brevity, we shall designate 
by w(x, t) the function which, being the solution of the integral equa- 
tion (3.13), depends both on the arguments x and t, as well as on the 
unknown function y = y(t), which enters into the right-hand side of this 
equation, that is w(x, t)= w{x, t, y(t) 


Thus, the solution of the plane contact problem of the nonlinear theory 
of creep which in essence consists in finding the unknown function of the 
two variables p(x, t), which characterize the distribution of the press- 
ure intensity along the contact of compressed bodies, is reduced to a 
simultaneous solution of two coupled integral equations (3.13) and (3.14). 


The first of these, which has to be satisfied by w(x, t) as a function 
of time t, takes into account the effect of creep of the material on the 
distribution of contact forces, and represents a linear Volterra integral 
equation of the second kind, which, for various cases of creep kernels 


K(t, r) = C(t, + )/dr was investigated in detail in the publications [ 2, 
3, 10). 


The second integral equation (3.14), which has to be satisfied by 
p(x, t), as a function of the argument x, represents a singular Fredholm 
integral equation of the first kind with kernel 


K (s,z) (O< p< 1) 


and with the right-hand side w(x, t), which is the solution of the first 
integral equation (3.13) and which may be considered at each fixed t as 

a basic integral equation of some plane contact problem of the nonlinear 
theory of elasticity, whose method of solution is presented further below 
in subsection 2-4 of the present section. We shall note that for t =r 

we obtain from the general solution of the basic equations of the plane 
contact problem of the nonlinear theory of creep (3.13) and (3, 14) 
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directly the solution of the contact problem of the theory of plasticity 
with a hardening of the material obeying a power law, as presented in 
paper [9°]. 


In fact, for t = r, we have in accordance with (3.13) 


w@ = w (xr) = [y — fo 


and the integral equation (3.14) takes on the form 


\ = (3.15) 


which, as is shown in paper[9], is the basic integral equation of the 
plane contact problem of the theory of plasticity for a material with a 
strain hardening which follows a power law. 


If C(t, r) = 0 and y(t) = y = const, that is, if the material of the 
compressed bodies does not exhibit creep, then we again are led to the 
contact problem of the nonlinear theory of elasticity, described by 

equation (3.15). 


2. Solution of the basic integral equation (3.14) of the plane contact 
problem of the nonlinear theory of creep. Let the initial contact of the 
bodies to be compressed in the plane xy be at a point, which is taken as 
the origin of the coordinate system (Fig. 2). 


We assume further that the portion of the axis ox, — a(t) < x< + a(t). 
is the contact region S between these bodies, which in general will be 
time-dependent. 


Then the basic integral equation (3.14) of the plane contact problem 
takes on the form: 


(3.16) 


where w(x, t) is the solution of the Volterra integral equation (3.13) 
which is investigated in detail for various cases of creep kernels 
K(t, r) = 0C(t, + )/dr in the publications [2,3,10]; therefore we will 
not dwell upon this item, assuming in what follows, that w(x, t) is 
known, or may be found by using methods developed in these works. 


As was already indicated, w(x, t), being a continuous function in the 
region a(t) < x < a(t) and t < depends also on the unknown func- 
tion y(t), which enters into the right-hand side of the Volterra integral 
equation (3.13), that is w(x, t)= w*[x, t, y(t) }. 
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The limitations, imposed on w{x, t), as well as the equations which 
determine y(t) will be given in the following. 


Equation (3.16) was first studied by Carleman [11]. In a recently 
published paper by Akhiezer and Shcherbina [12] another method of solu- 
tion of this equation is given, making use of transformation formulas of 
singular integrals. 


To solve this singular integral equation (3.16) we use in the present 
paper the method suggested by Krein[13], applicable for the solution 
of Fredholm integral equations of the first and second kind with kernels 
of the form 


K (s,z) = H(is—z)) (3.17) 


This method permits us to obtain the solution of such equations in 
closed form for a series of other kernels of the type (3.17). Furthermore 
for the known cases the application of this method yields solutions, which 
differ from the known ones by the fact that they do not contain singular 
integrals, taken in the sense of Cauchy. 


It should be noted that the solution of the equation of the contact 
problem of the linear theory of elasticity free of singular integrals was 
first obtained by Rostovtsev [14]. 


Let us designate by gs, a) the solution of the equation (3.16) for 
w(x, t) = 1, Then the general solution of equation (3.16), in accordance 
with [13], will be expressed by the formula 

\ ¢(s,a) w(s,t)ds| g(x,a)— (3.18) 
\ g(s,u’ o(s, t)ds|du — 


ae 


du 
(s, 


M (u) = \ g¢(s,u)ds, (s,t) (3.19) 


Os 


2a = 2a(t) is the width of the contact which, in general, depends on 
time t,but t, for the sake of brevity is omitted in (3.18); y(t) is an 
unknown function of t, which enters into the right-hand side of the inte- 
gral equation (3.13) and therefore 


(x,t) = t, (t)] 


23 
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1298 
a : Here 


The plane contact problem of the theory of creep 1299 


If the contact width 2a(t) = 2a is given, then y(t) is determined 
from the equilibrium equation 


+O 


P= \ p(z,t)dx (3.20) 


where P is the resultant of the external forces acting on the compressed 
body, whereby in deducing equation (3.16) it was assumed that P is per- 
pendicular to the x-axis and passes through the origin of coordinates. 


We now assume that any constraints inhibiting the rotations of com- 
pressed bodies are absent. We construct the basic equation of the contact 
problem under these conditions. 


3 Relation (3.1), which connects the displacement of the boundary points 
Lie x of the compressed bodies v,(t) and v,(t), was obtained under the supposi- 
tion that in compression these bodies undergo only translational displace- 
ments 5,(t) and 5,(t) in the direction of the oy axis and that therefore 
they approach each other by an amount equal to 5(t) = 5,(t) + 5,(t). 


959 


Let us now assume that these bodies undergo upon compression not only 
translational displacements 5, (t) and 5,(t) along the y-axis, but also a 
rotation with respect to the origin of coordinates through angles a,(t) 
and a,(t), respectively, whereby the positive sense will be taken to be 
the counter-clockwise one. Then, an additional approach will occur between 
the boundary points of the compressed bodies on the abscissa x, equal to 
a,(t)x, where a,(t) - a,(t) + a,(t). In order to obtain for this case the 
condition which must be satisfied by the displacements of the contact 
points v,(t) and v,(t) of the compressed bodies, the constant approach 
5(t) in the relation (3.1) should be replaced by the variable approach 
5.(t) + a,(t)x. We will therefore have 


Uy (t) + (t) = (t) + a(t) (z) — fe (2) (3.21) 


Substituting into (3.21) the expressions for v,(t) and v,(t) from (3.10), 
we arrive at the same integral equation (3.12), with the aly difference 
that on the right-hand side instead of the function F(x, t, y(t)) = 


[y(t) + f,(x)] F there will be 

F x(t), 2 = () + 2 () —fo 
where 


and the solution of the Volterra integral equation (3.23), which as before 
will be designated by w(x, t), will contain not one but two unknown func- 
tions: y = y(t) anda = a(t), that is, in this case w(x, t)= w*[x,, t, 
y(t), a(t) ]; the values of the function y(t) and a(t) for given contact 


‘Se 

i 

(3.22) 
22 
(3.23) 
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with 2a are determined from the equilibrium equations 
a 


\ p(x, t)x dz (3.24) 


—@ 


where P is the sum of the projections on the y-axis of all external forces 
acting on the compressed body and M is the moment of these same forces 
with respect to the origin of coordinates. 


We note that, as follows from the paper[ 13], formula (3.18) supplies 
the unique integrable solution of equation (3.14), if M’(a) # 0(0< a< b), 
where 6 is some finite constant and the function w(x, t) is differentiable 
and such that upon its substitution into formula (3.18) the integrals 
which contain this function would be meaningful. 


We proceed to the determination of the function g(s, a), that is to the 
solution of the singular integral equation 


s,a)ds 


To this end, and following the idea of Krein [13], we consider the 
integral 


2nt 2? — (2 — 
| ) 


taken along the contour, composed of an external circle I’, of radius R 
and the inner contour ABCDEFKLGNMQA which is designated by’, (Fig.3). 


First of all it is not difficult to convince oneself that the integral 
function 


= — 2)! 
(0<p <1) 


is divided on the external portion 
(-a, a) into three equal branches. 

In fact, we set ¢, = arg(z + a), 

$, = arg(z — a) and ¢, = arg(z — x). 
In passing in the counter clock-wise 
sense along the arbitrary closed con- 
tour ry, indicated by a broken line 
in Fig. 3, and will under- 
go increments of 27, and therefore 
arg f(z) = 1/2(g, + + p) 
will undergo an increment 27 and 
f(z) will return to the initial value. 


P= \ 

23 

\ 

§ 
a—l/ 

; 7 Fig. 3. 
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We shall consider that branch of the functions f(z), which at the 
upper boundary (—a, a) will take on a positive value, that is 


(z—z)'-*>0, (22—a*)>0 for z>0 


Then, in accordance with Cauchy’s theorem for multiply-connected 
regions we have 
ds + => \ =0 (3.27) 
rr 


f (2) = (2 —a)— (2 + (2 — zp (3.28) 


However, the integrals along the small circles C,’, C,” and C,” 

obviously approach zero if p + 0 and therefore 

1 
dz = sar | \ f(s + i0)ds+ \ /(s—i0)ds| (3.29) 
+a —a 

Here f(s + i0) and f(s — i0) are the values of the functions f(z) at 

the upper and lower boundaries of the portion (—a, a). 


However, noting that f(s — i0) = f(s + i0) (where the bar indicates 
the conjugate function), and changing the sense of integration in the 
second integral of the relation (3.29), we obtain 


f(z) dz = imy(s + (3.30) 


We evaluate the contour integral 


I, = \ f (3.31) 


where f(z) is expressed by formula (3.28). To this end we employ the ex- 
pansion of our branch f(z) in the neighborhood of the infinite point. 


In accordance with (3.28) we have 


{(2) =- —- (3.32) 


\ 


where (1 — a2/22)-#/2 and (1- x/z)#~1 indicate those branches of these 
functions which are positive on the portion (a, «) of the x-axis. Expand- 
ing the latter by the binomial formula, we find the residue of the 
selected branch f(z) at the infinite point. It will be equal to &” 
(which is the coefficient of 1/z with a reversed sign). Then on the basis 
of the theorem of residues we obtain 


where 
92 
q 
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\ f(2)dz = = (3.33) 

Substituting the value of this integral into relation (3.30), we find 

| Im/(s-+ i0)ds (3.34) 


Further, in accordance with (3.28) and Fig. 3, we have 


4 im \ (a? — s*) 
j(s + 10) = exp (— \ for r<s+i0<a 


(3.35) 
f(s + = exp| — ——) for a<s+i0<z 


e (r 


Substituting the expression for f(s + i0) from (3.35) in (3.34), we 
finally obtain after transformation 


(3.26) 


From here it follows directly that 


sin 


g (s, 2 sin — (a? — s*)—/ (3.37) 
which is the solution of the integral equation (3.25). 
Using formulas (3.19) and (3.37), we obtain for M(s) 
y V- s! 90 
M (s) (3.38) 


where [(z) is the gamma function. 


In studying the state of stress in compressed bodies under the condi- 
tions of nonlinear creep subsequently , we will consider separately the 
case of symmetric and anti-symmetric loading of these bodies. This will, 
first, make the formulas obtained more lucid, and secondly, be appropriate, 
since each of these loadings represents a significance of its own, cor- 
responding to a definite characteristic deformation of these bodies. It 
should be noted that the case of arbitrary loading of compressed bodies 
cannot be obtained, as it follows from (3.18), (3.13), and (3.22), by 
means of superposition of the two cases indicated above, and must be 

solved separately as a distinct problem, with the aid of the general 
formulas (3.18), (3.13), (3.22) and (3.24). 


3. The symmetric contact problem of two bodies under the conditions 
of nonlinear creep. Let both the surfaces which bound the compressed 
bodies, as well as the external forces which act upon them, be symmetrical 
with respect to the oy-axis. Then the equations of these surfaces 
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y = f,*(x) and y = - f,*(x) will be even functions of x, on the strength 
of which the right-hand side of the basic integral equation (3.12) of the 
contact problem F(x, t, y) will also be an even function; due to the 
evenness of functions g(x, a) and ofx, t), the last term of the right- 
hand side of formula (3.18) vanishes and it takes on the form: 


P (r,t) = M’ (a) da \ 2) (s, g (x, (3.39) 


0 


a 


at (s,u)@(s, t)ds | du (a) (s,a)ds 


u) 


We note that in calculations the second integral in (3.39) is sometimes 
conveniently represented in the transformed form on the basis of formula 
[13] 

Mis) ds (3.49) 

Substituting the expressions for g(s, a) and M(s) from (3.37) and 
(3.38) in (3.39) and using the equation (3.40), we obtain after trans- 
formation 


r (=) l ) (sin~ 


Va 


K () 


2a= 2al(t) is the variable contact width, where —a(t) < x< alt), and 
y = y(t) is an unknown function of t, which enters into the Ae hand 
side of the integral equation (3.13) and which has to be determined later. 
We recall that w(x, t) = wx, t, y(t) ]. By means of substituting 
s = u sind, the expression for ®, (u, t, y) from (3.42) may be represented 
in the form of the following integral with constant limits: 
(u,t, = u'-" \ w(usiny, t)cos ‘ode (3.44) 

Assuming the existence of a continuous and bounded derivative ols, t) 
for s > 0, after differentiation under the integral sign (3.44), we 
obtain 


ae 
ae. 
( I 
2 2 
4 a” @,’ (a, t, du | 
bi 
Here 
®, (u, = | =, (3.42) 
0 
a 
q 
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(u, t, y) = (1—p) ®, (u, t, x) 
(u? 


Integrating the last term by parts and noting that w’(0, t) = 0, the 
relation (3.45) is reduced to the form 


\ (u® — (s, t)ds (3.46) 


u®,’' (u, t, x) = (1 — 4) ®, (uy, t, + 


Hence we obtain by differentiation 


u 
d ( t) sd 


— 


Integrating by parts on the right-hand side in equations (3.47) and 
differentiating subsequently with respect to u, we obtain by virtue of 
the evenness of w(x, t) 


0 us — 


Substituting this expression into (3.41) we obtain for p(x, t) the 
following final formula 


(a, t, y) (s, t)ds 3.49 
p(x ) V (a? — 22)" V ( ) 


Here w(x, t) is the solution of the Volterra integral equation (3.13), 
which will be a function of the unknown y = y(t), that is w(x, t) = 
w*(x,t, y(t) ], and the contact width 2a in the general case will depend 
on time ft. 


In formula (3.49) the first term represents the solution with singular- 
ities at the points x = + a and should be retained only in the case of 
given contact widths 2a(t) = 2a; the unknown function y = y(t) is to be 
determined from the equilibrium equation 


(3.50) 


The second term of this formula represents the continuous part of this 
solution. Substituting the expression for p(x, t) from (3.49) into the 
equilibrium equation (3.50), we obtain 


(3.51) 


u 
sin zp u"du (s, t)ds 
P = 2K (u) {a®y’ (a, t, 1) 


@ 
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Here the value of the integral has been used 


4 ds 
I, (u) = 


Changing the order of integration in the last term of the expression 
(3.51) and using equations (3.52) and (3.43), we have 


in! q ( ds ) 
P a {a®, (a, t, y)—\udu \ t)ds 


3.53 


a} 


or changing the order of integration once more and noting that 


udu (a? — 


\ V (u? — (2 — (3.54) 
(u? — s?)” 


we find 


ja®,’ (a, t, y)— —\ (a — (s, t) ds| (3.55) 
0 


Using further the relation (3.46), equation (3.55) may be cast finally 
into the form: 


Sin V (a? — 


where w(x, t) is the solution of the Volterra integral equation (3. 13) 
with the right-hand side 


while A, and A, are physical constants to be determined by formulas 


(3.11). 


Thus, in case the contact width 2a(+) = 2a is not given, the unknown 
function y = y(t), entering into formula (3.49) for p(x, t), is determined 
from equation (3.56). If the contact width 2a(t) is not given and the 
contact takes place along smooth surfaces, then the unknown function 
y = y(t) is determined from the requirement that in formula (3.49) the 
first term, which represents the solution with singularities, vanishes, 
i.e. 


— s*)* 


Here w(s, t) is the solution of equation (3.13), while 2a = 2a(t) is 


= 
Ay 
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the variable contact width. Thus, when the contact width 2a = 2a(t) is 
not given, the function y = y(t) is determined from equation (3,57). 


Once the function y = y(t) is determined from equation (3.57), the 
variable contact width 2a(t) may be obtained with the aid of the equi- 
librium equation (3.50). Substituting the expression for p(x, t) from 
(3.49) into (3.50), and taking (3.57) into account, we obtain after 
application of the Dirichlet formula 

Px 
sin! le Ty 


(a, t, x) = (3.58) 


where ®,(a, t, y) is determined by formula (3.42). 


Hence, equation (3.58) for the determination of the variable contact 
width 2a(t) coincides identically with equation (3.56) for the determin- 
ation of the function y = y(t), when the contact width 2a(t) = 2a is 
prescribed. 


As an application let us consider the contact problem of a rigid die 
with a rectilinear base, given by the width 2a on a half-plane under the 
conditions of nonlinear creep. In this case 


fo (x) = 9, F (x, t, x) = (t) (3.59) 


Then the solution of the Volterra integral equation (3.13) alx, t) 
will not depend on x and may be represented in the form 


t 
(t) = y"* (t) 4 \ R(t, dz (3.60) 


Substituting the value of w(t) from (3.60) into equation (3.56) and 
using equation (3.52), we obtain for the determination of the function 
y = y(t) 
t 
opr r 
\ (2) Rit, = : (3.61) 
a Vax 

From equations (3.60) and (3.61) it follows immediately that the 


solution (3.13) of the equation w(t) does not depend on time t either, 
that is 


9 py (= 
(3.62) 

al" 
(1+ Cit, (3.63) 


where C(t, r) is the measure of creep of the material of the half-plane. 


2 
| 
(1) = 
4 
ie 
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Substituting the value w(t) = @ from (3.62) into (3.49) and noting 
that in accordance with (3.45) and (3.56) 
| Pr ‘ 
(a, t, x) (3.64) 
We finally obtain the following formula for the determination of 
pressure p(x, t) on the contact area underneath the die: 


(3 *) r ( =)sin P (3 65) 


prt, t) = p(x) —— 
a‘ =} (a? 


From the solution obtained (3.65) it is obvious, that if the contact 
between the compressed bodies is along a straight line, then the creep 
of the material of these bodies does not influence the law of stress 
distribution in the contact region and coincides with the stress value, 
corresponding to the plane contact problem of the theory of plasticity 
with a power law for strain hardening [9]. 


For » = 1, that is, under the conditions of linear plasticity, formula 
(3.65) acquires the form 


V a* 


pix, t) = p(x) - (3.66) 
and coincides with the well-known solutions [1, 16] of the plane contact 
problem of the linear theory of creep and the linear theory of elasticity, 
which in the present case obviously coincide identically. 


In conclusion we note that if the contact between the compressed 
bodies is not along a straight line but along curvilinear surfaces, the 
creep of the material, as is seen from formulas (3.49) and (3.13), will 
significantly influence the picture of contact stress distribution. 


4. Antisymmetric contact problem of two bodies under the conditions 
of nonlinear creep. For an antisymmetric loading the right-hand side of 
(3.13) 


where a(t) is some function of t, to be determined later; f,(x) is an odd 
function, and A, and A, are physical constants to be determined by form- 
ulas (3.11) and are odd functions in accordance with (3.22), in the con- 
tact region of compressed bodies - a(t) < x< a(t) (in this case y = y(t) 
is equal to zero); therefore, its solution w(x, t) will be also an off 
function and then the first two terms on the right-hand side of formla 


(3.18) will vanish, and it will take on the following form: 


Tati 
Lie 
9 
4 a. 
: 
q 
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dz 


Substituting the expression for a(s, a) and M(s) from (3.37) and (3.38) 
into (3.68) we obtain 


\ — 22) wD, (u, a) 


a 


u 


d 
a, (u, a) 
Vw — 
The quantity K(y) is determined by equations (3.43) and w*(x, t) = 1oct 


w*(x,t, a(t) ] represents a solution of the Volterra integral equation 
(3.13) with the right-hand side of (3.67). 


From relations (3.67) and (3.70) it follows that p(x, t) is an odd 
function and therefore it is sufficient to determine it in the interval 
0< x< alt), since p(-x, t) = - p(x, t). 


We note that the function w(x, t), being the solution of equation 
(3.13), depends also on the unknown function a = a(t), which is omitted 
here for the sake of brevity, i.e. w(x, t)=a@*[x, t, alt)]. 


Integrating by parts the right-hand side of equation (3.69), having 
differentiated first with respect to x, we obtain 


{ (a, t, 2) 
= 


p(x, t) = K(u)\ 


(a? 


[(1— 4) O2(u, t, 2) — u's (u, t, du } (3.71) 
: V (u? -- 22)" 


But by analogy with (3.45) we have in this case 
u 
u®,’ (uv, t, x) = (1—p) a) + | (3.72) 


3 
= 


Substituting this expression into (3.71), we finally obtain the fol low- 
ing formula for p(x, t): 


(a, t, 2) u*—*du w” (s, t) sds 
, t) = K 3.73) 


In formula (3.73) the first term represents a solution with singularity 


1308 
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at the points x = + a and is subject to retention only in the case of 
given contact width 2a(t) = 2a; the value of the function a = a(t) is 
thereby determined from the equilibrium equation 


a 
M, = 2\ p(s, t)adz (3.74) 


Substituting p(x, t) from (3.71) into the equation (3.74) we obtain 


2/7 


M, = 2K (2, 2) 4, 3) 


+ 1/1 — (u, t, a) — u®,’ (u, t, du (3.75) 
V — 22) 
Here we used the value of the integral 


4) Bip, d= (3.76) 


Changing the order of integration in the second term of relation 
(3.75) and using equation (3.76), we find 


M, = K B(i— =, =) (a, t, x) + 


a 


+ (1 —p)\u®, (u, t, x) du — Suro,’ (u, t, a) du | (3.77) 
0 0 


Integrating by parts the last term on the right-hand side (3.77), and 
then changing the order of integration, employing equations (3.52) and 
(3.43), we finally obtain the following equation, which relates the 
values a = a(t) with the moment of the external forces: 


a 


= ) w’ (s, t)ds (3.78) 
0 


Thus, when the contact width 2a(t) = 2a is given, then the unknown 
function a = a(t), which enters into the solution of the Volterra equa- 
tion (3.13) w(x, t) = w*[x, t, a(t) ], is determined from equation (3.78). 


If, however, the contact width 2a(t) is not given and the contact 
occurs along smooth surfaces, then the unknown function a = a(t) is de- 
termined from the requirement that in formula (3.73) the first term, re- 
presenting the solution with singularities, should vanish, 1.e. 

a 


t)ds" 
®, (a, t, 2) = = 0) (3.79) 
2 ( \5 s?) 
Consequently, when the contact width 2a(t) is not given, then a = a(t) 
is determined from equation (3.79), and the unknown contact width 2a(t) 


4 
3(u) = \ =F 
} > 
V (u? — s?)* 
2 
> 


% 
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with the aid of equation (3.78). 


As an application let us consider the contact problem of pressure of 
a rigid die with a plane base of a given width 2a(t) = 2a on the half- 
plane under the conditions of nonlinear creep, when to the center of the 
die a moment M, is applied. 


In this case, in accordance with (3,22) we shall have 
fo(z)=0, F(z, t, a) = a(t) (3.80) 


Then the solution of the Volterra integral equation (3.13) will be 


w (x, t) = (2 (t) + a#(z) R(t, t) dz) (3.81) 


where R(t, r) is the resolvent of the creep kernel K(t, +) = C(t, 1)/dr. 


From equations (3.81) and (3.79), eliminating a“(t), we find directly 
that the solution of equation (3.13) w(x, t) does not depend on ¢ and is 
equal to 


‘M,(i—p) 
Substituting this expression w(x) into (3.74) and noting that 


u—1 


u 
° 
V wt — 2 sin? mp 


we reduce formula (3.74) for p(x, t) to the form 


p(z, t) = p(z)= 


2MorK (1 — 


sin 7 V (a? — 2)" 


where K(v) is determined by relation (3.43). 


Let us denote the second term in formula (3.84) by (1 - w)I, (x). We 
note that I(x), being an odd function, is continuous in the whole inter- 


val - a< x< a, with the exception at x = 0 where I,(x) is discontinuous; 
we have 


a 
I4(+0) = —I4(—0) = limz{ I,(+a) =0 (3.85) 
x~0 V (ut — 22)" 


The integral I(x) converges uniformly with respect to x in the in- 
terval 0< x< a. In fact, integrating I, (x) by parts, we obtain 


23 


| 
= 
— 
(3.84) 
| gt 2) 
| 
| 
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From this the convergence of I, (x) for the values 0< x < a is obvious. 


For x + + 0 it follows directly from relation (3.85), after substitu- 
tion of the integration variable u = x/é and the conditions p< 1 87) 
(3. 


4 


In the following let us assume that at the point x = 0 


1, (0) = 0 (3.88) 


Formula (3.84) then takes on the form: 
sin ) V (a? — 


while p(0) = 0. 


p(z) = 


+ O<2< < a) (3.89) 


Substituting the value for I,(x) from (3.86) into (3.89), and expand- 
ing the numerator of the iavegrel function (u? — x?)2-#/2 by the bi- 
nomial formula, we obtain after integration 


a* sin '/, { 


p(z) = 


k 
4 
2— 


k=1 


Substituting the value K(yz) from (3.43) into (3.91), we obtain the 
final formula for the determination of the pressure p(x) on the contact 
area underneath the die: 


omar >) I (=) sin“ 


(= 
where p(0) = 0 and p(-x) =-p(x). 


It follows from the solution (3.91) that also in this case the creep 
of the material of the compressed bodies does not influence the law of 
contact stress distribution p(x), since the contact between these bodies 
is along a straight line. 


For » = 1, i.e. under the conditions of linear creep, the formula for 
p(x) (3.91) reduces to 


959 
1 r (x—2+-) \2k—1)) 
mm \ 
‘ k 2 > f ah ] 
G—wil-» ( 2) (3.91) 
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2M, 


V a?— 
which coincides with the known solution[)1,17 ] of the contact problem 
of the linear theory of creep or the linear theory of elasticity (in the 
present case, they coincide identically) for a plane die of width 2a, 
when a moment M, is applied at its center. 
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The flow of certain materials such as peat muck, printing inks, bitumens, 23 
and cement and clay mortars are described well enough by equation (1.1). 105° 


At present, solutions have been obtained for many problems of steady 
visco-plastic flow [1,2,3 ]. Non-steady flow problems have not been in- 
vestigated extensively; there are in the literature only approximate 
solutions of this type of problems [3,4 ]. This present paper presents 
an exact solution of a non-stationary problem for one-dimensional visco- 
plastic flow. The distribution of velocity and the law of change of the 
"core" of the flow is derived by the method of Kolodner [6]. By way of 
illustration, the flow is considered for steady drop in pressure. 


1. A material is commonly called a visco-plastic material, if it 
follows Bingham’s law, which for a one-dimensional flow has the form 
(1.1) 


on 


¢ Here r is the shear stress, ro is the limiting shearing stress (limit 
ss] of flow), » is the coefficient of viscosity, n is normal to the direction 
= of velocity; the sign of » coincides with the sign of dv/dn. 

- We consider the flow of a visco-plastic material between two infinite 
5 parallel planes separated by a distance 2h, under the action of a constant 
< drop in pressure in the direction x. The system of coordinates is chosen 


so that the plane xz coincides with the plane of symmetry of the flow, 
and the y-axis is perpendicular to it. In this case the equation of motion 
will have the form 
1 ap , Hv, 
p Ox Oy 
Ov 


x 
a 


(1.2) 


Op Op _ 
By 0 (1.3) 
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From (1.2) and (1.3) it follows directly that v, = v,(y, t) and 
Op/dx = P(t). The material is assumed to be incompressible (p = const). 
The pressure drop is a given function of time, and for the determination 
of the only velocity component different from zero, namely v,, we have 
equation (1.2). It is necessary to add to the latter the initial and 
boundary conditions for determination of v,. 


A visco-plastic material has the property that its flow begins only 
in regions where r > Toi forr< a the material behaves like an elastic 
body. The elastic region we will refer to hereafter as the *core* of the 
flow. It is evident that the maximum stress arises in the neighborhood 
of the wall, where the material behaves as a viscous fluid, and con- 
sequently satisfies the adhesion condition 


vx (h, t) = tz (—h, t) = 0. (1.4) 


In the case of non-stationary flow the *core* is a function of time; 
it should be determined as a part of the solution. In order that the 
problem be correct, it is necessary to impose two conditions on the 
required ‘core*. The first condition is obtained from the definition of 
the *core* itself. Thus at its boundaries y = +y,(t) we haver =r), 


dv, / dy = 0 for y= + Yo (t) (4.5) 


We have a second condition on the *core*. The *core* may be considered 
as a body of variable mass, which changes with change in the cross-sectional 
area. Applying the law of the ‘conservation of momentum" in the diffe- 
rential form to the mass of the *core*, having a volume of unit length and 
breadth, and a height 2y,(t), we obtain 


dv dr 

ms = Fu (v%— (1.6) 
where m is the mass of the “*core*, v,. is its velocity, v, is the velocity 
of the particles separating (or attaching), and F are the surface forces. 


In the case considered the particles are separating (or attaching) 
without impact, that is 


(1.7) 


or more particularly 


dv, 
(1.8) 
Integrating (1.8) with respect to t, we obtain 


er 


v9(t) = (0) — 


(1.9) 


| Ox Yo 


0 
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The initial distribution of velocity is set down in the form 


F (y) for y(0)<y<h, —h<y < —yp(0) 


vx (y, 0) = (1.10) 


F [yo (0)] for — (0) (0) 


Since the flow has a surface of symmetry, it is necessary to solve the 
problem only for a single region, for example Ly, (t) <y<h, t > O}, the 
solution in the other region being obtained by change of the sign of the 
variable y and y,(t). 


Introducing the dimensionless time € = (v/h?)t, the dimensionless co- 
ordinate n = y/h and the dimensionless velocity 


pl 
u(%, “poh Ux (y, 


where p,/l is the characteristic drop in pressure per unit length, we re- 
duce the equation and boundary equations to the dimensionless form 


n= (1.12) 
We shall transform the second condition of the "core" into 


Pet 


where S is a dimensionless parameter. For S = 0, the material goes over 
into a viscous fluid. The initial condition has the form 


Uo (E) = Uy (0) — 


0) = Fy) = (a) 
Uy (0) = Fy 


Here y(0) is half the initial thickness of the "core". 


2. For solution of the boundary problem "with the required boundary", 
we take advantage of the method of analytic extension [6,7], which per- 
mits deriving the equation for the "core" without knowledge of the velo- 
city profile of the entire flow. We notice that the problem formulated 
above is more complicated version of the classical problem of Stefan. 


Hereafter the boundary and initial conditions are understood as limit- 
ing, 


1316 
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limu(7,&)=0 for n+1—0 (E>0) 


lim =F, ()—\[P, + for 3(E)+0 (E>0) 


Ou 
lim 5, = 0 for n+ 8(E)+0 (£>0) 


lim u(y, =F, (4) tor E++0 1) 


We shall seek a solution in the form 


8) = w(n, +d (Ex) — P, 
0 
where the function w(yn, €) and A(é, 9) satisfy the equation 
dws LS _ 
We require that the function w(y, €) satisfy the condition 
limw(7,§)=F, (4) tor —E++0 (2.6) 


Then the function Alm, €) will have a zero initial condition. For 
finding the function w(n, €), it is necessary to inquire into the pro- 
perties of F (ny). Since F ,(m) gives the initial distribution of velocity, 
it may be considered continuous, and may be differentiated. 


In the interval (5, << 1), the function F changes from F (1) =0 
(the adhesion condition) to the maximum value F (5,) on the boundary of 
the *core*; the derivative F ,’*{) is finite, since, within the accuracy of 
a constant factor, it gives the distribution of shear stress. We assume 
also that in the interval (5, <7 < 1) it satisfies the Lipschitz condition 


| (4) — F, < g 
We consider the function 


(7) = { (—w< 


It is evident that ®(7) is continuous, differentiable, and its deri- 
vative is finite and satisfies the Lipschitz condition in the interval 
(— < n< 1). 


As the function w(y, &) we take 


1 
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This function is a regular solution of the equation of heat conduction. 
Making the substitution o = n + 2 V&A under the integral sign, it is 
easy to show that for all internal points in the interval (- o< 7 < 1) 


\ 2V =O (1) 


“ 


» 
lim w (7, =) = lim 


0 


(2.8) 


At the point M(1,0) the limit depends essentially on the path by which 
the limit is reached. For an approach to the limit along the line 7 = 1, 
the limit is equal to 1/2@(1) = 0. 


For the function A(m, €) we shall have the following boundary problem: 


(2.9) 


lim 7. (7, §) \ — 


(s) (2.11) 


0 


lim 7.(7, §) = \ 
5 


1 
lim \ ® (-) Fl ds = (2.12) 
4) - 2 4 | 
lim (4, &) = 0 (2.13) 


0 


The function f(€) is continuous and differentiable for all € > 0. The 
value of f{0) is equal to zero. The derivative f’(€) can have a finite 
number of discontinuities of the first order and has a singularity at 
€ = 0. Let us establish the nature of this singularity (2.14) 


\ (1 + 2V &B)| | exp(—B%dB < A + 


oO 


The function ¢(€) is continuous and differentiable for all € > 0. For 
€ = 0 it has a zero value. In clarifying the properties of the derivative 
’(€), it is necessary to assign certain limitations on the function 5(é). 
Hereafter we shall assume that 5(€) is a finite, continuously different- 

table function which is nowhere equal to zero. Furthermore we require that 
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2.15 
VF (2.15) 


The sign of the equation conforms to all the solutions known up to the 
present and obtained in explicit form. 


Introducing a new variable of integration, and differentiating (2.11) 
with respect to &, we obtain 


+ | (2) 3) dB 
(2.16) 


An estimate of the absolute value of the derivative yields 


le’ (—)| Sa+ VF (2.17) 


The function ¥() is continuous, finite, and satisfies the Lipschitz 
condition in the interval (0 < €< €,) 


The properties of continuity and finiteness are evident; and the con- 
dition (2.18) comes from the differentiability of 5(€) and the Lipschitz 
condition for the function ® (y): 


(2) — ¥ (2)! \ @’ (5 (2) + 2VE 8] —®’ [8(2) +2V 23] | + 


2 
8*(a) 
@’ (5(3) + 2V Ay 
B*( 


It is now possible to construct a solution. We designate the region 
15(E) <n < 1, 0< E< €} in which the solution is sought, by D,. Let 
Di-~ < 5(€), 0< €} be a region supplementary to D,. We extend 
the determination of the solution into the region D_, letting A, &)= 0 
for Q(m, €) D.. In such a determination, A(m, €) will satisfy all the 
imposed conditions. For the construction of such a function Alm, &), we 
consider the following problem. 


Let D be the closure of the regions D_ and D, in the set 


and D is the interior of D. It is evident that neither D nor DB depends on 
5(&). We determine now 


24 
= (6 (§ 
OL. 
23 
4 
2) 
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hy = lim}(Q) for Q+M(n,&) (QEDz) 


We derive the solution of (2.9) in the region D, satisfying conditions 
(2.10) and (2.13), and also two step conditions on the arbitrary curve 


5(é) 


— | 
lim lim (m, &) = l wR 2.19 


We also require that 
Oh, (A, &) 
It will be shown below that such a problem has, moreover, a unique 
solution. We seek a solution in the form 


1 {(o)(1—1) (1— 


— &(s)} exp 


4 
0 


— [2 — — 8(c)}? 
exp } ds (2.24) 


for € > o andA(n, &) = 0 for &< oc. We show that (2.21) is the unique 
solution of the problem posed. 


Formally A(m, €) satisfies equation (2.9), but in order that it shall 
be a solution, it is necessary that all the integrals entering into equa- 
tion (2.21) shall be convergent. We designate by J,, J,, J, and J, the 
following expressions: 


2.22 
I,= exp ( ) 


0 


4 8 (cs) ene (2.23) 


(2.24) 
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3) 


— [2— (c)}* 
(2.25) 


The integral J,(n, €) is bounded in the region (- ~<< 1, 0K &< 


€,). From the differentiability of f(&) and the condition f(0) = 0, it 
follows that 


(2) for 7»<1,—&> 2.26) 


53 For 7 = 1, J, = 0. From (2.26) it follows that 


7° 
. 2 , —_— 
< Map| do < + BYE 
0 & 
4 - From this it follows that 


lim J, = 0 for +0, lim J, = / (5) for 1—0, 


From the continuity of J, follows the possibility of the limiting 


oe transformation under the tstegra sign 


Proceeding to the limit for 9 + — « under the integral sign in (2.26), 
we obtain 


liimJ,;=0 


The derivative 0J,/dn is bounded in the region (— 
€,). 


Differentiating (2.26) with respect to 7, we obtain 


<nelodcés 


(2.29) 


There fore 


F+BV (2.30) 


Integrating the expression (2.23) for J, by parts, and using the con- 
dition J(0) = 0, we get 


1321 
x 
(2.27) 
= A + Bo! 
—— \ ds = 


A.I. Safronchik 


(2.31) 


| 
z(7, = | 0 : 


V 


i 


(2.32) 


i> 


oo 


3 
A 


The integral J,(y,é) is bounded for (0 < & <¢ €,) and arbitrary 
<7 | \ (2.33) 


0 2(n, %) 


From this it follows that 


lim J, 


On the curve 7 = 5(€) the integral J, has a discontinuity, and 


lim J,— lim J, = ¢(&) 
8(2)+0 8(2)—0 


Indeed, computing the limit J,(n, €) for n + 6(&) + 0 


lim 
n~ BZ 


TV 


(2) \ 
é 


and its value on the curve 7 = 6(€) 


a 

7. 
fey 


(2.36) 


we obtain 
lim J, = J, [8 (8), for (2.37) 
In an analogous manner the result may be obtained 
lim J, = J, [4 (8), = (6) for 5 (2) —0 (2.38) 


Subtracting (2.38) from (2.37), we obtain (2.34). 


The derivative is bounded for (0 < € < €,) and arbitrary n. 
Th fferentiating (2,34) with respect to 7, we have 


(2.39) 
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Vi+ <A (2.40) 


a 


Vr 


The integral J,€, 
é,) 


(2.41) 


From (2.41) follows lim J,;=0 for all 


lim exp— dz=Q (2.42) 


AG - 


The propriety of the boundary transformation under the sign of the 
integral proceeds from the uniform convergence of J,(n, €). 


The derivative dJ,/dn is bounded for 0< é< &,. For proof of this 


assertion, we shall write the derivative 


(2.43) 


in the form 


¥ (2) — ¥ (a) 


We designate these expressions by K,, K 
ation of K, gives 


2 and K, respectively. Evalu- 


(2.45) 


(2.46) 


Change of variable under the integral sign gives for K, the expression 
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8 
2VE 
z(n, &) 
where, as before z(n, &) conforms with (2.32). 
From (2.47) it follows that 
(2.48) 


The derivative dJ,/dn in passing the curve n = 5(€) undergoes a dis- 
continuity 
lim jim (2.49) 


n-»B(E)4+0 n+8(Z)—0 


VOL 


23 


10S! 


This assertion follows from the continuity of K, and K, and from the 
character of the discontinuity of K, on the curve 7 = 5(é). 


Repeating the necessary considerations, it is easy to establish that 
the integral J,(), €) is a continuous function for all 7 and 0< €<« &), 
for that integral J, + 0 for ++ 0 and- «<7» ¢ 1, and J, + 0 for 


Be 


Further, the derivative 0J,/dn is finite for 0<¢ € < and con- 
tinuous in the half-zone (~ 1, 


From the properties of the integrals J and J, enumerated above, 
it follows that Alm, &€) in the form (2,21) aie equation (2.9) in 
the region D and the conditions for 7 = 1, for 7 = — « and for € = 0. On 
the curve n = 5(€) the function A(v, &) and its derivative dA/dn have 
an assigned discontinuity. Furthermore, the function A, &) is finite, 
as is its derivative, in D. This means that it is a solution to the 
problem that was posed. It remains to demonstrate the uniqueness of the 
solution obtained. We assume that two solutions exist, A, and A, — 
the rer properties. It is evident that their difference, he 

satisfies equation (2.9) within D, on the boundaries it Sine 
the ho zero, is finite together with its derivative, in D. Furthermore, 
A, is continuous in D. Then, on the basis of a well-known theorem (see, 
for example [8], Chapter XXIX), A, = 0 in the region D, that is A, = A,. 
We return to the problem of interest. In (2.21) the arbitrary function 
5(€) is introduced. If one requires that 


lim =0, (2.50) 
conditions (2.11) and (2.12) will be fulfilled, and A(m, &) on the right 
of the curve 7 = 5(€) will yield the required solution. 


The conditions (2.50) may be regarded as the equations for determin- 
ation of the required boundaries of the "core". 
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Thus we have two equations for the determination of.one unknown func- 
tion 5(€). We show that any solution of the first equation (2.50) satis- 
fies at the same time the second equation (2.50), and conversely. 


We consider A(n, €) in the region D , that is, to the left of the 
curve 7 = 5(€). It satisfies the zero initial condition, becomes zero at 
n + — ~ and for n + 5(€) - 0, is finite, as is its derivative in the 
closed region D , and consequently A = 0 in the region D_. Hence, it 
follows that dA/dn = 0 in the region D_. Converse considerations are 
proved in an analogous manner. Writing equation (2.50) in detail, we have 

\ 7’ \ ds — —=\ (2) + \ e—d3} do — (2.51) 


exp 


(OF 
x 


— [8 — 8 (c)}? 
{exp 4(E—c) 


¥ (c) — [8 (&) 
— 8 exp + 


+ 


— [2 — (E) — 8 


9 — 1-88) 9 


for the condition = 5). 


If one of these equations should have a unique solution, the solution 
would give the required law of change of the "core" with time. The solu- 
tion (2.51) or (2.52) along with (2.21) and (2.5) completely describe the 
flow. 


3. We consider the flow for a constant pressure drop. Suppose at the 
instant t = 0, a pressure drom — Op/dx = p/l is imposed on the visco- 
plastic medium at rest, this pressure drop being maintained constant for 
all subsequent times. It is evident that the flow begins only for 
p> r Uh, since for p< t l/h, the material would behave as an elastic 
body. Thus 0< S< 1, where S = t ) l/ph gives the ratio to the actual 
pressure of the pressure at which motion starts. For the functions f(é), 


and WE) we have 


¥ =0 (3.4) 
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The function 5(€) is determined from equation (2.53), which in the 
case considered takes the form, for the condition 6(0) = 1 


de 


Vem 


= (3.2) 


(s)VE—e 


This nonlinear integral equation is of a type similar to the equation 
of Volterra. An exact solution is as yet difficult to obtain, so that we 
give an approximate solution for sufficiently small values of &. For 
small € in the right part of (3.2) it is possible to assume that 5() = 
6(0) = 1; then 


ds 


exp 
4(—E—s) } 


Using the substitution a(s) = i and integrating by parts, we 


9 
obtain 


oo 


exp —2(0) | = 8 (3.4) 


« (0) 


Investigation of this equation shows that it has a unique, and more- 
over, a positive solution. 


For the boundary of the *core" and its velocity we obtain 


= 1—22(0)VE (3.5) 
S In [1 — 2a (0) VE]) 
= 
n 2a (O)VE 6) 


where a(0) is the solution of (3.4). Formulas (3.5) to (3.46) are valid 
in the interval (0 < & < 1/4[@(0) ]%. Reverting to the previous variable, 
we obtain 


y, (t) = h—22(0)V vt (3.7) 


The distribution of velocity in the flow can also be easily obtained, 
but it is not derived here. 


We notice that the method considered above is useful only for deter- 
mination of a solution, that is, for finite values of time. 


In conclusion, the author expresses his gratitude to S.V. Fal’kovich 
for his direction in the preparation of the paper. 
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SELF-SIMILAR MOTIONS OF A GAS WITH SHOCK WAVES, 


SPREADING ACCORDING TO A POWER LAW 
INTO A GAS AT REST 


(AVTOMODEL’ NYE DVIZHENIIA GAZA S UDARNYMI VONAMI, 
RASPROSTRANIATUSHCHIMISIA PO STEPENNOMU 
ZAKONU PO POKOITASHCHEMUSIA GAZU) 


PMM Vol.23, No.5, 1959, pp. 936-939 


G.L. GRODZOVSKII and N.L. KRASHCHENNIKOVA 
(Moscow) 


(Received 22 May 1959) 


As is wel] known, the problem of uniform unsteady motion of a gas re- 
duces to the problem of integration of a set of partial differentia) 
equations. Sedov has shown [1] that for problems determined by only 
two dimensionally independent parameters, besides the radial distance 
r and time t, the partial differential equations can be replaced by 
ordinary differential equations, corresponding to the self-similar 
motions of the gas. 


One example of such self-similar motions occurs when a "piston" 
located at r expands according to the law r= Ce™ in a gas with an 
initial density p, and an initial pressure p, = 0 (which corresponds 


to an infinitely large pressure jump across the shock wave generated 
by the motion of the piston). 


Solutions for such motions were carried out in references [ 2,3,4]. 
Reference [5] has established that self-similar motion takes place 
only for a limited range of the exponent a, namely for a> 2/(2 + v) 
where v = 1, 2, 3 correspond to the plane, cylindrically, and spher- 
ically symmetric problems, respectively. The present paper treats a 
more general case of self-similar motions. 


Consider self-similar motions of gas with shock waves which spread into 
quiescent gas according to the power law 


D=Ct" (9, = const, = 0) (1) 


where J) is the shock velocity. 


This class of motions includes both diverging and converging flows. 
One example of converging flows is that of a strong peripheral shock wave 


[6]: 


a 
2 


Motion of a gas with shock waves and a gas at rest 


for t<0 (2) 


045 


One can form only one dimen- 
sionless combination 


out of the parameters which de- 

Pig. 1. termine the problem. When use 
is made of the dimensionless 

functions defined by the rela- 


d\ (V 


12 (V—1)+-v(x—1V KV—n—1)?—( VV —1 KV —n—1)—[2 (V—1 


din? 
“VWV—hv—n 1)—(2n/x+wWoe (6) 


dinR ,,, - 


The solution of the problem is found by integrating the system (5) - 
(7) with the given initial conditions: 


9 9 2 x + 


Ps = \ Dat = - 


at piston V, =n }- 1 (10) 


Figure 1 displays the integral curves in the V, z plane for vy = 2 and 
~ l¢ ng 0. The calculations were carried out on the electronic computer 
"Strela" (Arrow). The solutions are found on both sides of the locus 
(V,, z,) of the conditions just behind the shock: diverging flows corres- 
pond to the upper branches of the curves and converging flows to the lower 
branches. The diverging flows for n > — 0.5 correspond to the outward 
piston motion according to the power law. For n = — 0.5 one has the blast 
wave solution either at the center or on the periphery. The rest of the 
flows are bounded in the V, z plane by a curve on which the parameter A 
takes on extremal values. The pressure, density, and velocity fields are 
displayed in Figs. 2, 3 and 4. Here curves to the right correspond to 
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converging flows and curves to the left to diverging flows. 


Let us consider some applications of these results. According to the 
law of hypersonic similarity and Mach number idependence of the drag 
coefficient [7] for geometrically similar bodies, the product of the 
wave-drag coefficient and the square of the fineness ratio is a constant 


(independent of M) 


C,L*? = C* = const (11) 
: The value of C* can be determined conveniently from the solution of 

s the flow around the thin body as M approaches infinity, where the well- 
4 known analogy with turbulent flow is helpful. The results in Figs. 2-4 

3 facilitate the evaluation of wave-drag coefficients of axisymmetric 
bodies for which the shock shape follows a power law’. 

: The dimensionless pressure behind the shock wave as M + « becomes 

7 (12) 
: Here « is the local shock angle which is related to the local body 


slope** 


Detailed theoretical and experimental results for such bodies in 
English can be found in T. Kubota’s Investigation of Flow Around Siaple 


Bodies in Hypersonic Flow, GALCIT, Hypersonic Res. Project, Memo No. 
40, June 1957. 


** Presumably @. 


2 n= 0 I | 
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ro (13) 


re 
where r, is the body radius. The local pressure coefficient at the body 


0 4 Pay 14) 
) 
Pi %-+ 1 Po" , 


Consequently, the wave-drag coefficient 
is obtainable from the expression 
Cy = \ pi°d(r*) 


jn + 
n+ 


= 
| 


Here L represents the fineness ratio, body 
length to maximum body radius. Unsteady 
axisymmetric diverging flows with — 0.5 < 
n< 0 in Figs. 1-4 correspond to steady 
flows around axisymmetric bodies for which 
r, follows a power law. The values of Poo» 
and C, 


the Table. 


L? for these cases are given in 


These results show that for hypersonic 
speeds with adiabatic exponent «x = 1.4 the 
smallest drag of bodies obeying a power-law 
is attained for r. = Cr°-’°, Therefore, the 
optimal axisymmetric shape of a body for very large Mach numbers will be 
fuller than that indicated for Newtonian pressure law, namely r, = Cx°-’75, 


The drag of this optimal shape is 27 per cent less than that of the cone 
with equal fineness ratio. 


The variation of the wave-drag coefficient C_ of bodies obeying a 
power-law with volume Q is shown in Fig. 5, where the primes indicate 
properties of the circular cone. 


In Fig. 6 curve 1 represents* the solutions for flows around circular 
cones obtained by the present method, to be compared with the circles 
computed by the usual integration of conical flows for W= 10,94. Curve 
2 corresponds to flows around bodies with ro = Cx 7 


* Note change in notation: here L is true length, rather than the fine- 
ness ratio. 
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The example covers the practical optimization of body nose shapes in 
hypersonic flight as far as the wave drag is concerned. It is worth noting 
also the distribution of densities and pressures at the body which effect 
the heat transfer favorably. 


—0.35 | —0.4 | —0.45 


0.9053 0.8977 0.8888] 0.8754 10.8567| 0.8293 |0.7771| 0.8848 
ot | 1.71 1.604] 4.533 |1.517 | 1.583 3.218 


a 97/0. 983 | 0.942 = 891 0.836 78 0.713 0.6177) 0.5124 
if 

Similarly, other parametric regions in Figs. 2-4 can be utilized to 
predict flows for which shocks follow a power law. Thus axisymmetric di- 
verging flows for n < — 0.5 correspond to exterior flows around open 
bodies which allow through-flow. Turbulent converging flows can be 
utilized for evaluation of corresponding internal axisymmetric steady 
flows. As an example, curve 1 in Fig. 7 represents the internal body con- 
tour and curve 2 the shock wave corresponding to the shock shape x = kr’. 
It must be noted that in these flows the entropy changes take place only 
inside the shock wave and that downstream from it the compression is 
isentropic along streamlines (see pressure variations in Fig. 2). 


= 
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Te 


The authors express their appreciation to V.A. Cheprasov for his help 
with calculations. 
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NONSTATIONARY POTENTIAL FLOW OF A POLYTROPIC 
GAS WITH DEGENERATE HODOGRAPH 


(0 NESTATSIONARNYKH POTENTSIAL’ NYKH DVIZHENITAKH 
POLITROPNOGO GAZA S VYROZHDENNYM GODOGRAFOM) 


PMM Vol.23, No.5, 1959, pp. 940-943 


A. F. SIDOROV 
(Chelyabinsk) 


(Received 8 August 1958) 


We shall consider the nonstationary potential flow of a gas, assuming a 
polytropic equation of state. For this case, the velocity components Uys 
Ur, U3 in Cartesian coordinates Xie Xp Xe and the square of the velo- 
city of sound 6 satisfy the equations 


(Buler’s equations) (1) 


(continuity equation) 


rot u= 0 (potential condition). 


Here kK = 1/(y — 1) and y is the adiabatic index. The solution of the 
system of equations (1) gives a travelling wave of rank r if the rank of 
the matrix A 

| 
06 008 08 
is equal to r, for a given solution [1 iF Nikolsky, with the help of a 
"ranking function" A which he introduced, investigatéd functions of the 
second rank, 


ue) = — 9 (3) 


for the case of potential, stationary flows (here @ is the velocity po- 
tential). He obtained the differential equations for the functions A and 
v, assuming that u, = w(u,, u,). Ryzhov [2] investigated double waves in 
the case of potential nonstationary flow. In reference [1 ] double waves 


92 
| 

Ou; Ou; 08 

; at Ox; 

. 
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in two dimensions were studied, without assuming the flow to be potential. 


In the present note we investigate triple waves (waves of rank 3) for 
the case of three-dimensional, potential, nonstationary flow, by intro- 
ducing the "ranking function" (u,, Urs Ua, t). 


We shall first consider the general case, for which 0 = @(u,, uy, u) 
and Ui» Uo, Us are functionally independent; the case u, = Wau,, us) will 
be considered later. 


Since the flow is potential, we have Cauchy’s integral 
1 


+ — + ug? + ug*) + = F it 
1 3°) ) 


where F(t) is an arbitrary function of time, and 
a9 
Oz; 


= 


Next we introduce the function A defined by 


and write its total differential 


=>} — xt6,) du, 


Thus A is a function of u,, u 
being as follows: 


V 


= 2,— ¥ (8) 
Making use of equation (4), the second equation of (8) may be written 

in the form 
— (u,? + u,? + us*) — F t) (9) 
2 
Integrating (9) with respect to t, we obtain 


| 


+ ua? + ust) t + O (ur, Ug, Us) + F°(t), F° (t) (t)dt (10) 


v= 


where Ou,, Us, u,) is some function, undetermined so far. 
We put uy, in the form 


(uy, U2, Us) = + (uy? + ug” + us") + (uy, Ug, Us) (11) 
and differentiate (10) with respect to Ui Then the first equation of (8) 


may be presented in the form 


1335 
+ x9) dt, — 7 
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+ + t (x8; + u,), n, =< (12) 


Euler’s equation of motion will be satisfied if Cauchy's integra] holds, 
and it is necessary only to satisfy the continuity equation. Using the 


equations 
an du, a9 Ou, 
(13) 
ot Oz K Ox 
k i k i 


and substituting du,/dt from Euler’s equations, we put the continuity 
equation in the form 


du; 
Aix = (Ay =%,9— (i, 2.9) (14) 
ik k 


Dix; 


Zo, Za) 
(15) 


D (uy, Us, Ug) 


in some region of x,, Xo5 3, te Then, carrying out the hodograph trans- 
formation between the variables u,, Uo, Uz and x,, x,, x, in equation 


i 2 
(14), we will have, for fixed t, 


(12) we obtain 


From 


(17) 


du, u; Ou, 


where by is the Kronecker symbol. 


With 


(17), equations (16) may be put in the form 


ryt + yt? — 0 (18) 


r, + 


where Ty, are functions only of u,, u,, 


Since equation (18) is valid for arbitrary values of t, we conclude 
that 


0 1, 2 (19) 


in which the expression for r, is as follows: 


= 0, 1, 2) 
ik 


where 
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The equation I, = 0 is a nonlinear, second order partial differential 
equation for the function @. It may be posed as the Cauchy problem, or, 
analogously to the problem posed in reference [1] as a Goursat problem 
with two arbitrary functions of two variables. 


Without posing any definite gasdynamic problems and without invest- 
igating, in the present note, questions of uniqueness of solutions, we 
note that, after the function @ is found, the system of equations lr, = 0 
and I, = 0 (in which the function [l appears) is compatible, and has, for 
instance, the solutions 


Il = 6+ >} one +C (¢, = const, C = const) (20) 
k 
In the solution of a definite gasdynamic problem, it is necessary, 
after determining the function 0, to find the function [I which satisfies 
the two equations I", = 0 and r, = 0, and the particular conditions of the 
problem, in order to obtain a unique solution. 


After determination of the functions []l and @, the flow in the x,, «x 


z,, t plane is found from equations (8). 

We note that a completely analogous application of the method in the 
two-dimensional case leads to two differential equations for the functions 
® and @, which are identical with the equations obtained for that case in 
reference [1]. 

Next we examine the functional dependence u, - Wu, u,). We introduce, 
as before, the function \, but with a more restricted dependence on t: 


V = (21) 
k 


Taking the total differential, we find that A is a function of Uist, 
V7 


a 
=S+9%, =~ (i=1, 2) (22) 


ot ’ Ou; 


Using relation (4) and also the relations 
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and in all relations we have a, n#k, a< nn; p, i, p< 
23 
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(23) 


which follow from the second equation in (22), we calculate the deriva- 
tives /dx., 06 /dt, du,/dx, and put the expressions for them in the 
continuity equation. This then takes the form 


+ 


ou, 1) + ;*) 


avy 


Ot Ou, 


feo 
— — Bt due — U2 — bbe) + 
7 

Al 

-— —— — YY 

Ot due 2 rr 


a 


1 
—— — —— 
at 


In equation (24) we carry out the hodograph transformation for the 
pairs of variables u,, us and x,, Xo. Let 
D 22) 


= -=0 
D (Uy, Ue) 


in some region, We exclude the case A= 0, Differentiating the first 
equality in (22) with respect to Urs Uo, for fixed Xs t, we find the ex- 
pressions for Ox./du, (it, k= 1, 2). Then, after carrying out the trans- 
formations, equations (24) may be put in the form 


T, + T 23 + T oz, = 0 (26) 


where 7T., T T, are functions of u 


ua, te 


i’ 
Since x, is arbitrary, it is necessary that T; = 0, i 
expressions for T, then become as follows: 


ey ay a7 


ary 
wt + (Ra + Rs) 


T; =— Ry\ 


(27) 
= Ry Su jut — (2+ Rs) +R, = 0 
ary ary 


Equation (28) allows two possibilities. Let us consider the first case 


ev 
Ry = F' (t)+ oer =0 


ae 
Ou ou 2 Iu 2 
(24 
Here 
ot? 
= 0, Ba 2, the 
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a7 
F (t)+ A (uy, VY =A(uy, ug)t + ug) — F(t) ae 


where A and xy are certain functions. 


In this case equations (27) will give three third order equations for 
ws, A, and y, which are the same as the system obtained in reference [2], 
and which describe double waves. 


Let us consider the second case: 
ary ay 2, 
30) 
Equation (30) is the equation of developed surfaces, if cylindrical 
surfaces of the form flay, uy) = const are excluded. In this case 
1° Ye t) has to satisfy equations (27), and it is necessary, general- 
ly speaking, to investigate their compatibility for a chosen wv, 


We have an example, for which these two equations prove to be com- 
patible and new flows are obtained. Specifically, consider a flow with 


= + + (2, = const) 


The equation T, = 0 is automatically satisfied for such a flow. For 
\ t) there is left one equation, 7, = 0, with = a,, = a, 
as its coefficients. 


We also note that all the flows investigated have straight character- 


istics in the Bie Xe Bas t plane, as follows from equations (8) and (22). 


In conclusion I wish to thank my scientific adviser, N.N. Ianenko, for 
his valuable critical comments. 
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A solution is found for the problem of gas flow through an opening in 
one of the parallel walls of a channel in which gas is passing. The solu- 
tion yields, as a limiting case, a solution to the problem of the efflux 
of gas through a hole in the plane parallel to its direction of flow. 


In his solution, the author makes use of a suggestion by Falkovich [1] 
which allows extension of the Chaplygin gas flow solution [2] to stream 
problems with several characteristic velocities. The problem dealt with 
here contains three characteristic velocities. 


1. Suppose AB and OF are channel walls, DE is an aperture in a wall, 
DM and EN are free surfaces of the jet (Fig. 1) at which the velocity is 
Vo. Let 2D be the channel width, 2d the width of the aperture, 2h is the 
width at infinity of the jet flowing out, and v, and vw, are gas velocities 
at infinitely distant channel sections AC and BF respectively. We select 
the center of the aperture DE as origin O,the x-axis as the line along 
the channel wall in the main direction of 
flow and the y-axis as the direction of the 
jet or stream. Assume that on the streamline 
SK, which branches at point K, the stream 
function w= 0. If we denote the gas dis- 
charge in the stream as q and the discharge 
through a section of the channel as Q, then 

= q along CDM, and ww = — Q along the 

streamline AB. Denote the angle between the 
stream or jet at infinity and the x-axis as 
m. The gas velocity everywhere is assumed 
to be subsonic. 


Let us put r = where v is velo- 


city and ma x is the maximum flow velocity 
and @ is the angle of inclination of the velocity vector to the x-axis. 


23 
; 
Fig. 1. 
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Then in the hodograph plane @ the flow region is represented by a semi- 
circle (Fig. 2). 


The boundary conditions are as follows: 
=0 npp 6=0, 0O<t< 
npn 6=0, 
npn O<t< 
t = 0 <6<m 


t= %, m<O<x 


We look for a solution in the following form: 


= > @,Z nj (t) sin nO (0<t< 


n=! 


co 
n=1 


@ 
= + >) (7) + (*)} sin n6 < t < %%) (1.5) 
n=! 


Here Z,/2) is an integral of the Chaplygin equation {2 ] regular 
for r = 0, whilst Caso") is another integral of the same equation 
linearly independent of Z4/2 [3,1]. Essentially, the Wronskian of these 
integrals will be 


W (Z,, = 
n/2 »>n/2 
Here is the polytropic index. The stream function defined by equations 
(1.3), (1.4), (1.5) satisfies the boundary conditions (1.1). We will now 
specify that boundary condition (1.2) be satisfied, and that W, be the 
analytic continuation of WY, from region 0<r <r, into the regionr, < 
r< Poe i.e. we require that the following equations hold 


q (0<O0<m) 
0 (0<60< (1.7) 


t 


(0O<@<-x) (1.8) 
= Te 


If we insert the stream function wW determined from equations (1.3), 
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(1.4), (1.8) into (1.7) and (1.8) and equate coefficients of sin nO we 
obtain the following system of equations 


C2, + D,, Can (79) -(2q / mn) cos mn 


(71) + (Dy — By) (71) = —2 (9 + Q)/ 


- Ay) (71) + (Dy — By) (41) = 0 
(Ay — (42) + (72) = 2Q / 


(Ay — (42) + By (42) = 0 


We solve the system (1.9), and making use of relations (1.6), we de- 


termine coefficients A,» Bae Cie 


The stream function WwW is determined likewise. In what follows we will 


only need to know the function in the region < i.e. which 


will simply be referred to as vw. On inserting coefficients Che D,, into 
(1.5) we find 


co 


n=1 


271 Lars (71) 
1—7)°n 


Zap (To) ( 

Zan (7) 

n/2 


It is easy to see that 


= cos mn (4.12) 


=> cos mn 


Zaye (Tp) To i— Te (To) 


t \i— 


The last equation will be obtained if we differentiate (1.11) and make 
use of (1.6). 


2. We now introduce a new coordinate system x", y’. For the x°-axis 
we take the straight line to which both free surfaces of the jet tend 
(Pig. 1). This straight line intersects the x-axis at 0°, coordinates 
x= a, y= 0. Point 0” will be taken as the origin of the new system of 


| 

(Cy 

( ‘ 

(1.9) 
vol 
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coordinates. In the new system we will have 


Here 0” m. Integrating (2.1) we find 


27 (=) \ sin + m) sin 6’ d6’ — 
0 
6’ 

’ 

\ cos Dd; \ cos n (6° + m) cos 


0 


Assuming that 6 = —- m andr =7, in (2.2), we obtain the coordinate 
y’ = (d+ a) sin m, at point D. Assuming 0° = 7 — a 
the coordinate y° = (a— d) sin m at point F. 
relation obtained 


andr we obtain 


If we subtract the second 
in this manner from the first, we get 

sinm \ cos + cos n (0° + m)cos 0’ + 


—m 


= (to) \ sinn (6’+ m) sin 6’ d6’ 


—m 


Here, it was borne in mind that 


q = 2hv, (1 - (2.4) 


On performing quadrature and taking into account (1.10) we arrive at 


d cos 2mn 4 72 


— | cos 2mn 
as ian | Za 


4n* l 


Notice now that only functions i of integral index remain, because, 
with functions of the form Zioks +)/o the coefficients vanish. 


On introducing Chaplygin functions 


n 
z,(t) => 


and bearing in mind that 


9 cos 2mn msinm 
4n? 
n=] 


q 
a 
1343 
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q 
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we obtain from (2.5) 


xctgm+ > sinm 


4n?—T cos 2mnz,, + k 


8 
(t 


To this expression we should add the equation of continuity 


Dv, (14 — = — 2)° + hv, (i — (2.7) 


ve (1 — 2)’ D 


One more equation is obtained from the theorem of momentum conserva- 
tion: 


2D (p; — P2) == cosm + Qve — 2Dr, (1 - (2.9) 


Here p, and p. are the pressures at the entry and exit of the channel. 
Taking account of the fact that 


P = po (i —*) 


we find from (2.9) 


cos m 


From expressions (2.6), (2.7), (2.10) h, a, v, are determined as func- 


tions of Vis Yoo D and d. From (2.4) we find the discharge q through the 
hole. 


3. If the channel is infinitely wide, From (2.10) and (2.6) 
we find 


=) (3.4) 


1 


n=! 


4n n (71) 
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Putting = 0 in (3.1) and (3.2), we arrive at the case, where gas 
flows from an infinite vessel and obtain the Chaplygin formula [2] 


4n 
+ > 4n* —1 


n=1 


(3.3) 


On replacing r by v?/v? ax and going over to the limit where "max? © 
in (2.6), (2.7), (2.10), we obtain the formulas representing the flow of 
incompressible fluid from a channel. It is easy to sum the series in 


this case and the result can be expressed in terms of elementary functions. 
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CONCERNING THE THERMAL EFFECT IN THE FLOW OF 
AN ELECTRICALLY CONDUCTING FLUID 
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This note investigates the flow of a viscous electrically conducting fluid 
in a plane duct in the presence of a magnetic field and heat transfer. The 
generation of heat from internal friction, Joule heat, and the dependence 
of viscosity on temperature are taken into account. An analogous problem 
in isothermal flow was solved by Hartman [1]; for non-conducting fluids, 
it was previously considered also in references | 2-4 }. 


1. We shall consider steady flow of a non-viscous fluid in the x- 
direction between infinite parallel] walls z= + a, when a uniform magnetic 
field H, is imposed in a direction normal to it. Just as in the isothermal] 
case the general equations of magnetohydrodynamics permit [1 ] a solution 
of the form: 


H,, = H,, (2), H, =0, A, - A, = const (for the magnetic field) 


v, = v (2), v, v, =0 (for the velocities) 


T =T (2), p = p(x, 2) (for temperature and 
pressure) 
The functions sought for satisfy the system 


Here c is the velocity of light, n = (TT), k = const, o = const, p = 
const correspond to the viscosity, the thermal conductivity, the electrical 
conductivity and the magnetic permeability of the fluid respectively. 


d pH a; pH? 
dz \"az) + Ge Ge + Be) (1.4) 
dv aH. 
— + —— 0 ‘ 
Hos; 4ncp dz? (1.2) 
dv\2 dH, 2 
dz? dz/ ( dz ) (1.3) 
dy \? * \? ax) (1.4) 
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We limit ourselves to the consideration of problems with the simplest 
boundary conditions of the form 


v(+a)=H, (+a) =T (+a) =0 


From equation (1.4) it follows that p+ #H°/8r = f(x), and from (1.1), 
since the left side of the equation depends only on z, that 
d 
Sr) = const P 
We introduce the dimensionless variables 
z 


a 
where 7, = "7.9 and the parameters 


A = | 4nap*, B = | 


In the new system of variables, (1.1)-(1.3) can be written in the form 


(>) + Ah’ =1, +Bh'=0, 6° + + ABR =0 (1.6) 


in which u(+1)=h(+1) =0(+1) =0, (+1) =1. 


The first two equations of the system are integrated directly: 
+ Ah=6+C;, u + Bh’ =C, (1.7) 


From the condition of symmetry, C, = 0; multiplying the first of the 


equations (1.7) by u” and the second by Ah’, we obtain 


= Eu’ — Ahu’; ABh’* == (C,— u) Ah’ 


Introducing the quantity r = & — Ah, with the aid of the second equa- 
tion (1.6) we transform these equations to the form 


2 


Consequently, in plase of the third of equations (1.6) we have 
B 
O° + + 1 +72) =0 (1.9) 


Integrating and again, in the light of symmetry, putting the constant 
equal to zero, we arrive at the relation between 9(£) and r (&): 


(E + tt’) = 0 (1.10) 
A second equation is obtained by eliminating uw from equation (1.7) 
40) = (4.14) 


Boundary conditions for the variable r(é) are r (+1) = + 1. 


"4 
A, p**a 
Ulie 
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Since the function W(@) is ordinarily expressed as a power series in 
4, convergent within a sufficiently wide interval, the solution of system 
(1.10) and (1.11) may be represented by a power series. 


2. The solution of equations (1.10) and (1.11) in closed form is ob- 
tained only in the case of constant viscosity, when wi(@) = 1, From (1.11) 
and the boundary conditions for r we obtain (see [1 }) 


H 
- (2.4) 


Therefore equation (1.10) takes the form 
> 255 
sh ) (2.2) 


2 on 
sh 7? 2s! 


/ 


and is easily integrated; its integra] satisfying the boundary conditions, 
is 
eh 22 — ch 2.3 
(ch — ch22£) (2.3) 
The maximum value of temperature is reached for & = 0: 
{ th? 2\ 


6, = 9 (9) = = 


(2.4) 


Proceeding from the corresponding incomplete energy, equations , it is 
easy to construct also solutions for 6, taking into account only one of 
(4) 
the thermal effects: the Joule heat @\!’ or the frictional heat 6\?), 


{ 
— ch + (ch 2, —ch 228) 


(2.6) 


(4) 
The dependence of the maximum temperatures @ 1) and (2) on the para- 
meter A has the form 
? 4 ~/2 4sh*> sh? > 


From this it is possible to obtain the following boundary relations: 


lim = 0, lim as 2— 0, lim 6!) = lim 6’ —0 as A+ co 


Comparison of formulas (2.7) shows that for smal] A the principal role 
in the increase of temperature is played by internal friction, but for 
sufficiently large A the situation is reversed. 


3. We now consider the case where the viscosity is related to the 
temperature by a hyperbolic dependence 


#27442 
¥@) =1+ o=1+ 8% (3.1) 
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Equations (1.10) and (1,11) are then written in the form 
a2 
= 0, y ++ 77’) =0 (3.2) 
/ 


Considerations of symmetry and the form of these equations lead to 
the conclusion that r(&) is an odd function, and that W(&) is an even 


one. Therefore, we shall] express them as series: 
@ 


i=0 i=0 
Substituting series (3.3) into equations (3.2), we obtain the re- 
currence formulas 
m=t 
(2i + 3) + 2) 92 =% (3.4) 
m=0 
— (i + 1) > a 


m=0 


(2i + 2) bi am+1 72 (i—m)+1) = 0, (3.9) 
which give us means for the computation of the coefficients of the ex- 

pansions (3.3) as functions of a» 6. and b,. Por this purpose, a, and bo 
are determined from the boundary conditions for r and wi, which here have 


the form: 


i=0 1=0 


Combining equations (3.4) and (3.5) and the formula for b,, it is 


possible to obtain a relation containing only ® 644° 


m=i—] 
- 82 


m=0 


a 
x (i> 0) 


n=0 

The question of convergence of the series (3.3) can hardly be studied 
fully. However, for sufficiently small A and f it is possible to demon- 
strate that the series (3.3) are uniformly convergent in the interval 
(— p, + p), where p is some number greater than unity. In the same con- 
text, if for 2< i< nm the inequality |a,,,,| < Me* is valid, where 
O<e< 1 and M> by, M> a,, then from formula (3.7), | @ony 3! < me 
can be easily obtained for sufficiently small A and fi. If, in addition to 
the smallness of A and f the inequality | a,| < Me? is also valid, then 
by induction, la,i4 1| <WMe* for all i> 2. Then the radius of convergence 


of the first of the series is 
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The convergence of the second series is investigated with the aid of 
the same evaluation, proceeding from (3.5). 


Similarly it is possible to construct solutions of our problem in the 
form of a uniformly convergent series, taking account of only one of the 
thermal effects just as in Section 2. 
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AN APPROXIMATE SOLUTION OF THE PROBLEM OF 
SEPARATED FLOW PAST AN AXIALLY 
SYMMETRIC BODY 
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OSESIMMETRICHNOGO TELA) 
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If a cavity, generated by separation of flow past a thin axially sym- 
metric body, has an elongated meridian, i.e. if the cavity is "thin", 
then this flow problem may be solved approximately by the theory of "thin 
bodies". * 


The dimensionless velocity potential for the motion of a body at zero 
angle of attack may be represented in the form 


+00 


g(E, t—M V(x 


V (27 — Ey? 4 


r, t)- (1) 


where g is an unknown function which has to be determined from the bound- 
ary conditions at the surface of the body and of the cavity, x and r are 
the nondimensional coordinates in the plane of the meridian, ¢ is non- 
dimensional time, M is the ratio of the characteristic velocity of the 
body to the velocity of sound in the undisturbed fluid. 


Function (1) is the solution of a wave equation, which describes the 
field of perturbations in the fluid, taking into account the compress- 
ibility in linear approximation. It is easily shown [1 ]that near the 
axis r= 0 there is an asymptotic representation** 


After the completion of the present work the author became aware of 
the results of G.V. Logvinovich for the stationary case and zero 
cavitation number. The equation of a cavity derived by him from other 
considerations, is identical to the formula derived below for this 
special case. 


Author’s dissertation. Some problems of the hydrodynamics of thin 
bodies. MGU, 1956; references to it are marked by a dagger. 
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p(x, r, t) = — 2g(z, t) Inr+0(1) (2) 


Hence it is seen that the main term of this representation does not 
depend on the compressibility of the fluid. We shall assume the equation 
of the surface of a body in the form 


ry = efy (xz, t) = ef, [F (t) —2] (3) 


where we denote by index 1 quantities relating to the surface of the 
body, « << 1 is a small quantity, namely the thickness parameter, x= F(t) 
is the law of motion of the body nose. On the wetted surface of the body 
the condition of tangential flow must be satisfied. 


(f1).Px (f1), =0 (4) 


That condition for the function g(x, t) on the segment of the axis of oar 
the body, which corresponds to the wetted part of the surface, gives 74 
approximately [ 2 ] sani 


(zx, t) — (t) — [F (t)—2] (5) 


In order to find the function g(x, t) on the segment of the axis of 
symmetry located inside the cavity, the following two relationships must 


be satisfied in that region: 
{ 3 
(9,7 + ==>, — — (fa), =9 (6) 


Here the unknown function r = fe (x, t) (7) 


is the equation of the meridian of the cavity; o is the cavitation number. 
In the following the index 2 will denote quantities relating to the sur- 
face of the cavity. 


Using the asymptotic representation (2) we may replace the complicated 
integral-differential equations (6) for the functions 6,(x, t) and f,(x, t) 
by the approximate relationships 

9 2 
—2 (gs), In fe + + 12 In fal*} 
é 


(8) 


282 
+ 2 (gs). (/2), In fe —(f2), = 0 


For the wetted region of the body surface we have (see equations (2) 
and (5)) 
hi = O(e), £1 = O(e*) (9) 


and the functions f, and ay must transform into functions f> and g,; 
therefore, the statements (9) are also valid for the functions f, and B>- 
This indicates that in the relationships (8) the terms containing deri- 
vatives with respect to x may be eliminated and then these will become 
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— 


(10) 


=) 


where indices have been dropped. 


From the first equation (10) it is seen that the approximate relation 
given here, is valid only for the case where the cavitation number o is 
a small quantity, of the order of 

= O(e*, Ine) (11) 


The system of ordinary equations (10) is easily integrable in a general 
form 


= 
© (w, uy) =+2Ve [t+e(2)] (13) 


where w= uy (x) and c(x) are constants of integration. 


Note that for fixed x the curve (3) has an axis of symmetry v in the 
(u, t) plane parallel to the u-axis. The distance between the points of 
intersection of this curve with the t-axis is 
therefore for fixed uy << 1 this distance approaches infinity as the 
cavitation number goes to zero. 


The functions Uy (x) and c(zx) have to be found from additional condi- 
tions related to the transition from the wetted surface of the body to 
the surface of the cavity. These conditions are derived from the fact that 
the pressure, the slope of the tangent to the miridian, and the radius of 
the meridian must be continuous at the cross-section of transition from 

body to cavity. The location of the cross-section itself has to be deter- 
mined, 


In the case of constant velocity of the body we have up) = const, 
e(x) = — x + const, because in the coordinate system moving with the body, 
the motion will be steady, namely: 


u=u(t—zr)=—u (E) 


From the above it follows, that the cavity in this case will be syn- 
metrical with respect to its mid-section. For 0 > 0 the cavity will have 
finite dimensions, i.e. will be closed at the finite distance behind the 
body. 


Further, from (14) it follows that foro - 0 and u, = const, the length 
of the cavity increases indefinitely. All this is in agreement with the 
conclusions obtained from the exact solution of the problem for these 
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various conditions as far as they are available. Exact solutions however 
are known only for the plane problem. 


Investigations of the asymptotic representation u(é) for u+ 0 shows 
that the cavity at the downstream point of its termination on the axis is 
a smooth surface, i.e. (€) +o as f + 0. Obviously, the given approxi- 
mate solution ceases to be valid in the neighborhood of this point. 


The conditions valid at the transition cross-section located at the 
unknown coordinate é, are as follows: 


uy ) us + (uy = [ (Im ws) ue” + ; 26 


v1 


uy (Ei) = uy (Er Up), (Es) = ue’ + ¢, 


These three relationships serve to determine the three undetermined 
parameters #5 Une Ce In the case when the cavity is created by a separa- 
tion at a break of the body meridian the pressure at the point of separa- 
tion, in general, will have a discontinuity. 


The general] solution found here allows in principle the solving of the 
problem of flow with separation for small] positive cavitation numbers for 
an arbitrary unsteady motion of the body. Besides it may be applied to 
the solution of penetration of a thin body into a semi-space folled with 
a fluid at rest when behind the penetrating body a free surface is created. 
(For the case when separation does not occur the problem is solved ina 
previous work*). In this case the law of motion of the body may also be 
arbitrary, though the angle of attack must be zero; the angle between the 
axis of the body and the free surface may also be arbitrary. All this 
follows from the properties of the solution of the problem by the theory 
of "thin bodies"n* 


In the case of penetration, obviously, o must be taken as zero, The 
solutions of equations (12) for o = 0 approach u = 1 for finite ¢t, also 
on the line u= 1 of the (u, t) plane the integral curves have a cuspidal 
point. These facts render the solutions obtained invalid for 0 = 0 and ¢t 
increasing, because the original assumptions of the theory are no longer 
true. It was assumed that u be small (u << 1); however, in this instance 
u is of the order of unity. 


Near the body the behavior of the cavity is the same for the cases 
o> 0 and o = 0, because asymptotic relations u(t) for u+ O are the same 
(see (12)). 


The author wishes to express his appreciation to G.V. Logvinovich for 
information received from him, 
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A CERTAIN CLASS OF EXACT SOLUTIONS OF THE 
EQUATIONS OF MAGNETO-GASDYNAMICS 


(ODIN KLASS TOCHNYKH RESHENII URAVNENII 
MAGNITOGAZODINAMIKI) 


PMM Vol.23, No.5, 1959, p. 953 


D. 


V. SHARIKADZE 
(Tbilisi) 


(Received 19 June 1959) 


The equations which characterize the nonsteady gas flow in a magnetic 


field for gases having infinitely large conductivity, for the case of 
conical symmetry, have the form: 


where u is the gas velocity, p the density, p the pressure, H the in- 
tensity of the magnetic field, always perpendicular to the velocity of 
gas flow, k the ratio of specific heats, N= 0, a= 0 for one-dimensional 
flow; N= 1, m= 0 for flow with cylindrical symmetry, when A = Air, t) 
and N= 1, a= 0 for the flow with cylindrical symmetry, when A = Fig (r,t). 


Let the pressure depend only on time p = p(t), while the field intens- 
ity 


or h=r~™#(t) (5) 


Substituting these values p and h into equation (1), we obtain 


r = ut + F (u) (6) 


Introducing new independent variable t, u in place of t, r and taking 
equation (6) into account, we obtain 


p= (0+ hh = (uy 4 
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In order to meet the requirement p = p(t) and h= r"— f(t), it is 
necessary to assume that 


F(u)=—wuto, 9, Bu 
Then the solution of the main system will have the form: 
p= r(u)(t— toy hh = (t— 


whereA and B are constants. 


Translated by J.R.¥W. 
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THE PROBLEM OF PLANE UNSTEADY MOTION 
OF GROUND WATERS 


(K ZADACHE 0 PLOSKOM NEUSTANOVIVSHEMSIA 
DVIZHENIIT GRUNTOVYKH VOD) 


PMM Vol. 23, No.5, 1959, pp. 954-957 


V. G. PRIAZHINSKAIA 
(Tomsk) 


(Received 16 March 1959) 


We consider the plane problem of the motion of a liquid in a porous 
medium under the action of gravity forces, when the liquid occupies a 
certain semi-infinite region G(t), bounded by a curve I(t), without 
multiple points, extending to infinity in both directions. With the 
passage of time the region G(t) will change; the shape of the region G(0) 
at the initial instant of time is assumed known, Moreover, it is assumed 
that the boundary I'(0) of the region has the x-axis as an asymptote; it 
is natural to suppose that, in the given conditions, this property is 
retained at any instant of time t¢ during the flow of the liquid under the 
action of the forces of gravity. 


It is assumed that the pressure p on the contour I(t) is constant at 
all stages of the motion and is equal to zero; we shal] assume that the 
motion of the liquid obeys Darcy’s law. 


Galin [1 ] reduced this problem to a nonlinear boundary problem in the 
theory of analytic functions, to the solution of which the author applied 
the method of successive approximations. 


We give below a derivation of the boundary condition which is different 
from that in paper [1 ]; the problem is reduced to a certain integro- 
differential equation, and thence to a system of nonlinear integral equa- 
tions. Under specified conditions the existence of a solution of this 
system is established by a method analogous to that applied to another 
problem in a paper [2] by Kufarev and Vinogradov, 


Suppose that the function z= 2z(w, t), which we normalize by the con- 
dition 


lim [z(w, t) —u] =0 when Imw <0 


conformally maps the lower half-plane Im w<«€ 0 on to the region G(t). We 
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Shall assume that z(w, t) can be represented in the form 


z(w, t)=w+ ¥F (wu, t) 


where Vw, t) is a function which is holomorphic in the lower half-plane 
Im w < O and, for sufficiently large values of |w|, Im w < 0, satisfies 
the conditions 


(0<u <1) (1) 


We shall assume that the function z,.(w) = 2z(w, 0) is given, in so far 
as G(0) is known, 


According to Darcy’s law, the pressure is related to the complex 
potential of the motion X*(z, t) by the following equation: 


X" (z, t) = — * (2, t) + ike (X; = p+ iq) 

(see [3], Chapter XV), where k is the filtration coefficient, p - the 
density of the fluid, g-the acceleration due to gravity, p-the pressure 
in the fluid and q- the function which is the harmonic conjugate of p. 
According to the conditions of the problem 


p=ReX, (2, t)=0 on P(t) 
Introducing the notation 
(2 (w, t), t) X (w, t), X, (w, t i= (z, t) 


let us express the complex potential of the motion in terms of the vari- 
able w in the form[1 } 


X (w, t) = — kiw + kiz (w, 8) (2) 


Turning to the derivation of the boundary conditions for the function 
z(w, t), let us compare the two expressions for the velocity of the fluid 
particle at the point :z(cf. [2]): 


_ 4 OX" _ ik dw 


Ot 
where m is the porosity of the soil. 


On the other hand, the velocity of the fluid particle is expressible 
in the form 
dt 
at ot 

Equating the expressions so obtained for the velocity, after multiply- 
ing by 02/dw, we find that 


__ tk Oz _ 
m Ow 
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Hence, after multiplying by i, we obtain 


(2 z(w, t)+kit, w 


Dividing both sides of equation (3) by 12,37: we have 


Relist] =—|/y/? ‘= (4) 


w 4 
In what follows it will be assumed that the function v(», t) satisfies 
the Holder condition on a real straight line (see [4 }). 


According to the boundary condition (4) the function iZ,/2Z, is analytic 
in the half-plane Im w < 0 and, allowing for condition (1), can be re- 
presented as an integral by means of the Schwarz formula for the half- 
plane (see [3], Chapter VI) 

dw 
P(w,t)= = ly (w, 

Here the integral is to be regarded in the sense of its principal 

value. Writing (5) in the form 


Z,+iZ,,P =0 (6) 


and differentiating with respect to w, we obtain an integro-differential 
equation for v(w, t): 


dv oP » Ov 
—P 
ot Ou Ow | 


where P is expressed in terms of the boundary values of the function 
v(w, t) by formula (5). 


If v(w, t) is the solution of equation (7) which satisfies the initial 


condition v(w#», 0) = Vo(w), then the required function Z(w, t) is deter- 
mined by the formula 


P(0, t) 
il 7.0,» + 20 (0) 
0 
Making the substitution 
{ 
(w, t) = 1+ u(w, t) ju(w, — O<p <1) 


w ° 


(for sufficiently large values of |w|) in equation (7), we obtain an 
equation for u(w, ft): 


23 
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\ | | @ (1 ) 
- 

The solution of equation (10) will be sought in the form of an integral 
of Cauchy type along the line w= 5, > 0): 


XE, t) dé 
u(w, t) \ 


‘ | 
=ilu —Q—4+2—4+ QO (w, t) 
ot Ow “Ow ' Ow dw)’ 


\ ri 


(11) 


—2(&, ¢) 


The functions x(€, t), X(€, t) in this expression are assumed to be 


defined in the region D, (|t|< t), t, > 0, Ce) and satisfy the follow- 
ing conditions. 


1, The function x(€, t) — & and its derivatives up to the second order 
inclusive, are holomorphic with respect to ¢ and uniformly bounded: 


For sufficiently large values of | é| 


(13) 


mes 


2. The function X(€, t) is holomorphic relative to ¢ and satisfies the 
conditions: 


| a* (E, 2) | 
| X t) — X (Es, t)| — my H (2 =: 0, 2) (14) 


and, for sufficiently large |&|, the condition 


| H 


Making use of expression (11), we find from (10) that 


; (z—y) (r—w) ( = t), y=2(m, t) J 


Equation (10) for u(w, t) then takes the form 


‘Ene 
+ \ , (17) 
nt 
On the other hand, differentiating (11) with respect to t, we find 
that 
at \ w—z ot “> \iw (18) 
Gas Cc... 
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Equating the expressions so obtained for @u/dt we find that equation 


(10) for u(w, t) is satisfied if x and X are the solution of the following 
system of equations: 


(2 — 2) (2 — y) (2—y) 
n 


(19) 


The integral with respect to g in the expression for xé, t) is inter- 
preted in the sense of a principal value. 


Theorem 1. Suppose that 5 > 0 and X,(€) is a function, defined on Ce 
and satisfying on CE the conditions 


| Xo (E)| < Ao, Ho | Xo — Xo | < Ao | — (20) 


and for sufficiently large values of |&| the condition 


Hy 
| ¥o(&)| rT, (21) 


Then, for sufficiently smal] ty. the system (19) has in D, a unique 
regular* solution, satisfying the initial conditions 0 


#(&, 0) X (E, 0) = Xo 


The fundamental difficulty in the proof of the existence of a solution 
of the system (19) arises from consideration of the second equation, the 
integrand of which has a singularity at z= x. In the proof, equation (19) 
is replaced by a system of the form 

; 
\ \ z, Y, dtdp, | \ 


(22) 


where f and @ are functions which are holomorphic in the region 5, < 
Im x(C, t) < 0< 5, <8 <6,, 5, < Im ym, t) <8,, 5, Im 2(¢, t) <4, 
< #, |2| < #, and, for sufficiently large 124 


Conditions, which are sufficient for the existence of a solution of 
the system (22), are evidently sufficient also for the existence of a 
solution of system (19). Moreover, since the integration with respect to 
7 in (22) cannot worsen the convergence of the successive approximations 
which are employed in the proof, then for the sake of brevity the theorem 
of existence and uniqueness is proved for the following system of equations: 


A solution of the system is regular if the functions x, X satisfy the 
system (19) and possess the properties (13)-(15). 
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‘ o(z, s, Z) d? 
it (2, z, Z)d>. (23) 
Ce C- 


where f and d are functions, holomorphic in the region 


t) < Be, <Im2(%, t) < Se, Zi< IZi< 


for sufficiently large |¢|, The behavior of the functions f and @ for 
large |€| and |¢! is characterized by inequalities of the form 


M M 
NS for large for large 


| 


If, however, € and ¢ are simultaneously sufficiently large in modulus, 
then a condition of the following form is satisfied: 
M 


lfi< 


The system (23) is, in general, analogous to the system of equations 
studied in[2]. The essential difference, which appreciably complicates 
the proof, is the integration along an infinite straight line in our case, 
leading to the postulation of supplementary conditions concerning the 
sufficiently rapid decrease of the respective functions as » + «, and to 
the necessity of examining the fulfilment of these conditions in approxi- 
mations, 


Theorem 2. Let the function 2, (w) be holomorphic and one-sheeted in 
the half-plane Im w< 0 and let it satisfy the conditions 


|} 29(w) — wl < 


w w = 


Moreover, let x(€, t), X(€, t) be the solution of system (21), regular 
in the region D,. and satisfying the initial conditions 
J 


X 0) = 


0) = &, 


Then the function Z(w, t) defined by formula (8), is the unique solu- 
tion of the boundary problem (3) which is holomorphic in D, . 


J 
Theorem 3. Let Z,(#) be a function, holomorphic and one-sheeted in the 
region Im w < 0, Then if the function Z(w, t), holomorphic in the region 
Dr 0< t< T, Imw< 0, is the solution of the equation Z, + iZP = 0 
which satisfies the initial condition Z(w, 0) = Z,(~), then it is one- 
sheeted in the lower half-plane Im w< 0, 


By means of the substitution z = (2°), the proof of the Theorem is 
reduced to the case when 25 (w) = w. Then Z(w, t) = w(0, w, t), where 
wr, w, t) is the solution of the equation da/dr = iP, satisfying the 
initial condition w(t, w, t) = w. Since P= iZ ,/Z,, then by virtue of 
(4) we obtain 
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dim w 


-Im (iP) <0 
at 


From this inequality it follows that in the range 0< +r < ¢ the values 
of w do not lie outside the region of holomorphicity of the function 
P(w, t). Hence, according to known theorems on the theory of differentia] 
equations, the holomorphicity and one-sheetedness of the function Ziw, t) 
follow. 
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A PARTICULAR SOLUTION OF THE PROBLEM OF THE 
MOTION OF A GYROSCOPE ON GIMBALS 


(CHASTNOE RESHENIE ZADACHI © DVIZHENII GIROSKOPA 
KARDANOVOM PODVESE) 


PMM Vol.23, No.5, 1959, pp. 958-960 


A.A. BOGOIAVLENSKII 
(Moscow) 


(Received 28 April 1959) 


The motion of a symmetric heavy gyroscope on gimbals, for the case in 
which the axis of the outer ring is vertical, was investigated by Chetaev 
[1], Skimel’ [2], Magnus [3] and Rumiantsev [4], who considered the 


stability of motion for certain particular solutions. 


For the case of a gyroscope on gimbals, the axis of the outer ring 
being horizontal, questions of stability of certain particular motions 

were considered [5]. In adding for a certain moment of external forces 
with respect to the axis of spin of the gyroscope, a first integral was 


obtained [5]. 


Below, a particular solution of the problem of motion of a heavy gyro- 
scope on gimbals is investigated, for the case in which the axis of rota- 
tion of the outer ring is horizontal. 


1. Let us consider a symmetric gyroscope on gimbals in which the axis 
of rotation of the outer ring of the Cardan suspension is horizontal and 
the center of gravity of the gyroscope and the inner ring is located on 
the axis of symmetry of the gyroscope. 


We introduce two rectangular systems of coordinate axes, with origin 


at the fixed point O of the gyroscope (see Fig. 1). 


The fixed system of coordinates Ox, ¥, 2; is always connected with the 


axis of rotation of the outer gimbal ring. The axis t, is directed 


vertically upward, the axis 25 along the axis of rotation of the outer 
ring. The moving system of coordinates Oxyz is always connected with the 
inner ring. The x-axis is directed along the axis of rotation of the 


inner ring, the z-axis along the axis of symmetry of the gyroscope. 


The motion of the gyroscope with respect to the system of axes iN 24 
is determined by the following angles: vw is the angle of rotation of the 
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outer gimbal ring, 6 is the angle of rotation of the inner ring, @ is the 
angle of rotation of the gyroscope within the inner ring (the angle of 
spin of the gyroscope with respect to the xyz system of coordinates). 


The projections of the instantaneous velocity of rotation of the inner 
ring on the axes of coordinates Oxyz are equal to 


= 0’, =v’ sin9, r° =’ cos 
The projections of the instantaneous angular velocity of the gyroscope 
on the same axes are expressed by relations 
p = 0’, q sin 6, r +d’ 


Let the axes x, y, z be the principal axes of the ellipsoid of inertia 
of the inner ring with respect to the fixed point 0. 


Let us designate by ¢ the distance from the origin 0 to the center of 
gravity of the gyroscope and the inner ring, let I be the moment of 
inertia of the inner gyroscope ring with respect to the zy axis, let a, 
Ae, © be the principal moments of inertia of the inner ring with respect 
to the axes x, y, z, let A, B= A, C be the moments of inertia of the 
gyroscope with respect to the same axes. 


Let us assume that the ellipsoid of inertia of the gyroscope with 
respect to the point O is an ellipsoid of rotation with respect to the 
axis Oz. The expression of twice the kinetic energy of the outer gimbal 
ring, the inner ring and the gyroscope are respectively equal to 


A® p®? +- B°q*?? L. 2 Ap* Cr? 
The total kinetic energy of the system is 
2T = (A + A°) [1] + + (A+ B° —C°) sin? 6] b’? + C + cos 8)? 
We shall assume that there is no friction in the bearings and that the 


applied forces acting on the system reduce to the forces of gravity. Let 


m be the mass of the gyroscope and the inner ring. Then the force function 
is of the form 


U =—mgésinOsind 
2. Let the mass distribution of the considered system be such that 
A+A j 4- A+ = C° 


We introduce the notation I, = A+ Ae, Then the equation of motion of 
the system may be written down in the form of Lagrange’s equations for 
the independent holonomic variables @, 

1,6” +- C + cos 0) sin mgt cos sin 


a 
4 C +- v’ cos 9) cos 9} mgf sin 8 cos ¢ 
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The actual displacements of the system are found among the possible 
ones, and the forces admit a force function. From this follows the ex- 
pression of the integral of kinetic energy 


1, (0°? + + (9’ + cos sin 6 sin } + 2h 
The cyclic coordinate ¢@ corresponds to the first integral 


+ cos = ro 


Here h, ry are the constants of the indicated first integrals. 


For a particular value of the constant of the integral (3), namely when 
it is equal to zero, i.e. in case 
9” v’ cos 6 0 (4) 


there exists one more first integral 
1 = mgf cos +1 (2 = const) (5) 


3. Let us introduce the variables a, ff, which are related to the 
angles as 
a=0+4, (6) 


This substitution leads to the separation of variables. The equations 
of motion of the system considered, in the presence of the particular 
integral (4), may be then written in the form 


mgtsina, 1,3” = mgfsin§ (7) 


These differential equations admit the first 
integrals 


I, (a*? + § 2megl (cos a — cos 8) + 4h (8) 


I, (a*? 3°2 (cos a + cos 8) + 


which may be obtained also from integral (2) 
and (5). 


Pig. 1. 


Let us introduce the following designation for the constants: 
mgt 
From integrals (8) it follows 
a’? — 2(cecos a + 3a), — — 2 (ecos 8 — 3d) 
We introduce new variables u, v by means of formulas 


2u == crosa+a, 2v = ccos 8 —b 


In these variables the equations (9) are written as 
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‘du’? dv? 
\ = — (3a? + c*) u — a (a* — c?), = 4v* — + c*) —b (ff) 


We construct the Weierstrass functions y, (7) with the invariants 


62’ = 3a? + c?, = a (a* — c*) 
and y,(r) with the invariants 
62" = 3b? + c?, g3" = b (b® — c?) 


These functions satisfy the equation 


If we set 


u= P(t), —2F1(t) =ccosa+a 
v 2F 2 (t) =ccos8 —b 


where 7 is a function of time t, then the equations (11) yield 


AF 1° (t) — F(t) — AP 2° (t) — P2(t) —8s 


Therefore 


(=) dt + 
a) 


Taking the positive sign we obtain 


T=t+ to (to = const) 


In accordance with formulas (6) and (12) we find 


1 21 21; 

6 are cos mgt to) + are cos mat Fo (t + | +) 
y= arc cos mgt (t+ to) 3mgt arc cos (t to) Bmgt +p 


where A, p are constants, whose values are determined by the solution 
found, and by the domain of variation of 6, w. 


The angle ¢ is calculated by the quadrature from the relation (4). 


4. The variables u, v are determined by relationships (10) and satisfy 
equations (11). Let us designate the right-hand sides of these equations, 
which are third degree polynominals by f(é) 


f (E) = 4&3 — (3x? + c®) — (x? — c?) (14) 


where x = a for € = u and x = 6 for € = ». 


The polynomial (14) has three real roots 


c+y 


e3 
2 2 


ey 


? 2 
; 195 
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Let us consider c > 0, From relations (10) it follows that the vari- 
ables u, v, determined by means of é, vary in the range 


ans €2 


Actual mechanical motions will take place if @, > > 


This condition yields the inequality for the variable u 


ee h+l+mgt> 0 
ae and for the variable v-the inequality 
h—l+mgf>0 
: In like manner one can show that for ¢c < 0 actual mechanical motions 
will take place if the inequalities are satisfied 
h+ti—mgt>0, h—l—mgf>0 
959 A study of the stability of particular solutions of system (1) does 


not yield anything essentially new as compared to the conditions found 
earlier [2,4]. 
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The gyroscopic compass represents an instrument with a large period of 
natural vibrations, of the order of one hour and a half. For the damping 
of the natural vibrations which may occur because the gyrocompass in 
starting was not along a meridian, a considerable time will be required, 
equal to three to four periods of natural vibrations. There is an interest, 
therefore, to study methods of an accelerated placing of the gyrocompass 

in the meridian, Usually, the latter is accomplished by an application to 
the gyrocompass of additional external forces. The problem regarding the 
selection of the law of control of these forces is discussed below. 


1. The equations of motion of a gyrocompass fitted with a hydraulic 
damper for the damping of natural vibrations, are of the following form 


[1]: 
+ + HU cos = 0 
B3~ — Ha + 1P3 + IP(1—p)9 = HU sing + Q(t) (1.4) 


§- + FS — F3 0 


Here a is the angle of rotation of the gyrocompass in the aximuth, fh 
is the angle of elevation of the Northern diameter of the gyrosphere 
above the horizontal plane, @ is the angle of inclination of the fluid 
plane in the hydraulic damper above the equator plane of the gyrosphere. 
H indicates the resultant kinetic moment of the gyroscope, mounted in the 
gyrosphere, LP is the static moment of the gyrosphere, A and B are moments 
of inertia of the gyrosphere with respect to the corresponding axes, U is 
the angular velocity of the daily rotation of the earth, d is the latitude 
of the place of observation. 


We indicate by Q(t) the additional generalized external force which 
represents a moment with respect to the eastern diameter of the gyro- 
sphere, applied for the purpose of an accelerated placing of the gyro- 
scope into a meridian. The law of time dependence of this external force 


| 
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is to be determined. Limiting ourselves to the study of the precessional 
motion of the gyrocompass, we omit the inertia terms Aa” and BB” in 
equation (1.1). Equation (1.1) then is reduced to the form: 


y, + U cos oy, = 0, 


HU sin 9 , HU sing 


The characteristic determinant of the system of equations (1.2) is of 
the form 


A (D) = + FD? + + (1.4) 


The stability condition of the gyrocompass, as seen from (1.4 will be 
the following: 
O<p<1 (1.5) 


The parameters of the gyrocompass are usually selected in such a 
manner that the characteristic equation 


A(D)=0 (1.6) 


has a real root D, and two complex conjugate roots D,, D,. Designating 
these roots by 


we will have Di = x, Dz, Dy =€ + i (1.7) 


A(D) (D — x) (D — ¢ — iw) (D — € + io) (1.8) 
The solution of the equations (1.2) is of the form: 


t 


A et LB et! cos ot — C e® sin wt + Nit u) qi (u) du (i = 1,2,3) (1 9) 
i i 


t 


A, any (0) + (0) + 2 (0) 
B, = (0) + (0) + Bigus (0) (1.40) 
= Cy yr (0) + (0) + (0) 


Ny, (t—u) = + cos (t — u) — sin wo(t—wu) (4.41) 


are determined by the expressions 


and the coefficients 


+ Fyn =0 (1.3) 
ae IPU cos Olt 
‘OL. 
23 
9290 
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ay, = px (x + F), =—p(x+ F)U cos9, a3; = p FU cos @ (1.12) 


(x + pF), = px (x + F), == — pxF 


U 


(1—p)x, = —pk* (1 —p), = (x* + kh?) 


U cos 
bi: = ple? + (F + 2e)], by=p(e+F)U cose, = —pFU 


2 
+ bes = + — x (F + 2e)], bse = 


= — px 
U cos 


(1—p), bes = pk? (1 —p), bss = p + w? — — 2ex) 


= — [e+ (F —x)e* + (ot — xP) + + 


2 


— 
o Ucoso 


(1—p) [e(e—x)+ cg, = (e —x) FU cos? 
@ 
=  U [(e —x) (e + F) + w%, = ——leF — x) + 
@ @ 
= Efe? + (F — x)? + (wt — + w(x + 


3 2 1 
= + xe? — (hk? + + — (» = 
2. We pass now to a selection of the law of variation of the function 
q,(t) with respect to time, starting from the requirement that at the 


instant of time t = T the gyrocompass be placed in a meridian {2 ). As 
follows from (1.9), it is necessary for this that 


Ni (T —u)q(u)du= (i=1,2,3) 


R,(T) =— Aet — Bye"? cos wT + sin oT 


The interval of time (0, T) will be divided into three equal] intervals 
(0, t,). (t,, to), (t, T) and we assume q,(¢) to be a step function which 
has constant values along these intervals of time. These values shall be 


designated by q, (9), q,(t,) and 9,(t), respectively. Relations (2.1) now 
take the form 


ef ay (0) + (tr) + cf? (te) = R(T) (i= 1.2.3) (2.3) 


ty T 
eft) = \ N,, (T —u) du, ef”) = \ N,, (T —u) du (2.4) 


ty 
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where 

(2.2) 

where 

ef?) N,, (T —u) du, 
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Substituting into (2.4) expression (1.11), which determines the func- 


tions Ni,(T- u), and carrying out the integration, it is possible to 
+ fq) 


represent c; in the form 


= Aye, (0;, cos aT - ¢;, sin wT), (b,, sineT + ¢,, cos wT), 
1 { = = pal 
= e cos wt; + wsin wt, 
om + wsi = € cos « L @si 
= € COs wl, @ sin wl, 6 @ sin wl, et; 
e? + w? ec? + w? 
—ecos + w si cos wt, + wsina 
2 + — cos ate + wsinate (2.6) 
959 + e? + w? 
e* — w* 
Ps = — - @ cos ote sin wt; 
—esin cos oT esin @fe + w COS wf: 
Pa 
e* + e* + w* 


From equations (2.3) we obtain 
A A 
91 (ti) = Se 91 (tz) = (2.7) 


R,(T) 


I 
R(T) Re (T) | (2.8) 
R;(T) 


(0 (o) 


wom 


1) (2) 


(0) (1) (0) ( 


Expressions (2.7) are those which determine the law, in accordance to 
which q,(t) must vary in order that the gyrocompass be placed into a 


meridian at the instant of time t= fT. 


3. As an example let us examine a gyrocompass with the following para- 
meters [1]. 


= 1.5-10°* cex™, p = 0.4, F = 1.5-10% 


The latitude of the location of observation shal] be taken as equal to 
60°, such that 


4 
where 
where 
(1) (2) 9) (2) | 
R. (7 
4 
0) (1) 0 (1) 2) 
ie 
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U = 3.646-10°° sec™, 


The time interval, during which the gyrocompass should be placed into 
the meridian, is T= 1800 sec. The initial deviations are 


y; (0) = 0,3, ye (0) =ys (0) = 0.004. 
With these data the values of 9, (0), q(t ), q(t ) are: 


91 (0) = —0.612-107%, (ty) 0.0159-10°8, (tg) = —0,0412-10°? [sec] 


With the value of the resultant kinetic moment H = 155000 g*cm sec, 
the additional generalized external force Q(t) = — Mq,(t) will have the 
following values along the intervals of time (0, tds (ty, t,), (ts, T), 
respectively: 


Q (0) = 94.86, Q (t;) = — 2.46, Q (te) = 6.38 [g*cm] 


The process of placing the gyrocompass into the meridian is graphically 
represented by functions y,(t), y,(t), y,(t) in the figure. 
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The paper gives a justification for a well-known method in the applied 
theory of gyroscopes [ 1-6 ]. 


1. Consider the general case of motion of a stabilized gyroscopic 
system, assuming an arbitrary dependence on time of the motion of the 
base and of the mass of the gyroscopic system. Also the proper rotations 
[spin ] of the gyroscopes are assumed to be nonstationary. 


The kinetic energy of a gyroscopic system with r gyroscopes and s 
positional coordinates q,; has the form 


r 8 
, 1 k* 2 
+ ») a; 9; + % ) (1.4) 


j=1 


T,’ and T,* denote the quadratic, linear and zero form in 
terms of positional velocities qj respectively; dy are cyclic coordinates, 
denoting the angles of proper rotations of the gyroscopes, C, is the 
axial moment of inertia of the kth gyroscope, a h is the cosine of the 
angle between the angular velocity vector q. and the axis of the kth 
gyroscope, a," is the projection of the angular velocity of the base on 
the axis of the kth gyroscope. 


The coefficients a" 


time. 


and a," depend on the positional coordinates and 


Let the generalized usual and reaction forces {7 Be corresponding to 
the cyclic coordinates, be explicit functions of time, The Lagrange equa- 
tions of the second kind for the cyclic coordinates dy, are 

. 
e+ =H+h, (1.2) 
j=1 
where H, being a constant, will be considered sufficiently large, H > hy 


5 
@ 
. 
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and hy are functions of time containing r — 1 constants. 


Introducing the Routh function 
R (9;, 9;,t) = T*- > Cy (H+h,) 1 Px q;, H, t)) 
k=] 


the Lagrange equations of the second kind for the positional coordinates 
assume the form 


_ DR (1.3) 


The notations used for the derivatives are those from the mechanics 
of variable mass [| 7 FP the masses being considered as fixed when cal- 
culating these derivatives. ¥, denote generalized reaction forces. vi 


By virtue of (1.1) and (1.2) the Routh function has the form 
8 r 
>> C, (a + hy) (> + ) (H (1.4) 
k=} j=1 k=1 
where the last term is an explicit function of time which, when writing 
down the equations (1.3), can be omitted. For a stabilized gyroscopic 
system it is in order to consider the linearized equations. 


Therefore, restricting ourselves in the equations (1.3) to small terms 
of the first order with respect to q,; and q;, we obtain equations of the 
form 


Mg, 9; + (ey; + a; = + HF, 


Here || a, ; Il is the matrix of a positive definite quadratic form, the 
coefficients in equations (1.5) are explicit functions of time which do 
not depend on the parameter H. 


Here and below the presence of repeated indices in the factors denotes 
summation. For stabilized gryoscopic systems the proper motions of the 
system, determined by the general solution of the corresponding homo- 
geneous system of equations (1.5), are bounded and cannot be of higher 
order than zero with respect to A. 


Investigating gyroscopic systems | 1-6 - usually the method of applied 
theory of gyroscopes is used. The equations of motion obtained by this 
method do not take into account the kinetic moments of the elements of 
suspension of the gyroscopic system nor those of the gimbals of the gyro- 
scopes, nor the equatorial components of the kinetic moments of the 
rotors themselves, nor the kinetic moments of the motors. Therefore, 
according to the method of applied theory of gyroscopes the kinetic energy 
and the Routh function have respectively the forms (1.1) and (1.4) in 
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T,’ =T;=T,' =0 
Equations (1.2) and the generalized forces Q; + Y. have the same form, 
Equations (1.5) can be written in the form 


(b,;* + He;;) 8; + 4 + HF, (1.6) 


Here the asterisk denotes that the indicated coefficients differ from 
those used earlier. For convenience the positional coordinates in this 


case are denoted by qj 


Remarks. (a) In real gyroscopic systems the coefficients ds; and F; 
can be of the order of the angular velocity of Barth’s rotation, the 
latter being a sufficiently small quantity, while the coefficients Ci; 
can be of the order of the pendulum momentum which for certain gyroscopic 
devices is close to the quantity H. Therefore, in the case of a concrete 


gyroscopic system its particular properties must be taken into account. 


(b) If the generalized usual and reaction forces are not explicit 
functions of time, we arrive at the equations of the form (1.5) and (1.6), 
if from the consideration of the Lagrange equations of the second kind 
for the cyclic coordinates, we can determine the functions do, = ,(49;. 

t). 


2. hoe that the determinant of the matrix of the gyroscopic terms 
ll eg is different from zero and consider the soletions ~, the equations 
(1. ri corresponding to arbitrary initial conditions é; = ;° . The vari- 
ables €; are of the order of the initial values, i.e. ‘of the order zero 
with respect to H. The order of q; is not greater than zero. Let ¢; be of 
a certain order O° with respect to H. Consider the solution of equations 


(bj; + + + 95, = + AP i (2.4) 
corresponding to the initial conditions 61° 


By virtue of equations (1.6) and (2.1) we obtain for the variables 
the equations 


Bij) 2; = ; + d;;) = ;* b; g; (c,;° C45) 8; + 


from which follows 
— Bis Vig — — = O (2.2) 


Denote by q,() the motion of the gyroscopic system (1.5) correspond- 
ing to the initial conditions 
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Hg,.(0)} 4 [c;; (0) +- Hd; q (0) + HF, (0) (2.3) 


By virtue of formulas (1.5), (2.1) and (2.3) the variables ¥;= 
q; — qj, are particular solutions, with zero initial values, of the 
following system of equations 


+. (b..-- Hg ) Hd;.\y > 45:95) 
ji=1 
From formulas (2.2) and (2.4) it follows that the variables y. and 
y; are of the order 0”, 0” being the largest of the quantities 0” and #*. 


The solution of equations (1.5), with arbitrary initial values ea" 
4) 
q; is equal to 4% qj “/, where qj is the solution of the 
corresponding homogeneous equations of system (1.5), having the initial 
values 
‘ 
— 
Putting r = Ht and denoting by primes the derivatives with respect to 


we obtain 
+ + ;) 4+ + Hd;;) q;°2) = 0 


Consider the solution corresponding to the initial values (2.5) of 


the following system of equations 


The variables q..° have the same order with respect to H as the initial 
values, i.e. The variables = @;> are particular solutions, 
with zero initial values, of the following equations 


+ + g,;) + (ey; + Hays) 2; + (2.7) 


Solving equations (2.6) with respect to q..,” and integrating with 
respect tor, we obtain [8 ] that the order 952 is equal] to Com- 
puting the particular solution of equations (2.75 corresponding to zero 
initial values, the integration with respect tor is to be extended from 


0 to Ht. Therefore we obtain = o(f*), 
Consequently we obtain the following estimates 
q;> 6,+0", 9; g; + 9;(2) +0" 


which serve as the basis for the applied theory of gyroscopes. It should 


be emphasized that z. is of the order zero with respect to H and in the 


case under consideration q, (2) cannot be replaced by the velocities 
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Also it cannot be asserted that the order of q,, is equal to H* as is 
the case for gyroscopic systems on a fixed base [ 8). 


The result obtained above can be immediately extended to the case of 
an automatically regulated gyroscopic system with k additional equations 


59; + (5;; + Hg; ;) + Hd;;) + = hi + HF; 
(2.8) 
B,4, + + D593 + fi, HF, 


Here the indices p and v vary from s+ 1 to s + k and correspond to 
the additional equations of automatic damping. Also in this case the 
passage to simplified equations, obtained by dropping the terms @ 559; in 
the first s equations of system (2.8), leads to equations in which terms 
of the order equal to the largest of H-* and of the order of the accel- 


erations qj in the simplified equations, are not taken into account. 


3. As an illustrative example consider Sperry’s ship gyrocompass 
"Mark 11° [3 ]. If we assume that the ship moves with a constant velo- 
city and neglect the eastward component of the velocity when compared 

with the circumferential velocity of Earth’s rotation which on the equator 
assumes the value of 1670 km/hr, then the equations of motion have the 
form [3 |] 


Aa + H6 + HQ cos 9a = 


B3 — Ha + (IP + HQ cos = HQsing (3.4) 


where a and ff are the angles of inclination of the axis of the gyro- 
compass, A and B are the moments of inertia, IP the pendulum moment, vy 
the projection of the velocity of the ship along the direction “north*, 


R = 6370 km is the radius of the Earth, 2 = 7.29 x 107°sec™: is the 
angular velocity of the Earth’s rotation and H= 2.76 x 10’¢ cm/sec. 


The forced solution of system (3.1) has the form 


RQ cos H Qeos¢ + 


In order to have 8* small, the pendulum moment IP must be selected 
much larger than HQ). For the Sperry compass IP = 7.23 x 10” dyn em’, 


i.e. the order is close to HW, further HM= 2.01 x 10° z em’/sec*. 


Dropping the second order derivatives in system (3.1) we arrive at 
equations of the form (2.1) 


— Ha, + (IP + HQ cos 9) = HQ sing, HB, + =H (3.2) 


In deriving equations (3.1), the kinetic moments of the elements of 
suspension and of the gimbals of the gyroscopes and also the kinetic 
moments of the motors have not been taken into account. Therefore, in 
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the case under consideration equations (1.6) have the form (3.2). 
Differentiating equations (3.2) we obtain 


H-1(1P + HQ «0s @) | — 


= sin cos ep — cos (IP + HQ cos By 


Dy <Q <1PHH, 


the order 0’ for the Sperry compass is equal to the order of IPQ H*. We 
have = 2x 107*sec?, Therefore, the order of is close to 


and to within terms of this order, the variables a, and B, replace a 
and f. 


As an example for the additional equation of automatic damping we can 
take the equation of flow for the damping fluid in the gyrocompass of 
Anschutz [3 ] 


6=— F (8+ 68) 


where F = const is a factor of flow and @ is the angle of inclination of 

the damping fluid. If we neglect the term HQ cos ¢@ as compared with IP, 

then the simplified equations assume the form of the well-known equations 
of Geckeler-Krylov for the uniform motion of the ship 


— Ha, + 1P8; + 6; = HQsing, 
+ Qeos ga, = 6, = — F (B, + 
Hence, the motion obtained from these equations determines the actual 
motion of the gyroscopic system to within terms of the order equal] to the 
largest of the quantities and cos 
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INVESTIGATION OF THE STABILITY OF A GYROSCOPE 
TAKING INTO ACCOUNT THE DRY FRICTION ON THE 
AXIS OF THE INNER CARDAN RING (GIMBAL) 


(ISSLEDOVANIYE USTOICHIVOSTI GIROSKOPA S UCHETOM 
SUKHOGO TRENIIA NA OSI VNUTRENNEGO KARDANOVA 
KOL’ TSA (KOZHUKHA)) 


PWM Vol.23, No.5, 1959, pp. 968-970 


V.V. KREMENTULO 
(Moscow) 


(Received 18 June 1959) 


Lately, the exact theory of gyroscopic systems based on the application 
of the direct method of Liapunov, has been greatly developed; in parti- 
cular, in the works of Chetaev [1], Rumiantsev [2] and Magnus [3 ). 


With regard to the works of other authors who, in their investigations 
of the differential equations of motion of the gyroscope, often rejected 
certain terms without any proper justification. In the above mentioned 
papers the exact solutions of the differential equations are given, and 
the properties of the solutions are studied by means of construction of 
Liapunov’s functions. Rumiantsev solved the question of viscous friction 
on the axes of suspension rings. In the paper under consideration an 
attempt is made to apply the direct method of Liapunov for the investiga- 
tion of stability of certain motions of a gyroscope in a Cardan suspension, 
assuming dry friction on the axis of the gimbal. 


1. Pig. 2. 


Consider a gyroscope in a Cardan suspension and introduce the following 


fig 
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notations (Pig. 1). Let Hie Vye By be a fixed coordinate system; x, y, 

z -a moving coordinate system which is rigidly connected with the gimbal 
(the x-axis is directed along the axis of the gimbal and the z-axis along 
the axis of the rotor), W-the angle of rotation of the outer ring, @- 
the angle of rotation of the gimbal in the ring, d- the angle of proper 
rotation [spin ] of the gyroscope, L-the center of gravity of the system 
consisting of the gimbal and the rotor, P-the weight of the gyroscope 
and the gimbal; A, A, C-the moments of inertia of the gyroscope with 
respect to the axes; A,, B,, C,- the moments of inertia of the inner ring 
with respect to the same axes, [- the moment of inertia of the outer ring 
with respect to the z, axis. The axis zy of the outer ring is directed 
along the vertical. The distance OL is denoted by ¢. A moment of dry 
friction of the form M= — B sign 9, where B> 0, acts along the x-axis 
(Pig. 2). Pirst assume that the friction arises only in the motion of the 
gyroscope, i.e. M= 0 for @ = 0, In what follows we shall eliminate this 
restriction, 


The general kinetic energy has the form 
oT = + (A + B,;) sin? 6 + C, cos? 6) + (A + A,) 4 Cig + cos 6)? 


Since the variables Ww, 9, d are independent holonomic coordinates, the 
equations of motion of the system can be written in the form of Lagrang- 
ian equations of the second kind 


(A + A;) 6" — (A + B, — sin 6 cos 6 + C + 6) sin®— Pt sind — M 


d 
ar + (A+ Bi) sin? 6 + Cyy cos? 6+. C (9° + cos 9) cos 6] = 0 


d 
(? +¥ cos6) =0 


This system of equations admits two first integrals 
cos 9 Po (2) 
Jy + (A+ By) ¥ sin? 6 + Cyd" cos? 6 + Cr, cos6 K (3) 
There is also a relation which is satisfied for all instants of time 
t, except @(t) = 0, i.e. for all ¢ for which 
d 
(t) -0 (4) 
+ (A + + (A + sin? 6 + cos? 6 + 2PC cos 6 + Cro? + 2M 6 = hy 
This relation is analogous to the law of conservation of energy which 
holds if there is no friction. We shall call it a "conditional" first 
integral. 


Let us investigate the stability of the regular precession of the 
gyroscope: 


6=%, 8=0, Y¥=2, 


As it is seen from the first equation of system (1), this motion is 


7 
23 
4 
(i 
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os 
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f possible only under the condition 

[— (A + B, — C)) 22 cos + CQw — Pt} sin ® = M |p._, =0 (5) 
4! For the perturbed motion use the notations 

| The equations of the perturbed motion, written to within terms of the 
a. second order, are 

+ 2QBy) 4 + + 


+ BosEs + BasEs + Bos dy 
dt Bogn + Boo dat at 


+ 


Here the following notations are used 


Ay, A+ Aj, (A+ sin? 6, + Cy cos? 6, Cc (8) 


Ay = (A + B, — €;) 2? (cos? 6 — sin? 6,) — Pt cos 95, 


Ay = 4(A + B, — Cy) Qsin 4, cos = 22 [(A + B)) sin? 6, + C; cos*6, + J] 
Aos = Ags = 2[(A + By — 2? cos — Pt] sin — 2M 


Bor = (A + By) sin? @, + C,cos*6,+J, Boy =C cos, 


Bog = [2 (A + B, — 2 cos — Co} sin 6, 


By = 2(A + B,; — C;) sin 6, cos Bag —C sin 6, 
Bau {A + B, C;) QD (« os? sin? 6,) Cw cos 85 
| The above equations assume the following integrals (the first of which 
is a "conditional" integral): 
Vy = + + AsaEs® + Aggy? + + + + Agar 


Vo = + + + BorEe + BosEs + Bogan, Vs=&s (9) 


An immediate application of the method of linear coupling of integrals 


is not possible, since the knowledge of three integrals is not sufficient 
for the elimination of three linear terms in 
Therefore, consider the auxiliary function 
= 2 (MBoyy + + MBogEon) + + Nok? + + Nay? + 
+ (10) 


where N,, N., N,, N, are certain positive constants. Let us construct the 
following relations: 


J; = - — 2C (@ Q cos 8) Vs, J» 2 (BogAos " Bos Ags) Vs 


for the construction of the Liapunov function, introduced by Chetaev [4 - 
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= + + + (Aggy — 2QB 4? — (11) 
J = + + + — AgsBaa) 4? + 


+ (AegBog — Aga Bae) 22% — Ags + 


Each of these relations contains only one linear term. Now we can 
construct a relation connecting Jno J, and ® which does not contain linear 
terms 


The function V so obtained, which is a quadratic form in terms of the 
variables m, can be taken for a Liapunov function 


V == + + + Nav? (12) 


First, this form is positive definite in the sense of Liapunov. Second, 
as it is easy to show, the total derivative of V with respect to ¢t by 
virtue of equations (7) (for all t, except those which satisfy 9(t) = 9) 
has the form 

adv d® Ny 


+ ayn +---) (13) 

where @,+ @» G3, ay are certain constants and the dots stand for second 
order terms which have not been written out 


Since the linear term M&, =~ B€, sign €, is a negative function, 
dV/dt is a function of fixed sign, opposite to that of V. 


The proof of Liapunov’s theorem on stability, presented suitably for 
our case, gives the following result: for an arbitrary number o> 0 
given in advance, there exists a number A > 0 such that, if the initial 
perturbations in absolute value do not exceed A for all t 3 t,, except 
those for which #(t) = 0, then the perturbed trajectories do not deviate 
from the unperturbed trajectory by a distance p less than A°, ive. p< a. 


The condition 0(¢t) = 0 means that the perturbed trajectory is @ = const; 
and since a trajectory in the sense of the problem represents a continuous 
curve, then the condition p< A° will be satisfied for all t > ty. Hence 
the motion under consideration is stable in the sense of Liapunov. 


Now consider the case when for @ = 0 the moment of friction is diffe- 
rent from zero, i.e. M|g_. = M) # 0, where |M,| < B. In such a case the 
regular precession of a gyroscope is possible only under the condition 
that the initial values are connected by the relation 


[— (A + B, — C;) Q* cos 9, + CQo — Pt} sin 6, = M, (14) 


The function M(@) can be represented in the form of a sum of two terms 


i.e. 
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(for example, if M, > C): 
B—M, for 
M (8) = (6°) + M,, M; = 0 for —0 
—(B+M,) for 
By virtue of the inequality |M,|< B the quantity B- M, is strongly 
positive. The equations for the perturbed motion are obtained in an 
analogous manner, and, as is easy to verify, have the same form as equa- 
tions (7), the only difference being that the function MW is replaced by 


M,. The above given investigation remains in force also in this case. 


Thus, the condition |M,|< B, i.e. 


| [— (A + B, — cos + CQw — Pt} sin ®,| <B 


is a sufficient condition for the stability of the regular precession of 
a gyroscope in the case of a dry friction moment of the form M= — B 
sign 6, acting on the axis of the inner ring. 


In conclusion I wish to express my gratitude to B.S. Razumikhin and 
G.K. Pozharitskii for their valuable advice and attention. 
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The system considered here belongs to a large class of control systems 
and its motion is described by the differential equations of the form 


[1] 


m 


a=! 


m 
a=] 

Here 7, are generalized coordinates of the controlled object, big are 
constants of the controlled object, mn is a coordinate of the controller, 
nm, are constant parameters of the controller, v, w#, s, generally speaking, 
are known functions of the variables pw, pw, 0, in special cases s, v may 
be constants or zero, o may be a combined (summed) controlling pulse 
signal, Pa» * are constants of the controller, f*(o) is nonlinear charac- 
teristic of the servomotor. 


Let 
1 f(s) 
In most control systems f(a) belongs to one of the two classes of the 


following functions 


f(s)=0 for of(s)>0 for (3) 


where c. is some fixed non-negative number characterizing the dead zone 
of the controller. Sometimes f(a) satisfies the following conditions: 


=0, >h>0, 09 (0)>0 for (4) 
o=0 


where h is a given constant. In a special case one has 
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f(c)=+Q for f(ec)=0 for f(ec)=—Q for «<0 (5) 


For the sake of simplicity let us restrict ourselves to the case when 
v2 = 0, In addition, let us use the notation 


w 


The system (1) shall assume the form 


m m 
a=l1 a=l 


Eliminating » by means of the equationo = 2 p,n,- rp (r# 0) and 
using the following notation 


m 


the system (7) may be reduced to the form 


n 


m 


a=t 


Let us introduce linear non-singular transformation 


m 
%= (@=1,..., (10) 


a=! 


and select coefficients ¢{) such that 


m m 
rc, >) (8, s=1,..., m), an, (11) 
4 a=] a=} 
¥ where r, are roots of the following equation 
D°(r) -| -0 (12) 
im bam mm +P 
£ Then we reduce the system (9) to the canonic form 
te (k=1,..., m), c= Ba — — rf (9) (13) 

Here 
m 
By = SD, p, (n, >) (k= 1,...,m) (14) 
| 


According to (8) and (12), the parameters of the controller Mp» Par © 
may be selected such that for every r the following will be valid 


Rer,>0 (¢=1,..., m) (15) 


alk 
P 
(6) 
. 
VO! 
23 
23 
+ Pmt =P (8) 
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Let us consider a case when D°(r) = 0 has only simple roots. If all 
the roots are real, then the problem of quality will be solved by means 
of an equation of the form (13). If D(r) = 0 has s real roots ri(i ae ty 

+» s) and 2k complex roots A, + ip:(j = s+ 1, ..., m— k) then instead 
of (13) the equations of the following form will be used 
=—ry, +e (i=1,..., 8), + 
= — — (j=s+1,..., m—k) 
8 m—k 
> >) + — — rf (2) 


i=1 j=s+1 


Here B,°°, are real numbers. 


In order to investigate transient response let us consider a sphere in 
the phase space of the variables lh= 


(17) 


the radius of which at t) = 0 is equal to R(0). Here all the parameters 
of the system are given and it is desired to find the time ¢* required 
for the radius R(t) to decrease e* times, where a is a given positive 
number, i.e. 
R(t") _ ,—20 


FO) 


The inverse problem would be to determine conditions for the system 
parameters such that t* would not exceed some specified t*. Let us con- 
sider a function [2 |] 


V= +...+y,,'+ 0%) (19) 


Here a is a constant and is left undefined. 


Let all the roots of D°(r) be simple and real. By virtue of (13) we 
have 
dV x ' t d 


m 
= (a — 2r3) + (@ — + — 2p°) + 20 >) (1+ Bu’) Xe | + 
k=1 
+ [— 2raf (20) 


Recalling that the function f(a) may have a form (3) or (4). Assuming 
(4) we obtain 
dv a 
‘| + + + (a — 2p°—2hr) + 


m 


+26 Be) + e* 2rae 


k=] 


4 
} 
23 | 
— 
(21) 
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Let us choose a such that 


dV 


Let us note that od(o) > O and that the number r, in general, is 
positive. Therefore, if the quadratic form 


m 


H = + (2 2hr) a? +- 26 > (1 + x, (23) 
k=} 
is non-positive, we shall have the condition (22); the conditions of the 
non-negativness of the form H are as follows: 


0) 
0 


all minors of this determinant must be non-negative, 
A > 0, i< 


Let us denote through a* such value of @ for which the conditions (25) 
are satisfied. Then from (22) we shall have 


From (26) and (18) we can find ¢* (assuming 


If instead of (25) we assome the following more rigid conditions 
A, >0, A. > 0, A>O 
then —H will be positive. In this case dV/dt < O,and consequently 
(29) 


Here a** is a number ensuring fulfilment of (28). This number can be 
chosen as follows. Without losing generality let us assume that 


(of course, p° + hr may take on any intermediate values among the numbers 
rie Toe -++). One can see that according to Sylvester all the roots of 
equation A(a) = 0 (24) are real. Furthermore, Letov [1] proved that the 
smallest root of equations A(a)= 0 is less or equal to 2r., i.e. 

anin € 2r,- From (24) and (28) we can see that this value will reach its 


limit for the conditions (28). Therefore, by virtue of (29), we shall 
have 
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(31) 


In case when D(r) = 0 has complex roots, the analysis is carried out 
in an analogous fashion. 


Example. Let us consider the problem of Bulgakov [3]. The equations 
of motion are as follows 


TH+ p=/f (oe), 
Let us introduce the notation 


— Pir=a—qG*, ps=—i 
“a Then (32) eit assume the form 


A dot here denotes a derivative with respect to dimensionless time r. 
Eliminating €,we obtain 


™ = = + + 
+ Pa — — f (2) 


where 
= ber — = bea — po, Pr” = bapa, Pa” = Pr + = — Pro 
In the case considered we have 
r 
D = =f 


the roots of this equation will be 


2 +16) 41(T? + 


1 -K+al 
4 1(T* i 


therefore the roots rye To are conjugate complex. Let us write 


ry = A + ip, re=A- ip 


By means of a linear transformation, equation (34) may be reduced to 
a canonic form 


ti = — Au + + 20, = — — 
° 
© = — (Pr — x2 — — (8) 
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Let us consider the function V = F*t; } . In this case 
we have 


2A —a 
A (a) = 0 
— (2+ B,°) — 2(p° +h) —a 


pe= (px? — Apa”) = Ba” 


IfA< (p° + h), then the smallest root of A(a) = 0 will be Gain < 2A. 


Let us determine time in accordance with (31): 


2a Wi (T? +164) 


a 
U+1E 
But from (33) r = ty r so that 


< 


4 This result is the same as the one obtained by Letov for the same 
case. 
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THE STABILITY OF PERIODIC MOTIONS IN THE CASE 
OF TWO ZERO ROOTS 


(OB USTOICHIVOSTI PERIODICHESKIKH DVIZHENIT 
V SLUCHAE DVUKH NULEVYKH KORNET) 
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(Received 24 May 1959) 


In his monograph [1], Kamenkov considered the stability of steady motions 
in the case of two zero roots. It is shown in the present paper that the 
method of Kamenkov may be extended, under certain conditions, to the 
stability investigation of periodic motions, also in the case of two zero 


roots. 


1. Let us consider a system of differentia] equation of order (n + 2), 
such that its characteristic equation has two zero roots and n roots with 
negative real parts. Systems of differentia] equations under this assump- 


tion are subdivided into two classes. 


(a) Cases, in which zero roots correspond to one group of solutions; 


the system is reduced to the form 


dz 
@ + X (z, y, 2,), 
dz, 

7 * + Pen™n + (2, =,) (1.4) 

(b) Cases in which the two groups of solutions correspond to zero 

roots; the system is reduced to the form 

dr 


dz 
+--+ + (2, 2) (s==1,..., (1.2) 


dt n 


We shall assume that in equations (1.1) and (1.2) the coefficients 
P., are bounded by periodic functions of t, with period w, and are de- 
termined by the expressions 


1 
Psp Cer + ef.. (t) \ (t) at) 


0 


J 
iy 
23 
1Qco 
Bae 
a 
i | 
(1.3) 
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where c., are constants, Pe are periodic functions of ¢ with period o, 
and « is a certain parameter. 


The functions a 3a x. are holomorphic functions of x, y, x. in the 
region + sss A for t > to. and their expansion begins at 
least with terms of second power, such that the expansion coefficients 
of these functions are also bound periodic functions of t, of the same 


period and form as the coefficients Pope 


2. Let us first consider the problem of stability, when it is reduced 
to the study of the system of equations (1.1). In this system the terms 
Y and x. have the following expansion. 


(2.1) 
(a + 2 4. QM + QU 
k k 


By means of transformations we may find that the power a, of the 
critical variable x in the transformation Y may not be higher than the 
power 3, of the same variable in the corresponding terms of the expansion 
always a, < In expansions a and a. the constant 


s 
quantities A’’’ and A. "/ are bounded periodic functions of ¢ with period 
@, while gi are holonomic functions in variables In system 
(1.1) and in the expansion terms of the equations let us replace the 


periodic coefficients by constant coefficients, averaged over a period. 


After this, the system (1.1) takes on the form studied by Kamenkov: 


dz 
at + x, (2 2) 


Expansions (2.1) are expressed as by Kamenkov in his paper 


fi]. 
The first equation of the system (2.2) will be transformed to the form 


(2.3) 


We shall also assume that the functions x, (2, y) are solutions of the 
equations 
+ X (x, y, 0 


The investigation of stability or instability of motion described by 
the system (2.2) is determined with the aid of the function of Liapunov 
or Chetaev. Let us for example consider the Chetaev function correspond- 
ing to system (2,2): 


4k 
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V = zy + W 2) 


where the function W is determined from the equation 
n 
1 
> 
Oz. 
Since all the roots of the equation have only negative real parts, the 
function W will be a sign definite form in the variables Kps seen ® 
and the function V will be positive-definite. 


The total differential VW’ of the Chetaev function (2.4), by virtue of 
the original equations (1.1),will be of the form: 


a 


In the region x > 0 and ’ > 0, in which the inequality V’ > 0 holds, 
the terms a + and a 1) 1 will be positive if > and 
a 1) > 0. H indicates some function of the periodic part of the coeffi- 
cients; it becomes equal to zero together with «. 


The function [ R] contains higher order variables. 


Since the function V’ depends on time, it is sufficient to find 
a positive-definite time-independent function W’, in order to make it 


sign-determined, such that one of the two expressions (V" — w) or 
~ represents a positive function. 


We set 
= p (y® + 2,7 + ... 2.6) 
and construct the expression V’.— p(y* + 
certain positive number smaller than unity. 


where is a 


For the quadratic part of the expression (2.5) we write the determinant 
D(z) in abbreviated form as 


D 


(2.7) 


The principal diagonal minors of the order q of the determinant D(z) 
are polynomials ine, with the free term (1 — uw)? and with a part which 
depends on ¢ and which vanishes together with «. 


We require that the principal diagonal minors of the determinant (2.7) 
be positive, and as a consequence the function V’ will be positive- 
definite if ¢€ is not larger than unity, to be determined from Sylvester's 
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condition. In this case the steady motion will be unstable. 


A series of cases of stability of motion, described by system (1.1), 
will be investigated with the aid of Liapunov’s function and the analysis 
is carried out as indicated above. 


3. Let us now consider a stability problem when the system possesses 
two groups of solutions and is reduced to the form (1.2). The system of 
equations (1.2) is re-written in expanded form: 


dz _ (yy (Ks, Ra) Me 


dz - 
= Pg ti + + PonFn + X, (2, y) + > P 8) 


Here all sums are extended over all integral positive numbers ks. k 
and nj, the functions gl ko) ana p (mt, 2) are holo- 
morphic and their expansion begins with terms not higher than of the 
second order. 


n 


The quantities X(x, y), Y(x, y) and X (x, y) in equations (3.1) are 
holomorphic functions in the variables x, y, not containing terms of the 
first order in their expansions; they begin with terms of order am and 
the expansions terminate with terms of order N. They are of the following 
form: 


X (x, y) = (a + eA) + (a) + CAM) ely + yy +... 
Y (x, y) = 0 + eB) y™ 4 (OM 4 y™— + +... 
X, (a, y) = (2, y) + y) +... (3.2) 
(ky + ke >> m+N, s=—1,..., 7) 


In the system (3.1) all coefficients Por and coefficients of expansions 
of the functions X, Y, x, are bounded periodic functions of t, of the same 
period and form as was given earlier by the expression (1.3); in ex- 
pansions (3.2) the quantities a") and br) are constants, A‘’’ and pir) 
are periodic functions of t with period w,e is a certain parameter, N is 
a certain positive integer. 


In system (3.1) and in expansions (3.2) we replace the periodic coeffi- 
cients by constant coefficients, averaged over a period. The system (3.1) 
as well as the expansions of the terms of this system, will then be given 
by the same expressions as those indicated by Kamenkov in his paper [i]. 


The investigation of the system is carried out in accordance with the 
method developed by Kamenkov | 1 ] with the aid of Liapunov’s or Chetaev’s 
function, 


In all the cases, after the construction of the Chetaev or Liapunov 
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function, the total derivative with respect to time t is determined on 

the basis of the original equations with periodic coefficients (3.1). To 
make V sign-determined, a positive-definite function W of the type (2.6) 
is sought which does not depend on t; the expression — or 
is constructed. In the quadratic part 


p< 1) 


the determinant Diz) of the type (2.7) is constructed. To make the func- 
tion V’ sign-determined it is necessary that all diagonal minors of the 
determinant be positive; in this manner, necessary limitations on the 
parameter « are imposed. As long as ¢« does not exceed the value determined 
from Sylvester’s conditions in studying stability of periodic motions in 
the case of two zero roots, the theorems of Kamenkov remain valid. 
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CERTAIN PROPERTIES OF SPECIAL OPERATORS 
USED IN THE THEORY OF CREEP 


(NEKOTORYE SVOISTVA SPETSIAL’ NYKH OPERATOROV 
PRIMENIAYEMYKH V TEORII POLZUCHESTI) 


PMM Vol.23, No.5, 1959, pp. 978-980 


M. I. ROZOVSKII 
(Dnepropetrovsk) 


(Received 20 May 1959) 


1. Rabotnov [1] has constructed a new special function 


(z, 8) — va— 2 + (0<a<1) (1) 
v=0 

which serves as the kernel] of an integral operator 9.°, and has established 
two fundamental properties of this operator, which make Volterra’s prin- 
ciple [1 ] the most effective means of solving problems in the linear 
theory of creep of homogeneous and isotropic bodies. This principle can 
also be successfully employed in solving problems in the theory of creep 
of nonhomogeneous and anisotropic bodies, if one can establish appropriate 
properties of the class of 9,” -operators. 


Theorem 1. If f a’ then for a> 1 we have 


k=1 k=] i=1 
Proof. We can verify (2) by mathematical induction. Indeed, for a = 
the relation (2) coincides with the formula of Rabotnov [ 1} 


9,” (21) (22) = (21) — 9,” (21 — 


i=] 


k=| 


(3) 
Let 

j Then 
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m 


k=l i=! i=] 


Thus, the validity of (2) has been proved. 


Corollary. For x, it follows from (2) that 
m m m 
k= n=1 k=) i=] p=k 
Remark, When the x, have the same values, the right-hand sides of (2) 
and (4) become indeterminate. In order to clarify this indeterminacy it 
is convenient to rewrite (2) in the following form 
m m 
k=] 
where Ay. ,_, is the cofactor of the element x?~ (k= 1, ..., of 
the Vandermonde determinant Then for = 
where j + 1< a, it follows from (5) that 


an 


In (6) the differentiation is performed first with respect to x,, then 
with respect to x5, after substituting x, for x,, and so on up to xj. 


(6) 


For Hy oT tee , the formula (4) is transformed in a similar 
fashion, 


m m 
k=l n=! 
where pth = 1, 2, ..+, m) are the roots of the equation 
m B x m 
’ & 
1+ (B, (7, —2,)| >) M,) (8) 
k=1 i=] 


and the coefficients a, are determined from the system of linear equations 


m 
1+ >) (B, a, = 0, (n (9) 
the determinant of which does not vanish. 


Proof: It follows from (7), taking note of (4), 
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> — 2 (2) >) (2%) =9 (10) 
=1 


k=1 k=} 


After employing (3) 2m times, we obtain from (10) 


m B, m ‘ 
2 [+ + Da (Px) — Br (! a (11) 


Since all the a, and B, do not vanish simultaneously, it follows from 
(11) that 


m 
{ + >) B, (7% = 0, rn (12) 
k=1 
m 


1+ >) a, = 0 ry (n =1,...5m) (13) 
k=1 


From the form of the a equations (12) it follows that r, are roots of 
(5). 


The system of equations (13) coincides with (9) and serves to deter- 
mine the coefficients a, which can be expressed in terms of the already 
known quantities rp and Rw i, 


Remark. In the case of multiple roots of (8), derivatives of . 
operator appear on the right-hand side of (7), similar to (6), after the 
indeterminacy is eliminated. 


2. As an application of the above, let us examine the problem of the 
torsion of a shaft made up of am cylindrica] layers, rigidly welded along 
the surfaces of contact, taking into account the creep of each layer. If 
each layer has cylindrical anisotropy, coinciding with the axis of the 
shaft, and if there exist planes of hereditary-elastic symmetry, then in 
order to apply Volterra’s principle one must replace the elastic constants 
Go," in forsale (44.13) of Lekhnitskii’s book [2], which defines the 
stresses '@, (index k= 1, ..., m), by the operators 


where T, is the relaxation time, and Gy *° and a are the instant- 


aneous and the steady state shear moduli of the material in the kth 
layer. Since Ge ,*° > %"°, it follows that 0 < A, <1. As a result of 
this change, and after several transformations, we obtain 


Toe? [1 (— B, >; a (— B,)| (14) 
kus 
where 


a 
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= (by — bys) | >) (Px — bes) (15) 
k=] 


Here by is the distance of the boundary between the kth and (k + 1)-st 
layer from the axis (6, = 4, 6. = 6, where a and 6 are the inner and outer 
radii of the shaft cross-section), tar" and ia are the effective and 
the instantaneous stresses. The shaft is deformed by twisting moments Mu. 
which do not change with time ¢, and which are applied at the ends of the 
shaft. In this problem = — A, and B, = q, x,y, where B,> 


X 4 < By. Therefore, equation (8) is transformed into 


m m 
k=0 i=] 
Here 
( 
B8B,=—1, % I] Ne >) 3; Pip .. i,) 
m 
1 


The structure of the coefficients of (16) is such that the inequality 
Ain < | (17) 


is a sufficient condition for the positiveness of all the coefficients of 
(16). A condition necessary to satisfy (17) always holds, since 0 < 

Aq; < 1. For a= 1 (the case of a homogeneous shaft) we have Aq, < 1, 
which gives r < 0; for a= 2 the inequality (17) is sufficient to 
guarantee that the real parts of the roots of (16) be negative; for a> 2 
we must impose the Hurwitz conditions in addition to (17), for all the 
roots of (16) to have the character indicated above. 


If r, are simple roots of (16), then it follows from (14) that 


[1 — x4 (Bet 


t 


( Bus 8) — O29, ("er 4) 


where (18) 


8; = xe — (Be 


Here the coefficients a, are determined from (8) with B, = x,4q- The 
expression (18) is a series converging for any t, since the }, -function 
is defined by the uniformly converging series (1). Since the series (18) 
converges slowly, it is reasonable to approximate ) in the form 
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m 


rf Q z 6 —@ 
= tae {t— [gt — exp (— (19) 
k=1 


where y = a)'~%, The approximate equation (19) becomes exact for 


a= 


Consequently, if all the shaft layers have the same creep character- 
istics, io can change in one way only as t + o, namely, 7 ts must 
approach a finite limit monotonically. 


If the creep characteristics of the shaft layers differ from each 
other, then the approach of oY ay to a steady (limiting) state as t + ~ 
can take place by means of a monotonic, nonmonotonic, and a retarded 


change of "a, kt with time, depending on the character of the — of 
(16). The case where there is no finite limiting value for '@, kt as t+ 
is also possible. 
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MIXED PLANE BOUNDARY VALUE PROBLEM OF THE 
THEORY OF ELASTICITY FOR A QUADRANT 


(SMESHANNAIA PLOSKAIA ZADACHA TEORII UPRUGOSTI 
DLIA KVADRANTA) 


PMM Vol.23, No.5, 1959, pp. 981-984 


L. M. KURSHIN 
(Novosibirsk) 


(Received 24 April 1959) 


The problem can be reduced to an integra) equation determining shear 
stresses at a clamped edge. The resulting solution makes it possible to 
supplement the results of investigation [ 1,2,3 ]}. 


Let us study the stress problem in an elastic quadrant x > 0, y> 0 
in the plane of variable z= x + ity under the action of a concentrated 
force Q+ iP, applied at the point 2. = x, + iy, (x, > 0, y, > 0). 

Let us assume that when y = 0 the displacements j ? 
v, u are equal to zero, and when x= 0 the ex- 
ternal loading are equal] to zero (Fig. 1). 


For the solution of the problem let us com- 
plete the quadrant to form a half-plane x> 0. 
Let us load symmetrically the new quadrant 
z> 0, y< 0 at the point z, = x, — iy, with a 


force Q— iP, Let us also introduce an addi- 
tional, temporarily arbitrary loading q(x) dis- 
tributed along the x-axis. Evidently, under the 
action of symmetrical loadings Q+ iP, Q— iP 
and g(x) on the half-plane x > O when y= 0, 
the displacementy is equa] to zero. The loading q(x) will be determined 


Fig. 


in such a way as to fulfil the condition u= 0 on the x-axis. 


Let us study the state of stress of the given half-plane x > 0 with 
free edge x = 0 resulting from loadings 0+ iP, Q— iP and q(x). 


If for the stresses we make use of known representation, 


+ =2[@(z) + 


u 


= 2(2@’ (2) + ¥ (2)] 
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then for a general case when the force P + 1Q is applied at the point 
27) = %) + ty, according to the formulas* of the paper [5] it is possible 
to obtain 


®,(Q+ iP, z, z,) * 


¥,(Q4 iP, z, 2) +— 1,42 (x = 


2x (1 +x) 


In the case when loadings 0+ iP, 0 — iP and q(x) are acting on 
half-plane, we will obtain 


(z) 


®,(Q+ iP, z, 2) + D,(Q — iP, z, Zo) + \ [7 (t), 2, tl) de 


(Q+ iP, 2, %)+¥1(Q iP, 2, 2%) +\ Fi [9(t), 2, 


If q(x) is determined from the condition u = 0 when y= 0, then the 

formulas (3) and (1) with x > 0, y > O will provide the solution of the 
problem for the stresses in an elastic quadrant with the assigned bound- 
ary conditions. 


The condition u = 0 when y= 0, except for a rigid body disp] acement 
and taking into account that solution (3) satisfies the condition » = 0 
when y= 0, is equivalent to the condition u, + tv, = 0. If represent- 
ations (1) are made use of, the latter can be expressed as 


(x) — (x) — (x) — Fiz) = 0 (4) 


Subjecting the functions ®(2z) and W(z) to be condition (4), we will 
obtain a singular integral equation for q(x) 


t—z (t+ 2)8 (6) (5) 


x 


0 


= (Q+ iP) F (2, 2)) + (Q—iP) F (x, %) 


: | % + 2, 
5 9 a) 


x 
x 


2xz, 


In deducing expression (2), an error was corrected in one of the form- 
ulas of paper [5]. 


ie (2 + 25)" 
(2 
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Let us normalize equation (5), assuming 


(t) dt (2) (6) 
ijt—ez Vz 


With consideration of integrability of function q(x), we have the 
transformation [4 ] 


( 

t) 
(x) = -\ (7) 
niVa 3 


Introducing into equation (5) expressions (6) and (7) and changing the 
order of integration while taking into account that 


dt x 
Ve(e+n) 

t(z—t)dt 


we obtain the equation for the function r(x) 
@ 


r (t) 4 tx dt = 


— V2 (Q +4 iP) F (2, +(Q—iP) F(z, %)] (8) 
2uri 


Assuming that ¢ = =¢, x= é, r(x) = WE), we can express equation 
(8) in the form 


@ @ 
= Ve iP) F(e®, 20) +(Q—iP) F (e®, 2,)] (9) 


Applying to both sides of the equation (9) the Laplace transform and 
using the notation 
@ 


R(p) = \ dé 


we obtain 


@ @ 
—pe e(l—p) 


@ 
((Q + iP) F 29) (Q—iP) F (e, (10) 


For the integrals of the left and right sides of the equation we have 
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imp 
8 cos tp 


Here — 1/2 < Re p < 0. We can now write equation (10) 


R(p)[1—-_* 42 P(e |= 
2 sin xp sinzp 

Se cos =P {(Q+ iP) Fi (p, %) +(Q —iP) Fi (p, Z9)} 


Here 
Fy (p, %) = — (29 — p + +) + + (— — 
+ 2xuz, \P +) 


Introducing = (0< a < ), from equation (11) we obtain 


2x sin zp — x2 + 4p(p + 1) 


T (p) = 2Qxsin [pp —a(p+ 
+ Q{—2(p + )sina sin| xp—a(p++)]—cos (p+4)a+ 
cosa cos (p++) a +x 
+ P{2(p+-)sina sin| np—a(p+4 
+2(p+ 3) [2(p +4) —*] cosa sin (p++)a —x [2(p4 +)—»]sin(p +) a} 


Applying inverse transformation,we find that 


& 


o+ico 


2i tg xpT (p) —p—'/, pe 1 
¥ (6) 2ni \ 2x sin xp — x* + 4p(p + 1) 


o—ico 


Introducing x = é, r(x) = W(&), and referring to equation (7), taking 
into consideration that 
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we obtain 
o+iea 
2x sin sp — x* + 4p (p+ 1) 


It is convenient to introduce s = p+ 1/2 as the variable of integra- 
tion. Then, as a final result, we will have 


S (s) 
ri \ a4 (i ) as 


cos 


where 
S (s) 2Qx cos (x — a)s + Q {— 2ssinasin [xs — a (s + 1)] — cosas + 
|. 2s (2s — x) cos a cos(s + 1) a + «(2s — x) cos as} + 
+ P {— 2ssin a cos [ms — a (s+ 1)|-—-sinas-+ 
2s (2s — x) cosa sin(s + 1) a— x (2s — x) sin as} 


While computing integrals, when x < Ry. the calculations are taken from 
the right, and when x > Ry from the left side of the straight line y. In 
particular, when x < Ry. we have 


\ xr 
q (x) > [Re cos ( In =) Im sin (9, In 


R 


Ss 


sin ts, + 4s). 


2, 


and S, are the roots of equation 


4s* — 2x cos rs — (1 + x”) = 0 (16) 


As equation (16) always has a root for which p < 1, it is possible to 
draw the conclusion that when X= 1/2 q(x), a corner of the elastic 
quadrant is approached, the stress, in absolute value, keeps increasing 
to infinity, while simultaneously changing its sign an infinite number of 
times. 


If we assume that s = 2A + 1, then equation (16) will coincide with 
the equation for determination of order of stress increase in the proxi- 
mity of the angle. The latter equation was obtained in paper ser 


The author is grateful to A.Ia. Aleksandrov for numerous valuable 
suggestions during this work. 
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THE PROPAGATION OF WAVES IN INFINITE PLATES 
(0 RASPROSTRANENII VOLN V BESKONECHNYKH PLITAKH) 
PMM Vol.23, No.5, 1959, pp. 984-987 


M.V. DUBINKIN 
(Moscow) 


(Received 12 February 1959) 


In his paper {1 ] Ufliand considers, among other problems, the effect of 
concentrated forces on an infinite plate. He solves the equation by taking 
into account the rotatory inertia of the plate elements and the influence 
of the shear forces, but the boundary conditions were formulated in agree- 
ment with the elementary theory. The present paper studies the effect of 
annular pressure on an infinite plate with consideration of rotatory 
inertia and shear deformation. A comparison is made between the shear 
forces, calculated on the basis of the elementary theory, for the problem 
posed in the paper [1] and of the problem formulated below. 


The system of equations, deduced by Ufliand in paper [1] in polar co- 
ordinates for the case when the unknown functions do not depend on the 
polar angle and there is no external loading, in terms of non-dimensional 
quantities assume the form 


Here the linear dimensions refer to h, the mass to ph’, the time to 
h/v,, forces to E£, bending moments to Er’, stresses to F£, the velocity 
to Us. The notation is as follows: w is the deflection of the central 
plane of the plate, p- the mass density, h- the thickness of the plate, 
E-the modulus of elasticity, k- the coefficient depending on the shape 
of the cross-section, a- the angle of rotation of a plate element as a 
body in the rz-plane, where r is the non-dimensional coordinate, v and v, 
the velocities of propagation of waves in the plate 


The system (1) will be solved by operational methods for zero initial 
conditions by introducing 
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Pt dt 


In the transformed plane the solutions of the system will be 


(mr) CoK, (nor) Cal, (nyr) + Cyl, (ner) 


C, Ky (mr)| + — = [Cy]; (nar) CoK 


lie 


pV —a?, 


K,., K, are Macdonald functions and [,, I, are Besse] functions for imagin- 
ary arguments. 


Let there be cut into the infinite plate a circular hole of smal] 
radius r, with the center at the origin of coordinates. It will be 
assumed that a force Q is distributed over the circumference of the circle 
of radius r,. The boundary conditions will] be written in the form 


for r 
or 


Since the solution of the system (1) must vanish at inifinity, one 
must have C, = C, = 0, and the constants C, and C, follow from the con- 
ditions for the transformed solutions (4) 


The transform for the quantity 2(1 + v)N/k will be 


dW l+v Ky (mr) L\ Aa (mar) 


dr = 7 


: - | (6 
Ky (nyo) \V — a Ky (naro) 


In order to find the shear forces, the inversion formula will be 
applied. It is necessary to evaluate the integrals 
\ Ky (n,r) (v Ky (nr) 
where L is the Riemann-Mellin contour. In paper [1] the integrals have 
been evaluated in a similar manner, Their calculation is required for 
t> (r=r,)/v 


p» Since for t < (r— ro)/v, they vanish by Jordan’s Lemma, 


The integrands in (7) have the same branch points as in reference [1 ]; 
in fact, 
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The evaluation of the integrals (7) may be executed along the same 
contours as in reference [1 ] by use of Table 1, given there. One only 
has to keep in mind that the second integral in (7) does not vanish for 
a small circle of radius ¢« with center at q= 0 as«¢ + 0. One obtains 


1 
— — { IPVp (A + ip) 
Ki [PV p( + ip) ro} 
K ‘p(—A +i d 
K, [PV p(—A-+ ip)r.)) Vi—p 
1 - 
= = im [PV p (A ast + iv) dp ro 
Ky [PV p (A+ ip) ro] 


23 
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Here 


az 
d 

= \ Vp ro) (PoV p 
0 


+1 
a 
= dp 
0 


K,(Po Ver) Vp Po) — 1; (PoVor) Ki Po V pre) 
K,(Po Vo ro)[K,?(Po V pro) + V pr,)] 


Here and below the following notation has been introduced 


Then the expressions for the shearing forces for the different regions 
will be 


a 


By passing,in the formulas (11), to the limit as r, + 0, one may obtain 
formulas for a concentrated force acting at the center of the plate. 
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For (r— r,) < t/y 1/2, for example, the formula will be: 


The figure shows the graphs of the shear forces for the two instants 
= 1 and t = 3 by the two theories. In this figure, 1 refers to the wave 


theory for the exact boundary conditions, 2 to the wave theory for the 
boundary conditions of the elementary theory, 3 to the elementary theory. 
The qualitative difference of the wave theories from the elementary 
theories here consists in the fact that as in the last theory N. changes 
continuously from ~ to 0 as r goes from 0 to «, in the wave solutions N. 
undergoes discontinuities at the front of the Wave v> of magnitude Q/2r 
and N. = 0 in front of the wave vs: Further, it is seen from the formula- 
tion of the problem that as r- 0, N. + co in 3 and 1 and N. + 0 in 2, Por 
large r, the values of N.. evaluated from (12) approach the value cal- 
culated in[ 1], when ¢ = 3, but for t = 1 they differ significantly. 


The property of N. to tend to infinity as r+ 0 contradicts the 
physical nature of the deformations of the plate. This originates from 
the fact that initially the element, in accordance with the accepted 
theory, undergoes a pure shear deformation. The contradiction may be re- 
moved, if one considers the propagation of the deformation of a cylinder, 
singled out in the neighborhood of the acting forces, as has been 
done by Timoshenko [2 ]. 


BIBLIOGRAPHY 


Ufliand, Ia.S., Rasprostraneniye voln pri poperechnykh kolebaniiakh 
sterzhnei i plastin (Propagation of waves in transverse vibrations 
of rods and plates). PMM Vol. 12, No. 2, 1948. 


q ‘ E 
he 
a2 
— 
any 
; 
Pa 


The propagation of waves in infinite plates 1413 


2. Timoshenko, S.P., Plastinki i obolochki (Plates and Shells). OGIZ, 
Gostekhizdat, p. 80, 1948. 


3. Lur’e, A.I., Opuatsionnoye ischislenic (Operational Calculus). Gos. 
izd. tekh.-teor. lit-ry 1951. 


Translated by J.R.M.R. 


| 
= 
BE 
= 
23 
4 
ar 


ON THE DETERMINATION OF DISPLACEMENTS IN THE 
GALIN PROBLEM 


(K OPREDELENIIU PEREMESHCHENNIIT V ZADACHE 
L. A. GALINA) 


PMM Vol.23, No.5, 1959, pp. 987-988 


D. D. IVLEV 
(Moscow) 


(Received 3? June 1959) 


In the note {1 a. the solution of Galin [2 ] for the state of stress of 
a plane with a circular hole for biaxial extension (plane strain) has 
been achieved by construction of the displacement field. 


In the case under consideration there occur constrained deformations; 
therefore, for the determination of the displacements in the plastic 
region one has to use the relations of the Prandtl-Reuss theory 

Pp 9 p p 
2de, 2dey 


= 


Here the superscript p denotes that the plastic component of the de- 
formation is considered. 


Using the assumption of an incompressible material, one obtains the 
first equation for the determination of the displacements 
+ & =0 (2) 


The second equation is obtained in the following manner. In the Galin 
problem, in the plastic retion, "50 = 0; further 


where G is the shear modulus; the superscript e refers to the elastic 
part of the deformation in the plastic region; therefore, from (1) and 
(3) for the plastic region one obtains 

0 (4) 


One of the possible treatments of the Prandtl-Reuss theory consists of 
the utilization of the Eulerian representation of the displacement velo- 
city field [3 


It will be shown that in the case under consideration the solution of 
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the original equations for the Langrangian representation coincide with 
the solution in the Eulerian representation fi]. 


In fact, in this case the integration of (4) gives 


where A is a load parameter. 


However, on the strength of the character of the assumption underlying 
the Galin solution, the function on the right-hand side of (5) vanishes. 
This circumstance will now be proved. By the basic assumptions underlying 
the Galin theory the boundary of the plastic region cannot intersect the 
boundary of the hole. Thus, the character of the assumptions of Galin im- 
poses an essential limitation on the loading process. 


Consider the process of deformation. At the instant when a plastic 
region forms, the contour of the plastic region coincides with the edge 
of the hole. Consequently, at this instant an axisymmetric state of stress 
must prevail. For axisymmetric deformation one must have "00 = 0 
everywhere. Further, for the boundary of the elastic and plastic regions 
tg = 0, and therefore it follows from Hooke’s law that there e.g = 0. 
hace, for the subsequent expansion of the plastic region, at any fixed 
point at the instant of the passage through it of the boundary of the 
plastic region, one must have e a> 0. Purther, by (4), one must have at 
any point of the plastic region de a= 0, and therefore, the strain 00 
in the plastic region will always be zero, i.e. f(x, y, A) = 0. 


Thus, the results of the note [1 ] remain completely in force also in 
the case of the Lagrangean treatment of the relations of the theory of 
Prandt1-Reuss. 


Some attention will now be given to the limitations imposed on the 
loading. In order to avoid loading, inadmissible for the loading condi- 
tions of the Galin problem, the plastic zone at any instant of loading 
must completely contain the plastic zone of any preceding instant of 
loading. 


In the Galin problem the forces at infinity will be denoted by 
A(A) and B(A), the radius of the edge of the hole by AR, the pressure at 
the contour of the hole by gq. The boundaries of the plastic region are an 
ellipse with semi-axes a(1+ 5) and a(1 — 4) and 


1 B \) 1 
a R exp 5 \ > q (B > A) (6) 


where k is the constant on the right-hand side of the plasticity condition. 


Let the quantities at the preceding instant of loading be provided 
with a subscript 1, those at the following instant with the subscript 2. 
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Then one must have 


(1 + By) > a, (1 + 34), a2 (1 — 34) > a, (1 — (7) 


It follows immediately from (7) that a, > a+ Using (6) and (7), one 
obtains the unknown limits of variation of the forces A, B, q. It is 
easily verified that there exists a region of variation of the loading. 


The author wishes to thank S.S. Grigorian for the discussion of this 
note. 
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ON CONTACT ROLLING OF ELASTIC CYLINDERS 


(0 PEREKATYVANIT UPRUGIKH TSILINDROV) 


PMM Vol.23, No.5, 1959, pp. 989-990 


V.I. MOSSAKOVSKII 
(Dnepropetrovsk) 


(Received 28 May 1958) 


In his dissertation® Glagolev investigated the problem of contact rolling 
of cylinders of similar materials. He established that, in the absence 

of the traction force T (see schematic diagram below), the shear forces 
acting on the contact surface are vanishing and that the state of stress 
in this case is identical with simple compression of elastic bodies. 


y If the traction T is present, the contact 
curve is divided by the point C into two parts: 
: the adhesion region, AC, and the slip region CB. 
> The total *slipping" is determined from 


ka 
Vy T / pk — 1) (0.1) 


and for T= 0, it is zero. 


In this paper the problem of the rolling of a wheel on a rail due to 
inertia (T= 0), is solved without the assumption of similarity between 
the materials of the wheel and the support. Following common practice 
in the contact problems of the theory of elasticity, the wheel and the 
rail are replaced by elastic half-planes. 


1. Let a wheel be moving to the right with velocity vw. Since we neglect 
F friction between the wheel and the rail and assume in advance that 
y adhesion takes place along the whole contact region, it is clear, that 
* no energy loss should occur and steady state can be assumed. 


Glagolev, N.I., Issledovaniia vzaimodeistviia koles i relsov i neko- 
torykh sviazannykh s nim invlenii (Investigations of the interaction 

of wheels and rails and some phenomena connected with this interaction). 
Dissertatsiia. Institut mekhaniki Akad. Nauk SSSR, Moscow, 1948. 
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Using coordinates fixed at the center of the wheel and translating to 
the right with velocity v, we reduce the problem to the static problem 
of the theory of elasticity for two half-planes. 


The magnitudes related to the lower half-plane (rail) will be denoted 
index 1, to the upper (wheel) by the index 2. 


y = 0 we have the following boundary conditions [1] 


OU>s Ou, 
oT oT 


(along the contact line) 


outside the contact line 


along the whole line y= 0 


“Vi 
The following formulas express the stresses and displacements in an 
elastic body {1 }: 


®, (z) —®, (2) 


+ ivy’) (2) 


From (1.2) we obtain 
(z) 


Thus from (1.3) we find 


(uy’ + %,0,- + tte 4 — 
Here — and + denote the limiting values of the function , when we 
approach y = 0 from below and from above respectively. 


The two conditions (1.1) can be combined: 
Ou, Ouse Ory 2 \ 
Ox ar dike or Ox / 
Using (1.5) we obtain boundary conditions of the problem of linear 
relationship for the determination of function ®, (2) 
{ \ { ix 
+ —— + | — + — = 2(— + =) 6 
2. The solution of the problem of linear relationship, bounded along 
the edges of the contact line and at infinity has the following form 
(2.1) 


1 8 it it | 
+) 


Pi 
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On contact rolling of elastic cylinders 


where z= 6 and z= a are the coordinates of the right and left end of 
the contact line 


(2.2) 
Pe 


For the determination of the magnitudes a, 6 and 5 we will investigate 
the behavior of (2) near the infinite point. Expanding the expression 
inside the brackets in (2.1) into a series, we obtain 

%, 1 i (b+ a) 
Be Pi lo * 


®, (2) = (— 
1 (2) + 


(2.3) 
i 
| 


The function ®, (2) must have the following form at infinity 


P 
— 4b? 
an 
Thus, it turns out that the contact area is located symmetrically with 
respect to the center of the wheel. 


For the case of plane strain k = 3 — 4v; and for plane stress kK = 
(3 — v)/(1+4+ v). Poisson's ratio for metals can be assumed to be 0.3. 
Thus for both cases of plane problem «x is close to two. 


Consequently, the sign of y is determined by the relationship Ho/Mys 
In the case of a hard wheel and soft support, (p, > Hid. Y and con- 
sequently 45, are positive. In this case V < Rw. 


When the support is harder than the wheel, we have V> Ra. 
Reynolds discovered.this phenomenon and explained it qualitatively. 


The third formula in (2.5) shows that, in the case of the contact 
rolling of a wheel due to inertia, the length of the contact surface is 
somewhat smaller than for compression of two bodies of the same shape 
and of the same materials without friction (for y #4 0). 
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PROPAGATION OF THERMAL WAVES FROM THE 
BOUNDARY OF TWO MEDIA 


(RASPROSTRANIYE TEPLOVOI VOLNY OT GRANITSY DVUKH SRED) 


PMM Vol.23, No.5, 1959, pp. 991-992 


E.I. ANDRIANKIN 
(Moscow) 


(Received 26 July 1958) 


The problem of the propagation of heat from a plane boundary, and the 
decay of the discontinuity of temperature is considered, taking account 
of the change in phase of the material. An evaluation is carried out of 
the energy propagated into a medium with smal] thermal conductivity upon 
instantaneous evolution of heat at a point on the boundary of separation 
of two media. 


1. Suppose that on the plane x = 0, (see Fig. 1), the temperature T, 
is maintained. After being heated up to a temperature T < T., the 
J 


Fig. 1. 


material is transformed into another phase state (region 2 in Fig. 1). The 

heat capacity c and the coefficient of thermal conductivity «x for T< T 

are labeled by the index 1 (region 1 in Fig. 1), and for T> T by the 

index 2. 


The law of heat conduction is described by the equations 


At the boundary of phase transition x the condition of heat balance 
is written as: 
= ty & (2) 
|x» Ox at 


The problem is characterized by parameters, the units of which are ex- 


pressed through the units of length L, time t, temperature T7, and the 


é 
T, 
0 
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quantity of heat Q: 
QL“T- = A= QL, To T; =T 
From these parameters, the coordinate x and the time t, it is possible 


to form only one independent dimensionless variable and a series of 
dimensionless constants: 


Therefore, equation (1) is written as: 
dz. dz, 


d i 
dn, % dn, + dn; = 0 


(4) 


If the initial temperature of the medium Too = 0, the boundary condi- 
tions fixing zy and z5 the front of the thermal wave ok) and the bound- 
ary of the phase transition x , will be 


21 = 9, = 8, 22 (0) = 1, 22 (ge) = 8 


22 dz, | 
Inge — (21) dn 
n 
ted. + ¥ \ 2: dm + pn, = 0 
"1, 

Integral curves of equation (4) were investigated in detail by Baren- 
blatt in reference [3], from the data of which it follows that there 
exists a unique integral curve satisfying at the end of the distance 
x@(t) the condition Tg = = If Tp 0, the solution 
is given by integral curves having at infinity a horizontal] asymptote 


[5]. 


In analogous fashion, the problem of the decay of the temperature dis- 
continuity is considered. If it be assumed that at the moment t = 0, two 
half-planes with temperatures T, and T, are put in contact, the solution 
is self-similar. Due to self-similarity, the temperature on the boundary 
x = 0 remains constant. It should be determined from the condition of 
continuity of the flow of heat at the section x= 0, for example, after 
solving the preceding problem for x > 0 and x < O for its dependence on 


the parameter T.. 


2. We consider the problem of the instantaneous generation of heat on 


the boundary between two media with zero initial temperatures. We assume 


that K; = Ko; Cs then in the plane case [1 ] 


the solution can be written: 
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Xol 2k (k t {) 
1 


{2[ | + =)! (5) f (5) 


The condition of equality of temperature and heat flow in the plane 


x= 0 for kK), # Koo» % # e, requires that the energy should be distri- 
buted according to the law 


Q:/Q2=7, Q:1+Q:=Q (7) 


Thereupon the solution is given by formulas (6), in which it is 
necessary to set Q 2Q, for x > 0, and Q= 20, for << 0. It is 
interesting to compare formula (7) with the analogous one in the case of 
gas dynamics {1 l, when the redistribution of energy on the discontinuity 
at the boundary of two media is governed by the law E/E, = (p,/p,)*/?. 
We notice, however, that for ky > k,, it is possible to generate energy 
instantaneously only in medium 1, The problem of the instantaneous gene- 
ration of heat from a point on the boundary of two media (ky = k,) de- 
pends only on 


¥ (k) = —1) 


and the angle 6. The quantity of heat introduced into medium ? is con- 
served in time: 


AQY¥ (k) \ sin 6 d6 \ F (=, 0) Et dé, F (=, 6) (8) 


In this, there exists a surface through which no heat flows. 


If ky k,, the problem is not self-similar. However, in this case 
also it is possible to evaluate approximately the quantity of heat trans- 
ferred into medium 2, We shall assume that in medium 1 the region of high 
temperature and the radius of the heated hemisphere change according to 


the law 


= = 
r B (ky) | =z (9) 


Assuming that K> << Ky. when it may be considered that in medium 2 
the heat is transmitted by means of plane waves, we obtain 
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~ OT \ 
AQ = \ rdr \ x2 [To (t)]\ 


The value of the derivative (0 T/dx ).= 9 iS determined from the solu- 
tion of the problem of the propagation of heat from a wall [2,5], the 
temperature of which is 


7 A(t; + for AQ <Q 
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HYPERSONIC FLOW PAST A BODY IN 
MAGNETO -HYDRODYNAMICS 


(GIPERZVUKOVOE OBTEKANIE TEL 
V MAGNITNOL GIDRODINAMIKE) 


PMM Vol.23, No.6, 1959, pp.993-1005 


M.D. LADYZHENSKITI 
(Moscow) 


(Received 13 June 1959) 


Hypersonic flow is considered past a body from within which a magnetic 
field is excited. The field acts on the gas that becomes electrically 
conducting as a result of thermal ionization occurring on transition 
across the strong shock wave ahead of the body. In a majority of the 
papers appearing recently (a bibliography can be found, e.g. [1 }), the 
behavior of the flow of a conducting fluid is studied in the vicinity of 
the forward critical point of a blunt body; here the effect of a strong 
imposed magnetic field on the general flow picture is studied. The cases 
of flow past bodies of rectilinear shape — the wedge and cone — are con- 
sidered in detail when the magnetic field intensity vector is directed 
perpendicular to the surface of the body. The method of solution is based 
on the assumption that the perturbed zone between the body and the shock 
wave is narrow [2,5 ]. The forces acting on the body are determined. As 
follows from the solution, for a sufficiently strong field the magnetic 
drag force has the same order of magnitude as the gasdynamic force, de- 
spite the narrowness of the zone of perturbed flow on which the magnetic 


field acts. 


It is shown that under certain conditions the flow may separate from 
the wall. The point of magnetic separation from the surface of the body 
is determined. With increase of the imposed field this point moves up- 
stream; therefore using strong fields leads to the possibility of creat- 
ing a separated region around the body which leads to an increase in the 
drag of the body investigated and, as might be expected, to a decrease 
in the heat transfer to the body. 


l. Consider a body containing the source of a magnetic field that is 


placed in a uniform stream of compressible inviscid gas. Magneto-hydro- 


dynamic effects develop for very high speeds of the undisturbed stream, 
when ionization exists behind the intense shock wave. Therefore the Mach 
number of the undisturbed stream is assumed equal to infinity. The 
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electrical conductivity in the undisturbed stream is insignificantly 
small, and can be neglected. Behind the shock wave in the region of flow 
of the conducting gas the equations of magneto-hydrodynamics are valid, 
which are written for the cases of plane and axisymmetric flow, for which 
the electric field vector is identically equal to zero[3]. This leads 
to a simplification in writing Ohm’s law and, which is essential, pre- 
serves the validity of the Bernoulli integral along stream lines, and 

the Umov-Poynting vector of magnetic energy transfer proves to be identic- 
ally equal to zero. 


As is found from consideration of the shock wave, the Bernoulli con- 
stant, despite the presence of the magnetic field, is conserved even in 
transition across the shock wave, having in the entire flow a value equal 
to that in the undisturbed stream. In other words, for plane and axisym- 
metric flow Bernoulli’s equation retains its original form for steady 
flow of an ideal gas. Taking into account the preceding remarks, the 
equations of magneto-hydrodynamics in dimensionless form in the region 
behind the shock wave take the form 

cLH? 
(vy)¥ +— VP : xh) xh], 


co 


divov = (0), iv roth x 


Here v, h, p and p are respectively the velocity vector, magnetic 
field vector, density and pressure, « is the ratio of specific heats, c 
is the speed of light in a vacuum and o is the specific electrical con- 
ductivity, depending in the general case on temperature and pressure. 
Characteristic magnitudes are V_,H*, R_, RV, which are respectively 
the speed of the undisturbed stream, the intensity at some point in the 
field, the density, and twice the dynamic pressure in the undisturbed 
stream. The space coordinates are referred to a characteristic length, L. 


Two dimensionless quantities appear in equations (1.1), the magnetic 
Reynolds number, R*, and the parameter, 9, equal in order of magnitude 
to the ratio of magnetic to hydrodynamic forces. From estimates[4] it 
follows that even for very high airplane speeds (6-8 km/sec), R* takes 
values less than unity. Therefore the regime of flow is considered here- 
after for which the magnetic Reynolds number does not exceed the order of 
magnitude of one. As for the parameter 7, for such speeds and for values 
of the imposed magnetic field of several kilogauss and airplane altitudes 
above 40-50 km, calculations show that q attains and may exceed a value 
equal to tens. 


The proposed solution is constructed for the case of strong influence 
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of the magnetic field upon the flow, when q is a large number (in actual 
cases of the order of ten). The formulation of the problem of flow in the 
absence of the shock wave is given in [3]. 


It follows that equations (1.1) are to be solved in conjunction with 
the equations for the magnetic field valid in the undisturbed stream and 


inside the body: 
divh 0, roth 0 (1.2) 


taking into account the presence of singularities of the magnetic field 
(currents creating the field) inside the body, boundary conditions at the 
body (the conditions of no normal flow and of continuity of the normal 

and tangential components of the field), and also considering the condi- 
tions at the shock wave and at infinity. The shock wave must be considered 
in some detail. Strictly speaking, the presence of the shock wave, which 
raises no doubts in the absence of the magnetic field, requires demonstra- 
tion in the present case. 


Actually, the conductivity of the stream behind the shock wave is 
finite, dissipation of magnetic energy arises, and the magneto-hydro- 
dynamic shock wave should therefore have finite thickness in view of the 
dissipative factors. However, an analysis of the structure of magneto- 
hydrodynamic shock waves, in which the field interacts with the stream 
only downstream as the gas becomes sufficiently heated and there fore 
ionized, shows the following. At first in a length of order 1/R° (R is 
the ordinary Reynolds number) the gas dynamic quantities change, while 
the magnetic field remains continuous. Since viscous terms were neglected 
in the equations, this shock is naturally regarded as occurring instant- 
aneously. This discontinuity in gasdynamic quantities is subject to the 
known relations for a shock wave in the absence of a magnetic field. 
After this, in a distance of the order of 1/R* is developed an interaction 
of the stream and the magnetic field according to the laws of magneto- 
hydrodynamic shock waves. This situation is analogous to that encountered 
in a consideration of a shock wave with slow flow relaxation processes 
(induced by vibrational] degrees of freedom of the molecule, dissociation, 
etc. ). 


With R*-~ 1 the thickness of the magneto-hydrodynamic wave appears 
equal in order of magnitude to the characteristic dimension of the body, 
so that the concept of a thin wave loses its significance. Only the for- 
ward edge of this shock wave has significance — the original shock wave 
which separates the disturbed and undisturbed streams. 


Thus, follows the assertion made previously of the conservation of 
the Bernoulli constant on transition across the shock wave, since this 
transition, despite the presence of the field, takes place according to 
the ordinary laws for the hydrodynamics of an ideal gas in the absence 
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ideal gas in the absence of a field. 


The position of the shock wave, different from that occupied by it in 
the absence of a field, must be found from the solution of the problem. 
The conditions behind the shock wave front (indices 1 and 2 are used 
respectively for conditions ahead of and behind the shock wave), expressed 
as in (1.1) in dimensionless variables and taking the Mach number in the 
undisturbed stream to be infinitely large, have the form 
%+ 1 (1.3) 


¥ | 


06 
Pe ¥ ‘ 


' x—i1. 
Vow = COSB, Von h.= h, 
Here 8 is the local angle of inclination of the shock to the direction 
of the velocity vector of the undisturbed stream, and indices n andr de- 
note vector components respectively normal and tangential to the shock 


wave. 


Equations (1.1) and (1.3) together with the conditions on the body 


and at infinity constitute the complete system of equations for the 
problem. The method of solution is based on the assumption that the per- 
turbed zone between the shock wave and the body is narrow which, as 1s 
well known, is equivalent to the assumption that the quantity « = (x — 1), 
(x + 1) is small compared with unity. This method was used earlier by 
Cherny! [2 ] and a number of other authors (see the survey [5]. In order 
to exclude the inherent difficulty of this method, associated with the 
appearance of a point of cavitation on the surface of a curvilinear body 
[5], the flow is considered past bodies of rectilinear shape — the wedge 
and cone — where this method is known to give good results in the absence 
of a field. The essential simplification introduced in carrying out this 
method is the following. The intensity h of the magnetic field may be 
written in the formh = h, + h’ where h, is the intensity measured in the 
absence of the flow, satisfying equations (1.2) everywhere, and h’ is the 
intensity of the induced field, satisfying the relations 


divh’ (), roth’ h) in region // 


(1.4) 
divh 0, roth 0) in regions /, /// 


Regions I, I] and III are shown in Fig. | where a wedge (or cone) is 
represented with flow in the direction of its axis. The curve L, represents 
the shock wave. Since flow is considered past a body of finite size, 
region II where the conductivity is substantially different from zero has 
a dimension of the order of the length of the body; immediately behind 
the body the gas expands, its temperature approaches the temperature of 


the undisturbed stream and, consequently, the conductivity returns to 
zero. Therefore the space behind the body is referred to as region I. For 
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h’ the following relations can be obtained from equations (1. 4): 


h’ (r) = rot (for three-dimensional flow) 


R* 
(r)= rot \\ |v (R) h(R)} (for plane flow) 


Here r is the radius vector of a point at which the magnetic intensity 
is determined, R is a variable radius vector, andr is the volume (S 
correspondingly the area) of disturbed flow (region II in Fig. 1). The 
dimension of r or S along the surface of the body is of order unity in 
dimensionless variables, the thickness of the zone 
is of order «, and the integrand in relations (1.5) 
is of order unity. Hence h”~ ¢, which permits the 
vector h to be replaced by the vector h, in equation 
(1.5), from which a closed expression is obtained 
for finding the induced field. Then the circumstance 
that the induced field is of order « permits the 
vector h to be replaced by the given vector h, in the 
equations of motion of the gas with acceptable accu- 
racy. Thus the formulation of the problem is changed. 


The problems for finding the hydrodynamic and in- 
duced magnetic fields, which are found together in 
the general case, are separated in the new formula- 
tion, which renders the solution practicable. 


Fig. 


2. Flow past a wedge. Equations (1.1) in a Cartesian coordinate 


system have the following form 
an Ou 1 Op 
+9 


@ 
hh uh,,? 
Oy p Ox (vhs ) p 


(uh, hy vh,*) : 
Ou p Ou 

oy Or 

oh. 


= ay 


= R* (uh, — vh;,), 2 


The x-axis is directed along the surface of the body, the origin of 
coordinates coincides with the vertex of the wedge and u and v are the 
components of the velocity vector along the x- and y-axis respectively 


(Fig. 1). 


It is assumed henceforth that the magnetic field vector is directed 
along the y-axis and has a constant modulus H*, chosen as the character- 
istic quantity for the magnetic field. 
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The length of the surface of the wedge is chosen as the characteristic 
length L. We estimate the quantities appearing in equations (2.1). The 
case is considered when a strong magnetic field acts: q~ «~*. Taking 
into account the ideas advanced in Section | regarding the induced 
magnetic field, we have for the components of the magnetic field intensity 
vector h 


1 + O(c) 


For x, y, u, v, p we have as in the case of no magnetic field 


r~i, yre, u~ti, ome? 


From the second of equations (2.1) (projection of forces on the y- 
axis) it follows that dp/dy = O(1), from which p, — p = Ole), where the 
difference between the pressure p, behind the shock wave and the pressure 
p at any point in the disturbed flow is taken for fixed x. 


The equation of the shock wave is written y = Y(x), where Y(x) ~«. 
Hence, according to equation (1.3), it follows that p, = sin? 6 + Ole ) 
where # is the semi-vertex angle of the wedge. Consequently, the pressure 


in the whole disturbed flow region is constant to within an accuracy of ¢, 
from which dp/dx ~« which is used in the first of the equations of motion 
(2.1). Finally, meglecting magnitudes « in comparison with unity, we ob- 
tain 


Ou 


p = 


p 


The following two equations give the induced magnetic field 


y 
hy’ = 7(2), h,.’ = — (x, + (2 3) 
0 


where the functions y(x) and 5(x) can be found by turning to the ex- 
pression for h’ (1.5). Taking account of the fact that the width of the 
region of integration is of order «, we obtain with acceptable accuracy, 
transforming (1.5) 
\ u(E, 7%) In|a—é\dédy (2.4) 
(x) v 
\ u(x, (x, 4) dy, 
0 


0 


It is easy to see from the expression (2.4) that the zone of disturbed 
flow is equivalent for the magnetic field considered to a vortical layer 


h,~?, hh, = 

4 

a I ‘ 
23 
| 

Ou 

=—ut, 

oy 

(2.2) 
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(current sheet) of thickness of order ¢ per unit length. For the hydro- 
dynamic field, according to (1.3) we obtain 


on the shock wave 


dY 
Pp. =sin*, p,= u,=cos9, = cos —esin® at y=Y(z) (2.5) 


€ 


on the wedge im at' y =0 (2.6) 


We introduce in place of x and y the independent variables x, w, 
taking Ww as the stream function which satisfies 


= 0 = —pu, b= 0 on the surface (2.7) 
ad y of the wedge, 


Then from equations (2.2) we obtain 


Ou 
p=sin*6, 


1 
p 


| 

t 
2 


Expressing l/p = « (1 — u*)/sin*@ and substituting this expression into 
the first of equations (2.8), taking (2.5) into account, we obtain an 
integral for u: 


sin*6 


u = th[Inctg > — (x—X)| (2.9) 


where x = X(v)) is the equation of the shock wave in the new independent 
variables. Hence for the density p we have 
_ sin®® 


€ 


ch? [in etg + — “4 (2 — X) (2.10) 


sin?6 


The integral for u is written for the case of a constant value of the 
electrical conductivity o in the entire flow region. It would not be 
difficult to write this integral considering variable o. Thus, using the 
dependence of conductivity upon temperature o = o,(T/T,)", where o. is 
the conductivity at a certain temperature 7., and choosing as le the 
stagnation temperature, we obtain the dependence of conductivity on the 
dimensionless speed = 0, (1 - 
assumes the implicit form 


from which the expression for u 


sin?0 du 9 
(9) = (1 — u?)" (3.28) 


where 0, enters into the expression for q,. The expression (2.11) is in- 
convenient for subsequent consideration. Therefore we take everywhere 

q = const, that is the integral (2.9) is used, although the analysis 
associated with the expression (2.11) develops in general analogous to 
the case q = const. 
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According to equation (2.9), for x > &, where 


Inctg > (2.12) 


the speed u on the surface of the wedge X(v)) = 0 changes sign, becoming 
a negative quantity. 


Physically this phenomenon is explained by the action of intense 
pondero-motive forces, directed contrary to the direction of motion. 
Fluid particles in the disturbed flow region are slowed down under the 
action of these forces until finally their speed becomes zero, after 
which a reverse flow arises at the surface of the body. The phenomenon 
connected with the appearance of reverse flow is analogous to the pheno- 
menon of viscous separation of a boundary layer, and may by analogy be 
termed the phenomenon of magnetic separation, and the point € the magnetic 
separation point. For x near to €, the given solution is inapplicable. 
However, using the integral (2.9) it is possible to determine, even though 
only qualitatively, the behavior of the flow in the vicinity of the 
magnetic separation point. 


In the neighborhood of x = & we have, resolving the expression for u 
into a series and retaining only first order terms, 


eq - dX 9 13 
a = (€ — cy) le (2.13) 


At the separation point p ~! sin’@. Consequently, according to 
(2,7) 
ad 


dy 


q (x — cd) (2.14) 


Hence, integrating and taking into account the fact that Uv = 0 at 
y = 0, we have 


— | ) 
c 


For small y this gives w= q(x — &)y. 


The stream lines are depicted in Fig. 2, 
representing qualitatively the actual be- 
havior of the flow near the singular point. 
The zone behind the separation point 
(region S in Fig. 3) represents, apparently, 
a separated region of vortical flow. The 
presence of this zone leads to an effective 
thickening of the body, and an increase in 
its drag. 
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It is understood that the separated zone appears on the body only in 

the case € < 1, With increase of the field intensity (q increasing) the 
magnetic separation point moves upstream. For very 
strong fields the body may be almost entirely surrounded 
by the separated zone, which increases the drag of the 
body and, as might be expected, reduces the heat trans- 
fer to the body. For & << 1 it is proper to choose as 
the characteristic leneth not L, as was assumed every- 
where until now, but the abscissa of the separation 
point, that is the quantity &L. Denoting the parameter 
q corresponding to the new characteristic length by 
qe, we have according to (2. 12) 


For such a choice of the characteristic length we 
have always 7~.e7!, as was assumed in constructing the 
solution. Henceforth the quantity €L will always be 

chosen as the characteristic length. It follows that it should be emphas- 
ized that the phenomenon of magnetic separation is distinguished from the 
phenomen, known in the theory of an infinitely conducting gas (R* = « ), 
of "twisting" of the stream with the aid of a magnetic field, since in 
the latter case the magnetic field does not penetrate into the flow, form- 
ing on the edge of the stream as the so-called magnetic wall. 


In {1 ], where magneto-hydrodynamic flow was considered in the vicinity 
of the forward critical point, the existence of a singularity in the solu- 
tion was noted for certain values of the parameter g (in our notation), 
denoted as critical by the author. For values of q exceeding the critical, 
the solution loses its physical significance. 


It follows that it can be expected, in accord with the investigation 
made in the present work, that for super-critical values of the parameter 
q uniform flow near the critical point is impossible. Here a separated 
zone appears that is analogous to the corresponding phenomenon for flow 
past a blunt body with "*needle,* with the difference only that the role 
of the "*needle* is played by the magnetic field. 


In the case considered (R*~ 1) the lines of magnetic force pierce the 
flow region, exerting on the stream not the force of "magnetic pressure", 
but rather the force of magnetic friction [3 |. 


We find the form of the shock wave. The expression for v, according 
to the last of equations (2.8), has the form 
—u pu (2.16) 
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Carrying out the differentiation under the integral sign, with con- 
sideration of the expressions (2.9) and (2,10), we obtain 


ch [2a 2b(x 
— 


where 


ctg 
In ctg sin?@ 


The function X(v)) is subject to determination from the boundary con- 
ditions at the shock wave. Use is made of the expression for the stream 
function in the undisturbed stream 


= —zsin§ — ycos# (2.18) 


Hence, introducing the function Ww = lx), the inverse of Xv), and 
taking into account the continuity of the stream function at the shock 
wave, we have 


(x) x sin § — Y (x) cos 8 (2.19) 


Hence, according to (2,5) 


— sin 9(1 + e) (2.20) 
Substituting the expression (2.20) into the left side of equation 
(2.17) and transforming the integral to an integration with respect to 
the variable s = X(u), we obtain for the determination of d¥/dx the 
linear integral equation 


x 


4e*q. cos r [2a — 2b (x — s)| d¥ 


+ sin 8(1 +e) — 2b (x ds 
0 


ds (2.21) 

The kernel of this integral equation becomes infinite at x= 1, s = 
Analysis shows that W(x) also becomes infinite in the vicinity of x 
having the logarithmic singularity W(x)-~ In| x 


In the vicinity of the magnetic separation point the solution (2.21) 
is inapplicable. The distance from this point at which the solution loses 
force can be judged from the solution itself which becomes useless when 
the shock wave lies away from the body a distance large in comparison 
with «. The solution of equation (2.21) can be carried out by a method 
analogous to the method fo Euler for the solution of ordinary differential 
equations. It follows that the solution is carried out starting with the 
point x = 0. After the determination of d¥/dx, and then also W(x), the 
function Y(x) is determined, giving the equation of the shock wave from 
equation (2.19). It must be noted that at the tip of the wedge the angle 
of inclination of the shock wave is equal to the corresponding value for 
the case when the magnetic field is absent: 
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dY 


etg 


In Pig. 4 are presented the results of the solution ¥(x) for @ = 40° 
(solid line), from which it follows that in the plane case the method 
presented gives low accuracy: the solution ceases to be good at x«~ 0.6 
for x= 1.4, and «~0.8 for x = 1.2. (The characteristic length has 
been chosen as Lé, the abscissa of the separation point.) As will follow 
from what comes later, in the axisymmetric case, the accuracy of the 
method is considerably greater. 


It is possible to obtain an analytical solution of equation (2.21) if 


the method of successive approximations is used: in so doing since the 


equation itself was obtained with an accuracy of «*, it is sufficient to 
take the first approximation. Taking as the zero approximation ¥, (x), 

the expression for the stream function in the absence of a field, we ob- 
tain 


iv 
) (1 (2.22) 
dz 


Inserting the expression (2.22) under the integral sign in equation 
(2.21) and integrating twice, we obtain an expression for the first 
approximation V(x): 


sOsin®@ a 
(xr) zsin 6 + co In| se Ith (Inctg ints) | (2.23) 


Hence the equation for the shock wave, according to (2.19), is 


¥ In | secOth ( In ctg ) | (2.24) 


sin? 


In Fig. 4 the dashed lines give the results of calculations with this 
formula. From the graph it follows that the expression (2.24) gives a 
good approximation to the exact solution in its region of applicability. 


We consider the forces acting on the body. Aside from the pressure 
force acting normal to the surface of the body, determined with an accu- 
racy of order « by Newton's formula, a 
magnetic force acts on the body that can 
be calculated according to [3 |. However, 
in the present case it is convenient to 
use the impulse theorem, the application 
of which gives the drag force referred to 
the surface of the wedge 


Y(x) 
F* = LER,U% \ (cos6—u)pudy (2.25) 


} 
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This formula determines the force as a summation of the loss of im- 
pulse resulting from the action of the magnetic forces. The integral is 
taken for a certain fixed x, where it is assumed that & << l, Letting 

x + | and transforming to an integration with respect to wv, and then with 
respect to s = X(w), we have 


— — {cos 8 - th| Inctg — (a ds (2.26) 


Carrying out the integration with an accuracy of «, we obtain 


F* = LER,U?, sin 8 (cos 64 (2.27) 

Projecting this force in the direction of motion, and comparing its 
projection, Q, with the hydrodynamic drag force, F, determined from 
Newton’s formula that acts on the portion of the wedge to the separation 
point, we obtain Q = 0.635F for @ = 40°. Such is the relation between 
the hydrodynamic and magnetic forces acting on the part of the wedge back 
to the separation point. It is difficult to determine the hydrodynamic 
and magnetic forces acting on the body as a result of the appearance of 
the separated region. It may be expected that the amount of drag contri- 
buted by the presence of the separated region is of the same order as the 
drag experienced by the body in the absence of a magnetic field. 


3. Flow past a cone. The solution for the cone is constructed in 
general just as for the wedge; therefore the exposition of the solution 
will be brief. The equations of motion in a spherical system of coordi- 
nates r and, where r is the radius vector and # the angle measured from 
the axis of the cone, have the form 


(uh,hg — vh,*) 4 
ar a9 2 2 x—I1p 


The origin of coordinates is at the vertex of the cone, and u and v 
are respectively the radial and tangential components of velocity. The 
characteristic length will be taken to be the distance from the vertex 

of the cone to the magnetic separation point calculated, as will follow 
from what comes later, just as in the plane case from the relation (2.12). 
The equation for the induced magnetic field is not written down, since 
this field can be found from formula (1.5). Here it is also necessary to 
obtain, using the narrowness of the disturbed region, equations of the 
type (2.3) and (2.4) for the induced magnetic field. 


Setting = 6+ 4, where @ is the semi-vertex angle of the cone and 
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@~e we obtain, with just the same assumptions as in Section 2, 


following equations: 
p = sin? 6 


sin® drpvsin® 0 


As before, we take the imposed magnetic field perpendicular to the 
cone surface. The boundary conditions on the surface of the shock wave 
are 


d® 
Pp. =sin*6, =, ov, cos §—esin6 


(3.3) 


where é = ®(r) is the equation of the shock wave line in the spherical 
coordinate system. As for plane flow, independent variables r and w! are 
introduced, where vw is the stream function, determining 

ay 


de r°on sin 9 (3.4) 


ap rev sin 9, 


In the new variables equation (3.2) takes the form 


u® + cp 1, Oy ur Or r*pusin® 0 (3.9) 
The integral for u has the form (2.9), and the expression for p is 
(2.10), where r appears in place of x, and Alc’) instead of X(ws), the 
equation of the shock wave in the new independent variables. 


According to (3.5) the equation for v has the form 


ru | 
\ Or ( 6) 

0 
Substituting into this expression for p and u from equations (2,9) and 


(2.10), after a series of transormations we obtain 


dy + 


[a — b (r— 2b (r — 


resin’ sh? [2a — 2b — 
0 


th {a —b(r—R)] ¢ dy 
0 


where a and b are determined just as in (2.17). 


We write the boundary conditions for the determination of the function 
R(vs). The expression for the stream function in the undisturbed stream 
has the form 

— *sin* (3.8) 
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Hence on the shock wave with acceptable accuracy we have 


¥ (r) = —1+r* sin? 6 — r* sin cos 6® (r) (3.9) 
Proceeding from this, the condition for v on the shock wave can, with 
consideration of (3.3), be written 


r d ¥ 
y= — — (3.10) 
sin® adr r* 
Since for r near zero ¥~r’, on the shock wave at the tip of the cone 
we have 


v= —esin§ at r=0 (3.11) 


We determine the shock angle at the tip of the cone, which can be used 
to verify the accuracy of equation (3.7). 


Letting r+ 0 in (3.7) we find that the first term on the right side 
of the expression (3.7) vanishes, and the second term gives 


(3.12) 


r?sin® 


On the other hand, integrating the second of equations (3.4) we obtain 
for r near zero 


Y=- cos sin (r) (3.13) 


Finally for v on the shock wave we have the equation 


v — 2 cos (r) (3.14) 


This together with (3.11) gives an expression for th 
nation ®, of the shock at the tip of the cone: 


D, 


e angle of incli- 


at r=0 (3.15) 


in accord with the result obtained for a cone in the absence of a magnetic 


field [2]. 


Using (3.9) and (3.15) we obtain the stream function on the shock wave 
in the absence of a magnetic field: 


¥ = + (3.16) 


We now write the equation for ¥(r). Substituting the expression (3,10) 
into the left side of equation (3.7) and transforming to an integration 
with respect to s = R(wW), we obtain an integro-4ifferential equation for 
the determination of the function ¥(r): 


r d ¥ — fe*q,c08 ch [2a ob tr s)]} d¥ 
~ sin® )\sh? (2a — 2b (r s)| ds 


ds 


0 


é 

a 
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Tain? sh [2a —s)] ds ds (3.17) 

For the solution of equation (3.17) we apply the method of successive 
approximations, taking (3.16) as the zero approximation. We perform the 
integration on the right side of (3.17), divide equation (3.17) by r and 
integrate once more, taking account of 


lim * (3.18) 


ret 


After a series of transformations we obtain the first approximation 
for ¥: 
r 


sin? , 0 sin*® 6 
¥,(r) =— r? 4 [In {sec 6th [In ctg dz (3.19) 


> 


0 


It is curious to note that the expression for ¥,(r) found for the case 
of a wedge (2.23) is equal to the derivative with respect to r of ¥, for 
the cone divided by sin @. The equation of the shock wave now takes the 
following form, according to (3.9): 

4 r 
\In {sec @th | In ctg de (3.20) 

In Fig. 5 are shown the results of a calculation according to formula 
(3.20) of the equation of the shock wave for a cone with semi-vertex 
angle 0 = 40° for x = 1.4 and x = 1,2. In Fig. 5 the shock wave is shown 
in a Cartesian coordinate system, the x-axis being directed along the 
surface, and the y-axis perpendicular to the body surface. As is clear 
from the calculations, this method gives significantly better results 
for the axisymmetric than for the plane flow. 


| 
+ 
| 


Fig. 5. 


The distance, y, between the shock wave and the body, which becomes 
infinite in the vicinity of the magnetic separation point for the case 
of the wedge, has the following form in the neighborhood of x = | in the 
present case: y~ (1 - x) In (1— x); that is, the derivative dy/dx be- 
comes infinite but not the function itself. In connection with this, the 
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solution is applicable almost up to the magnetic separation point. 


The flow in the vicinity of the magnetic separation point is written 
analogously to the case of flow past a wedge. For the velocity we have 
an expression coming from the integral (2.9), where x and X(t) are re- 


placed respectively by r and R(w), with consideration of the expression 


(3.16): 


u A V +) (A V (3.21) 


From this and equation (3.4), transforming to a local Cartesian co- 
ordinate system s and y with origin at the magnetic separation point (and 
the y-axis directed perpendicular to the surface of the cone), we obtain 


g 


AY = 


Integrating this equation, consider- 
ing that w= 0 at y = 0: 


d)sin§ (3.22) 


(3.23) 


—y — + In | ———— 

2 A A s 

The stream lines according to equa- 
tion (3.23) are shown in Fig. 6. It is 
understood that the solution is in- 


Fig. 6. 
applicable for s > 0. Attention is 


drawn to the fact that, in contrast to the plane case (Fig. 2), in the 
present case the streamlines do not go off to infinity, intersecting the 
y-axis at a finite distance from the body surface. 


We determine the magnetic drag force acting on the portion of the cone 
up to the magnetic separation point. According to the impulse theorem, 


after a series of transformations analogous to those carried out in 
Section 2, we have the following expression for the force 


= 27 cos 6 | ry. \zth zdz| (3.24) 


(a = Inctg '/,9) 


Comparing this force with that found from Newton’s formula for the 
hydrodynamic force, for 6 = 40° we obtain Q= 0.40F. 


In conclusion the author tenders sincere thanks to A.A. Dorodnitsyn 
and A.A. Nikol’skii for most useful discussions of the work and valuable 
advice. The author also expresses his debt of sencere thanks to M.F. 
Budarin, K.E. Ivashkin and E.S. Riabinkov who carried out all the 
necessary numerical calculations. 
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FLOW OF A VISCOUS HEAT-CONDUCTING GAS 
AT HIGH SUPERSONIC SPEEDS ABOUT A CONE 


(OBTEKANIE KONUSA VIAZKIM TEPLOPROVODNYM GAZOM S 
BOL’ SHIMI SVERKHZVUKOVYMI SKOROSTIAMI) 


PMM Vol.23, No.6, 1959, pp. 1006-1018 
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In this paper the flow of a viscous heat-conducting gas about a circular 
cone without angle of attack at high supersonic speeds is studied. The 

whole disturbed region of flow is divided into two sub-regions separated 
by a distinct boundary [1,2]: a viscous region in which the flow is con- 
sidered to be laminar and is described by the boundary layer equations, 

and a non-viscous region in which the flow is described by the equations 
of an ideal 


gas. 


Only the case of weak 


interaction is investigated, i.e. the region of 
flow considered is sufficiently far removed from the nose of the cone. 
For this the quantity « = 5/BL is considered to be small, where L is the 
distance of this region from the nose along the axis of a cone of half- 
opening angle @., 5 is the thickness of the boundary layer at this point 
and 8, = tan @,, and the problem is solved by the method of small per- 
turbations (in a construction similar to earlier solutions of the problem 
of a plate [3,4 ] and a wedge [5 ]). Terms of order «? and higher are not 


taken into consideration. 


The solution of the equations of an infinitely thin boundary layer on 
a cone — this problem reduces to the problem of a plate [6] — and the 
tabulated conical flow of an ideal gas [7] represent the fundamental 
solution. The surface of the cone is assumed to be isothermal or heat- 
insulated. 


We shall employ two systems of coordinates with origin at the apex of 
the cone: the cylindrical coordinates te @ for the non-viscous region 
and the conical coordinates x, y, @ for the viscous. Here ts is measured 

along the axis of the cone, x along the generator; r is the distance from 
a point to the axis, y to the surface of the cone. We shall designate by 

u, u(t) and v, me the projections of the velocity on the axes Xie ® and 
r, y respectively. The indices ~, 5, w and k will refer respectively to 
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quantities of the oncoming flow, to the edge of the boundary layer, to 
the surface of the cone and to dimensional quantities at the surface of 
the cone in the case of flow of an ideal gas about it. 


1. Non-viscous region. The flow about a circular cone is described 
in the variables (x,, 8B = r/x,) by the system 


(1.1) 


Here primes indicate derivatives with respect to 8; density, velo- 
cities, pressure and distances are referred respectively to Po.» 
, 
* and L. 


For f = B, tan 6. we have 


Vo Iolo, 


In the neighborhood of 8 = 8, for a thin cone integration of the first 
equation of (1.1) taking (1.2) into account gives v,, = u.B2/B. This 
formula gives good agreement with the exact solution up to the compression 
shock (with an accuracy of about 5 per cent for M_ 8, = 1 and exact agree- 
ment for larger values of M_f.). At the compression shock the quantities 
Un» Pos Pp, and u. are related to the angle 4° of inclination of the shock 
to the axis of the cone through the usual relations. 


To determine quantities of first order of smallness we consider the 
cone to be sufficiently thin and we employ the system of equations 
simplified on the bases of the law of plane sections [® ]. 


0 


The value of u is determined from the Bernoulli equation. We seek a 
solution of (1.3) in the form 


v= +e——-+ O(e*), = + 
0 Vz, ( ) V2 ( ) 
u 


u=i-+e 


40), p=m+e2 
1 


Ve 
T; 

T =T,+e—— + O(e*) 
V2 


Vz 
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The functions v,(8), p,(8) and p, (8) satisfy the system 


Po’ P1 
Pr Po Po 
+ — p; + Boy) =0 (1.4) 


Pi 
yA Po 


In these equations we take the solution of equations (1.1) for v,, p,, 


etc. 


Correspondingly, the velocity field in the boundary layer can be re- 
presented in the form 


u 84) 
(1) (1 e er (1) 


From the condition of continuity of velocity at y = ys we have 


(39) +- eu," sin 8, + eve" (ys) cos 9, = 


Us 


As is well-known [6 ] 


(ys) 
cos 65 


where v_ is the dimensionless normal component of the velocity at the 
edge of the boundary layer on a plate. Hence 


(Po) = Volt + O(e + (1.6) 


Let the equations of the form of the shock and of the angle of its in- 
clination be 
cf, 


— 
V 2, 


20,V B= tg 


Then, after linearizing the relations at the shock, we obtain for 
B= p* 


= 


29 Po ) 


| 

Po / Po Po / 

ot 
(1.5) 
30, — =) | | 
4 
‘ * sQ* 
dp, (1.7) 
2+ (x— 1) 
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Equations (1.4) do not change form with the substitution of P/O, 


p /9, and v,/6, for P,, P, and v,; in this sense 6, vanishes in (1.7) and 
the problem reduces to a Cauchy problem with given values at the point 


B= B*. The quantity #9, is determined from (1.6). 


The last equation of (1.4) has an integral, which for vp. = uB,*/B 
and taking (1.7) into account assumes the form: 


2 


Pi = 4) (8) 
Po Po Po" (1.8) 


4x (x 1) (Af 1)? (B**/Bo? 90, 


— x + 1) (2+ & — 1) M0 


Taking (1.8) into account the system (1.4) reduces to a system of two 
equations: 


Po \< 


Vo) (8) 
(1.9) 


, | — te f r\| 


5 


¥ “ ¥ } Po 


The temperature in the stream is determined from the equation of state 
and formula (1,8): 


ini T x—i1p 


(3) (1.10) 


Equations (1.9) do not have singular points, therefore p, and T,, are 
bounded; while, on the contrary, as B.. The quantities 
T,,/ vx, and T,,/ Vx, represent, respectively, potential and vortical 
(constant along stream-lines) elements. 


The unbounded growth of T,, is evidence of the invalidity of applying 
the method of small perturbations for B = B.. However, one can not be 
concerned with the behavior of the solution in a region which in reality 
is occupied by the boundary layer. For at the edge of the boundary layer 
the value of T,» will be of normal order because of the small negative 
power in the expression for w. From the Bernoulli equation and (1.10) it 
follows that 


= u, cos 4, 4 v, sin = u,,"" 4 


23) 
23 | 

where 


(1.11) 


xy Po (Bo) (x —1)M? xy COS* Op 


According to the similarity law for the flow about thin bodies [9 ] 


for ~ 1 the quantities and p, depend only on the vari- 
able 


t= (3 Bo) / Bo) 
and the parameter M_0,. Let 
P = (Py/Po) (9/91), W = 


Then equations (1.9) take the form 


P’ = A,(t)W +- B,(t) P 4+- (t) 
W’ = A,(t)W + B,(t) P + C2(t) 


The coefficients A(t), B(t), C(t) and the quantities P(1), W(1), ky = 
k@,/0, and t* =8*/B, will depend only on the parameter 


(1.12) 


Consequently, the solution of the system (1.12) also depends only on 


The functions P(t) and W(t) for various values of M are given in Fig. 1; 
the quantity t* is given in Fig. 2. From (1.6) for B= 8, it follows that 


Vo P ha Vo 
(1.43) 


2. Viscous region: basic equations. The system of equations of 
a boundary layer of non-zero thickness on a cone has the form [ 2 ] 
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p ax By by 
2 + ppl) di y(t) dp 1 , 
Ox p Oy dx r dy Oy 
Dr) + By Dr) — 0). r r cos 9, + y sin 4, (2.1) 


Here i, » and o = const are the enthalpy, viscosity and Prandtl number’, 
respectively. Modifying the well-known Crocco transformation, we shal] 
replace the variables (x, y) by (€ = x7/3, u‘1)) and the unknown function 
by = (u/x)(du/dy). Introducing the stream function we obtain 
from the first and last equations of (2.1) 


( 


0 3 


Ou 


Here K = y/Box~e , Jn what follows we shall everywhere replace the 
dimensional quantities u\!’, p, i, w, p, +, x, y without changing their 
designations by the corresponding dimensionless quantities: 


(1) 
' We shall make the transformation of variables (é, u\*’) + (é, n= 
and we shall introduce the designations 
P OF (i, p) > 
F (i, = =f, K = eK,, us) = Us 
p) Pe, Pa Op 0 


(For air over a wide range of temperatures OF /di << 1, and this will 
be exploited below.) Then after eliminating VY from (2.2) and after the 
usual transformation we obtain the system 


For gases 0 = o(i, p) is a slowly varying function and the influence 
of the variation of o on the solution can be studied by the method 
of [10]. 


> 
4 
2 - 
a 
22 
rar 
te 
q 
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aus di 
or 
ov 
i ad 


5 
The first equation of (2.1) and the temperature conditions give for 
a 
7 


di 
lw wove on = (2 1) 


According to (1.2) one should set 
P/ Po 1 + (3,) (Bo) 
in (2.3) and (2.4). 


3. Viscous region: solution of the equations. We shall seek 
a solution of the system (2.3) in the form 


t= Tt +... +ei,+... (3.1) 
Let 0, t. + l asn 1. Then, setting 
* 
= g. (74) V 25. i =i, (x) 
and rejecting quantities of order « in (2.3), we have for g.(m) and i, (y) 


— (i,, Po), (g,’ (0) g,(1) 0), 3 (x 1) M*J, el. 


l n 
J,=\ ge \ Jg=\¢ 
) 


n 


i, =1+¢(x—1) (0) 


The solution of this system for an arbitrary form of F is considered 
in references 10 and 11. 

We shall consider the conditions for +, and t, at the outer edge. 
Transition from the €n -plane to the physical plane, i.e. to the xy-plane, 
is effected for « #4 0 and for « = 0, respectively, by the formulas 


n 
2c \ (ter Po) 
V 


To some fixed point (x, y) there corresponds a value of n(x, y) 
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(7, 2) il (x, y) 
+ — ) (3.4) 


The function 7,(y/Vx) is determined from the second formula of (3.3), 
and n, from the condition of equality of the right-hand sides of both 
formulas. At this same point the functions r and i are equal tor ‘\n,) 
and i (y,) for « = 0 and to 


== t % a+ (%) + (i, + (3.9) 


in the general case. Near the edge we have du,''’/AB~ ef, AT, /AB~ ef 
for the behavior from within [see (1.2 ] and 


0. di, dy ~ g°, = 0 


for the behavior from without. Consequently, the boundary conditions do 
not change upon transferring them from the true edge of the boundary layer 
to the ys-edge at « = 0, determined according to (3.3), and 


1) 1) 
Urs 


Because [ 10 } 


the boundary conditions for r, and t, in accordance with (3.4) and (3.5) 


must conform to the requirement 
+ Ml. 2z = (3.6) 


moreover, we will require (and, consequently, determine ys) that these 
conditions be satisfied at ns = 0.98 + 0.999. 


Substituting (3.1) into (2.3) and setting the sum of the terms of 
order « equal to zero, we obtain a system of linear partial differential 
equations for r, and t,, which can be separated into three independent 
groups setting 


Here r,,, t,, amdr,,, ty, are stipulated, respectively, by the poten- 
tial and vortical components of the non-viscous flow, andr,.,, t,, by the 


presence of the quantity K, in the equations. In accordance with (1.10) 


and (3.3) we have for B = Ps 
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) : - rie, hs = h (73) 


w(%%) = aR 


Because ya/P.xaee, the quantity «T,,/T. yx is formally of the order 


4 


of smallness «?/4 at y = ys, i.e. its order is lower than that of 


«T,,/T, yx. However, this difference is immaterial, since «~*/*-~1 for 
valuse of « of practical interest. Noting that 
#1 y h {3 
ck, = = (> Rr) 
zr §, \2 


) 


we will seek solutions in the form 


3 »—1)M2 (14 


the problem reduces to the solution of three systems of the form: 
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Here and in what follows* 


F =F px), f= f(i,, pr), Pe) 


From (3.7) and (3.3) it follows that 


dy — \ Lin — (x 1) M* (1 — dv, (3.9) 


0 
Taking (3.7) into account the conditions (3.6) and (2.4) take the form: 


— 20 (x —1) + 


(3.10) 
Is+ = 9, 


=- ge, = 0 (3.11) 
iy + (x 1) M? = 2-(x—1) 


jg=O j,,=0 


Let g,* and j .* be solutions of equations (3.8) for d, = w, = 0, which 
satisfy the conditions g_*(0) = (9) = 1 and = j,**{0) = 0. 
Then the general solution of equations (3.8) has the form (A, B. and C, 
are constants): 


and j.** are solutions, which are linearly independent of 


*, of the same homogeneous equations. It is easy to verify that 
the solutions of the first and second homogeneous equations of 


(3.8) have the form 
const (- g,’)*m, const g. 


const (—- const g.° g,’)Pm—! 


Without the restriction that OF/di << 1 the right-hand side of d, 
would contain terms of the form f ,(OF/0i) and the solution of the 
system (3.8) would be considerably complicated. 
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Bm = — Bm (0) Em + A, (3.12) 
= Jm (7) + Om * + B,, (3.13) 
8m = Lm \ *2 , Im dn, H (4) = \— dad 
Here 
ag and J a 
as7 + 1 
q 


From the structure of the equation it follows that g,* is an increas- 
ing function and, consequently, has the form: const (—g.’)?m for n = l. 
Both of the solutions j* and j,** decrease as 7 + 0, but as shown be low 
in the appendix j,* + const (-g,”°)~/m exactly. For 9 = 1 and o < 2 the 
following is valid*: 


>, + constg. 


a 
i — 1 = const | 2, A,g,* + const Se | -- const 


> const A,g,°—! (— g,’)* + const (— + const (— g,*/g,’) 


The integral H, converges for o > 1/2 and diverges for o < 1/2. 
Putting B, - B,, + B,,, where B) = — H(1) foro > 1/2 and B,, = 0 for 
o < 1/2, we have for n = | 


J; = const + const — 1) (2¢ — 


const g.°(— g,")—! + (3.14) 


For o < 1 these formulas are valid for those values of » for which 
(l- o)g.**1, (20 oa 1. We obtain the asymptotic form for j,, 
at o = 1 oro = 1/2 by formally setting (1- o)g.’** = 1 or (20- I)g,’2=1, 
respectively, in (3.14). From (3.9) one can obtain 

".1 = const A, (— g,’)~'* + const —1)]— + const 

The function > decreases very slowly ((-g’°)? 0.69 for 
n = 0.999 if F= 1). Therefore, from the condition that 7,, ~ 9 it follows 
that A, = 0. For 7 =~ 1 a reasonable relation, which we advance without 
proof, is 

+ = const jm + O(g,°g,’) (3.15) 


This relation gives the possibility of determining B, from the condi- 
tions (3.10) for any value of o. If o > 1/2, thenn,,1’+ 0 and j, = 0 as 
7 + 1; consequently** B, = - H, (1). 


The correctness of the asymptotic evaluations cited below can be de- 
monstrated by successive application of the L’ Hopital rule and the 
Cauchy mean value theorem. 


For m= 1 the equations (3.8) are identical with the equations of[10 ], 
where a, = 2M+ 1, B, = — 2M, and M is real. In [10] the condition 

Jn, = 9 for 7 = 1 is used. This condition is valid as stated only for 
o > 1/2, and for vrester rigor (3.10) would be used. 
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For m= 2 the solution of equation (3.8) has the form: 


| 


which when taken into account gives for 7 = | 


—'/ 4 ; 
te, = he + > (hs = —g,' (qs) + = const) 


1/a 


Setting 1,2 (ng) = 0 and consequently j,(n5) = hg~*’", we will have 


A, 8.82 — | he ] , B= (3.16) 
Within the limits ns = 0,98 — 0.999 the value of A, does not change 

materially; however, because h, ge,’ ‘ng) for M >> l, it is important 
to distinguish it from its limiting value as ne + | which is equal to 
— l/a,. Although H, has the singularity of form [ ¢7~*/(1 - as 
n + 1, the value of B, also varies little for mp = 0.98 — 0.999, Accord- 
ing to (3.15) the value of B, is, as a matter of fact, finite at ng + 1, 
which is different from the value chosen by us in (3.16). 


For m= 3 formula (3.12) transforms to 
Lo - gh H, Ase, 
where H,(y) designates the first integral of the right-hand side of (3.12), 
in which ~ 4/3¢hFg 1s substituted for the function ¢. For n = 1 


= - O (g.2.’), Js = const + H, (1) -+ O (g,°/g,"*) 


>= const A. (— Ole g.’) 


From (3.10) it follows that A, = 0 and B, = — H,(1). We note that 
j, = 9 for o = 1. The constants C_ are chosen from the conditions at n= 0 
and are equal to zero for j.“(0) = 0. 


It should be noted that for m= 1 or m= 3, just as in the fundamental 
approximation, the requirement of continuity of the velocity and tempera- 
ture fields at the transition from the viscous to the non-viscous region 
reduces essentially to the boundary conditions of the asymptotic boundary 
layer. In the case of m= 2, the scheme of a boundary layer asymptotic in 
the classical sense does not provide a practical coincidence of the para- 
meters of the viscous and non-viscous solution at the rationally chosen 
limit of the division between them, because the trend of the functions to 
their maximum values at 7 = | is so slow 
asm + 1 if A, = — I/a,) that these values can formally be attained at 
values of y far removed from the edge of the, boundary layer. 


In conclusion we will derive a formula for V.. From the first and last 
equations of (1.1) for a plate (dp/dx)= 9, r+ ~) there follows in 
dimensional quantities 
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u Ox \y Ou |x’ Oz |u du ’ du |x ° 


Substituting here du/dx = — (dy/dx)/(dy/du) and transforming to di- 
mensionless quantities we obtain 


+. onh g’-+h 


5. ho 


4. Analysis of results. To obtain more general, though also less 
exact, formulas for numerical calculations it was assumed that F = F. - 
const, # = F,i. In this case [10 ] 


g.= V Fog. hy= V 2 (x — 1) M9, ela), h = —V + ho = V Fh 


VF, [(0.4xM* — 1.8) g, (x — 1) gy. + egys). 
— Fo*hys*| + —(— |, &3= Fy + — 1) M* + 
(«—1) (x — 1) M*e715 4 + (4.1) 


Jo (F [ie 
}: } [(x—1) M*/5)-+ (x — 1)*M*7 50+ (x — 1) 744-4 C21") 


The function g,(n) satisfies equation (3.2) for F = 1. All of the 
functions entering in the right-hand sides of (4.1) depend only on o. 
For o = 0.725 the values of some of these functions for 7 = © are listed 
in Table l. 


TABLE 1, 


| 
Em2 | jm? 


) 


| 0.543 | 0.97 
0.488 | 0.174] 0.450] —0.060 0.1140 


| 0.500 | 0.0036 0.0074 ( 
| 


0 —0.061 | —0.121 


[To(1) = 1.22, Jy (1) = 1608, Je (1) = 1.87, a, = 1,43] 


The magnitude of the induced pressure on the surface of the cone 
{(p — p.)p, and the thickness of the boundary layer are determined for 
o = 0.725 and x = 1.4 from the formula 
= (0.515 + 8.3 — 0.86 8, My) (4.2) 


( 0.34 + 5.5 + 10.7 (4.3) 


co 
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In the equalities (4.2) and (4.3) the following designations have been 
assumed: 


Here and in what follows i. and x are dimensional quantities, the 
coefficients a, depend only on M8, and are presented in Fig. 2. The 
heat flow to the surface in dimensional quantities is equal to q = - 
xus (r /o )(di/dy)| from which there follows 


The quantities g,,, 7 etc. are determined for the same o and « from 


+h 
the formla 


= [4.55 -) 4 3.86% — + 0.222 |a,0 


i 


= (2.8445 + 0.123) 


95 ir) 4 3.27 +:0.207 


= (2.98 + 0.161) 4302 


The terms in (4.2) — (4.4) which contain §,° are small and for M_ >> | 
immaterial (in the formlas (4.4) these terms are omitted). This fact is 
confirmation of the similarity law of the supersonic flow of a viscous 
gas [2], in accordance with which similarity criteria there are the para- 
meters 


hy M (ip / 


The calculations showed that the equilibrium temperature of the sur- 
~_ ‘ practically independent of « and remains equal to its value at 
é . The terms containing Jaz are negligibly small in 
comparison to the others in the expressions for 1, _ and are omitted in 
(4,4). From (4.4) it follows that 7 WMP << 
for R_< 10° and M_< 20. Consequently, the turbulence of the flow due 
the curvature of the shock wave does not show an appreciable effect on 
the characteristics of the boundary layer. 


From the forma (4.4) it follows than an increase in the boundary 
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layer thickness for M > 1 leads to an increase in the frictional re- 
sistance and, particularly important, to an increase in the heat flow to 
the surface of the body. 


It should be particularly noted that r,., q,, have the same order of 


4 


magnitude asr,,, q,,. This means that on axi-symmetric bodies, in con- 
trast to plates, the thickening of the boundary layer for M_ >> 1 by it- 
self irrespective of the rise in pressure due to the interaction leads 

to an increase in the frictional resistance and the heat transfer. This 
phenomenon can be shown to be important also in those cases in which the 


effect of the boundary layer on the external flow will not play an im- 


portant part, for instance, on the forward part of the lateral surface 
of a blunt body. 


Figs 


The limit of application of the obtained results can be estimated from 


the condition ys/B)x << 1. In order that one may neglect a quantity of 
order «* it is sufficient, for instance, that « = ys/B,x € 1/7. 
In this case for F, = F, = 1 it must follow from (4.3) that 


1 


op i co 


for 


Such a procedure gives, generally speaking, the possibility of deter- 


mining that distance from the nose x = x, at which one can then make use 
of the approximate equations of the method of small perturbations, but 
it has the defect inherent to all boundary layer theories that it does 


not take into account the effect of downstream separation on the point 


x= x, of either the exact solution or the approximate solution obtained 
above. 
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The limiting value n5 = 0.98--0.999, assumed above, is to a certain 
extent conditional and is chosen from the following considerations. 


For M*= >> 1 the difference is — fo~ 1)(1- ns 
is of order unity for n5 = 9.98-- 0.99 and is close to zero for ns > 0.999, 
Consequently, for 7 < 0.98 the effect of viscosity is quite noticeable, 
and for 7 > 0.999 it is negligibly small. On the other hand, because in 
the main body of the boundary layer i — 1 >> 1, the boundary conditions 
can be considered to be satisfied in the indicated range both for the 
velocity and for the enthalpy. 


We note that the magnitude of ys 18 practically unchanged in the limits 


ng = 9.98--0,999, which follows from a comparison of the functions h and 
ho. 


) 


The method described may be applied also to blunt cones, if the degree 


of the bluntness is not great. In this case at some distance from the 


nose the field of flow, constructed without taking the boundary laver 
into account, will differ slightly from the conical flow field and the 


effect of this difference on the boundary layer can be taken into account 
independently in the linear construction [10 ]. 


Appendix to Section 3.We will examine the equation 


(I gj. + 5. F (x) 


or in self-conjugate form 


gt *j_y 33m 


This equation has two linearly independent solutions Jim 2Md jog, such 
that 


We will prove that the solution which satisfies the condition j,(0)= 0 
if < 1. 


can belong only to the type hia = § 


Equation (1) reduces to the form: 


d*j,, 
dt® Im» 
0 
For 7 < 1 a theorem of Chaplygin is applicable to this equation, 


according to which j, ¢ j, if B, > B, and j, = j,, j c= j 
1 2 1 2 l j 1 


> forn = 0, 


For B, = 1 equation (1) has the solution j, = e. Using (1) we con- 
struct the difference: 


We 
23 
1959 
j 
oa 
a 
“F . 
o+1 
a 


Integrating (3) for j, (9) = 0, we obtain 


8+ igim? (! lov Im 


if j,* Jom’ then, as is easily seen, the left-hand side of (3) 
vanishes as 7 + 1 like g (- g Pmt, and the integral on the right con- 
verges; therefore, the equality (3) is not possible. Consequently, j, = 
Jin’ in this case the right-hand and left-hand sides of (3) are equal to 
o(—g* Pa) for » = 1. Hence the assertion of Section 3 is proved. The 
functions | for o = 0.725 are presented in Table 2: 


TABLE 2. 


|| 
0.980 790| 0.725 | 0 


0.992 |0.959| 0.927 | 0.884 | 0.817 | 0.762 | 0.715 | 0.648 


| 
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Certain variational problems are considered for a body that slightly dis- 93 
turbs a supersonic stream. It is found possible in the genera] case to 105° 
separate the problem for the determination of the drag from the problem 


of the determination of the minimum drag body itself. For the solution of 
the first problem it is sufficient to express the properties of the body 
that are of interest (for example, forces, moments, volume, etc.) in 
terms of the values of the perturbation velocity potential on the charac- 
teristic surfaces enclosing the body. In this work, as an example, rela- 
tions are found connecting the volume of the body with the values of the 
perturbation velocity potentia] on the characteristic surfaces enclosing 
the body. 


It is shown that the perturbation velocity potential corresponding to 
flow past a body of minimum drag with arbitrary fixed leading and trail- 
ing sections and given volume satisfies, on the rear characteristic sur- 
face, Poisson’s equation with mixed boundary conditions. Axisymmetric 
ducted bodies are found having minimum drag for fixed leading and trailing 
sections and given volume. 


Also considered is the problem of the optimum choice of a fuselage 
having given length and volume with a given wing, and a lower estimate is 
obtained from the drag of the wing-fuselage system. 


The method used in the work is that proposed by Nikol’skii for the 
solution of the problem of determining the contour of the body of revolu- 
tion of minimum drag passing through two given points. We note that this 
method was used in the work [1 ] to find the drag of the optimum wing 
with a straight trailing edge perpendicular to the free stream, and in 
the work [2] for the solution of the problem of finding the drag of an 
optimum wing of arbitrary planform. 


1. Formulation of the variational problem in supersonic flow. 
Let the following problem be given: to find the body possessing minimum 
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wave drag at supersonic flight speeds and having certain quantities K, 
+++, K, fixed (by quantities K we understand the overall dimensions of the 
body, its volume, the lift force or moment to which it is subjected, etc. ) 


We will solve this problem for linearized flow. 


We find the envelope of all the characteristic surfaces that separate 
the perturbed and unperturbed parts of the flow in the direct and reversed 
streams (the direct stream has a velocity U_ in the undisturbed part, and 
the reversed has -l)_). Obviously these envelopes intersect along some 
line Lo. Let the volume enclosed between them be (1. and have area S, 


We assume that a solution of the Goursat problem exists for the sur- 
face S (that is, the problem of determining within {. a potential ¢ satis- 
fying the wave equation with its values @, on S given). But then an arbi- 
trary quantity K, connected with the geometric or force properties of the 
body may be written in the form 


K, = (1.1) 


where B, is a definite integro-differential operator. Consequently the 

variational problem posed above can be formulated as the problem of de- 

termining the potential $, corresponding to flow past a body of minimum 

drag under the conditions (1, 1) 

({K. - 


1S important in many cases, as 


r 8 


const). This circumstance 


it permits the problem of find- 
ing the extremal drag of a body 
to be separated from the problem 
of finding the body itself (which 
1s associated with the solution 


(z,r) 


= of Goursat’s problem), since 

many of the properties K, (for 
Pig. 1. example, forces, moments, volume) 
may be written down immediately 
on S, Thus an ordinary equation is found for determining dy, and finding 
the drag of the extremal body. Example: the solution of the Goursat 
problem for the case of axial symmetry (Fig. 1) with d= 0 on AB is given 
by the formula 


\ 
4 r+ 8r 
rr 9’ (9) K (n, z, r) dx A R 
) =Vi (7, ) i 23 
28rIl n, k) 


(/ r Br) F (sen, hk) 


K (4, x, r) 


n 


Here M is the Mach number in the undisturbed stream, [I(1/27,n, k) is 
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the complete elliptic integral of the third kind and F(1/27,k) is the 
complete elliptic integral of the first kind. Thus any variational problem 
may be solved in a stream possessing axial symmetry. 


2. Basic relations. We will assume that the body has a cylindrical 
duct whose surface is parallel to U_; the body starts with a plane con- 
tour L, and ends with a plane contour L, (Fig. 2)*. We take an elementary 
contour on the surface S around the point (y, z) and draw through it the 
stream tube to its intersection with the plane P(x = 0). We calculate the 
volume of this stream tube: 


dQ \ aa\ 


Here dl is the length element of the stream tube, ds is its cross- 
sectional area, dq is the flow of gas across the stream tube, p is the 
density and V is the magnitude of the total velocity. Furthermore, regard- 
ing the perturbations produced by the body as small quantities of order 
«, we have 


dl dx + O(e*) (2.2) 


d¢d/dl is the derivative of the perturbation velocity potential along the 
stream line. Then 


dQ z) + Fp) | (2.3) 


Here x = fly, z) is the equation of the surface S, 
(2, y, at 2 (2, 2) 
It is not difficult to see that 


alee as 
Ps OF ?s Of 
dq = U cos (nr) — peo ~ dS cos (nx) 


by by + 
where n is the outer normal to S. Integrating (2.3) and (2.4) over 
entire characteristic surface S, we obtain 


Q, = + — Qre 


The assumption that the contours L, and L, are plane is not essential; 
the formula obtained in this section are valid also without this 
assumption. 


“23 
| 
(2.5) 
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Here 2, denotes the volume enclosed between the surface of the body 
and the surfaces x = const passing through the contours L,(P,,) and 
L,(P,,), 0, is the volume between the cylindrical surface passing through 
the contour L, with its surface parallel to U_ and the planes P and Piss 
and {, is the volume enclosed between the cylindrical surface passing 
through the contour L, with its surface parallel to U_ and the planes P 
and 


Applying the momentum law, we obtain for the force R acting on the 
body : 


R= Xi- Yj-+ Zk \\lo(V-m) pnjdS (2.7) 


(p being the pressure) or, linearizing 


095\*  /89s5\*| 
| ids cos (nx) 
Oy / J 


— \) By dS (cos nz) — kp U \\ dS cos (nz) (2.8) 


Applying the equation of continuity to the surface S, we obtain 


\\ dg = 0 


or linearizing 


- \\ By | dS cos (nz) (2.10) 


where = is the difference in area between the boundary contours L, and 
L,. If an undisturbed stream flows toward the body, then d¢/dy = 

dd fd z = 0 on the forward characteristic surface and the integrations 
in forma: (2.6), (2.8) and (2,10) extend only over the rear character- 


istic surface. 


Bos 
a 
y — 
p < 
— | 
| { 
4 
(2.9) 
4 
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3. Caleulation of the drag of the extremal hody. We forn- 
ulate the variational problem. Let the forward and rear contours L, and 
L, be given, and also their volume, that is 2,. We introduce the forward 
and rear characteristic surfaces through the contours L, and L,. We find 
the distribution of potential on the rear characteristic surface S for 
which the functional for the drag 


attains a minimum under the conditions* 


92, \\ (Po, dz \\ Poty az const 
‘ 
\\ (e,,7, + Poe az const 


= 0 on the line of intersection of the forward and rear characteristic 
surfaces (indices y and z on d, and f indicate differentiation with 
respect to y and z along the surface S). This problem is equivalent to 
the determination of the minimum of the functional (3.4) 


— dy dz 


2 


where A, andA, are constant Lagrange multipliers. The minimum of the 
functional (3.1) is attained for ¢, satisfying the following conditions 


(Fig. 3): 
(1) Po = — 22.8? in region D 
Do =U na 


Here A is the Laplace operator, 1, is the projection of the line of 


* As it is not difficult to see, the condition that the body passes 
through the given contours L, and L, is not included in these condi- 
tions. Such a condition could be formulated in the general cese only 
by knowing the solution of the Goursat problem. In certain cases (for 
example, plane or axisymmetric) it is realized automatically. With 
the realization of the conditions formulated in this section it is 
possible to guarantee that the body passes through either one of the 
contours L, or L,. 


4 
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intersection of the forward and rear characteristic surfaces on to a plane 
x = const, and D is the region between the contours L, and l,. 


Thus the perturbation velocity potential corresponding to flow past a 
body of minimum drag satisfies Poisson's equa- 
tion with mixed boundary conditions on the 
rear characteristic surface. * 


We calculate the values of the multipliers 
A, and A,. For this we introduce functions vw), 
and W, determined by the conditions 


= QO, 

ad, Fig. 3. 
On On 


From the determination of the functions vu’, and wb, it 1s evident that 


these functions depend only on 8 and the form of the surface S. Then the 
desired potential can be represented in the form 


Po = —/) f*) 


Formula (2.5), (2.8) and (2.10) for the body of minimum drag can, 
after simple transformations, be brought into the form 


2g*\\ d.dydz| + 373 mal sy dz| (3.2) 


eres 


2 OY 


i i, 


D 


Here it is not demonstrated that a ¢, satisfying the conditions 
enumerated above corresponds to the flow past any real body (that is, 
having everywhere positive thickness). In any case, for &, determined 
in this way a lower estimate is obtained for the drag of a real body 
of minimum drag under the conditions formulated at the beginning of 
this section. 


Strictly speaking, also in the works [1,2] lower estimates were 
obtained for the wave drag. 


\ 
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ay a 9g2 
D 


Solving equations (3,2) and (3.3) with respect toA, andA,, we obtain 


2 ’ 


AY 2b oO Ae _ 4a ( 
» 


~ 

~ 


(3.4) 


(3.5) 


Together with the variational problem formulated at the beginning of 
this section, it is also possible to consider a more specialized problem. 
Let the leading and trailing contours L, and L, be giveri and the body of 
minimum drag be sought passing through these contours (that is, the volume 
of the body is arbitrary) [3]. For such a body the minimum drag is 


fet 


a 4 


In particular, if the line of intersection of the forward and rear 
characteristic surfaces lies in a plane x = const, then 


Q, 0.51 (3.6) 


where | is the length of the body. This formula permits calculation of 
the volume of the unknown body of minimum drag. 


4. Body of revolution with cylindrical duct having minimum 
drag. As an example we consider the problem of determining a body of 
revolution with a cylindrical duct possessing minimum external drag. We 

will suppose that the following are 
r given (Fig. 4): the volume of the 
8 body (that is, 0), its length 1, the 
Pw, radii R and R, of the leading and 
4 trailing sections, and the Mach number 
le wie R M. Special cases of this problem were 
‘ considered in[1, 46]. 


Henceforth we will neglect the 
quantity — R)/l in comparison 
with unity. Solving the equations for 
w, and w, (cf. Section 3) and finding 
the values of the potential ¢) corresponding to flow past a body of 
minimum drag, we obtain 


Pig. 4. 


= =— + = ( R) +- BPR 
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Henceforth, in this section we introduce the dimensionless quantities 


aM, Lad, Pak 

Yo = TU. i= 


and agree to drop the bars from the symbols. Then, for the potential dy» 
we obtain the following expression 


Po = Ay —R—0.5] hy| In r? 4 
+ 2(1+ R)r—Z(R + 0.5)(2R 4 5) | 


From equations (3.2) and (3.3) it follows that 


Ay = BY AQ,, he AQ, 


where 


64 
{(1 +4) (1 + 4R — 8R*) + GAR in [(R + 0.5)/ 


= 4h) + QQ, Ty + 0.52 


Finally we have 
= BL [r—R— 0.5] — AQ, [Re In (4.4) 


4 


Formula (3.5) permits the calculation of the drag of the extremal body 
which is for the time being still unknown: 


BS 4+ 2408 


Poo’ 


We turn now to the solution of the Goursat problem. We find a distri- 
bution of sources on the interval (—R, 1 — R) of the x-axis such that 
potential takes the given values on the characteristic BC and is zero 
on AB. For this, advantage is taken of the solution of the wave equation 
known from linearized theory: 


—R 


For the intensity q(é) of the sources we obtain the equation 


dé 
= = (Fr) (R’=1+R—2r) (4.3) 


The solution of equation (4.3) is 


23 
R’ 
A os VitR—E 
—R 
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R, 


a(t R+0.5 
2V1-+-R — 
7(E) \ R--8)) 


On the basis of this formula the potential will be obtained inside the 
region bounded by the forward and rear characteristic cones that were 
introduced in Section l. In the case of the body of minimum drag 


= V(R+Hd — 


- 42, |(— 1 + 2)V(R+H+R—8 4 arc tg 


In order to determine the shape of the body, formula (2.10) is used 
and applied to the forward contour ABC (Fig. 4). We then have 
r (x) 
\ r¢,dr 
where {(x) is the dimensionless area at section x and d the value of the 
dimensionless potential on the characteristic BC. 


Integrating formula (4.6) by parts and inserting the value of the 
potential (4.2) we obtain 
x—R 
\ 


R+: r+R—or 


R —R 


Changing the order of integration in the second integral and again 
integrating by parts, we then have 
x—R 
This last formula has a general character. In particular, if the radius 
of the duct is equal to R= 0, then 


or (2) =g(z) 


Substituting into formula (4.7) the value of q’(&) from (4.5) and 
putting the integral so obtained into canonical form, we obtain finally 


¢ 
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(2R + 4R) I (n, — 


_2R (2 2R) K (k) —(1 — 2r) (x + 2R)(1 — 2 + 2R) 4 
AX V (e+ + 2R) [(R 4 x? — 4R*) E(k) — 
— R(1—4R)K (k)| (4.8) 


where K(k), E(k) and Il(n, k) are the complete elliptic integrals of the 
first, second and third kinds with parameters 


zi! 
Formula (4.8) is used also for the calculation of the shape of the 
body of minimum drag passing through the two given radii with arbitrary 


volume. In this case 2, O[ecf. (3.4) and (3.6) ]. 


5. Investigation of a combination of bodies having minimum 
wave drag. Let the characteristic surface S = S, + S, consist of the 
inverse and direct Mach cones having vertices on the x-axis at the points 
x= 0 and x= | (Fig. 5). Introducing in the plane x = const polar co- 
ordinates according to y = r cos 6, z= r sin @ and noticing that 


By ay az dr Or rt 


it 1s possible to write in the following form the relations for the 
volume and for the area = of the body or system of bodies found inside 
the surface S: 


\\ 4 rdr — Ordr (5.1 


™ 


\\ — rdr - \ (5.2) 


The quantity ® we call the average potential. Thus, if the surface S 
consists of two Mach cones, then the volume of the body which is within 
this surface, and also the difference between the area of the entrance 
and exit sections, =, depends only on the value of the average potential 
® on the surface S. 

on 
( \ 


0 


Then the formula for the drag can be rewritten as 


| 
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/ d® \2 Poo dA \2 
\ (——) rdr — \\ 
dr a dr 


S: 


: \\ “Or r? 00 
Ss 


rdrd9 (5.3) 


Consequently, the expression for the drag X consists of two parts, of 
which one depends only on the quantity ® and the other does not depend on 
this quantity. 


We pose the following problem: let there be given some fixed bodies in 
a supersonic stream of gas, and let it be required to assemble a body of 


given length, area 2 and volume 1, such that the drag experienced by the 
desired body and those bodies or their parts which are inside the surface 
S is a minimum (the duct, if the desired body contains one, is assumed to 
be circular). Relations (5.1), (5.2) and (5.3) are used for the solution. 


It follows that all integrals over S, can be written down as given. 
The problem formulated above is a problem for the determination of the 
minimum of the functional (5.3) under the condition (5.1) and (5.2). Since 
conditions (5.1) and (5.2) depend only on the average potential, and the 
variable part of the expression for the functional X is represented in the 
form of two positive terms, of which one depends on ® and the other does 


not depend on it, it is permissible to seek separately the minima of the 
variable parts: 


8: 2 


We find the minimum of I, under conditions (5.1) and (5.2). We note 
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that by integration by parts, condition (5.1) may be transformed into the 


d® 


dr 


Here r. ts the radius of the duct. The function of Lagrange for the 
case considered is 


where a, and A, are as yet dideeednihesd constants. 
The Euler equation for the functional (5.6) has the form 


dr 


From the fact that the second variation of the quantity J; 


ar 


ey, = 2 \\- 

is always positive, we conclude that the expression (5.7) gives a minimum 

of the functional J,. The constants A, and A, are found from conditions 


(5.1) and (5.2) analogously to Section 3. 


It is easy to see that, if the problem were solved of determining the 
body of revolution of minimum drag with volume equal to the sum of the 
volumes of all the bodies (of the given ones and so also of the desired 
ones) inside the characteristic surface considered, with area = as for 
our body and having a potential on the forward part of the characteristic 
surface equal to the average of the desired potential, then the potential 
for the desired body of revolution on the rear part of the characteristic 
surface would agree with expression (5.7). 


Such a body of revolution we will call an equivalent body of revolu- 
tion. The problem of determining a body of revolution possessing minimum 
drag was studied in Section 4. We turn now to the second part of the 
problem. 


That is, we find the minimum of the integral J,. We assume that the 
fixed body is such that its potential is a function having derivatives 
and squares of derivatives that are integrable on S. This requirement is 
naturally always realized in practice. 


We take first the case when in the plane y = " there is given a wing 
with symmetric profile and combined with it a fuselage symmetrical with 
respect to that plane. 


form: 
oo" “0 1 dM /3 1 lr 
L \\ ( rdr —2h, \\ —— rdr — 2h, \\ — dy 5.0) 
\2 
| 
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(i) (3) 
Each function ¢,‘*’ corresponds to a function A, '’ where 


The potential from the wing on S, may be approximated by the function 
?,’ resolved into a Fourier series, so that the integrals 


+ 


r- 


av ov 


[8(4,—A,’) O(4,—A,’) 0(4+4,’) 
\\ = - -lrdrdt 


{A corresponds to the potential, ¢,, of the fuselage) are as smal! as 
desired. 


The potential of the fuselage satisfies the equation 


() (5.8) 


We resolve the quantity ,° on S into a Fourier series. Taking the 
first n terms, we seek 4, in the form of a trigonometric polynomial in @ 
of degree n, so that on S 


that is, so that the sum of the corresponding Fourier coefficients for 
¢,° and d vanishes to order n. 


The value of n may be chosen so that the integral 


De 


is sufficiently small (R,,* is the remainder term of the Fourier series 
for the functions ¢,”). 


Thus it is found that, with the aid of a proper selection of the fuse- 
lage, generally speaking it is possible with a symmetrical wing- fuselage 
combination to obtain a drag differing as little as desired from the drag 
of the equivalent body of revolution by the deduction of the integral of 
the quantity A over S,. At the same time this drag, which we call X,,_, 
is a lower bound for the value of the drag of the combination considered 
in the problem. We note that this lower bound is not attained in all 
cases, since regions necessarily appear with negative thickness. In 
practice, for the reduction of the drag of a wing-fuselage system it is 
necessary to choose n so that such regions do not exist. 


The situation is analogous also for the general case, where the selec- 
tion of an optimum body is associated with the presence of supplementary 


? 2 
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conditions of no flow through certain surfaces. Thus the following 
theorems are demonstrated. 


Theorem 1. For the conditions of the problem formulated above a body 
may in principle be selected such that the total drag experienced by all 
bodies inside the characteristic surface S differs as little as desired 


from the lower bound X 


min for the drag of the combination being studied. 


Theorem 2. The distribution of the values of the average potential 
over the part S, of the characteristic surface for the extremal combina- 


tion agrees with the distribution of potential on S, for the equivalent 
body of revolution. 
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We demonstrate some results in the investigation of the unsteady motion 
of a thin rigid wing of finite aspect ratio and rectangular planform in 
supersonic flow of arbitrary velocity variation; this includes passage 
through a gust or a shock front. The problem is linearized. In the first 
part of the paper one finds the solution of the problem for the case of 

a change in wing angle of attack according to the law eFt(-aw < t < 0); 

in the second part, the obtained particular solution is used to examine 
cases where the angle of attack of the wing changes arbitrarily with time. 
Problems of this sort were examined by Krassitshchikova [1]. In the pre- 
sent paper, a closed form solution is obtained for the case of a wing of 
rectangular planform with account of edge effects. 


l. We shall consider the straight-line forward motion of a thin, rigid 
wing of finite span and rectangular planform, moving in an infinite region 
of fluid and at rest at infinity. Superimposed on this basic motion, with 

constant supersonic velocity U, are additional small nonstationary motions. 


We shall investigate the perturbed motion in a moving system of co- 
ordinates fixed to the wing and moving with the velocity U. The x-axis is 
in the direction opposite to the motion, the y-axis is in the spanwise 


direction, and the z-axis is upward (see figure). 


We shall assume that the nonstationary motion of 
the wing produces smal! disturbances in the flow and 
that the perturbed flow has a potential. Then, as is 
known, the perturbation velocity potential @{x, y, z,t) 
y satisfies a linear differential equation which, in the 
moving system of coordinates, has the form: 


} (1.1) 


| 
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; where a = ¥ (dp/dp) is the speed of sound in the undisturbed fluid. 

+ The field is disturbed in that part of the field which is bounded by 
7 the envelope of Mach cones with vertices on the wing contour. Outside 

: this region the velocity potential and its derivatives are equal to zero: 

d= 0 (1.2) 


On the wing surface L the boundary condition is satisfied: 


(t) tor (1.3) 


where f(t) is an arbitrary function of its argument which is given on the 
semi-infinite interval (—«, 0), with a finite number of points of dis- 
continuity of first order, and sufficiently smooth at —«. 


Everywhere in the x, y plane where the fluid is disturbed, but outside 
the plane of the wing and the vortex sheet, 


d= 0 


(1.4) 


The potential ¢ is an odd function with respect to the z-coordinate, 
(x, y, -z, t) = dlx, y, z, t); therefore the solution of the problem need 
be investigated in only the upper hal f- region. 


Thus, it is necessary to determine a function d(x, y, z, t) which 
satisfies equation (1.1), conditions (1.2), (1.3), (1.4) and is equal to 
zero at infinity, together with its derivatives. 


The pressure on the wing is determined from the equation 


p(x, y, 0, t) = = [PE (1.5) 


2. We shall find a particular solution of equation (1.1) for the case 


:: where the velocity component normal to the wing changes with time accord- 
4 ing to the relation 


Letting M = U/a denote the Mach number of the basic flow, we rewrite 
equation (1.1) in the following form: 


Oz? at 


-0 (2.2) 


We shall look for a perturbation velocity potential d(x, y, z, t) 
which is a solution of equation (2.1), in the form 


p(z, y, 2, t) = y, 2) (2.3) 


t 
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we obtain the equation 


Ox? oz? a 
a 


Making use of the arbitrary 8, we require that 
— 2(M*—1)8—2M2=0, or 8 
Equation (2,4) is transformed to 


4 , 
\dy? * 


Making the usual change of variables, 


10c¢ 


equation (2.6) takes the form 


(2.8) 
On the basis of (1.2), (1.3) and (1.4) we 


for WAx,, y,, 2, ): 


obtain the following conditions 


in the undisturbed field, the function uv’ and its derivatives are zero: 


(2.9) 


for 2% >= (2.10) 


in the plane z; = 0, outside the plane of the wing and the vortex 
sheet, 


(2.11) 


Let us consider an auxiliary problem, Let w* (x,, y,, 2,) satisfy the 
equation 


and the conditions 


(2) (2.13) 


and conditions analogous to (2.9) and (2.11) outside L,. 


& 5 

= 1478 

For the function W(x, y, 7) 

(2.4) 
M @ (2.5) 
M*—1 a 

¢=0 

oS on the wing surface L, 

0 
av* 


Motion of a wing with rectangular planform 1479 


To investigate this auxiliary problem, we shall start from the ex- 
pression for a function *(x,, z,) which, like the function v*(x,, 
yy z,) satisfies the differential equation (2.12) and conditions ana- 
logous to (2.9) and (2.11) outside L,; however, the condition (2.13) on 


L, for z,= 0 will be 


(2.44) 


The expression for the function wy, *(x,, Y.> z,) was given by Busemann 
[2]. The value of its derivative with respect to X for z, = 0, is 
21) | =| arc cos (1 for > (2.45 


A relation has been established between the functions ty *4x,, Yy z,) 


and W*(x,, y,, 2,) 


A 


= 
OF, 
Ay 


for an arbitrary point A(x,, Ya z,) of the disturbed region; here the 
point A lies on the envelope of Mach cones. 


For points on the wing, 


( am (E 
(a, y1, 0) = Ya, 21] [ Yo" (G1, Yr» 21) dt, 
2,=0 


(Ex, M1, | dé, (2 16) 


The expressions (2.16) make it possible to find a connection between the 
functions w*(x,, ¥,» 2,) and WAx,, Yy z,) in the plane z, = 0, using 
operational methods. Let 


F(p, YW. = Ya, 21) da, 


F°(p, = p\ e (21, Yi, 21) 


0 
be the transforms of the functions and z,). 


The functions F(p, y,, z,) and F*(p, y,, 2,) satisfy the partial diffe- 
rential equations 


Lie 
23 
920 
A; 
a 
a 0 
| 
0 
0 
co 
3 
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+ =0, 0 (2.418) 
Evidently it is possible to write the following relation between 

F(p, y,, z,) and F*(p, 


(2 19) 
Fiyy. 4. P= F*(y, Fy. 0, p) 


We shall use the expression (2.16) for the function w*(x 


x 


1 


=1 


0 


we define 


(2.20) 


From the inversion theorem, we obtain for F*(y,, 9, p): 


| OF* 21, P) 


F*(y1, 0, p) 


0 0, p) 


“1 


Making use of (2.19) it is possible to obtain an expression for Fly,, 
p), namely 


F (y,, 0, p) = F*(y, 0, V p?—1) 


OoF* (Ys, 1. VP 


1) 
| 0, V p? —1) 


From (2,19) 


Vp 1) OF Zi, p) | 


Az 2 


There fore 
1 [ OF (yw, 2, p) 


Due to (2,10), 
ew [ OF (yw, 2, p) P 


1480 
= 
93 

(21, Yi, 2) 

0) | ty *1 | 

OF* (p, 21) (xy, Ys, 
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0, 
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and thus the expression for representing the required function WAx, ,¥,.0) 
finally has the following form: 


Fip. Y= VM—ip p+vVp—i (2.21) 


The function v(x,, y,, %) can be constructed by proceeding from the 
relation (4) 


t 


Here I,@) is the first order Besse] function of imaginary argument. 


Using the inversion theorem and relation (2.22), we obtain for w(x,, 
, 0) the following: 


y 


1 


9) 


4 

Introducing a new variable = y ~ €,*) and applying the well 
known relation = (2) to the function I, (€,¢ - we 
% write the inner integral in (2,23) in the form 


Oc 0 doy 


—|\ My, 2) |, d 3,*)] d3,} (2 24) 
0 


Here 


(Ex, Yi, 21) f— tare cos (1—2y,/f:) for 25 
(2.20) 
2,=0 — 1 for&i<™" 


In the variables x, y, z, 


Z | i, 
| 
0 
: 
(91. Yr» 21) 
\ 1 2) ) 
Then we obtain for , 0) the form 
1 (Es, My, 2) ) 
AV M 1 24-70 
0 
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& 


(ho, AY M? — iy, V M2— 12) 


d _ «2 : 
Oc de [Jo OVE —o*)|ds | di 


(2.26) 


| Ady" (LE, M?—14y, AY M? — iz) 


or 


wy arc cos (1—2(y M? —1, for > ty 


(2.27) 
for VY M*—Iy 


Finally, using (2.3), the perturbation velocity potential d for points 


on the wing surface may be represented as follows: 


Here the partial derivatives in square brackets are given by expression 
(2,27). 


« The pressure acting on the wing, according to (1.5) and (2.7), will be 
(2.29) 


Od (2, 


Using (2,29) it is possible to obtain an expression for the lift P of 
the wing. Let | be the wing span, in the y direction, and h the dimension 
in the x direction. Then 


PALLY, 0, thdxdy \ \ Play, Q, t)dx,dy, = 


OY (21, yr, 0) 


vx 


fe 


i 


(p = 
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After some not too difficult transformations, we obtain 
Aul 7h 


<i \ eh (1, 0) daydy, 


iz, 


(x1, O)) dx,dy, 


41,71) 
00 
0 


d » 
de, 31°)] ds,} dy (2.30) 
Working out the inner integral gives 


S1, Yr, 21) | 
OSs 


d bo" (Ex, Ya, 21) 
0 
hul 


0 0 

Using (2.25) it is easy to obtain 


are cos (1 — 2%) dy, — 


\ (Er, 24) 
J | 

0 


— \ dy, = — dul + §, 
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do, = — + 


+\ I, (V — 04°) doy = — dull, + shé, 


0 


Putting this result for K, into (2.30) and changing to the variables 


(x, y, z, t) we obtain the expression for the lift (in absolute magnitude) 


‘ 


ext | (hr) der — gat (hx) de — 
0 0 


VM: 


0 
10¢ 

h h 

“Poe a (l \ sh Ardx + ae! sh hrdr (2.31 ) 
0 


0 


3. In the case of a wing of infinite span, whose angle of attack 
changes exponentially with time, the perturbation velocity potential to 
be found is dfx, z, t); evidently it is necessary to determine a function 
z,) satisfying the equation 


ay 


Oz," 


and the following conditions. On the profile [0, h,] 


ra | 
| 32: (9.<) 


In the region where the fluid is not disturbed, i.e. upstream of the 
leading edge x, = 0, the function w and its derivatives are equal to zero 
@ (3.3) 

Equation (3.1) is in the form of the telegraph equation, well-known 
in mathematical physics, and easily solved by means of Riemann functions. 
But for consistency of presentation, we shall use operational methods to 


solve (3.1). Let 


F (p, 2) \ (24, dx, (3.4) 


0 


be the transform of y(x,, z,); then the function F(p, z,) may be deter- 
mined from an ordinary differential equation 
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- (p-- Ll) (3.5) 


whose general solution has the form 


F (p, = 4+ Be 


Here A and B are constants, which depend on the parameter p. 


Using conditions (3.2) and (3.3), we find 


LY Vz 


Thus we obtain for F(p, z,) the expression 


{ 
F (p, 2) (3.8) 
p+yv 


The following relation is known (4): 


( 
p 


— (p+ajip+b) —>» j > 


V (p+a)(p + b) exp til, 


From the inversion theorem, and using relation (3.9%), we determine the 


) for points on the profile, i.e., for z, = 9 


function 


0 


Changing back to the variables x, z, and in view of (2.3), we obtain 
for the perturbation velocity potential on points of the wing, the follow- 


ing expression: 


e(z, 0, b= — \ etl, de (3 10) 


y 


It is easy to see that exactly the same expression may be obtained 
from equation (2.28) for the perturbation velocity potential of a wing 


of finite span, by putting 


(AE, AP M?—iy, A VY 


The pressure on the wing of infinite span, and angle of attack varying 
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exponentially with time, is 


p(x, 0, t) = p*— = 2, 0, = 


x x 
By 
= 2 — \ hE) dE — ert BE hE d (3.11) 


The lift of a wing section with chord h is 


h h 
(ha) dx yw : \ (ka) da (3.12) 


0 


This is in complete agreement with expression (2.31) found earlier for 
the lift of a wing of finite span, from which (3.12) may be obtained by 
going over to the limit | + ~. 


4. We return to the problem of determining the perturbation velocity 
potential d(x, y, z, t) as a solution of equation (1.1) with boundary 
conditions (1,2)-(1.4), i.e. to the case for which the normal velocity 
component on the surface of a rectangular wing changes with time in an 
arbitrary manner: 


= f(t) (— co <t< V) (4.1) 
Oz z=0 
A case of interest is a gust having the following form: 


(0 for £9 
— 42 
Ey! for —t<t<0 


To determine the perturbation velocity potential dlx, y, z, t) we 
shall make use of the solution already obtained (2. 28). 


We expand the function f(t) in powers of e' (in certain cases it is 


convenient to make the expansion in terms of e*' where @ is an arbitrary 
parameter) 


N 
j/(t)= lim a,e" (— <t< 0) (4 3) 


0 


We shall look for a solution of equation (1.1) in the form 


y, 2, 


lim S' y, z, (4.4) 


ry? 


where d(x, y, z, t) is the particular solution (2.28%) of equation (1.1) 
which was obtained earlier. 
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We introduce a change of variable. Let +r = e*. Then 


f(t) =f, = lim a," (4.5) 
N-0co 


Then put r = 1/2(q + 1), or q=2r - 1. It can be seen that for f,(t) 
we obtain 


N 
N 


where g(q) is function which is given on the interval [- 1,+ 1], on which 


it has a finite number of points of discontinuity of first order; it 


satisfies the conditions for an expansion in series of Legendre poly- 


nomials [5]. We represent g(q) in a series of normalized Legendre pol y- 


nomials: 


N 


(q) lim N' (n (q) (4 7) 
N + 


Here 


P,.(q) 


kl (n 


is the orthogonal Legendre polynomial of nth order. The coefficients of 
the expansion are 


B, = \ (n+ 5)* dq (4.9) 


It may be seen that the series (4,7) for the function g(7) may be 
written as follows: 


N n 
g q) = lim a,P,, (q), (q) b (4 10) 


n=0 


To determine the coefficients b, we shall make some transformations 


in the well known representation (4.8) of the Legendre polynomials. We 
put 2k= m; then 


(4.11) 


P..(q) 


Now let n— m= k in expression (4,11). We obtain a representation of the 
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Legendre polynomial of nth order in the form of a series in increasing 
powers of q, 


(4.12) 


+ k +1) 


r (= +1) +1) rests 
Thus 


N N n N N 
g(qg) = lim a, P, (9) lim bay lim iq! 


0 0 Pant) k 


Here 


‘ 


ay (A (q)g (q)dq 


Finally, the function gq) may be expressed as follows: 


k—l 


) ok \ Px (9) 8 (9) ( 


- 4) 
+4) 
Let us return to the variable r. It is clear that 
\! i 


— ! 
p=0 pl 


(— (2t)P 


Then we can write 


& 
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k= 
LA Equating (4.10) and (4,12), we find 
hs ( 1) 2 
? 
(— 1)? (4.13) 
(q) lim “a q (4.14) 
N 
where 
N 
k=l 
(4.15) 
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g(q)= lim a;'q' = lim S a,’ 1) = 


N N 
lim >) >; a"), = lim >; a,'a" 
12.9 p=0 po 


(— 1)*~"s! 2° 


” 
@ sr = - 


ri(s—r)! 


Therefore, in view of (4.6), 


N N N +1 4 
= lim = P, (9) (9g) dq(— 1) ?  » 
r(k+s+ 1) (— 1)°"T (s + 1) 2° 


and finally, for /(t)= zl. > » we obtain in accordance with (4.5) 


N 


/(t)=lim (4.17) 
N--co 


4 — ) 
ser kes 
(k+s+1) 1)*-"T (s + 1)2” 


: (4.18) 


Using (4.4), the perturbation velocity potential is 


> (z, y, 0, t) 


r= 


Here 
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The lift of a wing with finite span | and chord h is 


h 


0 0 


h 
\ sh? dx 


0 


t 


é 


Irert\ (hy rx) dx —V —1a(U +- rh) 


sh 


a wing section (case of a wing infinite span), 


— lim a,e \ (yr?) d3 (4.21) 


} 
| e 


(4.22) 


It must be noted that with increasing r the coefficients a, of some 
functions will tend to infinitely large values. However any function may 
be approximated by means of a finite number of Legendre polynomials to 
any degree of accuracy. The derivation of aerodynamic characteristics in 
such cases 1s to be regarded as a certain asymptotic process. 


In the case of the gust (4.2), the function f(t) is discontinuous and, 
therefore, the coefficients a, + «© as r + «. In this case the function 
f(t) may be approximately represented in the form 

(t) >) 
0 

A satisfactory approximation is obtained for N= 15. From (4,19) and 
(4,20), approximate values of the aerodynamic characteristics are ob- 
tained. 
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The motion of a fluid through a plane porous medium is accompanied by an 


intensive mixing process, which it is possible to examine by introducing 
into the stream an admixture of particles which do not change the pro- 
perties of the fluid or the parameters of the motion, do not adhere to 
the walls of the pores, and which move with the ambient velocity at each 


point of the porous region. 


The hollow intersecting pores may be regarded as a system of porous 


channels, each of which communicates with all its neighbours. An example 
of such a medium is provided by a layer of sand. 


The local velocity of motion of the particles of fluid is a random 


function of position in the porous region [1]. The propagation of the 


indicator which has been added to the stream is therefore governed by a 
law which is to a certain extent analogous to the law of diffusion of an 
inert ingredient in a turbulent stream, 


The construction of a capillary model of the mechanism of such diffu- 


sion, which can be called convective diffusion, was presented in an 
earlier paper [2]. It stil] has some illustrative value because of the 
inadequacy of our knowledge of the relationships connecting the hydraulic 
characteristics of porous channels. 


In the present paper we introduce certain averaged parameters of an 
isotropic homogeneous porous medium which determine the character of con- 
vective diffusion. 


1. Let us consider a stream of homogeneous fluid in an isotropic 
homogeneous porous medium. Isotropy is assumed in the sense of invariance 
of the distribution of the statistical characteristics the medium relative 
to bulk rotations or mirror reflections. The flow of the fluid will be 
defined by the mean velocity vector. The average of the velocity, as well 
as that of the characteristics of the porous medium, is taken over a 
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representative group of samples. Moreover, it is assumed that the results 
of the averaging do not depend upon the choice of points in the porous 
region, i.e. it is possible to take a point, located on any surface inter- 
secting the medium, on any arbitrary curve described in the medium. Thus, 
for example, we can average over all points of the porous region located 
on an arbitrary plane section of an elementary macrovolume. It is assumed 
that we can choose an elementary macrovolume such that it will contain a 
representative group of samples, whilst the averaged characteristics of 
the current are uniform throughout its extent. 


A fluid particle at different instants of time will move with changing 
velocity, specifically as a result of the intercommunication between the 
hollow pores since, if the porous region were constructed of continuous 
tubes which did not communicate with one another, then the particle would 
not pass through the whole representative group of samples (see Section 
4). 


If at the initial instant of time the particle was located at the 
origin of a system of coordinates moving with the mean velocity, then 
after time t its coordinates will be 


r, (t) \ vr, (ct) dz \ [ua (=) u,|jdz (1.1) 


0 0 


where u(r ) is the component of velocity along the axis @ at the moment 
of time r; there and henceforth the bar denotes the averaged value of the 
quantity. 


The expression (1.1) is the integral of the random function v,(t). 
From the limit theorem in the theory of probability it follows that this 
random integral has a distribution close to the normal distribution for 
an arbitrary distribution law of the function v(t), if v(t) assumes 
statistically independent values when separated by certain sufficiently 
small intervals of time r,(t >>1,). 


If at an arbitrary instant of time there exists a three-dimensional 
normal distribution, i.e. the probability density of finding the particte 
and x, has the form 


x 


at the point with coordinates x , 


1’ 


then, regarding w as the relative concentration of the added particles, 
we see that (1.2) is the solution of the diffusion equation for a type 
of instantaneous source: 


1493 
23 
- 
| 
ar a ad 
N' dD, (1.3) 
at Or, Or, 
oe 


1494 V.N. Nikolaevskii 


where D, is the axial component of the diffusion coefficient: 
D, = 2,7 / (2t) (1.4) 
It appears that such a statistical approach to the consideration of 
the motion of particles in a porous medium was first made by Scheidegger 
[3], who assumed that the medium consisted of perfectly identical pores 
and so reduced the problem to the model problem of randomly wandering 
particles. 


The coefficient of diffusion along the axes is different, therefore it 
must be a tensor of the second rank. In equation (1.3) the principal axes 
of this tensor are taken as the system of coordinates. 


2. If in an isotropic homogeneous porous medium there is a homogeneous 
stream of fluid (the direction of the stream being constant), then the VOL. 
coefficient of diffusion, characterising the mixing process described in 23 
the foregoing section, is invariant relative to a rotation about the 195° 
direction of the mean velocity, and to mirror reflections relative to 
planes including the mean velocity vector or perpendicular to this vector. 
In this case [4] the coefficient of diffusion will have the form of an 
axisymmetric isotropic point tensor 


Anju; 4+- B1;; 


where A and B are constants, ," is the component of the perturbation of 


mean velocity and iT is the unit tensor. 


In the case of turbulent diffusion in the field of a homogeneous stream 
the coefficient of diffusion is an isotropic tensor D;; = BI; , since the 
entire region of mixing moves as a whole with the mean velocity; in the 
region of mixing, the direction of the vector of mean velocity is on a 
par with other directions. In the case now being considered the mixing 
region — the porous medium — is essentially fixed, whilst the current 


through it has an axis of symmetry — the direction of mean velocity. 


Let us consider the most important motion — the motion governed by 
D’Arcy’s law, in which inertial forces can be neglected [5]. From the 
characteristics of such motions, the mean velocity u, fluid viscosity 
and a certain characteristic length of the porous medium, it is impossible 
to construct any dimensionless combination, and evidently the coefficient 
of diffusion, having the dimension cm’sec™', is equal [6], up to a di- 
mensionless constant multiplier, to the product of the mean velocity and 
the characteristic length already mentioned. 


In so far as the diffusion process under consideration is not one- 
dimensional, the characteristic length will, generally speaking, not be 
a scalar quantity, but must be a certain tensor. We shall call this the 
dispersion tensor of the porous medium. Since the medium is isotropic, 


i 
| (2.1) 
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then the point dispersion tensor must be a tensor of even rank [4]. The 
diffusion coefficient is then represented in the form of the product of 
dispersion tensor with a quantity connected with the mean velocity vector 
and having the dimension of a velocity. 


If we take the diffusion coefficient in the form of the product of a 
certain isotropic tensor of the second rank with the modulus of the 
vector of mean velocity, then all the components of the diffusion coeffi- 
cient are identical: the diffusion coefficient is a spherical tensor. The 
mixing is isotropic, and the constant A of expression (2.1) mst be equal 
to zero. This type of representation is adopted in relation to turbulent 
diffusion in the field of a homogeneous stream [7]. 


We can represent the diffusion coefficient in the form of the product 
of a scalar, representing dispersion in the porous medium, with a tensor 
consisting of the components a, and u,°. It is easy to show that then the 
dispersion will arise only in the direction of the vector of mean velo- 
city whilst, in the directions orthogonal to this, it will be zero: in 
the expression (2.1) we must have B = 0, This representation is adopted 
in the capillary models of the diffusion process in porous media[2]. 


The dispersion tensor of a porous medium can be given in the form of 
a tensor of the fourth rank, which by virtue of the isotropy of the 
medium [4] is characterised by three constants: 


= +- + Aglal jx, = = cm (2.2) 


Then the components of the diffusion coefficient are determined in the 
following way: 


Di; / | (2.3) 
where summation is to be carried out over the repeated indices. 


Since the diffusion coefficient is a symmetric tensor, then H, = H, 
by virtue of the equivalence of the indices & and 1. It is easy to show 
that the expression (2.3) is equivalent to formula (2.1), with 


B=H,|u|, A=2H,|\u| 


If we take for the dispersion tensor a tensor of higher even rank, 
then the coefficient of diffusion is equal to 


Di; = . Um? 


It can be shown that (2.4) in the general case reduces to the ex- 
pression (2.1), and by virtue of the isotropy of the medium and the 
equivalence of the indices, over which the summation occurs, it is de- 
termined by two constants. 
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Accordingly, formula (2.1) for the diffusion coefficient is very 
general. The physical significance of the two postulated constants A and 
B or H, and H, is to be explained on the basis of the representation made 
as to the mechanism of mixing in porous media. 


3. At each point of the porous region the vector of mean velocity is 
modified in a random manner into the local velocity. Moreover, general ly 
speaking, the direction of the velocity as well as the value of its 
modulus will be changed. The transformation has the form: 


ny = Tyyu, (3.1) 


The components of the tensor T,, are random quantities having different 
values for each sample (at an arbitrary point of the porous region). We 
shall call the tensor T;, the local tensor of the porous medium. We shall 
consider below those flows for which inertial forces can be completely vi 


neglected, whence it follows from dimensional analysis that the components 
rij do not depend upon the magnitude of the mean velocity. 


Moreover, we make the following hypothesis: the components of the 
local tensor of the porous medium do not depend upon the direction of the 
mean velocity. 


From averaging relation (1.1) it is obvious that T.. is the unit 
tensor. The dispersion velocity (when projected on the axes a) is ex- 
pressed by the product of components of the fourth rank, characterising 
the porous medium: 


D (ug) = u 2)?=(T ail a: T uu; = (Teil aj — (3.2) 


By virtue of the isotropy of the porous medium and the equivalence of 
the indices 1 and j all the averaged products Tail; will have the form: 


a; = + 2Caleile; (3.3) 


i.e. all the products in which i # j will vanish. The expression (3.2) 
can be simplified: the factor in the parentheses is the dispersion of 
the components 


D (ug) = (Tail —T = D(T (3.4) 


Now, making use of the relation (1.1), let us find the mean square of 
the transport, or dispersion, in a moving system of coordinates: 
tt 
\\ (te) dt, dz, (3.5) 
00 


For long duration the dispersion (3.5) can be represented in the follow- 
ing form[7 ]: 
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Ta? = 2D (ug) Lat (3.6) 
where L, is a quantity analogous to the Lagrange scale of turbulence. 
Starting from dimensional considerations, let us set 
(3.7) 


where | is a certain "mixing length" of the porous medium — a scalar by 
virtue of its isotropy. 


Making use of the relation (1.4) and taking account of the fact that 
the coefficient of diffusion is referred to its principal axes, we obtain 
Dy = D, = D(u,)l/| Dy = Dy = 

D(u,)l/\u (3.8) 


i.e. the properties of the porous medium which are under consideration 
are characterised by a tensor of the fourth rank, and the relations (3.8) 
and (2.4) must be equivalent. The following relation therefore holds: 


H, =C,l, 9(2C,- (3.9) 
Moreover, (3.10) 


. 2H,\u [D(T,.)- D(T,,)\l hal, a+i 


Accordingly, the coefficient of diffusion, when referred to the 
principal system of coordinates, has the form: 


D, = u= 
D, = D(T y)lu = dou, 
Di; = 0 when i+) 


4. For flows subject to D’Arcy’s law the quantities T,;, H and l are 
determined only by the structure of the porous medium. Similar results 
are obtained for flows subject to the quadratic law[8], when the 
inertial forces only are allowed for, although the numerical values of the 
quantitites are, generally speaking, different in the two cases. In the 
case where there are both viscous and inertial forces, these quantities 
will depend upon the Reynolds number, i.e. upon the velocity. This is con- 
firmed by experiments — the coefficient of diffusion proves to be pro- 
portional to the mean velocity of the flow in the region of validity of 
D’Arcy’s law[9], and in the region of validity of the quadratic law of 
filtration (with the Reynolds number greater than 500) [10], whilst in 
the intermediate zone (Reynolds number from 100 to 500) the dependence of 
the coefficient of diffusion upon velocity becomes more complex [10]. In 


1497 
| 
959 
Uy = Us = 0 (3.11) 
D, 
a 7 
a4 


1498 V.N. Nikolaevskii 


the paper referred to [10], the characteristic linear dimension was 
taken to be the diameter of the added particles. 


If there arises the necessity of taking account of molecular diffusion, 
then on the assumption of no correlation between it and convective diffu- 
sion the effective diffusion coefficient is 


(4.1) 


The coefficient of molecular diffusion D, usually turns out to be many 
times smaller than D,. 


The supposition of no correlation between these two processes is 
justified for porous media with intercommunicating pore spaces, for which 
the results of Section | are also verified. 


In a number of papers concerning diffusion in a filtrating fluid, for 23 
example [11], deductions are made concerning the proportionality of the 195 
coefficient of diffusion to the square of the velocity of filtration. In 


these studies the porous medium is represented as a system of capillaries 


which are isolated from one another, penetrating continuously from one 
face of the medium to the other. Taylor [12] showed that the consequence 
of a steady parabolic distribution of velocity across the capillary 
section together with lateral molecular diffusion was that the diffusion 
coefficient for laminar flow in the capillary had the form: 


D* = (u,2d*) / (4.2) 


where D. is the coefficient of molecular diffusion in the fluid, d is the 
diameter of the capillary, u, is the maximum velocity across the section 

and y is a certain numerical parameter. If this result is applied to each 
capillary of the system, then the result referred to above is indeed ob- 

tained. Here we have complete correlation between the molecular and con- 

vective diffusion. 


In porous media with intercommunicating pore spaces, however, the 
fluid particles which are moving in one of the pores along its axis, for 
example, and therefore with the maximum possible velocity, will generally 
speaking not have the maximum velocity in the next pore but will take up 
some other velocity. 


We notice that from certain intuitive arguments it follows that the 
quantity | must be about half the diameter of the grains for uncemented 
porous media. For cemented porous media it is about the mean value of the 
segments of an arbitrarily constructed straight line, included between 
the points of intersection of this line with the section contours of the 

framework of the porous medium. If the porous channels in the medium could 
be separated, then | would be equal to half the length of the average 


D. — + 
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[2]. For a more precise definition of |, however, and thence also of the 
dispersion velocity involved in the coefficient of diffusion, it is 
necessary to introduce supplementary theoretical or experimental evidence. 


It can be assumed that two porous media have similar porous voids if 
they are compounded in an identical way from particles of a given shape 
but different sizes; for simplicity we shall assume the size of the 
particles to be uniform in each medium, although the same areument could 
be extended also to the case with any practical particle composition. 
These media will differ only in the linear scale, and consequently the 
flow of the fluids in them is completely similar in the case of identity 
of the Reynolds numbers. Therefore the ratio of the viscosities of the 
fluids must be equal to the reciprocal of the ratio of the diameters of 
the particles (6° and 5” ). Then we can say that the dispersion components 


Ti; in such media are equal. 


Hence, for equal mean flow velocities we must have the relation 
(4.3) 


where primes are used to distinguish between quantities related to the 
one medium or the other. 


The experimental testing of equation (4.3) is completely possible, 
for example on spheres of different diameters, and its accomplishment 
either gives confirmation of the arguments developed here or exposes the 
need for corrections. Accordingly, such an experiment can confirm the 
validity of the relationship | = 0.575 to within a certain constant 
factor n. 


This constant factor 7 will no longer depend upon the value of 5 and 
can be determined once and for all by experiment for a medium of the 
given type, e.g. for a cemented or an uncemented sandstone or limestone, 
etc. For this it is necessary to measure the actually obtaining local 
velocity, but such measurements are in practice extremely difficult. 


The motion of a fluid only in a single pore and in the few neighbour- 
ing ones is connected by the Navier-Stokes equations, whilst the motion 
in a pore remote from that under consideration will not be subject to 
the same relation because the distribution of velocity, normal and tan- 
gential to an arbitrary plane section, is determined by the random micro- 
structure of the porous medium, and one can postulate the hypothesis con- 
cerning the normal law of distribution of all the velocity characteristics 
of the flow. In this case the knowledge of the mean value of the velocity 
and its dispersion completely determines the values of the local velo- 
cities. 


5. Equation (1.3) can be written in a fixed system of coordinates as 


4 
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where m is the porosity, w is the velocity of filtration (w= mia), the 
axis of x, is directed along the vector w, and A, = A;. 


Equation (5.1) is valid for a homogeneous flow. In the general case 
it has the form: 


Oy 0 ay ) - oy 
at Or, ij ar 


If in the porous medium there is a homogeneous filtration current and 
at some arbitrary point we add an indicator with a discharge Q of ele- 
ments in unit time, then in a certain time the indicator becomes dispersed, 
and the lines of equal concentration form a set of "pear-shaped" curves. 
The shape of these curves is characteristic of the diffusion parameters 
of the porous medium. 


For the solution of problems concerning the fixed-point source con- 
centration in a homogeneous filtration flow, we can make use of analogous 
results in turbulent diffusion [7]. The average (nonrelative) concentra- 
tion at the point x,, x, or x, at the instant of time t is equal to the 
sum of the concentrations arising from a source after a time from t, to 
t, where t, is the time of start of operation of the source: 


t 
(21, 22, 25, t a) dx 


exp SE 4 =—— == |} da 
2 2 

(xi x5 3) zt 


In the case of a continuously acting source we have to set t, = — ©. 
We thus obtain the steady distribution of relative concentration pre- 
sented in the paper [7]. In the same way the solution can be obtained 
for the problem of the steady distribution of mean concentration arising 
from an infinite line diffusion source. This problem has practical im- 
portance in filtration* — namely, such conditions arise in the plane 
homogeneous flow of a fluid in a stratum of finite thickness, when the 
indicator is added through one of a series of bore-holes uniformly placed 


e through the thickness of the stratum. Measuring the concentration at at 
. 

a least two other bore-holes, we can determine the field of concentration, 
4 and consequently also the diffusion parameters of the stratum. It is 

— 


The author is greatly indebted to V.M. Shestakov for consideration of 
this question. 
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assumed that through all the said bore-holes no significant quantity of 
fluid either enters or leaves the stratum, in order not to disturb the 
conditions of homogeneity of the flow. 
The solution has the form[7 ]: 
exp (— —) K 5.4 
V P| "A a (9.4) 


Let us seek such a solution of the homogeneous linear problem of mixing 
of a dye with the main fluid in motion in a porous medium. In this case 
equation (5.3) will have the following form: 


with the initial condition 


“g(x, 0) = f(x) 


The solution is easy to find if we reduce equation (5.5) to the 

general equation of heat conduction by the substitution 

\ w(t) de (5.7) 

0 
and make use of the representation of the solution of the equation in the 
form of a Poisson integral. Then in the case of a rectangular shape of 
the initial distribution of the concentration, fly) = 9 when !y| > a 
and f(y) = 1 when |y!< a, the solution wil! have the following form: 

t 


The formula (5.8) is found to be completely confirmed by the results 
of experiments [13], where the coefficient of diffusion D = A,w was de- 
termined at five experimental points (0, t): 


D, = 2.60-10°, D, = 1.70-10°?, D, = 1.84.10, 
D, = 1.80-10°°, Ds; = 1.65-10°? em? cex™ 
The mean value of the diffusion coefficient De 1.92 x 10°%cm’sec™!, 


and the mean value of A, is equal to 0.107 cm. 


Accordingly, D, >> Dy = 107° em’ sec”! which confirms the 
essentially different nature of the mixing from molecular diffusion. 


In conclusion the author records his pleasant duty to thank G.I. 
Barenblatt for valuable discussions on the questions touched on by thas 


paper. 
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ROTATION OF A CYLINDER WITH A VARIABLE ANGULAR 
VELOCITY IN A VISCO-PLASTIC MEDIUM 
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A. 


I. SAFRONCHIK 
(Saratov) 


(Received 18 May 1959) 


The paper contains the formulation and the solution of the problem on non- 
steady flow of a visco-plastic medium, surrounding a cylinder which 
rotates with a variable angular velocity. A method is developed to solve 
plane, axially symmetric "problems with a sought boundary" for parabolic 
equations. An equation is found for the determination of the radius of 
propagation of visco-plastic flow. 


1. Formulation of the problem. Let a rigid cylinder of radius R 
be placed into a visco-plastic medium, occupying all space, and let it 
rotate in this medium with an angular velocity w= w(t). We shall study 
the motion of the medium adjoining the cylinder. By contrast to a viscous 
fluid, the flow will extend only a finite distance from the rotating 
cylinder while the remaining part of the medium will be at rest. The 
radius of the zone of the visco-plastic flow depends on the properties of 
the medium and the angular velocity of rotation of the cylinder, and is a 
function of time, a priori unknown. 


Due to symmetry the flow is described by a single equation 


for t> 0, R<r< ro(t), where v is the tangential component of the velo- 
city, p is the density, » is the coefficient of viscosity, 7, is the 


limiting shear stress. The boundary and initial conditions are 


v(r,0) = F(r) for R<r<ro(0) (1.2) 


v (R, t) 


Ro (t) (1.3) 


Uy (To (t), t) =0 (1.4) 


23 
(ro(t), t) = 9, 
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for t > 0. The conditions (1.4) express the vanishing of the velocities 
of rotation and slip on the boundary of the visco-plastic flow, whose 
radius is designated by r,(t) and is to be determined. Such general form- 


ulation of the problem may be found in [1 }. 


Let w, be a characteristic angular velocity and v the coefficient of 


kinematic viscosity. 
Let us introduce a dimensionless radius, a time and an angular velo- 
city by the formulas 


(t) 


Ww (y) = 
and let us reduce the equation of motion and the boundary conditions to 
the dimensionless form 


(1.5) 


Ou 
v's i<2zr<3(y) 


oe 
Ox 


Here u(x, y) is the dimensionless velocity, 5(y) is the dimensionless 
radius of the zone of visco-plastic flow, S is the Saint-Venant parameter: 


(1.6) 


The boundary conditions (in the following they will be understood as 
the limiting ones) take on the form: 


lim u (x, y) = = Q(z) for y~+9, (i<r< 


lim u (x, y) = w(y) for r+1+0, y>0 


lim y) = 90 for (y) 


lim 2" (zy) (1.10} 


Or 

Here 5. is the initial radius of the zone of visco-plastic flow. The 
formulated boundary value problem is a typical "problem with sought bound- 
ary* for an equation of the parabolic type. One of the most effective 
methods of solution of such problems is the method of Kolodner [2], 
suggested by him for linear problems on phase changes. This method permits 
to find the unknown boundary of the region without constructing a solution 
within the region itself. An analogous method for plane axial ly-symmetric 
problems is developed in the present paper. 
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2. Construction of solution. We shall seek the solution of 
equation (1.5) in the _ 


u(x, y) y+ af () exp (—= 


(2.1) 


As is easily verified, the second term satisfies for all x and y > 0 
the equation 


show that 


8, 
1 


that for large arguments 


and introducing a new variable of integration a = (€ — x)/2yy, we ob- 
tain 
8 


. 1 z* + > \ 
lim \ (E) | Jexp (— -) = 


y>+0 


8, 
im | V ED (E)exp ( — 


24 V y D(x 22 V = D(z) 


(8, —2z)/2) /2 (1—2r)/2Vy (1 <2 < 


The passage to the limit under the integral sign is permitted, since 


the function P(x) is assumed to be continuous. At the end of the interval 
the limit depends on the path of approach to the points M,(1, 0) and 
M,{5., 0). If the approach is along the straight lines x = 1 and x = 5, 
this limit equals 1/2 ®(1) = 1/20(5,) = 0, 


For the function A(x, 
problem 


y) we will have 


the following boundary value 


a) { } 9) 3 
oy Ox? x* © (y)) (<.9) 


lim} (2, y) = 0 for 4, (2.4) 
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lim (2, y) = W (y) 4+- 2Sy 


for z 


8, 
lim (x, y) \ (E) J, 


(for x — 3 (y) 


(x, y) 


(for xz — 3 (y) 


Let us delimit the region of variation of y; then the region in which 
the solution will be sought will be the region D |}0< y<¢ y,, 1< x< 
5ly)}. Let DIO< y< yo, Sly) < x < wf be the supplementary region of 
D_. Let us extend the determination of the solution into the region D,, 
assuming that A = 0 for QED,, then the boundary conditions for A remain 
the same. Let us denote by D the closure of D_ and D, in the set 
EL 0<y< Yor Lx y| O{, and by D the interior of D. 
Obviously, neither D, nor D depend on 5(y). The quantities A_(x, y) and 
A, (x, y) will be determined as A,(M) = lim A(Q) for Q+ W(x, y), where 


VED... 
Let us seek the solution of the equation (2. 
fying the conditions (2.4) and (2.5) and two jump conditions on an 


3) am the region D, satis- 
arbi- 


trary curve x = 5(y): 
lim i(z,y) (y) 


r-»8(y)+0 —0 


OW (x, y) OA (zx, 1 
lim lim (y) 
x-—-8(y)+0 x »8(y)—0 ad 


Furthermore, we require that the conditions would satisfy 


h(oo, y) = 0 (2.10) 


and that the constructed solution be bounded together with its derivative 
in the region D. It will be shown below that this problem has a solution 


and that it is unique. 


The solution will be obtained in the form of a sum of a reeular 
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— 5 (5) /, (5) exp (— /(y) 
53. 28 
— and y > 0) (2.6) 
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Or o* (y) <y 
1 
ryt 52 
J @ ( 56 (y) j > ge WwW 
> b(y) 1, | Dy exy \ hy } (y) 
959 
— 0 and y > 0) (2.7) 
ae 
(2.8) 


1508 A.I. Safronchik 


solution @( x, y) and a non-regular one N(x, y). We shall require that 
the function @( x, y) satisfy the zero initial condition and the condi- 
tions 


lim @(z,y)= f(y) — N(l,y) for x~140,A(c, y)=90 (2.11) 


and the function N(x, y) in additon to conditions (2.4), (2.8), (2.9) and 
(2.10), also satisfy the condition N(0, y) = 0; then the sum of the 
solutions will satisfy all the conditions of the formulated problem. 


The regular solution @(x, y) may be understood as the distribution 
of velocities in the viscous fluid for a rotating cylinder with an aneular 
velocity aly) = fly) — NQ1, y). This solution may be represented in the 


form [ 3 } 


H(z, y) a {y) x (0) \ J; (pr) (p) (p) Na (pe) do + 


a Ss? (p) + (p) p 

2 J (px) Ny (p) — J; (p) Nu (px) 

\ (p) + (p) \ (y)¢ dydp (2.12) 
0 0 


where J,(p) and N.(p) are Bessel and Neumann functions of the first order. 
The non-regular solution will be sought in the form of a sum of integrals 
of the type of potentials of simple and double layers of heat sources, 
uniformly distributed on the circle of radius x = 5(y). The strengths of 
the sources are selected such that conditions (2.8) and (2.9) be satisfied. 
Let us show that the unique solution will be 


y 7] 


N (x. y) \ G(x) ay \ A (9) ay T (2.13) 
0 0 
‘ (n) (4) I, (. x2 32 (n) 


5 (n) 
y— 7, exe | 


Here 


7)? \2 (y — 2(y — 


H (7) = 7, (7) ;)exp 


y¥—% 2(y— 4 (y — ) 


It is easily verified that (2.13) for x 4 5(y) satisfies equation 
(2.3), the initial condition (2.4) and the conditions for x = 0 and x = ~. 
Let us prove that the conditions (2.8) and (2.9) are also satisfied. Let 
us designate the first two terms by K, and the third by K,, and let us 
investigate their properties. 


VOL. 
? 2 
(2.14) 
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(a) Properties of K,(x, y). We split the interval of integration into 
two: one from 0 to y—« and the other from y — « to y. Then K, can be 
represented as a sum of integrals,and having selected « > 0 sufficiently 
small and employed asymptotic expansion or a Besse! function of a large 
argument, we obtain 

y—e y—e 
I ’ 
AK, (2, y) ; \ G (4) dn — \ H (1) 
0 
[z — (»)/? 


(2.15) 


The first two terms have no singularities and are continuous diffe- 
rentiable functions. The third term represents a combination of linear 
thermal potentials of simple and double layers. In paper [4] it was 
shown that such a combination has a discontinuity on the curve x = 5(y), 
and the jump equals ¢fy). It is assumed thereby that the function 5(y) is 
continuously differentiable, is never-vanishing, and that 5°(y) < C/yy. 
The function ®(x) is assumed to be continuously differentiable and its 
derivative satisfying the Lipshitz condition in the interval (1 < x < 8.). 
Calculating the derivative 0K,/dx, we find that it has a jump on the 
curve x = 5(y), which equals dly)/25 (y). 


(b) Properties of K,(x, y). The function K is represented as an inte- 
eral of the type of a potential of a simple heat layer and is therefore 
continuous. Its derivative, within a factor, is expressed by a linear 
thermal potential of a double layer, which has a discontinuity on the curve 
x = 5(y). Carrying out calculations we find that the jump is 


From the properties of K, and K, it follows that their sum satisfies 
the conditions (2.8) and (2.9). The proof of uniqueness of the obtained 
equation is the same as in paper [4]. 


If we require that 


(2.16) 
lim _ 


limi(z, y)=0 for (y) +0, for rb (y)+0 
then conditions (2.6) and (2.7) will be satisfied. This concludes the 
proof that A(x, y) = O(x, y) + N(x, y) is the unique solution of the 
boundary value problem (2.3) to (2.7). But the constructed solution con- 
tains the so far arbitrary function 5(y). For its determination we have 
two equations (2.16). It may be shown that an arbitrary solution of the 
first equation (2.16) also satisfies the second equation of (2.16) and 


. 
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vice versa (for proofs the reader is referred to the papers[2] or[4]). 


Thus, if at least one of the equations (2.16) has the unique solution 
for 5(0) = 5, then it is this solution which yields the sought radius of 
the extent of visco-plastic flow, while (2.1) gives the distribution of 
velocities of this flow. We note that the question of uniqueness of the 
solutions of equations (2,146) has not as yet been resolved in a general 
form. For a series of concrete problems such proof may be found in the 
literature. An estimate of the constructed solution "in the large", that 
is for 0 < y < «, may be given, but to this end supplementary investiga- 
tions are required, which we have not presented here. 


(c) The case of a bounded medium. In the preceding section we have con- 
structed the solution for the case of an unbounded medium. If the visco- 
plastic medium has finite dimensions, the problem is somewhat more com- 
plicated. Let us consider the most simple case which will serve to clarify 
the mechanism of the flow propagation. Let the cylinder of the radius R 


be placed in the visco-plastic medium, whose boundary is of radius R,, 


and let the cylinder start to rotate from rest with constant angular velo- 
city w= const. Obviously, a non-steady flow of the materia! is induced, 
which asymptotically approaches to a steady state as y + ~. The distribu- 
tion of velocities for steady state flow is given by 


(£-—142in—} (3.1) 
21 a p/ 
and the radius of the zone of the extent of flowp is given by the solu- 
tion of the transcendental equation 
9 \2 \2 2uw 
If p < R, then the boundary of the medium cannot influence the evolu- 
tion of flow. Its influence becomes noticeable only for p > R,. Up to the 
instant for which the flow does not reach the boundary of the medium the 
distribution of velocities obeys the same law as in the case of the un- 
bounded medium, and commencing with this instant the law of flow will be 
changed. To find this law a new boundary value problem must be solved, 
omitting the condition of vanishing slip velocities at the boundary of 
the medium. Such a solution is given in[ 1]. However, the author does 
not take into account either the influence of the dimensions of the medium 
or the regions of validity of the solution obtained by him. In construct- 
ing the solution the author assumes that the whole medium is brought into 
rotation instantaneously; in such an approach the fundamental problem 
regarding the evolution of the zone of flow and of the determination of 
its radius remains unclari fied. 


In conclusion the author expresses his gratitude to S.V. Fal ’kovich 
for advice in the preparation of this paper. 


4 
| 
7 
23 
Pog 


Rotation of a cylinder in a visco-plastic medium 


BIBLIOGRAPHY 


Bakhshiian, F.A., Vrashchenie zhestkogo tsilindra v viazko-plastich- 


noi srede (Rotation of a rigid cylinder in a visco-plastic medium). 
PMM Vol. 12, No. 6, 1948. 


Kolodner, I.1., Free boundary problem for the heat equation with 


applications of change of phase. 
No. 1, 1956, 


Comm. Pure Appl. Math. Vol. 9, 


Slezkin, N.A., Dinamika viazkoi neszhimaemoi zhidkosti (Dynamics of 
a viscous incompressible fluid). Gostekhteoretizdat, 


Moscow, 1955. 


Safronchik, A.I., Neustanovivsheesia techenie viazko-plastichnogo 


materiala mezhdu parallel’nymi stenkami (Non-steady flow of a 


visco-plastic material] between parallel] walls). PMM Vol. 23, No. 5, 
1959. 


Translated by 


| 
OL. 
23 
959 
a 
4 
4 
q 
¢ 
4 


THE STABILITY OF THE ROTATIONAL MOTIONS OF A 
SOLID BODY WITH A LIQUID CAVITY 


(OB USTOICHIVOSTI VRASHCHATEL’ NYKH DVIZHENIT 
TVERDOGO TELA S ZHIDKIM NAPOLNENIEM) 


PMM Vol.23, No.6, 1959, pp. 1057-1065 


V.V. RUMIANTSEV 
(Moscow) 


The author here considers the stability of the rotation of a solid body 
with a cavity filled entirely or partially (containing a bubble) with an 
ideal imcompressible homogeneous liquid. 


Zhukovskii gave the general solution of the problem on the motion of 
a solid body with cavities filled completely with an imcompressible 
liquid [1]. On the basis of Zhukovskii’s results, Chetaev [2] solved 
the precisely stated problem on the stability of the rotational motion 
of a solid body with cavities filled completely with an ideal liquid in 
vortexless motion. 


Along with the exact methods, there were developed approximate pro- 
cedures [3] for solving the problem on the motion of a solid body with 
liquid filled cavities. 


Sobolev [4] applied the methods of functional analysis to the linear- 
ly formulated problem on the stability of the rotational motion of a body 
with cavities filled completely with an ideal liquid. The work of Krein 
[5 ] is devoted to the application of Sobolev’s method to the solution 
of the problem on the motion of a body with liquid filled cavities. 


On the other hand, the theory of the motion of a body with cavities 
that are not completely filled with a liquid has as yet not been suffi- 
ciently developed. Researches along this line deal mainly with the problem 
of small oscillations around the equilibrium position of the vessel with 
the liquid. This topic was considered in the works of G.E. Pavlenko, L.N. 
Stretenskii, D.E. Okhotsimskii, B.I. Rabinovich, N.N. Moiseev, and G.S., 
Narimanov. 


Of special importance in research problems on the stability of solid 
bodies are certain works on the study of the stability of the forms of 
relative equilibrium of a rotating liquid, in particular, the works of 
Liapunov [6,7] and Poincaré [8]. In his work [8], Poincaré studied the 
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small oscillations of a free liquid subject to Newton’s law of gravita- 
tion. He considered the oscillations of the liquid in the neighborhood of 
its relative equilibrium position, and obtained certain results on the 
stability of figures of equilibrium. Poincaré confined his considerations 
to the linear equations of the first approximation, which he obtained by 
neglecting in the differential equations of the problem certain terms 

that he assumed to be small. Since the validity of the replacements of 

the original equations of the problem by linear equations cannot be proved, 
and since such a replacement simply substitutes for the original problem a 
new one whose solution may have nothing in common with the original one, 
it was pointed out by Liapunov [7] that the results obtained by Poincaré 
cannot be considered as having been rigorously established. 


Liapunov revealed the difficulties which one meets in the study of the 
stability of continuous media; thus, in particular, there can occur in a 
liquid extensions which are large in linear dimensions but small in 
volume, are threadlike or laminar and contain little energy. In this con- 
nection it was shown by Liapunov that one is not justified in drawing con- 
clusions on the basis of analogies between the case of a finite number of 
degrees of freedom and the case of motion of continuous media. 


As is well known, the general problem on the stability of motion of 
continuous media has not been formulated up to the present time; the 
attempts made in the literature to state this problem as a problem on the 
stability with a finite number of degrees of freedom cannot be considered 
to have been successful. 


In the present work there is chosen a different line of approach whose 
principal idea can be described as follows. 


In the problems on the stability of motion of liquid-filled bodies, we 
are interested chiefly in the question of the stability of motion of the 
solid body; the question of the stability of motion of the liquid is of 
interest to us only in so far as the motion of the liquid exerts an effect 
on the stability of motion of the body as a whole (it is of course obvious 
that these two aspects of the problem are interconnected). In this con- 
nection it is natural to put the question of the stability of the motion 
of our system relative to all the variables which characterize the motion 
of the solid body and the motion of the liquid. In such a setting the 
problem of the stability of motion of the solid body, and of the liquid 
contained in its interior, leads to the investigation of the conditional 
stability of the system, that is, the stability relative to certain ones 
of the variables, and not to all of them that determine the motion of the 
mechanical system with an infinite number of variables. This problem is 
solved in this paper with the aid of Liapunov’s second method and by 
starting out with the complete equations of the perturbed motion. 
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1. Equations of the perturbed motion of the system. Let us 
suppose that the central ellipsoid of inertia of the solid body is an 
ellipsoid of revolution, and that the completely or partially filled 
cavity of the body has the form of a solid of revolution. The liquid is 
assumed to be an ideal one. The center of inertia of the system will be 
taken as the origin of the system of coordinates, O,%,¥42 , whose axes 
will have fixed directions in space. The equations of motion will be re- 
ferred to a system of coordinates, Oxyz, which is fixed with respect to 
the body, and whose origin O coincides with the center of inertia of the 
body, while the axes are directed along the principal axes of inertia of 
the body. Let the axis of rotation of the cavity coincide with the axis 
of rotation of the ellipsoid of inertia of the body; we take this axis 
to be the Oz-axis. 


We shall consider the case when the equations of motion of the system 
relative to the center of inertia [2] can be written in the form[9 ] 
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Here A = B, C denote the principal central moments of inertia of the 
body, @ is a constant which characterizes the moment of the tilting 
couple; y,, y, and y, are direction cosines of the axis of the fixed 
direction O,z,, relative to the axes x, y and z of the moving system of 
coordinates; @,, @, @, are the projections on the axes x, y, z of the 
vector of the instantaneous angular velocity of the body, Bi» Bo» Bz are 
the projections on the x, y and z axes of the vector of the moment of 


momentum of the liquid in its motion relative to the system of coordinates 
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5243 are the projections on the x, y and z axes of the 
vector of the velocity of the center of inertia O of the body in its 
motion relative to the inertia O, of the system; u, v and w are the pro- 
jections of the vector of the velocity of the particles of the liquid 
relative to the solid body in its motion relative to the system of co- 
ordinates O,%,¥,;2,3 p is the density of the liquid, p is the pressure. 


It is not difficult to see [9] that the equations of motion (1.1) to 
(1.4) of the system possess the following first integrals: 


T,+T.-4 ay, h, (Am, £1) (Aw, £2) (Co, £3) Ys k 


(1.5) 

where T, stands for the kinetic energy of the body, T, is the kinetic 

energy of the liquid, u = ay, is the potential energy of the external 

forces acting on the system, h, k and w,” are constants of integration. 


It is easily seen that the equations (1.1) to (1.4) have the following 
particular solution: 


My) 0, 


(1.6) 
Lo 0, 3 ‘1 


%2= 0, Ts 


which corresponds to the uniform rotation of the solid body around the 
Oz-axis, which here is parallel to the axis 0,z,, while the motion of 
the liquid is stabilized and the liquid, in particular, can be (under 
certain conditions) in the state of relative equilibrium 


y*) dt (1.7) 


or may be at rest relative to the system O. x.y. 


u = wy, v= — or, w = 0, g=0 (1.8) 


(for example, in the case of the vortexless motion of the liquid [1 ]). 
Here r denotes the region of the space xyz occupied by the liquid at the 
given moment, andr, stands for the region? in the unperturbed motion. 


The motion of the system described by the particular solution (1.6) 
will be taken as the non-perturbed motion of the body and of the liquid 
within the cavity. We shall investigate the stability of this motion. 


Equation (1.1) shows that the motion of a solid body depends on the 
kinetic moment of the liquid and on its rate of change which, in turn, 
depends on the motion of the body. In this connection it is natural to 
investigate the stability of motion of our system relative to the pro- 
jections @,, @, @, of the instantaneous angular velocity of the body, 
and relative to the projections g,, g,, g, of kinetic moment of the liquid 
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upon the fixed axes, and also relative to certain parameters which 
characterize the position of the body in space. Such parameters can be, 
for example, the Euler angles, of the Krylov angles; below we select for 
such parameters the direction cosines y,, y,, Y, of the 0,2,-axis rela- 
tive to the x, y, z-axes. These parameters are chosen as quantities which 
directly characterize the tilting moment that acts on the system. We note 
that the kinetic moment of the liquid determines as an integral (but not 
completely) the motion of the liquid. From this it follows that the 
stability of motion of the liquid relative to the projection ‘upon the 
moving axes) of the kinetic moment of the liquid is a conditional stabil- 
ity, that is, a stability of the motion of the liquid relative to some 
but not to all of the variables which characterize the motion. 


Thus, we shall study the stability, in the sense of Liapunov, of the 
rotational motions of the body and liquid relative to the variables 


We, Ws, 83, 82, Ba, Yor V1, Vo, (1.9) 


which for the nonperturbed motion take on the given constant values (1.6). 


In this manner we have reduced the problem of the stability of motion 
of the considered system with an infinite number of degrees of freedom to 
the investigation of the stability of the system relative to a finite 

number of quantities (1.9). 


Let us construct the equations of the perturbed motions of the systems 
which will be applicable to the case when the perturbed motion is a uni- 
form rotation of the body and liquid as one solid body. For the case when 
the unperturbed motion of the liquid is the state of rest, one needs only 
to set g = 9 in the results. If for the perturbed motion we set 


= @-+ £3 = > 


(1.10) 


and substitute (1.10) into the equations (1.1) to (1.4), we obtain the 
following equations for the perturbed motion of the system: 
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If the cavity has the shape of a body of revolution and if A = B, then, 
as is shown in the work [9%], there exists the integral 


@; = @,° = const 


and hence, during the entire course of motion, 


= w,° — = const (1.15) 


It is possible to establish three more integrals for the equations 


(1.11) to (1.13). 


Let us multiply equations (1.11) by @,, @,, @, respectively, and add 
the results; let us multiply equation (1.12) by u, v, w, respectively and 
add them. We multiply the result by p dr and integrate over the total 
volume r occupied by the liquid, and then we add this result to the equation 
obtained earlier. In consequence of this we will have an equation from 
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which we obtain directly the following integral 


+M +- v5”) + (Aw,? +- 2C wk +- CF) 4 


p\(u* + w*) dt +- {lense — (w 4 E) + [(w + 2 — 


+ —Wer)*} dt + p\ {u [vy + mez — (wm 4+- E) 4+- E) — + 
t 


+ — dt + \ { — (@ +- &) y] + v2 [(@ + — + 


+ v5 — )) dz -+- al = const (1.16) 


Here M= M, + M, is the mass of the system. This integral can be re- 
presented, in view of (1.14), in the following form 


M (v,? + v.? + v,") + [ + Ams? + + CE] - 
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\(u® + +- w*) d= 4 * + + on+(g+n)E}+ (1.47) 


o\ {(u +- vy) [@oz— 4+-(v + v2) [(@ + &) — 


-++- (@yy— dt \(ur,- vte+wr,)dt+ al = const 


Let us mltiply (1.11) by Y;» Yo» 1+, respectively, and add the 
results. We thus find another integral 
(1.18) 


(A@, + £1) ¥1 + (A@s + 82) + CE+ 4 + [C (+ + + = const 


If we mltiply the equation (1.13) by y,, y,, 1+ ¢, respectively, and 
itemize by parts, we shall then find a further integral 


(1.19) 


In the investigation of the stability of the unperturbed motion we 
shall consider the perturbed motions in the general form without restrict- 
ing them in any way. 


2. Certain conditions of stability. The mechanical system under 
consideration is a conservative one, therefore it cannot be asymptotically 
stable. Indeed, it follows from Chetaev’s theorem [10] that to every 
characteristic number different from zero there corresponds a negative 
characteristic number; the perturbed motion of the system will thus be 
unstable. Hence, the unperturbed motion of the system can be stable only 
in the case when all the characteristic numbers of the system are zero, 
i.e. only in the case that is critical in the sense of Liapunov, when the 
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first approximation does not suffice to draw conclusions about the 
stability of motion. 


In our problem, however, the integrals (1.15) to (1.19), as well as 
their linear combinations are not of definite sign relative to the vari- 
ations of the variables (1.9). In order to bypass this difficulty, we 
make use of the following inequality established by Liapunov [6], which 
in our notation has the form: 


< 2T,S (2.1) 


Here S denotes a quantity which is proportional to the largest of the 
principal moments of inertia (for the point 0) of the liquid at any 
arbitrary instant of time. 


Taking into account the notation (1.10), the inequality (2.1) for the 
perturbed motion of the liquid can be rewritten in the following form: 


+ +(e + 9)? < 2728 (2.2) 


where T, stands for the kinetic energy of the liquid in the perturbed 
motion, while g,, g, and are determined by the formulas (1.14). 


Let us introduce into our consideration the function 


H, = + Aw,” Aw,” C(@- 
M, (v,? »2 C (2.3) 


Turning our attention to the inequality (2.2), we can convince our- 
selves that, for the consideration of the perturbed motion of the system, 


we have the following inequality: 
Hi H=T+U=h (2.4) 


Here H denotes the total mechanical energy of the system during its 
perturbed motion. 


Making use of the function H, and of the integrals (1.15), (1.18) and 
(1.19), we construct, by means of a linear combination of these functions, 
a new function V that is of definite sign. 


In view of the inequality (2.4), the function V will be bounded from 
above and the conditions of its positive definiteness yield (in accord- 
ance with Liapunov’s theorem on stability) sufficient conditions for the 
stability of the rotational motions of the solid body and of the liquid 
contained in the cavity. In this manner the function V serves to solve 
the problem on the stability within that bounded region of the space of 
variables é, Bor Vue Cs V>, Vz, Where the equation 
V = 0 yield a system of closed bounded surfaces. 
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Let us now construct the function V. 
From the integrals (1.18) and (1.19) we find 


(2.5) 
=const — (Aw, 4 ++ + — of 


(2.6) 


Substituting for » and ¢ in the expression (2.3) their values given 
by the formulas (2.5) and (2.6), dropping the unessential constants, and 
adding the terms €*C(C — A)/2A and C(g/S — w)&, we obtain the function 


V A -!- 


g 
S [(Ao, 


which can be rewritten in the form 


W,4+-W,- 


Here we have introduced the following notations: 


2W,(E, ©) - 2+ 4 (Co 4 


and the function W,(@,, g,, y,) is similar to the function W,(o,, g,,y,). 


The discriminants of the quadratic forms ¥, and W, can be written ex- 
plicitly as 


A ‘ 


In accordance with the criterion of Sylvester a quadratic form is 
positive-definite if and only if all of the principal diagonal minors of 
its discriminant are positive. In consequence of this we obtain the 
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following condition for the positive definiteness of the functions W,, 


and W.: 


(Co — + —aS > 0. (2.9) 


Thus, if the condition (2.9) is fulfilled then the function V is 
positive-definite relative to the variables é, By» Bo» Yo» 
ei Vir Uae Uo; the function V is bounded from above. Hence, un accordance 
with Liapunov’s theorem, the relation (2.9) is a sufficient condition for 
the stability of the rotational motion of a liquid-filled solid body in 
terms of the quantities (1.9). 


The positive-definite function V can also be constructed in a diffe- 
rent way [10]. Let us multiply the function (2.3) by Cw, the integral 
(1.19) by 2a, and add the results. After this we replace ¢ by its value 
as given in (2.6) and add the terms 


(2.10) 
We thus obtain, up to within some constants, the following expression 
for V 


—2a [(Ae, 1) 


where 


we have made use of the following notation 
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explicitly che discriminants of the quadratic forms W, and ¥W, 
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C*w* +- 2C we — 4(A -! S)a>O (2.12) 


If during the entire course of motion 


Ca ‘ ‘ ‘ ‘ 
{ - 2a\7 () (2.13) 


then, under condition (2.12), the function V will be positive-definite 
and bounded from above in view of the inequality (2.4). By Liapunov’s 
theorem, the conditions (2.12) and (2.13) will then be sufficient condi- 
tions, relative to the quantities (1.9), of a hollow solid body contain- 


ing a liquid. 


It should be noted that in the absence of the liquid within the hollow 
of the body (when one has to suppose that g = 0, S = 0, 8,= 8 =n-= 9), 
the condition (2.12) goes over into the well known condition of Maievskii 
for the stability of projectiles 


(.-@) — 4Aa 


As an example let us consider the case of the potential of the motion 
of a liquid completely filling a cavity shaped like a body of revolution. 
As is know [1], the uniform rotation of the body around the Oz-axis of 
the cavity does not give rise to any motion of an ideal liquid that is 


at rest, and g = 0. In the perturbed motion, the velocities of the 
particles of the liquid are determined by the potential dfx, y, z, t) of 


the velocities, where 


Yi do (2, y, Z) We 


and one can easily see that 


o\ o(xm yn) dz 0) 


because along the walls of the cavity o the following condition holds 


() 


Tin — 


where m and n denote the direction cosines of the exterior normal to the 
surface o. Hence, in this case the condition (2.13) is satisfied while 


condition (2,12) takes on the following form 


L(A Sia 0) (2.14) 


When this condition is fulfilled, the rotational motion of a solid 
body with a liquid content will be stable. 


We note that a stability condition of the type (2.14), valid for al] 
was first obtained by 


bodies containing a liquid with vortexless motion, 
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Chetaev [2] when he was considering the stability of an equivalent solid 


body; in that case the quantity S represented the equatorial moment of 
inertia of the equivalent solid body. 


In conclusion we emphasize once more that the stability of the rota- 
tional motion of a solid body with liquid content under the action of a 
tilting moment is attained by means of gyroscopic stabilization, and that 
the latter, as was shown by Kelvin, cannot occur when the system is acted 
upon by a dissipative force with a loss of energy under arbitrary dis- 
placements of the system. Since in real situations there always exist 
small dissipative forces, the gyroscopic stability will always be des- 
troyed. In view of this, Kelvin suggested that a distinction should be 
made between “temporary” stability, which can be achieved with gyroscopic 
stabilization, and "secular" (or permanent) stability which exists under 
the action of potential forces only. It is obvious that the stability 
within our system has the character of the "temporary" stability, and 
that our system is unstable in the "secular" sense. Chetaev [ 10 | 
succeeded in proving a theorem on the instability of the motion of a 
solid body by taking into account dissipative forces. It seems that this 
theorem is also valid for the rotational motion of a solid with a cavity 
containing a liquid. 
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l. Let the coefficients 7,(t) and q,(t) of the equation 


r 0 (1.1) 


be continuous periodic functions of the real period w. It is known that 


\ a(t) de — (dy + (1.2) 


where A, andA, are characteristic exponents of solutions of the equation 
(1.1). They are real numbers. 


3 


The equation (1.2) gives an example of a function F of the coeffi- 
cients of the equation (1.1), namely, F 1, which has the following pro- 


perties: its mean value over the period is a function of the character- 
istic exponents A, and A. whose structure does not depend on 4, as a 
function of time. 


The existence of another similar function with a mean value different 
from A, + A, would permit the evaluation of A, and A, by means of a finite 
number of standard operations on the coefficients of the equation inde- 
pendently of the particular form the latter might have. 


One can show, however, that such a function does not exist. 


2. We shall make the statement of the problem more precise. Let us 
assume that the coefficients q,(t) and 7,(t) are continuous n-times 
differentiable functions and such that A, 4 A,. Then the independent so- 
lutions of the equation (1.1) can be represented in the form (2) 


if 
7 
23 
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xi = (ty (2.4) 
Here, and in what follows, 1 = 1, 2; b(t) is a periodic function of 
period 


From the existence and uniqueness theorem for the solutions of equation 
(1.1) and of the equations obtainable form (1.1) through n repeated diffe- 
rentiations, it follows that the functions ¢,(t) and their derivatives of 
order up to n+ 2 are continuous. 


We introduce the notation 


From the equations, which result from the substitution of each of the : 
solutions (2.1) into equation (1.1), we obtain 


qi 


A 


— Pipe” 


From these relations it follows that 
(x) (x+2 
qi 
where the b,. are continuous and depend on ¢, 


We shall consider all possible differentiable functions F, of the in- 
dependent * variables t, ..., &,'"**’ periodic relative to the ex- 
plicitly appearing variable t: 


F(t +, dy, de, == Fy (t, dy, Gay 


We shall subject these functions to the following conditions. (1) The 
mean value of Py over the period is a function ce, {A,, A,) of the charac- 
teristic exponents whose form depends on the form of ¢;(t) as a function 


It is assumed that the variable t, entering explicitly in F cannot 
be expressed in terms of integrals 


Loe) ae 
0 


where G is an arbitrary integrable, nonconstant function of the vari- 
ables 


1526 
n) 
23 
= — 
Ob Ob. 
io io ‘ 
O?1 
hz (2.3) 
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Le 
Fy [t, da, dos Pal" dt = (Dy, Be) (2.4) 
0 
(2) The arguments of the function F,, can be grouped so that in view of 
(2.3) for arbitrary ¢,'*) the following identity holds 


F, (t, a, he, r2)) = fg Vis ‘iad qo\™) 


x) 
The F,’. do not depend explicitly on A; and ¢;‘*’. 
The functions that satisfy conditions (2.4) and (2.5) we include in 
the class | F{. They are periodic in t and are such that the integral 


F [t, q, (t), dt 
0 
is a function of the characteristic exponents whose structure depends 
only on the choice of F. The arguments t, q,'*’ of F are independent. The 
following theorem holds. 


Theorem. If the n-times differentiable periodic functions are not all 
identical constants, and are such that A, #A., then for an arbitrary 
function F of the class} Fi the following identity is valid 


=| F [t, q(t), ge (Oj dt = (44 +e) +4 
0 
where and are constants independent of A 


It follows from the theorem that the characteristic exponents of the 
solution of the equation (1.1) cannot be expressed in terms of a finite 
relationship between the mean values of the functions of the class | Fi. 


Below we derive two lemmas with the aid of which the conditions (2.4) 
and (2.5) (that restrict the class of functions F) are formulated in a 
manner convenient for the proof of the theorem. 


Lemma 1. In order that the function F,, satisfy the condition (2.4) it 
is necessary and sufficient that the following equation be satisfied 


identically in the ¢; x). 


0 (2.6) 


Proof. Without loss of generality we assume that w= 27. The functions 
d; *) admit expansions into convergent Fourier series: 
cos kt sin At) 


k=1 


= 
(2.5) 
Ulie 
23 
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= 
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as 
ar , OF, in+2), OF, 
n+2 vy = Be. dt Aa } > Ae, (” 
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Sk a,” sin kt cos kt) 
k=1 
— (a, cos kt + sin At) 
-- 
k=1 


The functional 


Lt « 
0 


rin 
will not depend on the form of the function @;' *) if, and only if, 


oJ 


() 
o 


“cos kt . (— Asin Al) 4 —— (— cos ki) 
(1) (9 


sin At +- ——- k cos At 4+- —— (— k* sin At) 
Oo Aa Ac (9) 
Integrating by parts the appropriate number of times, and taking into 
account the periodicity of the function F,, we obtain 


on 
{ (F.)coskidt=0, - \¥ nee (F,) sin kt dt = 0 


0 


Furthermore, 
(F,) dt =0 


This establishes the lemma. 


We note that the content of the proved lemma does not coincide with 
the content of a very similar variational problem. Therefore the validity 
of this lemma is not a consequence of any fact known in the calculus of 
variation. 


Consequence. It is not difficult to establish that equation (2.6) is 
satisfied by any function F representable in the form 


where f is an arbitrary differentiable function periodic in t. 


Lemma 2. Let P be the rank of the functional determinant 


+ 
1528 
Tt 
(2) 
2 2 
We have 
aJ 1¢ fe 
da, \ BO \d 
uy 0 
da, 
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The function F,, will satisfy condition (2.5) if and only if r, < 2(n+ 


for arbitrary ¢,‘*’. 


The validity of the lemma follows from a known theorem in analysis 


[3]. 


We note that this lemma does not have a local character by the very 
nature of the condition (2.5) which mst hold everywhere. 


3. We now proceed with the proof of the theorem. 


We shall first show that the function F,, which is subject to condition 
(2.4) must be representable in the form 


F, Un? M+2) 1. = (3.1) 
with 


ou 
n 


Indeed, since the function F,, contains by hypothesis only derivatives 
of order not higher than n+ 2, the coefficients of the higher order de- 
rivatives in the operator (2.6) mst vanish. 


+2) 
m+ we have 


For the coefficients of ,?' 


/ 
Whence, 


wherein the second condition (3.2) is satisfied. 


The terms containing derivatives of order 2(n + 2) — 1 are generated 
by the last two terms of the operator (2,4): 


n ,a\" OF 
(—1) 


OF OF OF 
M i OF2 2 
n) n) Ags 1) 
A>, Ans de. n— 2) 
1) 
- 
Ov Ou 0 0A, 
4 
ELE 
rij 
n+1 in +1) cu ol aA 
dt 09; 09; 
+ 
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= 


The coefficient of the first power of the function g, (2"+ ) is 


dz; 


Setting t = 2 in this expression we obtain equation (3,2). 


For the sake of explicitness let us restrict ourselves to the case 
when n = 1, It is the simplest case but contains all the characteristics 
of the general one. 


We note first of all that the determinant 


12 A” o— (Agta) | 72 


is bounded and different from zero because of the linear independence and 
continuity of the solutions of equation (1.1). 


We require that the functions F. also satisfy the condition (2.5) 


According to lenma 2, with n= 1, we must have r, < 4. Hence one can find 


at least one set of values p,, #,, «++, fy, not all zero, such that 


09; 


(1) 
042 


0 G=o1, (3.4) 

These equations must be satisfied identically in ;' J), We note that 
u. # 9, for otherwise there would exist a linear relation between the 
rows of the matrix 4. But this is impossible since the fourth-order de- 
terminant of the matrix W, standing in the lower right-hand corner, 1s 
different from zero: 


| = D*? +0 


Thus, without loss of generality, #, = 1. 


Taking into account the linearity of the functions F., q,, 
relative to the d,\”/, and making use of the condition D#¢ 0, we can easily 
prove by differentiation equation: (3.4) with respect to ¢; >) that 


2 
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Here, 

. u, (i= 1) 

4= 

v, (i=2) 
du,, 
welt 
23 
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p=|™ 
ay ¢ 

lay, ay 0 0 


solutions of a second order 


hy = + 


where ip 
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[a 


and zx,“ are quantities independent of ¢;‘°’. 


Substituting the values Is and», into (3.4), equating to zero the 


coefficients of d; 3) 


(3.1), we obtain 


and taking into account the equations (2.3) and 


(3.6) 


(3.7) 


The system of equations (3.7) is obtained directly as a statement of 
the fact that the elements of the last two columns of the matrix M are 


linearly independent. 


The group of equations, obtainable from (3.4) by equating to zero the 


sum of the terms independent of ¢;'‘~’, 


ating uy 


has not 


from the system (3.5), and v, from the system (3.6), we 


been written out. Elimin- 


obtain 


with the aid of (3.7) the next set of equations 


O91 


— 


— 


thoy 
oc 
ri 


From this follows the existence of two identities in <,, 


Bus Vy a,, t) 0, X, Pus t) 0 


Au, 
eet 0 
(3) ao.” 
Bes 09; 
| 
ou Cay Oates Ode 
Ov, on , O92 
a 
— ———— -l- ty - — -+- ——— 
O92 OP2 O92 OP2 
Uy + + = 9, + = 
Ous Op, O72 0 
— oe Use — Ue 0 
= — Ago 20 72) 0 
092" 
(2) 
; 
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Furthermore, for arbitrary finite qi and t, 


0(X1, pig 
Ha) 
The equations X, = 0 are therefore solvable for pw, and py: 


ts = (Gy Fo, = (915 Jo, 2) 


The substitution of u, and v, from equations (3.7) into the equation 


(3.2) after some simple reductions with the aid of (2.2), yields the 
following equations 


Ours Ou, 


or 
992 


Hence, there exists a differentiable function 9,(9,, 9,, t) such that 
p, = 91> Hy = 0% ,/04,. On the basis of (3.2) we have 


on, (2) 


It follows, therefore, from equation (3.7) that 
— (91, 92, = 
(>) 


Making use of the last relations, we can reduce the function F = 
» (2) » (9) 
+ + A, to the form 
d 
F, ®, (91, Go, t) +- By(t, da, de, ¢ 


where B, is some differentiable funct*on not containing 4, 


In the general case (n> 1), a function Pe which is subject to the 
conditions (2.4) and (2.5), must necessarily be representable in the form 
(n+?) (n—}) 


B,(t, 


In accordance with lemma 0, Recause of the linearity 


of the operator ¥,, , (the superscript i has been dropped), we have the 
following relation: 


= Pause (d®,, dt) (B,) 
In consequence of Lemma 1, we also have 


/ dt) = 0 
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Therefore, = 0, But 


d\"*-) = 0, and the order of the 
operator has been lowered by one: , OF Bn) - 0. In entirely analogous 
manner one obtains 


B, (t, he, » og" = 
+ (t, hy, he, 


En (Bay) = 0 
Thus, 
n 
k= 
a ° 
= Plt, + Bilt, ¥,(B,) = 0 
Here P= + ... 
1 n 
The function B, must also satisfy the condition (2.5). In accordance 
with lemma 2, the correspondine equations (n = 9), in which 
+ Aa, hes 
are obtained in the form: 
Au Aa ja ide 
OF1 091 09 a OF2 i 
Uy + + eg, = 0 — = 0 (3.10) 
iA ab Oba OA, Ob ob. 
- hy — thy "he = 0 (3 11) 


The last set of equations is obtained by equating to zero all the 
terms free of d.\*' in the equations (3.4) written out 
Eliminating u. from (3.8) and vw, 
(3.1), we obtain 


for the case n= ©. 
from (3.9) with the aid of equations 


Ou 

Oo 
Ope 

O?1 OF1 1) O02 


Pairing off equations of the last two systems and takine into account 
the fact that D4 0, we obtain 


and, hence, = #,‘t) 


d 
(n—2) 
Ulie 
a 
ay 
A a 
= 
rey = a. (7 i, 2) 
99; 
. 
| 
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The system (3.11) reduces to a single equation 
Ay + = $(t) 
From the condition du,/d¢,'1) = a¢,'1), in view of relations 
(3.10), (2.2) and since D 4 0, we find that p, = 0. The systems (3.8), 
(3.9) and (3.11) reduce finally to three equations: 


= o(t), Uy + 401, = = 


Thus, 


By = + 4, r 4 Y(t) — + + dy) = Y(t) — 


We next show that pz, = const. From the equation ¥,(B,) = 0 it follows 
that 


d ¢ r 91 
B — ha, hoy Pol?) + (0) 


where € and ¢, are some differentiable functions independent of each 
other. But 


d 
= + Aad In A} 


On the other hand, 


= \ — \ dae ) 
Therefore, the quantity 


d 
thy + he) In Aj 


must be a total derivative with respect to t. This, however, is possible 


only if #, = const. Thus, 


Wy(t, Ras Ae, Pay 


is a function of the class |F{ of the most general type, and 


\ Fdt \ q,dt + \ = +p 


0 0 
This proves the theorem. 


4. By dropping in the expression for the function F the unessential 
term W(t), one may write the following equation, on the basis of what has 


just been proved. 


\ 
A, + 
d I 
Pits 
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d 


at 


Integrating this expression, setting f = Inf’, ®= In®’, and exponen- 
tiating the result, we obtain 


Such a representation of functions in terms of the fundamental solu- 
tions of the equation (1.1) is found in connection with a theorem due to 


Appel [1]. 


I express my deep gratitude to Chetaev, and also to the participants 
of the seminar directed by him at the Moscow State University, for help 


advice and criticism received. 


BIBLIOGRAPHY 


Appel, P., Mémoire sur les Squations difffrentieles, lineaires. 
Annales del’Ecole Normale Ser. 2, 10, 400, 1881. 


Goursat, E., Kurs matematicheskogo analiza (Course in Mathematical 
Analysis). Vol. 2. Gostekhizdat, Moscow, 1933 (Russian translation 


of the French original). 


FPikhtengol’ts, G.M., Kurs differentsial’nogo i integral’nogo ischis- 
leniia (Course in differential and integral calculus). Vol. 1. 


Gostekhizdat, 1948, 


Translated by H.P.T. 


a 
959 
q 


ON THE EVALUATION OF CERTAIN SINGULAR INTEGRALS 
WITH A KERNEL OF THE CAUCHY TYPE 


(0 VYCHISLENIT NEKOTORYKH SINGULIARNYKH INTEGRALOV 
S IADRAMI TIPA KOSHI) 


PMM Vol.23, No.6, 1959, pp. 1074-1082 


G. 


N. PYKHTEEV 
(Moscow) 


(Received 1 September 1959) 


In the solution of many problems of hydro-aerodynamics {1,2 } and in the 
theories of elasticity | 3,4 ] and filtration [5,6], there occur integrals 
with kernels of the Cauchy type defined on intervals of the real axis. 
Some of these integrals can be reduced by means of simple transformations 
to either one of two integrals of the following type: 


1 
J (zx) \ dt (— 1 r (O41) 
zx jt x 


These integrals exist in the sense of Cauchy’s principal value if the 


function f(x) satisfies Hoelder’s condition | 7,8 ] on the interval between 
the limits —1 and 1. 


With the aid of the transformation of variables x = cos @, t = cos @, 
the integrals J(x), I(x) can be written in the trigonometric form 


J (cos 9) 1 sin (( =x) (0.3) 
= Jcose — cos9 
0 


(cos 8) | de (0.4) 
) cos @ — cos 8 


In this form these integrals appear in the theory of wings [2,9 1. 
There exist many types of integrals which can be transformed to one of 


the integrals J(x) or I(x) by means of simple transformations and, hence, 
to either one of them. For example, the known singular integrals whose 


VOL. 
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The evaluation of certain singular integrals 


kernels are either the cotangent or logarithm, and which are met in the 
theory of waves and jets, can be reduced to the integrals J(x) and I(x) 
be means of the relations 


\ (cos ¢) dp J (cos @) (cos @) (0.5) 


0 


@) In| sin ? do = J (cos @) (0.6) 
do 2 2 


It is known that, due to the fact that the integrals J(x) and I(x) 
are singular, ore cannot directly apply many formulas of mechanical 
quadrature [13] for the evaluation of these integrals, even though those 
formulas may be valid for ordinary Riemann integrals. However, if one 
takes into account the properties of the integrands, one may with the aid 
of various transformations obtain various formulas for mechanical] quadra- 
tures that are applicable to singular integrals also. Such formulas. of 
mechanical quadratures were obtained by Multhoop [9] for the integrals 
(0.3) and (0.4), by Kalandiia [10] for the integrals (0.1) and (0.2), 
and by Simonov [11] for the integral (0.5). 
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Below there are derived formulas which make it possible to obtain 
approximate expressions for the integrals J(x) and I(x) and to estimate 
the error in the approximation. The obtained formulas contain functions 
defined in terms of elementary functions or in terms of rapidly converg- 


Tables are given for some of these functions. 


ing series, 


l. Let us introduce into our consideration the Chebyshev polynomials 
of the first and second kind 


= cos nare cos 2, = sin nare cos 


It is not difficult to sKipw that T(x) and U(x) satisfy the relations 


1 I 
1 ¢ J, Ta dt 
oe — \ 
x at T,, (2), r } n ( (1 L) 


“1 
Let the function f(x), which appears in the integrals J(x) and I(x), 
satisfy the Hoelder condition on the interval between the limits — 1] and 
1, Then the integrals J(x) and I(x) can be represented in the form of the 
series 


x 


I (x) : >} ant n(x) 
n=1 
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a \ s(x) (2) —— 1.4) 
3 


1 


Indeed, in this case it follows from the theory of the Fourier series 
that the function f(x) can be represented on the interval between the 

limits — 1 and 1 by means of a series in terms of Chebyshev polynomials 
of the first kind 


i (x) >; Gal a(x) e <1) 


l 


or in the form of a series in polynomials of the second kind 


J (x) > bal (x) | (1.#) 


Let us replace the function f(x) in the integral J(x) by the series 
(1.6) and in the integral (1.5) by the series (1.5). With the aid of the 
relation (1.1) we then obtain the formulas (1.2) and (1.3). The use of 
these formulas for the computation of the integrals J(x) and I(x) is not 
recommended, for the series (1.2) and (1.3) converge slowly, and the 


coefficients a_ and 6. must be evaluated by methods of numerical integra- 


tion. In the case when the series appearing on the right-hand sides can 


be summed in a closed form, the formulas (1.2) and (1.3) give the exact 

values of the integrals J(x) and I(x). If the integrals J(x) and I(x) are 
given in the trigonometric forms (0.3) and (0.4), the equations (1.2) and 
(1.3) take on the form: 


J» COS nf 


(cos 9) nf (1.8) 


The formulas (1.7) and (1.8) make it possible to use the results of 
the theory of trigonometric series in the investigation of the properties 
of the integrals J(x) and I(x). 


2. Let us consider the functions defined on the interval between the 
limits — 1 and 1 by the equations 


‘ 
— (x) (2.1) 


(s) x) 
(2) 
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We shall point out certain properties of these functions. The functions 
Py (x) and p,‘*’(x) have singularities of the logarithmic type at the 
points x= 1, and x = - 1; 


py (x) po™ (x) 


f+) (4) 
while the functions q,‘*)(x) and q,‘!)(x) can be expressed on the interval 
between the limits -land 1 in the form 


ay) (x) 1 —z?, { 


The remaining functions are continuous on the entire interval between 
-—1 and 1, We note also that p,\*)(x) and 7,\*)(x) are even functions, 
while p,\5/(x) and q,\*)(x) are odd functions, i.e. 


py (— 2) py (2), 


qi (— x) = (2), (2.3) 


If one makes use of the equations (1.1), it is easy to show that all 
the introduced functions satisfy the following integral relations: 


Pt) at 


= (x*) 


(sign x) 
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(x) = 2) ——U (2), = 2; —, Uan(z) (2.2) 
23 : 
(— 2) ps (x) 
+ > 
\ ‘Sten (t*) dt 
(t*) ‘ 1 (sign t) 
-\ ——— dt — (sign z) q, — = (s) 
(sign x) q," (x*), at = py (2°) 
where (2.9) 
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The equations (2.3) make it possible to restrict the computation and 
study of the properties of the introduced functions to the interval be- 
tween the limits 0 and 1. By means of a change of variables x = cos @, 


(s) 


( 
the functions p,\*/(x), s)(x) can be rewritten in the tri- 


gonometric forms: 


cos (2n 1)0 po (cos 8) cos 2n@ 


(2n 1)° (2n)* 


py" (cos 9) 


n 


n 


(cos 


(cos 
(Zn 


Such a form is convenient in the computation of these functions, since 
in this one does not have to deal with Chebyshev polynomials but with 
trigonometric functions. In the attached Tables 1-3, the values of some 
of the functions considered are given, computed with a precision of four 


places. Tables 1 and 2 were computed with the aid of formlas (2.1) and 
(2.2); Table 3 was computed using formulas (2.7) and (2.8). 


TABLE 1. 


ix) | 


0840 O14 | | 


145 | OR15 | O106 | Om 0.0012 
1236 0093 | 0740 | 0289 
(233: 0870 0614 | (W073 0031 
| 0370 0010 0435 0045 0466 0034 
0325 0246 0043 202 0473 
| 0950 | 0096 | IRG 029 | O40 0024 
0299 | 0139 } 0071 - 227 
0203 | 2312 0.0151 0829 .0080 
414 


0001 0.0091! 0.1242! 0.0433 0582 | 0039 


0518 0.0253 x NO00 0000 | 0000 


(2.é) 
(s 1. | if] 
(27 \8 
4 (? VOL. 
(s =1, ;09<8< 2) 23 
4 | | | | | 
(4) (3) (4) (2) (2) 
x Py (x Py (x) | Po (x) Po (x) ly (x) | | 19 
! 
| 
0.0 | 0 0000 0.0000 () 4534 0.0423 { uo 
0.0498 
0.2 | 0.0986 
| 0.1452 
0.4 —), 1882 
0.5 | —0.2253 ( 
q 0.6 | 0.2534 { 
0.7 | 0.2663 
HOR 9507 | 
= 0.9 | 0.1639 { 
1.0 () 
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TABLE 3 


1638 | 59 | 0676 0039 


1264 


0 O100 


0.0425 | 20 77 0117 | 
0.0000 153 123 | 
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9 
TABLE 2. 
a | (x*) | Py (x*) pf (x*) Ps (x*) { ) 1 > "> 
= 
0.4 | 0.5016) 0.0455 0.3147 0.0200; 0.0999) 0.0059, 06.0809 0023 
| 
0.2 | 0.1664 0.0335 0.0018 0.0108 0.1347 Ono (45 0089 
0.3 0.0170 0.0194 1.1546} 0.0014) 0.1586 0.0417 | 0.0045 
0.4 0.1331 1 0049 29R4 0. 0067 0.4 0.01351 0.0645 | 0.0042 
5 0.2075 0 0086 0.2500 41 (128 0.038721 0 O81 
OL. 0.7 0.2663 | —0.0290} —0.4782| —0.0143 84 77 —0.0192 | —0.0005 
& 
ay (2) (1) 4) thy 
4 
cos 0.0518 a) 0.025 0) 0 .Q000 0 0. 
cos 5 O468 | 0.3811 0.0210 0.0951 ).0764 0.0021 
cos 10 N37 O589 O14 0.1264 OOSO 0.0938 | 0.0036 
cos 15 1038 0. 0052 ome 0.0408 911 0.0044 
cas 0.0720 0. 1932 0. 0.0124 ) O777 | 0.0045 
cas 25°! 1534 0.0018 2337 0.1265 587 | 0.004 
cas 30 1.2075 | —0.0086| —0.2500) —0.0124 1100 128 721 0.0031 
cos 35 0.2420 2397 | ROLY (157 | 0.0019 
cos 40°| —0.2607 | —0.0244| —0.2124] —0.0152 639| 0.0098} 0.0041] 0.0006 
cos 0.2664 | 0.1733 0.0141 0.0074 0.0007 
cos 50°] —0.2613! —0.0824| —0.1265| 7} 0.0047 | —0.0048 
cos 55°] 2472 | 0.0534 | ).0758 0.0018 450 | 0.0027 
| 
cos 607} 0.2253 | 0.0425 0.0247 | 0.0043 0 0.0011 0.0473 | 0.0032 
cos 65°| 0.1097 0240 | 0.0001 ) 0473 | 0.0034 
one 
eas 75°| 0.0672 0.00235 
cos 85 0.0821 0.0107 0.0952 | 0.0011 
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3. We define the function f\*) (rx) by means of the equation 


(3.1) 


(7) / (cos 9) .) 
and call it the trigonometric derivative of order s of the function f(x) 
We denote by " A (W,,; -—1, 1) the class of functions satisfying the 
following conditions. (1) An arbitrary function f(x) belonging to this 


class possesses continuous trigonometric derivatives f'*’(x), (s 0), 


1, ...) up to the order (2k-1), inclusive, on the interval between the 
limits — 1, 1 except at the point x = 0. (2) The 2k-th trigonometric ; 
derivative of this function satisfies the inequality 


vO! 
(3) At the point x = 0, the function f(x) and its trigonometric deriva- 22 
tives f'*’(x) can have discontinuities of the first kind: 195° 


(+ 0) — (— 0) (s= 0, (3.3) 


The class of functions 2k) iy l, 1) is a type of generalization 
of the class W"’(W; a, 6) considered by Nikol’skii [ 12, 13]. 


Let us introduce the notations: 


(3.4) 
/ (1) +7 1) 2X2 — 1) I 
ty a,” Qs b, b,* he (3.5) 
2 
k 
— Yo ) (3.6) 
s 1 
(2n 1)* 
where a, and 6, are Fourier coefficients given by the formulas (1.4), 
We introduce the number Nin, k) by means of the defining equation: 
N(n, k) +1) (1 +-In 4 Inn) (3.7) 
af 


yee 
= 
Ge 
a 
a 
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Theorem 1. Let 2h) ; - 1, 1), then the following two re- 
presentations are valid for the function f(x) on the interval between the 


limits -—1, 1 


1)" 


(+) (>) 
where r (x) and ‘(x) satisfy the inequalities 


(ry My, N (n.h), << My Nin, k) (3.10) 


Proof. Let us apply the formula for integration by parts 2k times to 
the integrals occurring in the equations (1.4). We then obtain the rela- 


tions (3.46) where 


Substituting into the series (1.5) and (1.4) for a, and 4_ their ex- 


pressions from (3.6), we obtain the equations (3.8) and (3.9) where 


(x) 


The formulas (3.11) can be used for the determination a, andb., if 
one knows the derivative f\2*) (x). 


We shall prove that r, ' (x) and r,°'(x) satisfy the equation (3, 10). 


If we introduce into our consideration the sums 


(x) a (2), 


then we obtain the following relation for a 
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| (x) | 


(n + 1)" (m +- 1)- 


The function f(x) WRC, —1, 1) and hence the inequality (3.2) 
can be applied. It is, ‘therefore, easy to show that 


2M. (1 + In— + Inm) (s = 1,2) (3.13) 


| (x) | 


us estimate each term of the series (3.12) with the aid of (3.13), 
means of the sequence of inequalities 


m 


We obtain the result 


Irn) << My, — : ~ 2 In “7 ky 


which was to be proved. 


4. The results of the preceding section make it possible to obtain 
approximate formulas for the evaluation of the integrals J(x) and I(x). 


Theorem 2. Let f(x) 1), then 


k 
— 1) °(s—1) 1) (x) Jj (sign r) (% Nig, (2") 
Th 


s=1 


J (x) = J® (2) = = 


1) (x) — 1) 1) (x*)] — (x) (4.1) 


I (x) = (zx) > (— 1)* [— D(x") 4 (2 (x) 


s=] 


(x) + (sign x) (2*)] a (8) (4.2) 
wherein 


| J (x) — J, (x) | << (n,k), (x) — 1, (4@)| << MyNin, (4.3) 


Proof. Let us substitute for f(x) its expressions from (3.8) and (3.9) 
into the integrals J(x) and I(x), respectively. Making use of the equa- 
tions (1.1), (2.4) and (2.5), we obtain 
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m2 
Let 
and by 
¥ 
m = (mn 4)2*+1 2k (n + 
= 1,2) 
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c) 


m=n+] 


In a manner entirely analogous to the one used in the preceding 
section for the estimate of 1) (x) and r '(x), we can show that 


(x) |< (n, k), ra (x)| < MyN (n, k) 


Comparing these inequalities with the expression for J(x) and I(x) 
obtained above, we establish the validity of formulas (4.1), (4.2) and 
(4.3). 


We call attention to three particular cases when the formulas (4, 1) 
and (4.2) are simplified. 


(1) The function f(x) and its derivative are continuous at the point 


k 
J (2) = In (2) = (— A) (2) + (2) 
=! 


T(t), J —J, (2)| < (n, k) (4.4) 


m=1 


k 
I (x)= = >) ( (x) + (2) - 


I (x) — 1, < My,N (n, k) 


k 
J (x) = (x) ~ ( 1)* (xr) + (sign r) Dg, 


n 


— bem—1 (x) — J < (2n—1, (4.6) 
1 


I (2) = 1, (2) (— 1)* (x) (sign + 


Gon U om (r), | I(x) — [\* M,, N (2n, k) (4.7) 
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+ 2; Um(z), (4.9) 
q aE (2) The function f(x) is even, i.e. f(— x) = f(x): 
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(3) The function f(x) is odd, i.e. f(—x) = - f(x): 


A 


n 


— >) bem® Tom (2), J (x) —J, 


m=1 


(2) | << (2n, k) (4.8) 


(2), I (2) — 1, (x) (2n — 1. k) (4.9) 


If the function f(x) is even, then 


J (—72z)- J (x), (— (x) (4.10) 


If the function f(x) is odd, then 


J (— =z) 


J (x), (—2x)=TJ (2) (4.11) 


In the nature of an example illustrating the presented method, we con- 
Sider the integra) 


Here the function f(x) = w| x|/4 is even. Hence, for the evaluation of 
this integral one can make use of the particular case (4.7) of the formula 
(4.2). Using formulas (3.1) to (3.6) we find 


-4j)"—! 
m)~" 4m? 


Substituting the obtained quantities into the formula (4.7), we obtain 


k n 
I (x) ~ (x) = (sign x) (z*) Us(z) + 2k 
3 me (2m)** (4m? — 1) 


(— 4)" 1 


The formula (4.13) makes it possible, with the use of the estimate 
(4.4), to evaluate the integral (4.12) with an arbitrarily prescribed de- 
gree of accuracy. On the other hand, with the aid of formula (1.3), or by 


m- 
VO! 

23 

Oc 
| 

22 mel dt 

| zyi l<rci (4.12) 

= 

= (2s ) 

2 4 4 

om (24.13) 

4 
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direct integrations, one can find the exact value of the integral (4.12) 
in terms of elementary functions 


rArth } 1 


Since the considered integral is an odd function, one can restrict its ' 
evaluation to the interval between the limits 0 and 1 and compute the 
approximate value of the integral at various points of the interval be- 
tween the limits 0 and 1 and compare these results with the exact values 
of the integral. We obtain the following results: 


(a 0. AD 0.2115 0.2292 0.2811 168 34 
cos of s 4 s } cos 10 
I(x)=0.3248 0.3! ).2922 0.2773 0.2379 2102 0.1674 0.0864 0.000 
2922 74 238 


0.1673 0 0. 


From this it can be seen that the approximate values of the integral 
(4.12), computed by means of the formulas (4.13) for n 2 and k = 2, 


differ from the exact values only by one in the fourth decimal place. The 
estimate (4.14) in this case yields 


i.e. the formula (4.13) is actually more precise than the estimate (4,14) 
indicates. 


In conclusion the author considers it his duty to express his appreci- 
ation to A.V. Bitsadze and S.“. Nikol’skii for the valuable advice he 
received from them in their appraisal of this work, and he also thanks 
V.M. Egorov and A.R. Shkirich for their help in the construction of the 


Tab les. 


BIBLIOGRAPHY 


1, Sedov, L.I., Ploskie zadachi gidrodinamiti i aerodinamiki (Plane 
Problems of Hydrodynamics and Aerodynamics). Gostekhizdat, Moscow- 
Leningrad, 1950, 


2. Golubev, V.V., Lektsii po teorii kryla (Lectures on Wing Theory). 
Gostekhizdat, Moscow-Leningrad, 1949. 


3. Muskhelishvili, N.I., Nekotorve osnovnye zadachi matematicheskoi 
teorit uprugosti (Some Basic Problems of the Mathematical Theory 


of Elasticity). Izd. Akad, Nauk SSSR, Moscow, 1954, 


ane 
? 2 
ne co 
| 


G.N. Pykhteev 


Galin, L.A., Kontaktnye zadachi teorii uprugosti (Contact Problems 
of the Theory of Elasticity). Gostekhizdat, Moscow, 1953. 


Polubarinova-Kochina, P.Ia., Teoriia dvizheniia gruntovykh vod 
( (Theory of the Motion of Ground Water). Gostekhizdat, Moscow, 1952. 


Aravin, V.1I. and Numerov, S.N., Teoriia dvizheniia zhidkostei gazov 
v nedeformiruemoi poristoi srede (Theory of Motion of Liquids and 


Gases in a Non-Deformable Porous Medium). Gostekhizdat, Moscow, 
1953. 


Muskhelishvili, N.I., Singuliarnye integral ’nye uravneniia (Singular 
Integral Equations). Gostekhizdat, Moscow-Leningrad, 1946, 


Gakhov, F.D., Kraevaia zadacha (Boundary Value Problem). Fizmatgiz, 
Moscow, 1958. 


Multhopp, H., Die Berechnung der Auftriebverteilung von Tragfliigeln. 
Luftfahrtforschung, Vol. 15, No. 4, 1938. 


Kalandiia, A.I., Ob odnom priamom metode resheniia uravneniia teorii 
kryla i ego primenenii k teorii uprugosti (On a direct method of 
the solution of the equation of wing theory and its applications 
to the theory of elasticity). Mat. sborn. Vol. 42 (84), No. 6, 
1957. 


Simonov, L.A., Raschet obtekaniia krylovykh profilei i postroenie 
profilia po raspredeleniiu skorostei na ego poverkhnosti (Computa- 
tion of the flow past wing profiles and the construction of an air- 
foil on the basis of the velocities distribution on its surface). 
PMM Vol. 11, No. 1, 1947. 


Nikol’skii, S.M., K voprosu ob otsenkakh priblizhenii kvadraturnymi 
formulami (On the problem of the appraisals of approximations by 


means of quadrature formulas). Usp. mat. nauk Vol. 5, No. 2 (36), 
‘1950, 


Nikol’skii, S.M. Kvadraturnye formuly (Quadrature Formulas). Gostekh- 
izdat, Moscow, 1958. 


Translated by H.P.T. 


1548 
5. 
11. 
12. 
%, 4 
& 
: 
a 


ASYMPTOTIC SOLUTION OF A LINEAR NONHOMOGENEOUS 
SECOND ORDER DIFFERENTIAL EQUATION WITH A 
TRANSITION POINT AND ITS APPLICATION TO THE 
COMPUTATIONS OF TOROIDAL SHELLS AND 
PROPELLER BLADES 


(ASIMPTOTICHESKOE RESHENIE LINEINOGO NEODNORODNOGO 
DIFFERENTSIAL’ NOGO URAVNENITA VTOROGO PORIADKA S 
PEREKHODNOIT TOCHKOI I EGO PRILOZHENIIA K RASCHETAM 
TOROOBRAZNYKH OBOLOCHEK I LOPASTET) 


PMM Vol.23, No.6, 1959, pp. 1083-1094 


S.A. TUMARKIN 
(Moscow) 


(Received 21 April 1959) 


Differential equations of the type (1.1) containing a small parameter have 
found applications in many different problems. 


The small parameter in the coefficient of the highest derivative cor- 
responds to the presence of a boundary layer or some boundary effect. In 
such cases the approximate methods usually employed are inapplicable for 
practical purposes (i.e. such methods as the use.of power or trigonometric 
series, interpolations and others). In the application of the asymptotic 
method, the presence of the small] parameter does not lead to difficulties; 
on the contrary, it brings about simplifications. The process of numerical 
integration of a differential equation can be eliminated, because the 
general solution can be expressed in terms of known tabulated functions — 
exponential, Bessel functions and others. 


In the use of the asymptotic solution one meets difficulties if the 
coefficient g(x) in (1.1) has a simple zero within or on the boundary of 
the interval under consideration. (This is the case, for example, in the 
analysis of torus-like shells containing sections where the normal to the 
meridian is paralle] to the axis of rotation, and also in the analysis of 
pipes with curvilinear axes. An example where the coefficient becomes 
zero on the boundary of the interval is presented by the case of study of 
curved shells, when the coefficient q(x) vanishes due to the fact that in 
the edge section of the shell the centrifugal force vanishes. The same 
situation occurs in the study of rods). 


In these cases, the ordinary asymptotic solutions which can be expressed 


a 
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by means of e** are inapplicable. For the solutions of the homogeneous 
equation one obtains asymptotic series which contain Airy functions in 
piace of e** [ 1— gs]. 


In the present article there are considered asymptotic solutions of 
non-homogeneous equations and some of their applications [8 l. We note 
that some results along this line have been published in the works [ 9,10, 
11}. 


The method presented makes it possible to obtain solutions in cases 
where q(x) has a zero of arbitrary order. * 


In Section 1 the equation (1.1) is reduced to a standard form; in 
Section 2 there is derived an asymptotic series for the solution of the 
homogeneous equation for the case when the smal] parameter has complex 
values; in Section 3 there are given contour integrals, power and asymp- 
totic series for special functions entering solutions; in Section 4 there 
is considered the case of real values of the smal] parameter (this is a 
singular case); in Section 5, a second form is given for the asymptotic 
solution of the non-homogeneous equation; in Sections 6 and 7 there are 
given examples of the application of the method of computations of torus- 
like shells and rods and plates; in Section 8 there are given tables and 
graphs of functions involved in the solution, 


1. Let us consider the differential equation 


(x) + (2) + er = (1.4) 


ax 


where « 1s a small parameter, real or complex; the independent variable 
x is real; the coefficients in the equation are real functions possessing 
the necessary number of derivatives; the unknown function y and the right- 
hand part f may be complex-valued. In regard to the coefficients p and q 
it is assumed that p(x) 4 0, and q(x) becomes zero at one point only of 


the given interval (a, 6). We may assume that this zero occurs at x- 0, 
where q(x) = xq,(x) and q,(x) # 0, 


After the author had worked out the method presented here, he dis- 
covered the works of Reissner and Clark [9.10 ] treating the non-homo- 
geneous equation 


sin 


and related equations. A comparison shows that the method of Reissner 
and Clark is different from ours and that their solution is less com- 
plete and precise than ours. The precision of their solution is, in 
particular, lower than the precision of the equations of the theory of 
shells (see below, Sections 2 and 6). 
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Without restricting the generality, one may assume that p(x) and q,(x) 


are positive. 


The equation (1.1) can be reduced to the form[1,2, 4-7 ] 


ut, g (1.2) 


~ du® 


that is, to the form of the well known equation 


d*y, 
dt 


with a right-hand side. For this purpose we replace the independent vari- 


able x in (1.1) by u, where u is the power series [5] in the parameter 


u = Ug (xz) + eu, (x) +- 4+... (1.4) 


while the function y is replaced by 7 by means of the substitution 


l 
y = wy, w (1.5) 
pu’ 


where w is selected in such a way as to eliminate dn /du. 


The primes indicate differentiation with respect to x. The coefficients 
of the series (1.4) are determined by quadratures from recurrence diffe- 


rential equations. The expressions for the first two coefficients are 


x 
Wg = +13 Uda (1.6) 
0 


4 where the sign of u. is chosen the same as that of x, and 

u, = \ da ic + 
Ju? V 
0 

. C The right-hand side of equation (1.2) is equal to 


(1.5) 


puu’? V pu’? us 


where the function g can be represented in the following form because of 


(1.4): 


(x) 


We note the useful equations: 


By taking one, two, three or more terms of the series (1.4), we find 
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that the solutions of equation (1.2) yield asymptotic approximations of 
higher and higher order for the equation (1.1) [5]. 


Let us introduce in place of x the complex independent variable 


{ f 
t = pu (1.11) 


Equation (1.2) will then take the form 


= pg (1.12) 


For small values of «, the quantity g on the right- 


hand side of (1.12) will be a slowly changine function 


of t, because it changes as a function of l/p, as can 
be seen from (1.9) and (1.11). Pig. 1. 


The solutions of the homogeneous equation (1.3) are Airy functions. 
Tables exist for these functions [2,3, 12© 14]. 


2. We shall find an asymptotic series for a particular solution of the 


equation (1.12) with a slowly changing right-hand side alone the straight 


line t = pu of the complex plane t. These straight lines pass through the 


origin t = 9 and through the point t = p. We shall call them p-lines. 


For practical applications it is necessary to obtain an asymptotic 


series for that unique solution, which, outside the neighborhood x - 0), 


is near the solution of the degenerate equation obtained by setting « = 0. 


The advantage of such a solution arises in connection with the boundary 


effect, because it makes it possible to satisfy the individual boundary 


conditions without the introduction of small differences. 


The solutions of equation (1.12) or (1.2), by the method of the vari- 
ation of the arbitrary constants, can be represented in the form 


[he (ow) \ hy (02) (2) dk — h, (pu) \ he (9%) g (E) | (2.1) 


p 
1= W 


a2 


where h,(t), h(t) constitute a fundamental svstem of solutions of (1.3). 
For the Wronskian we have the result 


dhe any 


h, = hie 


dt - dt 


const (2.2) 


From the asymptotic expressions of Airy functions it follows that 
along any p-line, except for three lines containing the three singular 
rays (Fig. 1) 


arg 


(2.4) 
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, and h, that increase in absolute value in oppo- 


site directions according to a law given approximately by 


there exist solutions h 


“exp ( 
where is a constant depending on arg t. 


Along the singular rays every solution tends to zero. The p-lines con- 
tain singular rays if and only if the parameter « = p~° is real. Let us 
first consider the case of a complex «. In Section 4 we shall return to 


the case of a real «. 


We denote by h,(t) that solution which increases as t changes from 
t= 0 to t =p. In the integrals (2.1) h(pé ) and h,(p&) are rapidly 
changing functions because p is a large parameter. 


Taking for g(&) Taylor’s formula (or series) 
» 
=) 


we obtain the final expression of the particular solution of the equation 


(1.2) in the form of a power series in l/p = «' 


H = ve, (pu) g (u) +- (ow) (u) — eg (pu) (u) 


(ou) 


; 
en (t) = | he (t) \ hy (t) — ty" h, \ ty dt 


(n 


In particular, the first asymptotic approximation is equal to 


H (ou) g (u) 


h, (t) \ hy (t) \ diy de 


J 


{ 
iv 


Cy (t) 


The general solution will be 


= H +- +- (2.9) 


The functions e (t) are completely determined on the p-lines and are 
the same for all equations (1.1); these functions are bounded on a p-line, 
since it follows from the asymptotic expressions of Airy functions h, and 


aa 
23 
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q 4 (2.4) 
a whe re n==9, 1.2...- 
= 
(2.4) 
where 
(28) 
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h., that e.(¢) l/t, e, 2/t’, «+. as t + The limits ~,p and ~, 


’ 
1 
p in the integrals (2.4) are chosen for the purpose of obtaining bounded 


e (t) 


Since y = wn by (1.5), by (2.9) we have obtained the general solution 
of the differential equation (1.1) in terms of Airy functions h,(t), 


h (t) and the functions e,\t). 


Tables and graphs of the functions e,,{t) are given in Section &, 


Remarks 1. From equation (1.1) it can be seen that for small «’s the 
particular solutions will satisfy the formula y f/q, which fails to be 


, 
valid only in the neighborhood of x = 0. The same result is obtained 
from formula (2.7) if one takes into consideration the asymptotic formula 


e,(t) t™*, given in Section 3, and the formulas (1.5), (1.8) and (1.10); 
but the formula (2.7) does not cease to be valid in the neighborhood of 


2. When the parameter is absent from equation (1.1), i.e. when = 1 


the series (2.5), with p 1, is of special interest because it represents 


the solution of the equation 7” + tn = g(t). 


3. The series (2.5) makes it possible to estimate the errors of the 
solution obtained for shel!ls by Clark and Reissner [9,10]. The solution 
of Clark and Reissner differs from the first term of the series (2; 3); 


but at the point x 


they are the same. Hence, in the solution of Clark 
and Reissner there is neglected a quantity of order «'/?. This error is 
greater, for example, than the errors made in the standard theory of 
shells in which « is proportional to the shell’s thickness h, and where 


one usually takes into consideration not only h! but also h*/’<, 


4. An estimate of the remainder term of the series (2.5) can be ob- 
tained either by means of (2.1) and (2.4), or directly from (2.5) making 
use of the boundedness of the functions e,(t). Onthe straight line 
t = pu we have |e, (t) < A, where A is independent of n and t. From the 
expressions of e (t) in terms of contour inteerals (Section 3) it follows 
that on the straight line mentioned above, the values of le (t)| 1. tend 
to zero (as n + ©) more rapidly than the terms of any geometric progress- 


| 1/3 


ion, for the ratio of |e le decreases as n™ 


n-4 


The same holds for the derivatives e_’(t ) and e,~-(t). The series 
(2.5), therefore, converges for a large class of functions g(u) and is a 
solution, because it formally satisfies the differential equation, as 
will be seen in Section 3, where there is also obtained an estimate of 
the remainder term of the series. If, for example, | ¢ ")(n)| < B", where 
B= const, then, dropping all terms from p~ "on, and taking the indicated 
coarse approximation le ,(t) A, we obtain, for |p| > 2B, the upper bound 
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of the remainder of the series 


R,,, = 2A 


This shows that the convergent series (2.5) also converges asymptotically. 
3. 1. The functions e,(t), e,(t), ... can be expressed in terms e,(t). 
From (2.6) one can obtain, without difficulty, 
(n 3) +3 (t) “T lento (t) (t) == 


This yields the equations 
e, (t) = 1 — te, (t) 


{ 1 
(t) = — tey (t) = (t)— 


2. If in (1.12) and (2.5) we select g= 3 te a «+, we see that 
e(t), e,(t), ... satisfy the differential equations 


If one substitutes the series (2.5) into equation (1.2) one finds that 
the coefficients of all powers of 1/p vanish because of equations (3.3). 


These equations are direct consequences of (2.6). Conversely, the 
differential equations (3.3) can serve for the determination of the 
functions e_(t); the functions e,(t) defined by the formulas (2.6) are 
the unique solutions of equations (3.3) which are bounded on the entire 
line t = pu, for all other solutions are obtained by the addition of 


Let us use the notation L(y) = n“(t) + tm. The functions e,(t), 1, 


t?, ... are particular solutions of the equations 


L (7) 
respectively. 


In Section 5, the equations (3.4) will be used for the purpose of ob- 
taining the asymptotic solution in a form different from that of the 


series (2.5). 


23 1 (3.2) 
1959 7 (— ¢ + 
q 4 +- tég = — (2e,' +- (3.3) 
c,h, + 
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4. Solving equations (3.3) by the method of Laplace, one can express 
the functions e (t) as contour integrals. 


For the time being, while we are considering complex values of the 
parameter «, let us select that value of p = «~'/? for which p, and hence 
also the line t = pu, lie within the double sector (Fig. 1) 


The solution of the first equation in (3.3) can be obtained in the 
form 


ey (t) = \ exp (— tr — ; x) dx (3.6) 


0 


This integral coincides with (2.8) in the double sector (3.5), for 
this is the only solution which is bounded on the entire line t = pu. 


The boundedness of the integral follows from the asymptotic series 
(3.11), which was obtained by the method of inversion, and which is valid 
in the sector — 27/3 < argt < 27/3. The boundaries of this sector con- 
tain singular rays and correspond to the real values of the parameter « 
which will be considered in the next section. Let us note that on the ray 
t > 0 the integral is finite and asymptotically equal to 1/t, while on 
the ray t + — «, the integral increases to infinity. 


Analogously, we obtain 


\ 


(t) = exp \— tx dx etc. (3.7) 
0 


4 


From these expressions it can be seen that 


en (t) en (t) (3.8) 


It is, therefore, sufficient to have tables for e,(t) in the sector 
(3.5) which lies in the upper half-plane. 


* The function e,(t) is related to the generalized Airy integrals Ei, (a) 
and Si,(a) and to Lommel’s functions [15 ]. An analogous function on 
the imaginary axis is used in the said article by Clark and 
Reissner [9]. The functions Gi(x) and Hi(x) which coincide with e, (t) 
on the real axis where used in problems other than those dealing with 

asymptotic solutions in the works [16-21]. 
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From e,.” + te, = 1 one finds that e.(t) is an infinite series with an 
infinite radius of convergence: 


€y (t) €9(0)(1- 


(O)t(1— ii t° 


In view of (3.6), the initial values are 


‘ 


€9(0) = 37 "P| =) = 1.287899, (0) | =—0.938893 (3.10) 


/ 


From (3.6) and (3.2) one obtains asymptotic series for large value of 
t on the lines t = pu passing through the double sector (3.5): 


en(t)~ 


2 
(t) 


(3.11) 


€,(t)~- 

The series show that the functions e,(t) tend to zero as t goes to in- 
finity. The graphs of the functions e,(t) are given in Section 8 for real 
and pure imaginary values of t. 


wi ft 
4. Ife is real, one may select real values of p = «~!/?. The values 


of t = pu then lie on the real axis (Fig. 1) of the t-plane containing 


the singular ray are t = 0. 


One can preserve the form of the solution (2.5) and the relations 
(3.2) and (3.3) for the functions e,(t). It is, however, not possible to 
preserve the asymptotic property e.(t)~ 1/t on the entire real axis; one 
can, however, preserve this and the remaining asymptotic properties (3, 1] 
separately for t > © and fort< 0 by taking for e,(t) different solutions 
of e,”+ te, = 1, when t > © and t < 0. In case t > 0, we take as before, 
the solution (3.6). This is the only solution which decreases as 1/t when 
t + «. Hereby the power series (3.9) is preserved with the initial condi- 


tions (3,10), 


When t < 0, for e,(t) we select the solution 


Fy (t) \ sin 4 =3) di 


This is the only solution which decreases on the ray t < 9 as 1/t, but 
other solutions are obtained, by the addition of solutions of the homo- 
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geneous equation, which decrease as 


(—t)~ |— (—1) 


The initial values of the series (3.9) are obtained from (4.1) and 
they differ from the values (3.10) by the factor — 1/2: 


E,,(0) r } = (9 §43950 


E,' (0) = 0.469446 


For the solution (4.1), i.e. not for the singular ray, the expression 
(2.8) remains valid; the functions h,(t) and h(t) can be selected to be 
the Airy integrals Ailx) and Bilx). We should note that 


\ Bi(x)dr =0 


With regard to the solution (3.6) it can be pointed out that it is 
connected to (4,1) by the relationship e,(t)-— F.(¢) = 7 Bit—t). The 
properties (3.2), ‘3.11) and others of e)(t) remain valid for E(t). The 
graphs of these functions are given in Section &, 


2. There exists another form of the asymptotic solution of the non- 
homogeneous equation. We rewrite equation (1.2) in the form 


g(u)= (5.1) 
v=0 
Analogously to (3.4), one easily obtains 
1 = Lice, (cu), u=L(\), = (u) 
u® = Liu*—1 - 2epe, (pu)] 


uf = ar. a. 
A particular solution of (5.1) is 


H = pe, (pu) (a, —1 2age +-1-2-4+ 5age*—---) + 
+ (a, + agu +- + ---)—e(2+ 3a,4+ 3+ 4au + 4 - 4 
This solution can be written in the form 
H = pe, (pu) |g (0) — 9" + 4 


+ [90 (te) — 1 (w) © + 92 (u)e*— 
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Here 


The expressions (5.3) and (5.4) are power series in the parameter «. The 
series (5.3) was given in another form (without the parameter but in 
powers of u) in a work by Miller and Zaki [17], where this series was 
considered as the solution of the equation y”— xy = = a,x” without any 
connection with the asymptotic solution of equation (1.1). The right-hand 
side g of the differential equation enters into the series (5.4) in the 
form of more complicated expressions than in the series (2.5), but in 
contrast with the series (2.5), the series (5.4) contains only e,(t). 


6. As an illustrative example let us consider the application of our 
theory to the analysis of toroidal shells. 


The solution of an asymptotic nature for 
complete toroidal shells was first given by 
Clark and Reissner [9,10]. The combining 
into one solution of trigonometric series 
and Hankel’s function [ 22,23] is not advis- 


able, because the accuracy of the solution 
in terms of Hankel’s function is low for 
small values of the parameter p, while for 
2. large values and thin shells the evaluation 


of the trigonometric series is very cumber- 
some. This was pointed out in author’s work [ 24], where it was also 
stated that Hankel’s functions should be used for the asymptotic solution. 


Let us now consider the toroidal shel! (Fig. 2) cut alone the parallel 
@ = — 2/2 and subjected to a tensile axial force P and to uniform, normal, 


internal pressure p, [ 24]. The equations for the shell [22] can be 
written in the form 


fr 


d | . 
© \P a) qv = (6.1) 
where V is the complex solution function, 
1+asin6’ (i +asin 6) 


Here » is Poisson’s ratio, 5 is the thickness of the shell, so that 
p? is a large parameter. 
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When 6 = 0, or 0 = + 7, the function q has a simple zero, and one may 
mp 
apply the above derived asymptotic solution to equation (6.1). 


The parameter p = — tl is 
pure imaginary. Therefore, one 
uses the graphs and tables of 
the functions e,(t) for pure 
imaginary t in the computations. 


On the graph (Fig. 3) there 
are shown the results of the 


asymptotic computation of a 
steel shell with R, = 16 ecm, 

5 cm, 5 = 3 mm, P= 1000 kg, 
P, = 0. A comparison with other 


solutions is also shown; the so- 


lutions for which one or two 
terms of the series (2.5) were 


retained are shown by a dotted 
and by a solid curve respectively; 
the solution based on the Clark- 
Reissner [9] method is shown by 
a curve made of dots and of short 
line segments; the small circles along the solid curve show the solution 
obtained earlier | 24] by means of trigonometric series. 


The asymptotic solution (5.4), with the retention of the zeroth and 
first degree terms in p, coincides with the trigonometric series solution 
indicated by the small circles. 


The investigation has yielded the following results: 


1) The asymptotic analysis by the use of one or two terms of the 
series (2.5) or (5.4) gives quite good results, even for moderate values 
of the parameter p’; 


2) Considerably less accurate results are obtained by the method of 
Clark and Reissner (in which the relative error is of the order l/p, as 
was shown in Section 2). 


In order to illustrate the suitability of the asymptotic method for 
obtaining of computational formulas, we introduce the formula for the 
deflection of a toroidal shell. 


For a shell (Fig. 2) which is cut along the parallel @ = — 7/2, the 


separation of the cut edges, under the action of the axial force P and of 
the internal pressure p_, is equal to 


1560 
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2R, os 9 
Et \ Re 
Considering the first term only in (2.5) and recalling that, for large 


Pp, @,(t) decreases rapidly in both directions from @ = 0, we obtain the 
asymptotic expression for the deflection 


A~ + V12(1 — 22 [P + (2—2) (6.3) 


For given dimensions Ry and r,, and small enough shell thickness 5, 
this formula shows that the deflection is inversely proportional to the 
square of the shell’s thickness. 


If the pressure p, = 0, then the deflection is proportional to the 
radius r, and is independent of R,. Such results are of importance in the 
design of structures. 


The asymptotic solutions (2.5) and (5.4) can also be applied to the 
investigation of pipes with curvilinear axis. 


We call attention to the fact that in 
the derivation of the formula (6.3) it is 
necessary to compute (with the aid of (3.6)) 
the integra! 


co 
ls 


\ Ree, (fy) dy cos rydx dy 


0 


On the basis of a property of the Fourier 
cosine transformation this integral is equal 


to 7/2. 


7. As a second example, we present the 
results of an investigation of a very thin curved steel blade rotating 
with great speed. 


The differential equation of the curved blade is of the type (1.1); 


the role of the large parameter is played by the square of the angular 
velocity of the given blade [ 11,25). 


For fast rotating blades the accuracy obtained from the first term of 
the series is sufficient, and the solution is given by simple formulas. 


The curves in Fig. 4 show that for high angular velocities there arises 
a strong boundary effect. Near the clamped end of the blade there takes 
place a concentration of the bending stress o\1); g\2) is the tensile 
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stress). 


This indicates also that the curvature of the elastic curve is large 
near the clamped end. In the remaining part of the blade the elastic 


curve is near the special type of a cable-type, or chain-type curve, 
namely, it will approximate to the form of the elastic curve of a blade 


which does not resist bending relative to the axis of the minor rigidity 


of the cross-section. 


In the work [26] it is stated that one can usually carry out the 
z 


asymptotic analysis of blades by means of the function e**, avoiding the 


use of Airy functions. In the work [27] there is constructed such an 
asymptotic solution for propellers with variable pitch. 


8. 1. In Fig. 5 there are given graphs of e,(t) and e’(t) for pure 


imaginary values t = ty; the primes in the notations of the curves in- 
dicate differentiation with respect to y. The graphs serve for the asymp- 
totic solution of equation (1.1) for pure imaginary values of the para- 


meter « (for example, for the computation of shells see Section 6). 


Re e, and Ime, denote the real and imaginary parts: e, = Ree, + ilme,. 


Furthermore, de. dt «.< tde . dy. The graphs are given for positive y. 


For negative y, one can use the eveness of Re e, and of d Im e,/dy and 


the oddness of Ime, and of d Re e,/dy. 


Pig. 


5. 


In the article [10] there is given a table of values which is equi- 
valent to the e,(t) on the imaginary axis of t. 


2. The graphs given in Fig. 6 represent e,(t) and e, (t) for real 


a 

| iIme,) 

Ree, 

a5 (Ree) 

4 
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negative values cf t. They are used, in particular, for the investigation 
and calculation of propeller blades (see Section 7). 


Fig. 6. 


Tables which are equivalent to tables of e. on the real axis are given 
in the works [ 16~21] where the following notations are used 


FE, (t) = ri (— 2) 
3. For the asymptotic solution of equation (1.1) one needs, in addition 
to the functions e,(t), in accordance with (2.9) also the Airy functions 


h(t) and h,(t). 


Their values are given in tables[ 14] for complex values of t. For 
real values of t one can use tables given in [2,3,12,13]. 
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BENDING OF AN UNBOUNDED PLATE SUPPORTED BY AN 
ELASTIC HALF-SPACE WITH A MODULUS 
OF ELASTICITY VARYING WITH DEPTH 
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The problem of the impression of a punch into a non-homogeneous elastic 
half-space has been considered in the works of Korenev [1] and Mossa- 
kovskii [2]. In the present note there is given the solution of the 
problem on the bending of an unbounded thin plate lying on an elastic 
half-space, whose modulus of elasticity is a power function of the depth. 
The plane case of this problem, i.e. the deflection of a beam-plate is 
treated with considerable detail. By the method of taking the limit there 
is obtained in a new form the solution of the deflection of a beam lying 
on a homogeneous elastic half-space [3 }. 


1. It is known [4] that for the case of a half-space with a modulus 
of elasticity changing with the depth according to the law F = Ez”, the 
vertical displacements w(x, y) of the boundary points z = 0 of the half- 
space and the normal stresses p(x, y) on the plane z = 0 are connected 
by the relation 


p (&, n) d&dn 


where a is a coefficient depending on v, and where Poisson’s ratio p is 
taken from graphs or published tables [4]. 


Here, as well as in earlier works [1,2], it is assumed that 0< vy < 1. 


Let us suppose that an unbounded thin plate with cylindrical rigidity 
D is supported by a half-space with the above mentioned properties. 


Furthermore, let us assume that the given plate is subjected to a load of 
the form 


q (zx, y) = 6 (x) cos hy, h>0 
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where 5(x) is the impulse function describing an initially applied con- 
centrated unit force. In this case the stress p(x, y) under the plate 
will have an analogous form, i.e. p(x, y) = p(x) cosAy. 


Substituting the given expression for p(x, y) into the right-hand side 
of (1.1) , after some elementary transformations we obtain, 


co 


w(z,y)=w,(xr)coshy, w,(z) = \ k(|xz—€|) pr (1.2) 
where 
k (a) = \ (a? +17) * cosktdt (1.3) 


Here, no tangential [shear ] interaction between the plate and the 
supporting medium is taken into consideration, but it is assumed that 
there exists a reciprocal connection between the plate and the half-space. 
This means that the deflections of the plate are the same as the displace- 
ments of the boundary points of the half-space. 


In view of this, the function w(x, y) must satisfy the well known bi- 
harmonic equation of the theory of thin plates, i.e. in the given case 
we have the following equation 


w, (2): (x) — pp (zx) (1.4) 


Substituting (1.2) into (1.4) we obtain 


) Po, (x) (1.5) 


(x) 


This integro-differential equation is easily solved by the method of 
operational calculus. For this purpose we make use of Fourier transform- 
ation. We introduce the notation 

DT (1 


The solutions of the equation (1.5) can be represented in the form 


c e = 
Pr (x) \ (1.7) 


In view of (1.3), the Fourier transform of the kernel of the equation 


considered is 


“4 
1567 
OL. 
23 
9290 
d? ~e\* 
a 
q : 


K (n) \ k(x) claudg \ \ dt dz (1.8) 


(a- +- 


Applying to the double integral (1.8) a transformation analogous to 
the one used on the integral (2.63) of the work [5] (p. 171), we find 
that 


Substituting (1.8) into (1.2), we obtain 


du (1.9) 


2. We shall transform the slowly converging interrals occurring in 


(1.7) and (1.9) into rapidly converging ones with the aid of contour in- 
tegration. 


Tor this purpose-we determine the zeros and singular points of the 
function 


F,(w)—e (w? -- (2.1) 


We shall assume that m and n are integers. This restriction will be 
removed | ater. 


Obviously, the function F,(w) has two branch points, w= + tA. In order 
to find the zeros of the function (2.1), we represent it in the form 


(w) 


{ 2) 9 


In what follows let us select that single-valued branch of the function 


= (w* + 


which is determined in the plane with the excluded rays (~ico, —idA) and 
(i, tA) and by means of which the indicated region is mapped on the 
wedge-shaped region 


larg z 


and particularly, on 


. 
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Hence, all zeros of the function F, (w) will have to be numbers of the 
form y (a,” - \?, k= 1, ..., m, for which the following inequality holds 


larg a, |< — (2.3) 


n 


Taking into account the fact that m> on, it is not difficult to show 
that the numbers 


b, (2.4) 


& 
} be, am cexp 


a cex 
mm 


satisfy the condition (2.3). 


It is impossible to select from the set a,, ..., a, any numbers, other 
than those given in (2.4), that could satisfy condition (2.3). This 
follows from the fact that the arguments of the numbers a, decrease in a 
monotonic way fram arg a, = ~— 27/m to arg a_ = 2/m— 22, and that even a 
does not satisfy condition (2.3), because 3/2 < m/n < 2 in view of (1.6) 
and of the inequality 9 < v < 1; finally, the numbers a, have to be pairs 
of conjugate numbers. 


Thus, we see that in the general case (0 < vw < 1) the function F, (w) 
will have only two zeros in the lower and only two in the upper hal f- 


planes 


Im V b;" - 


w — (7 = 1, 2) (2.6) 


w= aj } b;" 


3. Let us return now to the formulas (1.7) and (1.9). Bearing in mind 
the considerations of Section 2, we now proceed to transform the path of 
integration for the integral occurring on the right-hand part of (1.7); 


for x < 0 the path becomes a loop containing the ray (iA, iw), for x> 9, 


a loop enclosing the ray (—iA, —tie). 


Carrying out the suggested transformations, making use of (1.6) and of 
the notation c* = y, in place of (1.8) we obtain the following result 


( — +9) e— #12! ds 


‘a 
‘ 
(3.1) 
j=1 


One can show without difficulty that 6, ,*~ 
that 


( 


by” +3) exp\ in 
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The formula (1.9) can be transformed in an analogous way to give 


(s* ds 


Y -.v+3 
Sin 


nl y \ x] (s* alv+3) (s? — 


(x) 
y* + 27 cos eiv+3 


(3.3) 


The expressions for the stress p(x, y) under the plate, and for the 
deflections of a plate loaded with a unit concentrated initial force will 
be 


if 
P(x, y) = = \ Pa(z) cos hydh, w(x, y) = wr (x)cos hyd) 


0 


If, herein, one has to use rectangular coordinates (for example, when 
one investigates the behavior of a foundation plate under a rectangular 
grid of columns) then one has to substitute p,(x) and w(x) from (3,1) 
and (3.3) into the right-hand side of formula (3.4). 


In those cases when polar coordinates are more suitable (under sym- 
metric axial loading) one should select the original expressions (1.7) 
and (1.9) for py (x) and w(x), respectively. 


For the stress p(r) under the plate, subjected to the initial unit 
force, and for the displacement w(r) we will then have the following ex- 
pressions 


(3.5) 


4. Let us dwell upon the plane case of this problem in greater detail. 
First, we consider the problem of the deflection of a beam-plate under a 
unit load concentrated along the line x = 0 


It is not difficult to see that the stress p,(x) under the plate will 
be determined in this case by means of the limit relations 


pr (x) = lim py (2) for (4.1) 


while the bending moment, M(x) = Dy” (x), of the plate is given by 


dw 
M;(z) =limD (4.2) 
A+0 


Setting A = 0 on the right-hand side of (3.1), and bearing in mind 
that on the basis of (2.5) and (3.2) 
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1 
o= 
lim a2 = +4 *exp(+ 


we obtain 
1 


sin ["/2 (v + 3) x] exp (— s| ds 


P1(z) = —\ 


1 + 2cos (v + 3) x] + 


1 


+ basin z| cos + =-3)exp(— sin 


Analogously, after two differentiations, from (3.2) we derive the 
result 


= - + : : 2(v~ 


3)t (4.4) 


Making use of the obtained expressions for p,(x) and M(x), one can 
give quite simple formulas for finding the maximum stress, max p,, under 
the plate and the maximum bending moment, max ¥,, of the plate. These 
formulas can be written as 


[Pr : 2sin — cos [2x / (v + 


In order to obtain the formulas (4.5) from (4.3) and (4.4) one has to 


max 


(4.5) 


set x = 0, After that one must transform the resulting improper integrals 
to a form which permits the use of the following relation 


SINT. 


{—2icosk 


1 sin a (= — Wee (4.6) 


0 


for their evaluation. 


The last relation was obtained by the method of contour integration. 
Hereby the integration contour consisted of a loop surrounding the origin 
of the coordinate system and the interval (0, R) of the real axis, and of 
the circle of radius R » a. 


Setting in formulas (4.3) and (4.4) 


1 


1 
v=0, {E,(2(1 7) 1)3 = Co (4.7) 


we find the following formulas for the stress p.(x) under the plate and 

for the bending moment M.(x) in the beam-plate lying on an elastic homo- 
y 

geneous half-space and subjected to a unit load concentrated along a line 
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als 
ou" 28 


2 - —c,|x\s 

ie 


These formulas, which were first obtained by us in an earlier work 
[3], have certain advantages over formulas given by other authors; it 
should be noted that formula (10) of the earlier work [3] contains a 
misprint; in place of cos(7/2 — c|x| /2) it should be cos(r/6 — e|x|/2). 


5. 


trated turning moment, rotating in a clockwise direction, then the form- 
ulas of the bonding moment M,;(x) along a plate cross-section, and the 


If along the line x = 0 of a beam-plate there is acting a concen- 


stress Pry(*) under the plate can be obtained easily by starting out with 
the formulas (4.3) and (4.4) and the use of the relationship 


d 
My, Pri = — x (M1, pi) (5.4) 


In case the beam-plate is subjected to a unit deformation [5] along 
the section x = 0, one uses the relationship (compare [3 | ) 


P1) (5.2) 


piri 


for the computation of the bending moment M,,;(x) of the plate and of the 
stress p,,,(x) under the plate. 


In conclusion, we note that it is possible to obtain the exact solution 
of the deflection problem of a semi-infinite plate lying on an elastic 
half-space of the type considered here. 


This can be done by a method analogous to the one used in[7]. First, 
one reduces the problem to an integral equation of the first kind and of 
the Wiener-Hopf type, after that one solves this equation by the use of 
a known procedure [6 ]. 
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ON A STABILITY CRITERION FOR CREEP 
(0 KRITERIT USTOICHIVOSTI PRI POLZUCHESTI ) 
PMM Vol.23, No.6, 1959, pp. 1101-1106 


S. A. SHESTERIKOV 
(Moscow) 


(Received 11 June 1959) 


Stability in the presence of creep has been studied by different Fw 
authors; some of these investigations were made as much as ten years 23 
ago. 195° 


The majority of the published papers are concerned with problems of 
the stability of longitudinally compressed rods, since this represents 
the simplest formulation of the problem by which many of the particular 
characteristics of stability can be elucidated. 


It has to be noted that there exists a series of principally diffe- 
rent formulations of the problems of stability in the presence of 
creep. In this paper, consideration will be restricted to stability of 
rectilinear forms of equilibrium, 


The first study of stability in the presence of creep is due to 
Rzhanitsyn [1]. This paper considers the stability of a rod the material 
of which obeys a law of the form 


Ene (1) 


This equation describes limited creep, i.e. for constant loading the 
displacements approach a definite limit. It must be emphasized that the 
behavior of a rod for longitudinal bending will differ essentially de- 
pending on the way in which the creep of the material depends on the 
magnitudes of the accumulated deformation. In what follows, the limiting 
expression in this sense will be stated. For the case of steady creep, it 
has been shown [2] that for any eccentricity, however arbitrary and small, 
the rod moves with monotonically growing velocity amplitude; therefore, 
unsteady creep will be considered below. 


Now consider the stability of a rod whose material obeys the relation 
(1). Rzhanitsyn in his paper in 1946, as also in subsequent work, con- 
sidered straight rods, compressed by central forces, and, constructing 
the equilibrium equations for the disturbed state (without defining 
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sufficiently exactly the disturbance under consideration) he obtained the 
quasi-static equations of motion. Thus, as has been noted by the same 
author [3], in this work the initial conditions were not ful filled. 
Further, he obtained an expression for the critical load which was deter- 
mined by the Euler formula, where EF was replaced by the modulus of elonga- 
tion H. This result does not give rise to any doubt, but the method of 

its deduction produces some consternation, since once definite hypotheses 
regarding the dependence for the material have been introduced, it is 
natural to expect in the end to obtain the correct solution of the problem. 
Therefore, it will be interesting to proceed to the solution of the same 
problem with a somewhat different attitude. 


It is known that for the solution of problems of elastic stability of 
rods in a linear formlation there exist several methods among which the 
most popular ones are the following: the existence for given loads of two 
states of equilibrium — the stability of the rod in vibrations and the 
boundedness of deflections when the rod has initial curvature. In a given 
case of creep there applies the circumstance that for constant loading, 
in general, the state of deformation does not remain constant. Therefore, 
the question regarding the possibility of the simultaneous existence of 
two states of equilibrium is determined by the instantaneous character- 
istics of the body, and, since in the majority of theories it is assumed 
that the instantaneous characteristics are purely elastic, then, besides 
the elastic loss of stability, nothing else in this direction can be ob- 
tained. In fact, it is for this reason that all attempts to solve the 
problem by exact methods have encountered such a contradiction as the im- 
possibility of satisfying the initial conditions. Consequently, such a 
method may not give the fundamental results completely. 


The second method of investigation, based on the stability of the 
vibrations, is used for the determination of the critical state; it has 
been used in a number of papers (for example, in [4]). It must be noted 
that this method, generally speaking, requires an extension of the intro- 
duced hypotheses regarding the behavior of the material during the process 
of vibration. However, this may be avoided, particularly since for the 
velocities of creep inertia does not play an important role. 


Therefore, consider the behavior of a hinged rod which is compressed 
by longitudinal forces and the material of which obeys the relation (1); 
it will be assumed that the rod has the initial deflections 


Y = Ago Sin 5 (2) 


Using (1) one may express o in terms of the strain e; if the hypothesis 
of plane sections is introduced, and if one considers everything in the 
linear formulation, then a may be expressed in terms of the second deri- 
vative of the deflection. Substituting the obtained expression for o in 
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the equilibrium equation one finally obtains the equation for the ampli- 
tude of the deflection a for longitudinal bending: 


E(P,—P)a (3) 


en 


Here ff is the Euler critical force, 


0 0 
a(Q) ptoo for 


Therefore the solution of (3) has the form 
a P,—P iE) P,—P P,—P nF) 


for the condition PH- PE # 0; obviously, for PE > PH, the deflection 


becomes unbounded with time, while for PE ; PH it tends to the limit 
P 
e 
a PE OW (5) 


e 


In the case PA = PE, the solution of (3) has the form 


(6) 
P,—P n(P, P) 


which likewise leads to a + « for t + «. The deduction from the solution 


obtained coincides with that of Rzhanitsyn regarding the critical stress, 
but it is free from certain deficiencies. 


It must be underlined that in distinction from the studies in the 
elastic region for creep, it is possible to obtain critical values for 
short term excessive loading, since an essential role is played here 

by the time history and not the instantaneous characteristics. Of course, 


the short term loading may not exceed the elastic critical force. 


Consider next the arbitrary nonlinear hardening law of the type 


p (7) 


where p is the plastic deformation. In[4] the problem of the stability 
of a compressed rod has been studied for a creep law of the form (7). In 
this paper, there were proposed quasistatic and dynamic approaches to the 
solution of the problem and it was shown that they give identical results 
for the determination of the stability of a state. Just as in the work of 
Rzhanitsyn, for the quasistatic method the initial conditions are not 
fulfilled. Here, successively pursuing the above procedure, it will be 
shown that the analogous results may be obtained without any internal 
contradictions in the deduction. In addition, the method of investigation 


™ 
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of longitudinal bending in the presence of initial deformation is free 
from the contradiction which occurs in the quasistatic study, that with 
time the initial deformation of the compressed bar may decrease, which 

does not correspond to logical reasoning nor to experimental results. 


Before proceeding to the study, one circumstance must be noted. For 
creep of the elements of a structure, for example in pure bending, a con- 
stant growth of the deflections with time is observed; therefore, the de- 
finition of stability of a structure as the boundedness of deflections 

for unlimited time is inadmissible for practical purposes. Hence another 
definition of the stability of a longitudinally compressed bar will be 

introduced. 


The state of a longitudinally compressed bar will be assumed to be 
stable if for constant load its initial deflection does not increase 
faster than a linear function of time; or, in other words, the rate of 
growth of the deflections with time does not increase and the state is 
assumed to be unstable if the deflections grow with increasing rate. 


A very particular definition of stability has been given here which is 
in need of a refinement and extension. The process of longitudinal bend- 
ing of a rod in the case of creep can be broken up into two stages: the 
first when the increase of the deflections is bounded (this applies for 
bounded creep) or takes place with approximately constant rate, and the 
second when the increase of the deflections bears an avalanche-type 
character (the increase of the deflection growing with the rate of de- 
flection). 


This definition also has a definite meaning for the explanation of 
experimental results in which first there is observed a convergence of 
the cross-beams of the testing machine with constant velocity, and then 
a rapid growth in this velocity. 


In accordance with the introduced definition, one and the same rod 
for one and the same loading may find itself in a stable or in an unstable 
state depending on the accumulated plastic deformation. 


Consider a hinged bar, compressed by a longitudinal force P; let the 
initial deflection be given by (2). It will be assumed that the deflections 
are small and therefore for an increase of the stresses and deformations, 
characterizing the bending of the rod, one can take the variational rela- 
tion (7): 


+ = hip + pbc (8) 


Taking into consideration that 
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and letting y = a sin(#x/L), for a one obtains the equation 


iP 


(P, P\a KP, - FuP)a P, dao 


Introducing the non-dimensional deflection 


and assuming P* = 0, equation (9) becomes 


v (— Efu)= 
e 


(11) 

Equation (11) does not depend on the initial deflection a 
condition having the form: uf) = 1. Hence, all qualitative deductions 
regarding the determination of stable and unstable states of the rod will 
not depend on the magnitude of the initial deflections of the rod. 


Equation (11) will now be studied. Let equation (7) characterize hard- 
ening when A < 0, » > 0. For t = 0 one has u > 0, i.e. after the loading 
has been imposed the deflections grow. Now study the increase of the de- 
flection with time. Since » and A are the characteristic quantities of 
the basic deformed state of the rod, obtained by integration of (7) for 
o = const, they will themselves represent known functions of time. Thus 
one obtains readily the solution of equation (11) which takes the form 

t 


From (12) one may find the regions in which u does not grow and in 
which it grows, which in accordance with the introduced definition gives 
the regions of stability and instability. It is hardly possible to study 
this relation in its general form, but certain results may be obtained by 
consideration of equation (11). If it is assumed that the coefficients in 
this equation vary little and that they may be taken to be constant, then 
the solution of (11) may be written in the form 


+ ce(—>—EBu) t (13) 


» 
A+ 


Let A+ Ex B< 0 anddA < 0; since the deflections increase with in- 
creasing time t, then c < 0 and, consequently, u< 0; therefore u does not 
increase and one has a stable state. 


, the initial 
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If vA + Exf> 0 anddA < 0, then c > 0; in this case one has an un- 
stable state. 


The boundary between stability and instability will be the condition 
A + En f = 0 which coincides exactly with the quasistatic criterion of 
stability. 


It is of interest here to consider the one case when the equality 
A+ ExBe= 0 is satisfied at all times except at one instant; consequent- 
ly, for any p, assuming in addition that f may be represented in the form 
f = g(p)w (oe), one obtains 


and, since o = const, one has g = 


The second relation determines the critical value a, and it is readily 
shown that for oa - Oo. the rod is always stable, while foro > o, it is 
always unstable. The creep law of the form (15) describes unbounded creep, 
but here the creep deformation grows for constant stress like log t. It 
is clear that here the conditions are the same as for the relation (1) 
and it may be said that this law represents the upper bound for relations, 
describing bounded and, as shown above, even unbounded creep, for which 
there exists a critical load which does not depend on the magnitude of 
the accumulated deformation. It should be stated that in the case of 
steady creep A = 0 and, therefore, an unstable state will always prevail. 


Equation (11) will now be studied with a view to changes in A and p 
for one particular creep law when the relation (7) has the form 
1(P, 2) (16) 
In accordance with this equality 


(17) 
From (11) one obtains 


(18) 


Here «, is the Euler critical deformation for the rod, p as a function 
of time is determined by relation (17). Integrating (18), taking into con- 
sideration the initial condition u = 1 for t = 9, and this means also for 
p= 0, one finds 


dg di 
OL. 
dd 
rT dc (15) 
du ding n dine / ding 
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p 
= (—), 
0 


The condition of the critical state has the form 


9 


d*u 
dt? _ 0 (20) 


In its general form, the integral (19) cannot be expressed in terms 


of elementary functions. A particular form of the law (16) will now be 
studied. Let 


= (21) 


Then (19) has the form 


0 


In this expression, when a is an integer, the integration is easily 
performed; as in the case a = 1, the equality (22) has the form 


: (23) 
P1 
Using (20), for the determination of the critical state one obtains 
the condition 


ema —— — - (24) 


In addition to the solution p, = 0, there still exists the solution 


By the approximate and quasistatic criteria one has the condition 


(26) 


Condition (25), being more exact and justified, gives larger values of 
the critical time than the approximate theory, as, generally speaking, 
corresponds to experimental evidence. 


In the cases a = 2 and a = 3 one obtains by an analogous method 


= 3.10 (a = 2), = 4.98 (a =3) (27) 


It is obvious that for increasing a the difference between the exact 
and the approximate methods increases. 
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All the statements are correct when sufficiently smooth relations of 
the form (8) are under consideration, i.e. such relations that the ex- 
pression —~ A — By E changes its sign only once. Otherwise there may exist 
several zones of stability and instability. 


In conclusion, it must be said that usually the linear formulation 


gives upper values of the critical forces. In the present case one has 


as a lower estimate of the carrying capacity of the bar, i.e. at the 
attainment of the critical state the rod does not fail, but there will 
be observed only an accelerated increase of the deflections. 
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ON THE THEORY OF IDEALLY PLASTIC ANISOTROPY 
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(Received 11 July 1959) 


The behavior of an ideally rigid plastic body is investigated under a 
generalized Tresca plasticity condition, 


We remark that Hill [1 ] was apparently the first to assume a plasti- 
city condition for an ideal anisotropic body: a generalized Mises plasti- 
city condition which has been employed repeatedly in applications. 


l. We consider an element of the medium in an orthogonal coordinate 
system x, y, z. We shall suppose that the flow limits are known for 


tension and compression of the element in any direction in the x, y, z 
system. 


Thus, if the flow limits for tension are denoted by k and those for 
compression by s, then in the general case we shall have k = R(L;), 
$= s(1;), t= 1, 2, 3, ..., where the l; are direction cosines speci fy- 
ing the direction of the tension or compression relative to the x, y, z 
axes. The relation 


+ 1,? + = (1.1) 
holds. 


By projecting line segments in the directions of tension or compression 
proportional to the values of k and s, we obtain surfaces which we call 
the surfaces of anisotropy in tension and compression. For an isotropic 
body these surfaces are evidently spheres. In the general case the sur- 


faces of anisotropy in tension and compression may be discontinuous, as 
for example, in layered materials. 


By 1, 2, 3 we denote three orthogonal directions along which the 
principal stresses o,, 0,, 9, act. The orientation of the 1, 2, 3 axes 


with respect to the x, y, z coordinate system is determined by the table, 
of direction cosines. 
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We consider the plasticity condition. By virtue of the supposition 
that the plasticity conditions are independent of the hydrostatic press- 


ure, the plasticity conditions are interpreted 
in a space of principal stresses as a certain 
cylindrical surface whose generators are paral le] 
tog, = 0, =0,. The curve of intersection of 
the plasticity condition with the plane o, + 

0, + 0, = 0 we call the curve of plasticity. 
Figure 1 shows the curve of plasticity determin- 
ing the extremal plastic flow properties of the 
medium which are possible under non-concave con- 
ditions of plasticity, passing through the known 
points fixed by the flow limits for tension or compression. 


We must note that the condition of non-concavity of the curve shown 
in Fig. 1 establishes certain evident limits on the values of the limits 
for tension and compression. 


Thus, with these assumptions, a certain six-sided prism with bound- 
aries parallel too, = 0, = o,, completely determined by the flow limits 
for tension and compression for each position of the axes 1, 2, 3 may be 
interpreted as giving the conditions of plasticity for an ideally plastic 
anisotropic body. Changing the orientation of the 1, 2, 3 axes in the x, 
y, z system changes the prism specifying the plasticity conditions. 


We shall write the plasticity conditions. We denote the flow limits in 
tension by k,(1.), k,(m_.), k,(n;), and the flow limits in compression by 
s,(l,), sy (m5), s,(n;). We write the equation of the plane, parallel to 
0, = 0, = 0, in the form 


ac, + b3,+ ¢3, = 0 (a+b+cec=0) (1.3) 


_ The required plasticity conditions are easily obtained from this as 
(Fig. 1) 
(1.4) 
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We determine the equations for the edges of the prism, considered as 
plasticity conditions. It is easy to convince oneself that the required 
equations may be written in the form 


Oy = 8; = — Qhy, = = — — (1.5) 


The condition of complete plasticity for an isotropic body may be 
generalized by relations (1.5). In the following we consider the condi- 
tiong, = 0, = 0, - 2k,, in which we omit the index 3 in k,. 


It is well-known that 


(1.6) 


Here and in the following the symbols (xyz), (1 2 3) denote that the 
remaining relations are to be obtained by a reeular permutation of in- 
dices. By making use of (1.6) we obtain 


2kn,? 2knyn. (xvz) (1.2. 9) (1.7) 


k = k(n;) (s, +3 3) ny cos8,, mz = cos9,, Ns cos 4 


is easy to obtain the relation 


txy* (xyz) (1.8) 


(s,— k) ty: — Textxy = (xyz) (1.9) 


Expressions for the plasticity conditions corresponding to the prism 


boundaries may be found analogously as generalizations of those given by 
Levi [2]. 


We substitute the relations (1.7) into the equation of equilibrium 


(1.10) 


obtain 


\ 
*) — 2kn, | sin 0, —| 


| ol 08, Ok { 
—| n\n, + kn,| sin 0, +; = —n,*, sin 9, 
1 On, Oz Ons 
Ok An. al on, Ok { 00. 
—|— n,n, in, | sin 0, n,n,sin 9, —* + - ——n,?! sin 9, — 


00 


Or an, al 
Ss } _ 


On; | + kn, | in 9, 


0 


= 3,1," + 3,m,? + gn,” 

a J 

"2: 

From (1.7) it 

o 

— 

ox oy Oz U (xyz) 

We 
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p=2, cos? 9, + cos? 9, + cos? 9, = 1 (1,12) 
The system of four equations (1,11), (1.12) in the four unknowns p, 
#;, is a system of hyperbolic type. Upon writing the equation of the 
characteristic surface in the form W(x, y, z), we find that the character- 
istic determinant in vector form is 


— (grad + 2 (grad ‘¥-n)? — + (grad 


(grad ‘Y’+a) + (grad ‘Y’-n)(a-n) = 0 


where 
n =n {nj}, 


We denote by a the angle between the vectors grad 
Y anda, by the angle between the vectors grad 
and a, and by y the angle between the vectors a and 
n. We obtain from (1,3) 


— 1+ 2cos*« —bcosacos 8 + bcos*acos 7 = 0 


At a given point in the body under a given state of stress the direct- 
ions of a andm are fixed and the direction of grad ¥ describes a certain 
characteristic cone. Consequently, the angle y is fixed and the angles 
a and B determine the directions of the generators of the characteristic 
cone. 


We suppose that the directions of a, m and grad ¥ lie in one plane 
(Fig. 2). Then a, = 8, + y,. We obtain from (1.4) 


etg 2a) = +bsin y (1.15) 


It follows from (1.15) that the directions of grad ¥ in the am plane 
are orthogonal. We trace lines in this plane which make an angle equal 
to 7/4 with the directions of grad vw. These directions, which we call the 
axes of the characteristic cone, make angles with the direction of n 
equal to a, — 7/4. We find that these are equal to the angles formed by 
the generators of any characteristic cone with the axis. It is easy to 
show that the angle sought is determined from the expression 


2 / cos? a + sin ao cos a, 


COS AZo COS Ao)/ 


Evidently for an isotropic material a= 0, a = a, = 7/4, cosv = 1/2y2. 


in which 
33) 
n 
ak 
a=a{/—_—| 
co 
Pig. 2. 
(1.14) 
jal 
| 
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In the general case the characteristic cone will not be a circular one. 
The circumstance is a result of the material anisotropy. 


We remark that cos a # © follows from (1.15). 


We return to the determination of the law of plastic flow. We find, 
upon employing the Mises relation concerning the extremum of the plastic 
work [3], as well as the corresponding generalizations of Koiter [ 4 ] 
and Prager [5] for the case of angular points on the flow surface, that 
from the plasticity conditions (1.8) or (1.9) 


ok 
he { 2 


On; Otte 


In a given case the necessity of differentiating the function k with 
respect to the stress components is apparent. 


Further, it is necessary to deduce certain relations. We obtain from 


(1.7 
(1.17) 


Qs 2k (3n,? ‘hen? (1 n,*) 


It follows from (1.17) that 


(1.1%) 
— 4) 


ny") 
By substitution of expressions (1.19) into relations (1.16) and elimi- 


nating the quantities A,, A,, A, we obtain 


d,\e, Oxy 


10c< 
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dy = + n 


— 
On, ony le Ons 


It is easy to see that the incompressibility condition 


is fulfilled. 


The three equations (1,20), (1.21) in the three unknown velocity com- 
ponents of the displacements u, v, w belong to a hyperbolic type, of 
which the characteristic surfaces are determined according to equation 
(1.13). Thus, in the case considered, the system of equations character- 
izing the anisotropy and the system determining the states of stress and 
strain coincide. 


Although the states of stress and strain corresponding to the plasti- 
city conditions at the prism boundaries have been touched upon, this 
question must be considered separately. 


2. We consider the twisting of a prismatic rod of ideally rigid plastic 
anisotropic material. We suppose that the rod anisotropy is such that it 
is independent of z, the axial coordinate. As usual, we set 


(2.1) 


We satisfy relations (1.6), setting 0,=- 95,9, 0, for which the 
orientation of the 1, 2, 3 axes in the x, y, z system is determined 
according to the table of direction cosines. 


TABLE 


Any of the plasticity conditions (1.4) leads to the expression 


o 
x 


o,=0,(0) or = 


By substitution of the expressions for stress r,, = k(@) cos 0, r 
k(@) sin @ into the single equation of equilibrium 


ar Or 


rz “ye 
“Ox + es 
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we obtain 
(—ksin + = cos 8) +- (keos 9 sin 9) 0 (2.3) 


The characteristics of equation (2.3) are determined from 


dz dy dv 
— k sin 4 k’ cos 6 kh cos 0 Lk’ sin {) a0 (2.4) 


It follows from (2.4) that the characteristics are the straight lines 


<in®@ 


(2.5) 


along which @ = const. Further, by making use of the associated law of 
flow, we obtain 


23 
= 6, = 6, ,=0 


, 30 
= — kh’ 2). (ty, 


xz 


From the expression = tan™*(r we find 


fal!) 
OT x, 


Consequently, the law of plastic flow may be written in the 
k’ k’ 
Tx: = 2h (Txz + Ty2), = 2) (tyz — Txz) (2.8) 
From (2.8) it follows that 


Ou Ow k’ Ov Ow k ‘ 
+ ) — — | Gy) (tz + = (2.9) 


If we put u = cyz, v = z (ec = const), then we find from (2.9) that 
(Asin — k’ cos) —(keos 94 sin 9) + cy (ksin 9 — k’ cos 9) + 
+ ex (kcos + k’ sin 6) = 0 (2.10) 


It follows from (2.10) that the characteristics of equations (2.4) and 


(2.10) in the xry-plane coincide, and that along straight lines @ = const 
the relation 


w= c\ (ydx — rdy) + const (2.11) 


holds. 


Expression (2.11) coincides with the relation of Mandel [6], derived 


for the warping under torsion of a prismatic rod made from ideally rigid 
plastic material. 
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3. We consider the case of a state of plane strain. Direct the z-axis 
along the axis of an infinite cylinder and assume that none of the com- 
ponents depends upon z. In this case 


tx: = Ty, = 0, 6, = = ty; = (3.1) 
If we limit ourselves to consideration of expression (1.9), then 


(¢, — + 4:2, = 4k? (6), = (3.2) 


We make a change of variables: 
¢y=p+kcos20, c,=p—kcos26, = ksin 20 (3.3) 


Upon substitution of (3.3) in the equation of equilibrium we obtain 
the system 


Op , a0 00 a0 

99 __ w hain 9 
=— + k’ cos 26 = 2k sin 26 a5 + k’ sin 26 = + 2k cos 20 5 = 
dp 
Oy 


: (3.4) 
4 k’ sin 26 + 2k cos k’ cos 26 + 2k sin 20-38 = 0 


The characteristics of the system of equations (3.4) have the form 


_ — zk sin 20 + + 35) 
k’ sin 0 + ck cos ( 


It is easy to see that the characteristics (3.5) are mutually ortho- 
gonal. In addition, one may obtain relations which are generalizations 
* of the well known Hencky integrals [7 |]: 


p+F(6)=const,  {F(6)= \V + 4k do (3.6) 


One employs relations (3.6) to formate a generalization of the Hencky 
theorem, establishing certain properties of the sliding lines. 


We consider the law of plastic flow. We seek the extremum of the work 
of the stresses for a twisting deformation for a particular element of 
the body with the additional condition 


dA = onde, + oyley + 2txydexy — dy + 4txy*—4A* (8)] 


The extremum is found from the conditions ad = 


We shall have x 


q 1589 
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4 Ory 
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It follows from (3.3) that @ = tan*(2r /o, _ o,), from which we ob- 
tain 


sin: 8 00 cosi9 


ik 


Finally, the law of plastic flow for anisotropic media takes the form 


k’ / 
A { Cy + ’ = ALG (3.8) 
1 


The expressions (3.8), if A is eliminated, represent two equations in 
the two unknowns u and v, which are the components of the displacement 
velocity. It is easy to convince oneself that the equations are of hyper- 
bolic type and that their characteristics coincide with the character- 
istics of the stress equations. Along the characteristics the elongation 
is zero, and so the relations of Geiringer hold [8]. 


We note that the form of the plasticity conditions (3.2) is similar 
to the Tresca plasticity conditions, but because of anisotropy, the 
sliding lines do not coincide with the lines of maximum shear stress. It 
should be noted also that conditions (1.4) may be realized to some extent 
in the xy plane, and so in the general case, it is necessary to provide 
for the possibility of conjugate solutions. 


1. Finally, we consider the case of a state of plane stress. We suppose 
0. |+ 1 In Table (1.2) the relations n, = 1 


ba 


n, =n, = 1, = m, = 9 hold. On these assumptions the quantities k, and s, 
are constants. 


The plasticity conditions are described by a hexagon as in Fig. 3. It 
follows from (1.4) that in the general case the plasticity conditions 
may be written in the form 


A(9) + B(9)e, = 1 (4.1) 
Passing over to the Cartesian components we obtain 


= p+ [C, (8) — C, (8) p] cos? 8 (C, =) 
A+ 
A} (4.2) 


oy = = 
= —[C, (8) — C, (8) sin cos 


For the sides of the hexagon AB, BC, DE, and EF in 
Fig. 3.we shall have k, = kk,, where x is a constant 


equal to k, or s,. 


a0 _ — 
Oc, 4k Sk || 
23 
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The plasticity conditions (4.1) may be rewritten as 


AB + + (A* + BY) ox0y—(A + B) (x + oy) —[(A—B) try]? + 1 = 


Upon substitution of expressions (4.2) into the equation of equilibrium 
we obtain 


a0 a0 
oP — C, cos? 6) + +C,sin 20 + (Dsin 26+ D cos* 8) — A 0 

30 a0 
— Cy sin? 9) +4C,sin 2052 + (Dsin 26 + D’sin*0) 5 =0 


Here 
dC dt ‘ ia 
D = C,—Cgp, D = 4 = Dcos26+ —D'sin 26 (4.4) 


The characteristic equations for the system (4.4) are written in the 
form 


al D* cos z @— D(2— sin 20 + 4D? (z 
(z 12 2 (— DC; cos*® + (4.5) 


Along the characteristics the relations 


air 1 be 
p+ F (6) = const, F (6) j= (4.6) 


hold. 


Let us determine the law of plastic flow. Upon making use of relations 
(4.4) as in a plastic potential we find that 


= h {2ABo, + + B*)c,— (A + B)—[(A’RB 4B’) (3,7 3,7) 4 

+ 2 (AA’ + BB’) 2,3, — (A’ B’) + sy) —2(A — B)(A’ — B’) 
h{2AB3, + (A® B*) 3, —(A + B)—[(A'B + AB’) (c,? + 3,2) 4 

+ 2(AA’ -(A’ + B’)(s, ey) —2 2 (A — B) (A’ — B’) txy7] 

= h{—2(A — B)*t,,, + + AB’) + 2,2) + 2(AA’ BB’) 0,0, — 


—(A’ + B’) (3 + sy) — 2(A— B)(A’ — B’) 


Try 
9 = ty = 


It is easy to convenice oneself that the equations determining the 
field of velocity belong to a hyperbolic type and that their character- 
istics coincide with the characteristics of (4.5). 


4 
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At the present time a number of papers has been already devoted to the 
dynamics of two-phase media. One may mention the papers by Frenkel’ 
[1], Rakhmatulin [2], Biot [3,4], Zwikker and Kosten[5], and 
others. However, the basic problem of the setting up of the equations 
of motion in two-phase media still cannot be considered solved and 
requires additional study and experimental verification. 


This paper is concerned with the study of the simplest case of 
motion, which is the propagation of elastic waves in a homogeneous 
isotropic medium consisting of a solid and a fluid phase. The problems 
of the reflection of plane waves and surface waves at the free bound- 
ary of the half-space are solved. It is shown that the stress-strain 
relations established by Frenkel’ are equivalent to the analogous 
relations proposed by Biot and that the equations of motion of the 
latter are more general. 


1. Basic equations. The interpenetrating motion of the solid and 
fluid phases will be analysed as a motion of the fluid in a deforming 
porous medium. We shall assume that the dimensions of the pores are smal] 
as compared to the distance in which the kinematic and dynamic character- 
istics of motion change substantially. This allows us to assume both 
media to be continuous, and thus we shall have at every point of the 
space two displacement vectors: the displacement vector u of the solid 
phase (the skeleton of the porous medium) and the displacement vector v 
of the fluid. As it was shown by Frenkel’ [1], the total stress tensor 
in the skeleton (taking into account the pressure of the fluid in the 
pores) can be written in the form 


= + + Ry(1—m — (1.4) 


7 
a 
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st 
= 
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ty 
2\dr, 


Un Uae div u, ? 


where L, G, and K are respectively the Lamé coefficients and the bulk 
modulus of the porous skeleton with empty pores, K, is the actual bulk 
modulus of the solid phase, Ry is the bulk modulus of the fluid, m is 

the porosity, u.. is the strain tensor of the skeleton, @ is the relative 
volume change (dilatation) of the skeleton, ¢ is the relative change of 
the actual density of the fluid, 5, is the Kronecker delta, which is 
equal to unity when t = k and equal to zero when t # k. 


The change of the porosity can be expressed according to [1] by the 
formula 


Am a( (1.2) 


The constant coefficient a is some additional parameter which charac- 
terizes the elastic properties of the porous medium (when the porosity is 
constant a= 0), 


A small change of pressure in the liquid is related to a small change 
of density by the equation 
Ap = — (1.3) 


The continuity equation expressing the law of conservation of mass has 
the form 


a 
FY (mo) + div (mp 5; )=0 (1.4) 


By linearizing and expressing it in finite differences we obtain 


m&p + pAm + me=0 e=divr (1.5) 


where « is the relative change of the volume (dilatation) of the fluid. 
By taking into account (1.2) we find 


1 

P= (1.6) 
When (1.6) is substituted into (1.1) and (1.3) they become 

Py = 4+ + Gedy, ¢=—mAp=Q'0+ Re (1.7) 


where o represents the force acting upon the fluid per unit cross section 
of the porous medium, and the other symbols are 
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K,) Po, 


R= (1.8) 


The work of the forces acting upon an element of the solid and fluid 
phase is 


= Pix, duy, + ede = did) + 2uuy + + Q’bde + Rede 


For the existence of potential energy this expression should be a 
total differential, and consequently the relation 2 = 0” holds and thus, 
when (1.8) is utilized, we obtain 


K 


Equation (1.7) coincides with the stress-strain relations established 
by Biot [3]. If the shear in the skeleton is neglected the stress tensor 
P,, will contain only diagonal terms, i.e. P;, = — p,5j,, where p, is the 
pressure force on the skeleton per unit cross-sectional area of the 
porous medium. Equations (1.7) then become: 


Oc, —mAp = Re (1.10) 


Let R, < K« K, (this can happen in the case when the pores are filled 
with a gas). In accordance with (1.8) and (1.2) we obtain for this case 


R=mR, (1.41) 


We introduce the quantity 


= Mp — Mopo (1.12) 
a Here m, and pp are the equilibrium values of the porosity and the 

oe pressure of the fluid (gas). Using the equation 
7} and taking into account (1,10) and (1.11) we obtain (1.13) 


which coincides with the equations of Zwikker and Kosten [5]. 


Let us now obtain the equations of motion, at first neglecting the 
viscosity of the fluid. 


The force acting on the skeleton (per unit volame of the porous medium) 
is equal to the time derivative of the total momentum of the skeleton (in 


= 
1595 
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p. a this volume). The latter consists of the momentum of the skeleton with 

a ‘ absolutely empty pores and the additional momentum arising due to the 

- 3 relative motion of the phases of the medium, i.e. 

Ou Or Ou On Ar 

Thus we have 

Analogously we find the 

Ov \ Ou Ov Au Av 116 


and obtain the second equation of motion 


Pu, Oc { 17 
Pre + Pee ar Oz, ( 
k A The coefficient Pro shall be called, according to[4], the coefficient 
‘eee of dynamic coupling of the skeleton with the fluid, p, and p, are the 
2 y masses of the solid and fluid phases per unit volume of the medium, p,, 
; ae and Po> can be regarded as some "effective masses" of these phases: 
Py — Pre, Nee De - 12 (1 18) 
= - Since during the motion of a solid body in a fluid its "effective 
ee mass" is larger than its actual mass (P., > p,), the coefficient p,, has 
to be negative. 
ay In order to take into account the viscosity in equations (1.15) and 
aot (1.17), one has to add a term that is proportional to the difference 
a between the velocities of the two phases: 
au, ate, a 
01 + Pre +: O( 
rll Pre ot? ot at ) Ax, (1.19) 
Ov; Ou 0 
i i i i \ 
+. Poe an bi ar at m ar 


The constant 6b can be determined from the condition of satisfying the 


Darcy law for the particular case of stationary flow of the fluid. Thus 
we find 


b= (1.20) 


where » is the coefficient of viscosity and k is the coefficient of 
permeability, which is proportional to the porosity and the square of 
the pore diameters: 


- 
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k = const mé* (1.21) 


If the coefficient of dynamic coupling p,, is neglected in (1.19), we 
obtain the equations of motion introduced by Frenkel’ [1]. In the case 
of harmonic waves of frequency w (where the displacement vectors depend 
on time as e~ '€ equations (1.19) can also be written in the following 


(1.22) 
oP Or Ou, ay Ou Ov. 


where 
Ss = b— (1.23) 


If the shear in the skeleton is neglected, i.e. 
Pix, = — = — (1— m)pdy 


(P. is the actual pressure in the skeleton), we obtain from (1,22) 


(1.24) 
an P, on, 13 \ Ot a p Ox, \ Of a 


Here p, andp are the actual densities of the solid and fluid phases: 


p=, Ky Ky = (1.25) 


Equations (1.24) coincide with the equations of motion introduced by 
Rakhmatulin [2] for multi-phase liquid or gaseous media. 


Let us decompose the displacement vectors into irrotational and sole- 
noidal components 
u = + Uy, rotu,; = 0, divu,; =0 
(1.26) 
v= +n, rotv, = 0, divyr, =0 
Equations (1.19), together with (1.7), (1.9), and (1.26) reduce to the 
following system: 
+ (ur — 01) = (A + Qu) V2 + 
eu 
Pu, Fr, a 
Pr an an + b= (uy — = uV 
Pu Fv a 
Pie + Po + b= uy) = 0 
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In the case of monochromatic waves of frequency w, the first two equa- 
tions of (1.27) with the aid of the linear transformation 


Up =U,+ Ug, = My, + My, (1.28) 


and after the introduction of the following notation 


2p Q R (1.29) 
AL 
Pp 


reduce to 


V*u, + k,*u, => 0, -+ — 0 (1.30) 


where 
2 2 
k,* =z, (=) ky? = 2,(—) (1.31) 


z, and z, are roots of the quadratic equation 


— 27> — + — 2¢ 2 4 
ib 
+ — 1) = 0 (1.32) 


and the coefficients of the transformation (1.28) are determined from the 
formulas 


M,= {22 — 21S22 + {22 — + T pw 


Equations (1.30) describe the propagation of longitudinal waves of 
type I and II. 


If the coupling between the solid and the fluid phases of the medium 
is weak 


Tie = 0, 
then we find from (1.32) 


= 0, 


1 Cee 


and in addition to that the velocities of the I and II longitudinal waves 
are obviously equal to the wave velocities propagating separately in con- 
tinuous elastic and continuous fluid media. According to (1.33) we have 
in this case 


M,=0, M, = (1.35) 


Let us find the approximate values of the roots of equation (1.32) with 


1598 
vi 
4 


On the propagation of elastic waves in two-phase media 1599 


the condition y >> 1, which corresponds to the case of low frequency or 
high viscosity 


(1.36) 


= 
511522 —— 


As can be easily verified, the damping coefficients of the wave (beine 
the imaginary parts of k, and k,) will be here proportional to the square 
of the frequency for the I longitudinal wave and to the square root of 
the frequency for the II longitudinal wave. Thus for a very low frequency 
the I longitudinal wave experiences a negligible damping, while the II 
longitudinal wave practically disappears because of the large damping. 


The second two equations of (1.27), which describe the propagation of 
the transverse wave, reduce to 


Mm, vu + = 0 (1.37) 


where Pr + poM, 


w? (1.38) 


With a low frequency the damping coefficient is here also proportional 
to the square of the frequency just as in the case of the I longitudinal 


wave. 


The existence of three types of waves in porous media and also their 
damping characteristics were established in the papers[1] and[4]. If 
y << l, one can neglect the effect of viscosity. It is necessary here, 
however, to keep in mind the fact that w should remain smaller than the 
frequency at which the wave length is comparable to the dimensions of the 


pores. 


2. Reflection of plane waves at the free bowdary of the 
half-space. The boundary conditions at the free surface of the medium 
will be 


Py,=0, Pry=0, (2.1) 


or on the basis of (1.7) 
hO + + Ge = 0 
Ben 0 (2.2) 


004+ Re =0 


After introducing the potentials of the longitudinal and transverse 
waves and taking into account (1.26), (1.28) and (1.37), we can write the 
expressions for the total displacement vectors of the skeleton and the 
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fluid 


grado, + grad. + rot’, v = M, gradp, + M.gradp, + (2.3) 


after which the boundary conditions reduce to 


dy? Oxdy 


O-® 


| 


O-®e 


Orou orou 


(Q +- RM,) + (Q + RM,) = 0 


We shall study the case of the incidence of a I longitudinal wave on 
the boundary. The three boundary conditions can be satisfied only be 
allowing the incident wave to create a system of three reflected waves 
at the boundary: two longitudinal waves and a transverse wave. Thus the 
complete sonic field in the medium will be (see Fig. ) 


sin 6,) AIV ye’ sin 4, v cos 


(2.5) 


where W,, W, and W, are unknown reflection coefficients (the multiplier 
e~ omitted for brevity). 

After substituting (2.5) into (2.4), and solving the resulting system 
of linear equations we find 


(2.6) 


Fy LiF — (sin 20, Lyesin 20.) tg 20 7 


W, 


~ = (sin 20, — Lyesin 204) tg 20, 


W, (4) [sin 29, + Ly.sin 20, — (sin 20, — L,,sin29,)] 
t 


cos 20, 
The notation used here is as follows 


PF, — K, 2u. sin F, = K, sin Q + RM, 
- Li. = O+ RM, (2.7) 
K,=h}+2n+@QM,, + 


At low frequencies the reflection coefficient W, will be proportional 
to w according to (1.36) and (1.31). Thus, to the first approximation it 
can be assumed that only the I longitudinal and the transverse wave are 
reflected from the boundary. 


In the case of an incidence of the wave normal to the boundary 


BL) 4. SF og (2.4) 
VO! 
9. 
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= 0, W, — 0 (2.8) 


i.e. only the I longitudinal wave will be reflected. 


When we let the porosity approach zero and then assume that relation 
(1.35) holds as well as the equalities 
+ = pets", ptt”, = - 
t 
where c, and c, are the velocities of the longitudinal and transverse 
waves, we obtain the well known reflection coefficients for a continuous 
isotropic elastic medium [ 6 ] : 
c,cos 0,tg*20, —e,cos 8, 
6, 
2.9 
c,sin2 0, 2¢,cos 9, ( ) 
€,€082 8, + ccos 
Assume that a II longitudinal wave is incident upon the boundary. 
Similarly to the above we find 


F, — (sin 20, + Lyesin 204) tg26, 


W,=— 


{sin20, + L,,sin20, -+- W, (sin26, — L,,sin26,)] 
ty 


List 0s20, 


For the case of a transverse wave incident upon the boundary we have 


(2.14) 


\? psin20, k,\? psin2, 
w Fy — (sin 20, — Ly_sin 26.) tg20, 


In the limiting case of a vanishing porosity we obtain from (2.11) 


2¢,cos8,tg20, W 0. Ww 080;tg220, — 


W,= 


which coincides with the well known expressions for the reflection coef fi- 
cients in continuous elastic media [6]. 


At the conclusion of this section let us mention the case of complete 


1601 
(0, = 6, = 0,= 0) 
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internal reflection. 


We shal! neglect the viscosity and assume that the velocities of the 


two longitudinal and the transverse waves satisfy the inequalities 


Cy > Co . Ct 2.13) 


If the transverse wave hits the boundary, complete internal reflection 


will take place when 


sin®, > (2.14) 


The angles @, and @, to be determined from the relations 

sind, = —-sin sin 9, — sin9, (2.15) 


then turn out to be complex, and the I longitudinal and the transverse 
waves are nonhomogeneous waves, whose amplitudes decrease exponentially 


with distance from the boundary. In the case of the incidence of a II 


longitudinal wave upon the boundary at an angle @,, which satisfies the 
condition 


(2.16) 


the angle 6, will be complex and the I longitudinal wave will be nonhomo- 


reneous,. 


3. Surface waves. We shall study the surface waves as a degenerate 
case of the reflection of plane waves. To this end it is necessary, as 

is well known [6], to let the amplitude of the incident wave approach 
zero and the reflection coefficients approach infinity so that the ampli- 
tudes of the reflected waves remain finite. Thus we obtain a wave process 
that propagates along the boundary without an incident wave, i.e. we shall 
have the case of a surface wave. According to (2.4) the reflection coeffi- 
cients approach infinity under the condition 


— Ly_F,) cos 28; + (sin 26, — Ly. sin sin 26, = 0 3.1) 


At the outset we neglect the viscosity and thus we assume all coeffi- 
cients to be real. We introduce the notation 


S = sin*6,, = | = qe (3.2) 


Using the relations (sin @,)/c, = (sin 0,)/c, = (sin @,)/c,, we reduce 
equation (3.1) to 


4 
: 
© 
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(3. 


Let us assume that condition (2.13) holds. It is necessary for the 
existence of surface waves that equation (3.3) has a root S> 1. There 
the sines of the angles 0, 6,, and #, will be greater than unity, and 
the cosines purely imaginary, and consequently, the surface wave will 
damp out exponentially with distance from the boundary. Along the bound- 
ary it propagates without damping with a phase velocity 


Vs 


For S + «, the left-hand side of equation (3.3) reduces to 


— 28 [K, —p—L,.(K.—1)] 


and for S= 1 it is equal to 


Thus equation (3.3) has at least one root S > 1, when expressions (3.5) 
and (3.6) have opposite signs. If viscosity is taken into account, then 
the corresponding root of equation (3.6) will be complex and consequently 
also the phase velocity (3.4) will be complex. This indicates the presence 
of damping of the surface wave in the direction parallel to the boundary, 
which is caused by the dissipation of its energy due to viscosity. 


In the limiting case of vanishing porosity, equation (3.3) goes over 
into the well known equation describing the propagation of a surface wave 
at the interface between a continuous elastic medium and vacuum [ 6 |: 


28)? +4SVq,—S V1 (3.7) 


In conclusion I would like to express my deep appreciation to Professor 
V.L. German of the Khar’kov State University for his suggestion of dealing 
with these problems and for his interest in the work. 
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ON THE PROPAGATION OF ELASTO-PLASTIC WAVES 
FOR COMBINED STRESSES 
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(Bucharest) 


(Received 9 July 1959) 


In his paper [1 ] Rakhmatulin considered several problems of the propaga- 
tion of elasto-plastic waves in the presence of combined stresses. He 
studied the case when the wave of the combined stress is a wave of a 
strong discontinuity, propagating with a velocity which is smaller than 
the velocity of the usual elasto-plastic waves (Riemann waves). Thus, 
Rakhmatulin assumes that in the case of a combined stress for a shock in 
a plastic body there propagates at first a group of plastic waves and 
then the wave of the strong discontinuity which is a wave of a combined 


stress. 


The present paper studies the same problem on the basis of the equa- 
tions established by Rakhmatulin; however, it also considers another 
possible case of propagation which may occur for certain materials. For 
example, it is shown that for such materials the combined dynamic stress 
is transmitted in a plastic body only by combined waves. These waves pro- 
pagate in a body faster than the usual plastic waves {2.3 - The presented 
study is rather qualitative than quantitative, since the theory of smal] 
elasto-plastic deformations, used in this investigation, has not yet been 
verified experimentally (and adapted in a proper manner) for dynamic 
problems. 


Consider the problem of compression-shearing stresses of two free strips, 
formulated by Rakhmatulin, It will be assumed that the material of the 
strips is elasto-plastic and satisfies the equations of the theory of 
small elasto-plastic deformations, Introducing certain physically justified 
simplifications, Rakhmatulin reduced these equations to the form of equa- 
tions (5.5) of reference [1 ]: 


4 
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2 1 


, , 
(4, 


1 » 
+ Y,) (e,, 


a Ou 


or 


The stress intensity 0G; is represented as a function of the strain in- 
tensity 
— 3; (2) 


The equations (1) and (2) have to be supplemented by the equations of 
motion which may be written in the form 


OX, oY. 3 
= ——, f = 

Ot Or ot? Or (3) 

Since it is assumed that the displacement components u and v depend only 
on the single spacecoordinate x and the time t: 


(2, t) (4) 
In all the above formulas all the components are "average" components 
which have been denoted by Rakhmatulin with the superscript ©. Por the 


sake of simplicity this index has been omitted here. 


To facilitate the manipulations it has been assumed in what follows 
that the material is incompressible: 


(9° 
Using the condition of incompressibility (5), the system (1) may be 
reduced to the form 


where = du/dx and * Ov/Ox are the strain components. 


The stress components may be expressed in terms of the strain compo- 
nents in the following manner: 
= du 2 ou , 1 Si Ov (7) 

It will be assumed that the function in (2) is monotonically increas- 
ing and that the curve forms an angle with the Oc; axis (in particular, 


1606 
3 e, \ 3 “xx 3 “zz 
$$ 
Ou 2 3 Ov \* 
z2 zz 2 Ox 
VO! 
2 3 
: 3 
‘aed 


23 


The propagation of elasto-plastic waves for combined stresses 1607 


it may be, for example, the exponential function). 


Introducing (7) in (3), one obtains 


Ou Ov 


Or ox 


Consequently, by means of the formulas (2) and (7) functions L, M, N 
may be expressed in terms of du/dx and Ov/dx only. 


Equations (8) are the equations of motion, corresponding to the equa- 
tions (1.6) of Rakhmatulin [1]. It follows from (8) that for the problem 
under consideration one has in the general case two types of waves. The 


usual assumption will be made that for passage through any wave front the 
increments 


Ou, 
ot 
Ov 
4 
Or 


taken along the front remain continuous; equations (8) will now be supple- 
mented by the equations 


Pv 
dx? — dt? = du. dr — du,dt, - lt dv dx — dvdt 10) 


Solving the system, consisting of equations (8) and (10), for the 
highest order derivatives, one readily finds the characteristic equation 


dzx\* dz one 
—p(L+ + LM —4N*=0 (11) 


and the differential expressions satisfied by the characteristics. There 
are four such expressions, but, using (11), only one of them is found to 
be independent, for example 


(edu, — du,) N + (ge? — ‘L) (ede, — dv,) = 0 (1. ) 
Here c is the velocity of propagation of the plastic wave front at 


which the expression (12) is satisfied. As follows from (11), the velo- 
city may have two values 


; 
where 
N (e (9) 
) tee — | 
4 
a du, : 
dv, 
a 
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=e" F 2 L4M4ViL— 
Ou zp 

(az: 


Since, obviously L > 0 and M> 0, it follows that 


Cy > ery (14) 


The velocities determined by the relations (13) are the velocities of 
propagation of the two types of waves of combined stress. These types of 
waves will] be denoted by (I) and (II), respectively. In particular, in 
regions where one may assume pv = 0, the waves will propagate with velo- 
city 


(15) 


p 


of Riemann waves (11); here (044) is calculated from the formally stated 
expression (2) 


) 
however, in actual fact, these expressions are different. 


Finally, in regions where one may assume u = 0, only Riemann waves 
(II 2) will propagate with velocity 


== - (16) 


Here (o%5) is calculated from the other expression of the type 0:2 = 
52 


It will be shown that for certain conditions, i.e. for certain mecha- 
nical properties of the plastic material 
L 
Cy > Cr (17) 
The first part of the inequality (17) follows directly from (13); for 


the proof of the second part one must compare the expression L of the 
relations (9) with ey,/ of (15), i.e. one must have 


(18) 


The inequality (18) is satisfied for very many types of materials for 


which as a rule >» and does not differ greatly from 


1608 
(13) 
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One may draw from (17) the important conclusion that in materials, 
satisfying the former conditions, waves of combined stress (I) propagate 
faster than the standard plastic Riemann waves (11). In fact, if one com- 
pares the velocity cr with the velocity ery of the elastic waves, one ob- 
tains < but in certain cases these two velocities are almost 
equal. Consequently, for instantaneous combined stress at the end of a 
Plastic body one must assume that the wave I is a wave of a strong dis- 
continuity. 


This reasoning does not apply to the velocity Crp because it follows 
readily from (13) that en < M/p, and comparing M/p with erro one ob- 
tains c,,,° <M/p and, consequently, in this way one does not obtain 
comparison of err with Cry Comparing err directly with Cir? and making 
the same assumptions as above,one may show that 


(19) 


and therefore, the wave (II 2) propagates more slowly than the wave II, 


It will now be shown that the waves I and II are actually waves of 
combined stress and not the usual plastic waves. Let a and fi denote the 
discontinuities of the derivatives 0°u/dx* and 0° v/dx* for the passage 
through the front of the wave 


nu Pu [Fr | 
a 


ox? 


If this front is a front of the wave (I), then these discontinuities 
will be denoted by a, and B,, while if it is of the type II, they will be 
denoted by a,, and B;;. It follows from (10) that between the discon 
tinuities of the second order derivatives there is a relationship 


ax? | 3 (20) 


‘ 


and from (8), taking into consideration (20), one obtains the expressions 
(pe? — L) a — 4N§ Na — (pc? — M) 8 = 0 (24 


Equations (21) are not independent, since it follows from (11) that 


4N 
= pee — M 


Expressions (21) and (12) are likewise not independent, if one takes 
(10) into consideration. Consequently, at the front of the wave (I), one 
has 

L)a,—4NB, =0 


and at the front of the wave (II) 


a 
: 
23 
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(pe L) iNB,, = 0 


It follows from (23) and (24) that at the front of a wave I, as well 
as at the front of a wave II, all second order derivatives of u and »v 
are continuous. Consequently, both waves are waves of combined stress. 
These waves of combined stress degenerate into the usual plastic waves 
only for N= 0. This may occur in two cases. 


In the first case, one of the displacement components is zero. Hence 
Ou/dx = 0 or Ov/dx = 0. Then the system (8) reduces to a single equation: 
the second or the first of the equations (8) respectively (where N= 0). 
The differential relation (12), satisfied by the characteristics, reduces 
to one of the known relations 


dv, = or du, = du, 23 

10¢ 
Consequently, in this case, in a plastic body only one type of the 

ordinary waves propagate; the velocity of propagation is determined by 


(16) or (15) respectively. 


The second case, when N= 0, is the case of the elastic body (o ;/e; = 
o*). In this case, the system (8) reduces to the two traditional equations 
of the propagation of two types of elastic waves and the velocities of 
propagation reduce to the known constant velocities. 


The discontinuities at these two fronts of the usual waves are inde- 
pendent in the sense that they are not interconnected by any relations 
(for example, of the type of the relations (12)),and propagate with diffe- 
rent velocities. 


It follows from the above statements that the combined stress propa- 
gates in a body by two groups of ordinary waves, if the body remains 
elastic, i.e. for a shock which does not exceed the elastic limit. For 
transition of the elastic limit, plastic strain propagates in the body by 
two types of waves of combined stress, the velocities of propagation of 
which are determined by the relations (13). Generally speaking, elastic 
waves also may propagate in front of these waves. In each case, for 
instantaneous combined stress in a body, there do not arise the ordinary 
plastic waves, since the waves of combined stress, arising simultaneously 
at the end of the strips, propagate faster. 


If the impact stress is not a combined stress in the sense that diffe- 
rent strain components do not propagate simultaneously and it arises 
gradually, and if the loading is not instantaneous, then there will pro- 
pagate in the plastic body the two types of ordinary plastic waves. De- 
pending on the boundary conditions there exists the possibility of a 
simultaneous spreading of the two types of ordinary plastic waves in 


> 
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definite regions of the plastic body. Nevertheless, in this case there 
will appear plastic waves of combined stress because the discontinuities 
of the derivative 02 u/dx? propagate with a velocity which differs from 
the velocity of propagation of the derivative 0° v/dx* and between these 
discontinuities there exists no connection, Thus, these waves propagate 
independently, although the wave which propagates faster makes the body 
inhomogeneous and in this sense influences the succeeding wave. 


The discontinuity will now be evaluated, assuming that in the plastic 
body there propagate waves I as well as waves II. It will be postulated 
that at a certain cross-section x, at time t. there occur simultaneously 
two fronts of waves I and II. It will be noted that the discontinuities 
at the two waves fronts are not independent, since if one takes into con- 
sideration the relation ples* + ery) = + M, then (23) and (24) may be 
written in the form 


2311 

where N, L and c, are evaluated for z= x, and toe 
The resultant discontinuity a* of the derivative 
0? u/dx* for the passage of the two wave fronts is the 
sum of two discontinuities a* = a, + yy Analogously, 
one obtains for the resultant discontinuity fA* of the 


derivative 
Fig. 1. 


= By + Byy- 


The coefficients of the discontinuities always satisfy the relation 
— = 0 26) 


If at a certain section x, (in particular, x, = 0) at time t. one knows 
the resultant discontinuities a* abd f*, and likewise the state of stress, 
then one finds from (25) the discontinuity for each wave separately 


a” 


20 


It must be noted that not all discontinuities have the same sign. 


For an approximate solution of the problem under consideration one may 
propose many methods. 


If the loading is instantaneous, then it may be assumed that the waves 
I and II are waves of strong discontinuity, propagating with constant 
velocities (13). Then in the xOt plane (Pig. 1) one will have four 
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regions: the region 1 is not deformed, the region ? is elastically de- 
formed and the regions 3? and 4 are plastically deformed after the pass- 
age of the waves of combined stress I and II respectively. 


Be In region 2 the solution is known from the solution of the elastic 
i problem. Consequently, in this region, the values of the strains are 
known,as well as the velocities The determination of 


the solution in region 3 may be carried out with the help of the express- 
ions 


) = - + X ve 


. 
(ts Ure ) — X Xx (28) 


to which the first expression (13) for the determination of cr and like- 
wise the expression (7) must be added. 


23 


oa The transition from the region 3? to region 4 may be effected in an 

analogous manner, 

& If the load at z= 0 is considered to be the consequence of instant- 

: aneous stresses, then one may act in exactly the same manner, but the 

¢ xt-plane must be divided into a larger number of regions. 

= 
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The problem regarding the action, on the boundary of a half-space along 


an infinite straight line, of normal loading varying in accordance with 


a linear law, is considered. 


Let the boundary of elastic half-space be the plane x= 0, the x-axis 


being directed along the internal normal. The loading is distributed 


along the line y = 0 in accordance with the law 


Px Pot 


(1) 


At the point (x= é, y = z= 0) we isolate from the distributed load- 
ing the elementary force dP¢ = ped&= p.€ dé. The components of element- 


ary displacement produced by this force, on the basis of Boussinesq’s 
solution (1 - p. 157) are 


du, = = (z Po (z =) (Ry? = (x — + y*® + 2*) (2) 
4nu Ry 4x(A—z) A, +2) 


Integrating expressions (2) in the range of variation of é form — c 
to + «, we obtain the solution of the formulated problem in terms of 


components of displacements: 


Po 
(A + 


z arc tg — (3) 


From here it is easy to obtain the 
stress 


Ty"? 
= 
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Here o is Poisson’s ratio. 


The solution of Flamant for the case when the intensity of the dis- 
tributed loading is equa) to p,, has the following form in our notation 
in terms of the components of displacement [1 ] 


By means of elementary transformations these expressions are reduced 
to the form 


Po (A 2u) 
(A +) Inr (6) 


The following components of stress (1 FP p. 207) correspond to these 
displacements 


2 zy? 2 2? 2po 2° 


xX = 


x xr 


Comparing the obtained solution (3) and (4) with the Plamant solution 
(6) and (7) we note the following: 


The analogy between the two problems is not limited by this. In 
Flamant’s problem u~ = 0 indicates the presence of a plane state of strain. 
In our problem u # 0, but du/dx = 0, the linear deformation is absent 


along the x-axis, al] planes x = const are equally displaced. 


It should be noted that the problem considered may be also be solved 
by the method of Gutman,suggested especially for problems with a linearly 


varying loading [2]. 
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The formulation and the solution in closed form of the first fundamental! 
problem of the theory of elasticity for a half-plane are considered for 
the case when stresses at infinity may attain any finite values, while 
the principal vector of external loading applied to the boundary of the 
medium, generally speaking, is not finite. The solution is constructed 
by the method of Muskhelishvili[1 ]. 


1. Let the region S occupied by the elastic medium represent the lower 
half-plane y < 0 of the plane of the variable : x + iy. The boundary of 
the region, the real x-axis, will be designated by L. The problem consists 
in determining the state of stress in the elastic half-plane S for given 
boundary external loadings. 


With regard to the components of stress, it will be assumed that they 
are bounded in the whole region S. More precisely, we wil] require that 
these components of stress approach definite finite limits which are in 
general different from zero as z approaches infinity along an arbitrary 
path, remaining within S. The rotation at infinity is assumed to be equal 
to zero, 


Let the boundary conditions be given in the form (see [1 l, p. 346) 
Ni(t)h=a f(t), T (t) + fy (t) (Y, N, X,=T on L) (1) 


Here N and T are the normal and shear components of the external load- 
ing acting on the boundary of the medium, a, 6 are the given constants, 


and fie f, are continuous functions of the abscissa t given on L, satisfy- 
! 


ing for large | t| the conditions 


fy (t) = o (t-), fe (t) =o (1 (2) 


As it will be seen in the following, the specification of the boundary 
condition (1) only is not sufficient for a unique determination of the 
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State of stress. More precisely, for the determinacy of the problem it is 


necessary, in addition to the quantities a and 6, which represent the 


values of the components of stress Y. and XY. at infinity respectively, to 
prescribe also the value of the stress x. at infinity 


limX¥.=ec for|z|—co (3) 


Let us assume that the quantity c is given. Let 


=(4, (1) at, X =\fo(t)at (4) 


L 


We now require that the sought holomorphic functions ®(z) and Wiz) be 
represented for large |z| in the form 


X¥+iY xX —iY 


(z) o(s~*), r= 7 r’ == (a —e) +- ib 


We supplement these conditions by the following ones 


Inz +o0/(1) + const, (z) + Inz + 0(1)+ const 


It is not difficult to prove that under the conditions formulated above, 
the problem yields a unique solution. 


Remark. In the wel! 


general representation of Airy function in the form of infinite series of 


known book by Timoshenko, as an application of a 


— partial solutions of the bi-harmonic equation in a circular ring, the 

o problem is considered regarding the stresses in the wedge, which is bound- 
¥ ed by the lines 0 = 0 and 6 = 8 (@ is the polar angle of the point z= re? 
= 0< B< 27), with the boundary conditions ( 2], Section 37) 

N=—q, T=0 for N=T=0 for #=8 (7) 


where q is a given constant. No other limitations, besides (7) are im- 


posed upon the sought state of stress. The solution of the problem is 


sought in the form 


(z)=:Cinz+B, 


¥Y(z) = B’+ ic’ 


where B, C, B’, C’ are real constants to be determined. 


The substitution of (8) into the boundary conditions (7) yields a 
System of linear equations with respect to the sought constants, from 


which they may be uniquely determined, except in the cases 8 = m7 (the case 
of the half-plane) and B-— te B= 0. 


In the two indicated cases a verification shows, the determinant of the 


23 
10¢ 


j 
= 
é 
: 
a (6) 
iy 
: (8) 
a 
iar 
= 
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system vanishes, 


In the case RB = m together with the solution (([2 l, p. 139. formula 
[a]), 


the problem admits also multiple solutions given by the formulas 


q 
Mz) ~ Inz (2) ~ | (9) 


where A is an arbitrary real constant. It is easily seen that the quantity 
which therefore must be 
subjected to some additional condition in order to insure uniqueness. 


A influences only the component of stress cs 


As regards the case 8 —- tg A= 0, here the solutions of type (8) do 
not exist at all. More precisely, the problem can be solved in terms of 
functions (8) only if q= 0, and the trivial solution has the form: 


® (zr) = Ali Inz tg 8), ¥ (2) = — A(i+tg8) 
where A is an arbitrary real constant. 


2. In solving the formulated problem we shall follow Muskhelishvili, 
who indicated a simple solution in the case when a= b= c= 0 di l, 
Section 93). 


On the boundary of the half-plane S, as is known, we shall have 


(t) + O(t) + (t) + Fl) (10) 


Applying to both sides of the preceding equation the operation 


L 
where z is an arbitrary point on the region S, taking into account condi- 


tions (1), (5), and using the known properties of the Cauchy-type integral 


dt 


along an infinite line (1 l, Section 72), we obtain 
1 ¢ f(tjdt 
L 
Having determined (2), the function ¥(z) may be found in an analogous 
manner by means of a passage to conjugate expressions, starting from the 
boundary conditions obtainable from (10). Taking (11) into account, we 


f(t) = fy (t) — (t) (11) 


obtain (12) 


q q q 
‘OL. 
23 
959 
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On the basis of known properties of integrals of the type (11) 1], 
Section 71) we conclude immediately that if the function f(t) satisfies 


Hoelder’s condition on an arbitrary finite section of the straight line 
L, and the derivatives tf(t), tf" (t) also satisfy Hoelder’s condition 
in the neighborhood of the infinite point, then the functions ®(2z), W(z) 
found above will satisfy all conditions of our problem, In particular, 
the functions ®, ©, W for large values of | 2] will be of the form to be 
found from (5). The problem is solved. 
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ON FORMS OF THE GENERAL SOLUTION OF THE SPATIAL 
PROBLEM OF THE THEORY OF ELASTICITY 
WITH THE AID OF HARMONIC FUNCTIONS 


(0 FORMAKH OBSHCHEGO RESHENIIA PROSTRANSTVENNOI ZADACHI 
TEORIT UPRUGOSTI, VYRAZHENNYKH PRI POMOSHCHI 
HARMONICHESKIKH FUNKTSIT) 


PUM Vol.23, No.6, 1959, pp. 1132-1133 


V.M. DEEV 
(Khartkov) 


(Received 27 March 1959) 


Let us represent the solution of the equation of equilibrium in terms of 
displacements 


«Vv 


where A is the Laplace operator, A is the Hamilton operator [1 ],V< = 
V V (the operators are multiplied dyadically), vw is Poisson’s ratio, and 


the dot indicates scalar multiplication in the form 


u= aR + 3(T7R)-r + ye-(JR) + (V-R) + er* 2 


where a, B, Y> 5, € are constants subject to determination, R is an arbi- 
trary harmonic vector, r is the radius vector, r° = r-r,. In expression 
(2), the terms with R and r-(\VR) are harmonic and the terms with (VR)-r, 
r(V-R) and are biharmonic functions.Substituting (2) into (1), 
we obtain the conditions which have to be satisfied by the constants a, 


Wy) 3 + 


Having determined a and y from (3), we obtain the solution of equation 
(1) in the form 
3 (YR)-r - 
R) er? (\7*-R) (4) 


where f, 5, € are now arbitrary constants which can be used to obtain all 
the so far known forms of the general solution, as well as a number of 


new ones. 


Be 
OL. 
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Thus for 6 =« = 0, B = -— 1 we obtain the Popkovich-Neuber [2,3 ] so- 
lution 


(3 iv) (5) 
For « = B= 0, 5 = — 1 we obtain a solution indicated in papers [4-6 ]: 
4(1—v)R,+ r-(VR.) — r(V-R,) (6) 


Por « =- 1, 6 = 2v), B= 4(1-— v) we obtain a solution indi- 
cated in [3 ]: 


us= 2 (1 — 2v) + 4(1 — v)[r-(WRs) — (WRs)-r] — r? Rs) (7) 


In addition to solutions (5) to (7) we obtain the following also from 
(4): 


23 


4 (7 — 8v)(1 —v) 


(TRs)-r + 2 (4v— 3) r(V-Rs) + r2 (V?-Rs) 


we have 


R;+ + r-(VR;) — 


e=1, =—8(1—v), 


1620 

4 

+ for | 

on 6 5 (4v 9) 

i— 8v’ i — 

we have 

2 (4v — 3) { 

u 4 94 = pt 2. 

7 — 8v Rs) i— (V*-Ra) 8) 

e= i, = 2 (4v— 3) g — 

we have 

for 
B = 0, = 

8v— 7 

we have 

& Ug= F-(WRe) 4 (r (7 -Re) + r? 0) 
; for 

= 

e=0, S=—1, B=1 

(11) 

a 


General solution of the spatial problem 


we have 


Us= (9 — 8v)[Rg+ + — 8 (1 — v) (V-Rs) 12) 


The solutions (8) to (12) are new. Solution (8) differs advantageously 
from the Papkovich-Neuber solution by the fact that it does not contain 
the gradient of the vector R, and as a consequence, is simpler in its 


structure than the latter (in solving a three-dimensional] problem in 
curvilinear coordinates, it is simpler to find V- R, than VR, and V.R 
may be found directly). In solution (9) all the terms are biharmonic func- 
tions. Solution (10) is rather simple. In addition to solutions (8) to 


(12), there follows from (4) an infinite number of five-term solutions of 
the type (12), though with other coefficients. Solutions (8) to (12) will 
be called general, because for them V. u # 0, Vx ua # O (an exception is 
represented by solution (11) for which V. a = 0 Vx a, £ 0). In fact, 


substituting BR, 5, €, corresponding to these solutions, into the express- 


ions for the divergence and the rotation of the displacement vector 


2v)[(3 + ¢ + 3) + 2er- (13) 


(14) 


we see that the inequalities (13) are satisfied. A certain variety of 


forms of the solution may be obtained also on the basis that the algebraic 


sum of any solutions of equation (1) is also a solution of equation (1). 


Thus, setting R, = —~ (8y — 7) R. we obtain a new solution in the form 


Us— Ug —v) 
u 8 = (VR)-r+r R)— r-(VWR) (15) 
Vv i 


is easy to show that in order to reduce the solution (4) to the form 


It 
of the Papkovich-Neuber solution (5), the following conditions must be 


satisfied 


2(1—‘2v)e (7 — 8v) + [2 (3 — 4v)*"— 4(1 — v)J e = 0 (16) 


If these conditions are satisfied, solution (4) may be represented in 
the form 


u = (3 — 4v) D— (VD)-r (17) 


where D is a harmonic factor having the form 


2 (4v— 3)e — 38 


dD -[- 3 2 (4v 3) e] vy) 


[r-( VR) — (VR)-r] — er (V-R) (18) 


From solutions (6) to (12) only solution (7) may be reduced to the 


form (17), because its coefficients f, 5, «€ satisfy conditions (16). It 


should also be noted that the solutions (5) to (12) mav be supplemented 


by a particular solution of equation (1) (such that \V- a. 0) in the 


| 1621 
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form of u=-VF+VxT+r-V ys S, where F is an arbitrary harmonic 
scalar function, T and S are arbitrary harmonic vectors. As was shown in 


[5,7 ] there sometimes occurs the necessity to retain in (19) either F or 


T and S. In conclusion we write down the expression for the stress tensor 


Oo, corresponding to the representation of u in the form (4) 


E 
2)(e + 8B) — (5 — 4v) 8)(VR + RV) — 8ver-(7?-R) I 


+ [2 (4v— 3) — + (RV*)-r] + (8 + 2e)[(7?-R) e+ 
¢(\7?-R)] + 28 (V?R)-r + [28 (1—2v) iv (¢ + + 2er? 


where E£ is the modulus of elasticity and 7 is the unit tensor. 
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ON THE STABILITY OF A GYROSCOPIC SYSTEM 
(OB USTOICHIVOSTI ODNOL GIROSKOPICHESKOI SISTEMY) 
PMM Vol.23, No.6, 1959, pp. 1134-1136 


I. Z. PIROGOV 
(Moscow) 


(Received 29 August 1959) 


When using the second method of Liapunov in investigating the problem of 
stability of motion of a gyroscopic stabilizing system installed on a 

ship performing complex manoeuvers, it is necessary to construct Liapunov’s 
function for variational equations. These equations in this case will 
constitute a system of linear differential equations with variable coeffi- 
cients. Successful methods of constructing Liapunov functions for such 
systems are given by Chetaev [1]. Boundaries of the stable regions ob- 
tained by means of these methods are investigated by Razumikhin [ 2 }. In 
the paper by Roitenberg [3 ] (closely related to the two mentioned above) 
the Liapunov function is constructed by first transforming the original 
system of differential equations to new variables which are coordinates 
of some auxiliary system of differential equations. Utilizing this method, 
let us construct the Liapunov function for the differential equations of 
the gyroscopic system under consideration having the following form: 


fy (t) zy + + = 0, (t) rs [mg + fo(t)) 


Here sees are coordinates of the system, Mis sees Me Ore con- 
stant coefficients, f,() and f,(t) are some time functions dependent on 
the ship’s movement. 


Let us transform the system of equations (1) to the new variables 


Ei (i = 1, ..., 5); these variables are the coordinates of the system of 
linear differential] equations with constant coefficients obtained from 
the system (1) when f,(o = f,(t) = 0. 


For real values of the parameters, the characteristic equation of the 
above system of differential equations with constant coefficients shal] 
have one real root and two pairs of complex roots which may be denoted 
as follows: 


q 
= 
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Ay Ae, As + Ay, As + iW; (2) 


are determined from the following relationships [3 ]: 


Variables 


(3) 


variables é; shall satisfy the following differential equations: 


fy (t) 1555) 


+ + fy + Cos 


C3555) 


+ f(t) (oaks 


fy (t) + + + fa (t)(Cay24 + C4555) 


fy 121 C5272 4) » (1) (C5325 4 €5525) 


ms (xm, + Ns We 
ms + (81 — ma + (81 — 


ms + (2; — *) (2) + (2; 

[@,? (83 — %)*] |w,? 
+ ms +-% 

C51 (to + Mz + {> 


MeWe 


ms, + & ms+e 
C49 — Cse — + mg + — 
Ms MsWe 
C49 Cs == — [ee 4- m3 4 my, (22, 
Nits 
Zo (fo + + Ma 
14 C54 Cag = C55 


ms ms ma 


Let us use the following definite negative function as Liapunov’s 


function: 


Po + + ps + Es*)] (th) 


where p,, Po, Pz are some positive constant coefficients. Differentiating 
(6) with respect to time we obtain 


1624 
ms ms Ms 
{ 
ma 
New 
VO! 
195 
dé, 
t 
t 
—— = 8258 Oss 
dt 
where 
= 
= 
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After substituting the values of d€ ./dtli . 5) from equations 


(4) into (7), we have 


V + + + + + (t) + (t) ExEs 4+ 

(t) + (t) EsEg + (t) EsEs + (t) 


+ (t) 4 (3) 


where 


Un == — aoe = = — + casfe(t)), O55 — Ps [te + 


+ Pats 


“1 


+ + Pstss Ps + 


The discriminant of the quadratic form (8) is as follows: 


trafr (t) tisfa (t) 
0 toa/s (t) (t) 
0 a33 (t) tas/1 (t) 
(1 (t) (t) lag (t) 


tysfx (t) Gosfy (t) (t) tasfe 455 


The sufficient conditions of asymptotic stability for the system (1) 
are constituted by the requirement that V’ must be a positive definite 
The sufficient and necessary condition for this require- 
is constituted by the requirement that all diagonal 
of the discriminant (10) be always positive 
that for any t the following inequalities 


quadratic form, 
ment to be satisfied 
for any value of time ¢, ie. 
be satisfied 

= — px > 0, Dz = > 0, Ds = — > 0 


Dy = 44 — po [ + py2y% + fx? > O 


Ds = {— (424435 — — P2®1 [(@14@35 + — — 
— Po (357 + + + ass [ + + — 
— 2 [pres (054495 + + — — > 


Let us construct the stability region in the f, f,-plane. In order to 
maximize this region, let us vary values of the coefficients Pie Po» and 
p; in the Liapunov function (6). For the following values of the para- 


meters of the system (1) 


mn, = 1.54 x 107° sec’, a, = 0.924 x 10~° sec’, 


m, = 25.974, 2, = 107? sec 


1625 
Ea + po (—= + — és) + ps (158 + — Es) 
dt dt dt dt dt 
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the optimum values of the variable coefficients are as follows: 
P1 0.4, Pe 1, P3>= 0.127 


The inequalities (11) are satisfied in the following region 


| | [0.75-10-% sec", Ifa(t)| <2 (12) 


These inequalities (12) define a region inside which the functions 
f,(t) and f,(t) may vary arbitrarily without introducing instability into 
the gyroscopic system under consideration. 


It follows from the Hurwitz criterion that for f, = const, f, = const, 
the system will be stable in the region 


| fr | <1.24-10-8 fe} 
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ON ACCUMULATION OF DISTURBANCES IN NONSTATIONARY 
LINEAR IMPULSIVE SYSTEMS 


(0 NAKOPLENIT VOZMUSHCHENIIT V NESTATSIONARNYKB LINE INYKA 
IMPUL’ SNYKH SISTEMAKH) 


PMM Vol.23, No.6, 1959, pp. 1136-1141 


L. S. GNOENSKII 
(Moscow) 


(Received 6 July 1959) 


The problem of determining the maximum value of Ymax (7) of the particular 
solution of the differential equation L}hy(t) | = f(t) subject to the con- 
ditions | f(t) < mM, O< t< Tat instant T has been solved by Bulgakov 

and Kuzovkova [1,2]. An analogous problem for linear difference equations 
has been treated by Roitenberg [3 ]. However, in a number of cases much 
more rigid conditions are imposed upon the right-hand side of the equation, 
i.e. in addition to the constraints on the modulus of f(t) there may be 
also constraints on the moduli of some of its derivatives such as f(t), 
f(t). This situation may be observed in systems where position, velocity, 
and acceleration of the controlled object are constrained. In the presence 
of such additional constraints on the right-hand side of the equation, 

the magnitude of Ymax (1) may be considerably smaller than in the case of 

a single constraint on | f(t)|. In this paper a method of determining the 
maximum value of Ymax (1) of the particular solution of the linear diffe- 
rence equation Lly(t){ = f(t) is given for the following cases 


(t)| << Mas m>0O (0.41) 
|f(t)| < Mo, M1, if ()| (0.2) 
1. Let us consider the following equation 
(1.1) 
Its particular solution is of the form 


{t}—1 
& (FE +8 (1.2) 
i=0 


Hereafter the symbol [¢] will denote an integer of time, functions W(t) 
will be defined by a linearly independent system of solutions of a homo- 
geneous equation corresponding to equation (1.1). 
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Let us determine Imax (1 for the following case 


{™ |< M,, (m> 0, 0 u T) 


For simplicity let us assume that 


=/' (0) = (0) = 0 (1.4) 


The general case may be treated in an analogous manner. Taking into 
account (1.4), we have 


Substituting (1.5) into (1.2), we obtain V 


y(T) >} (t) \ ™ (T —[T] +i - 
i=0 0 (1.6) 


{T}]—1 


(u) 


(m 
i=0 


lo if T—1] 
{T]—1 

i=0 


A; (u) 
(u) 


Function Fi (u) has a finite number of discontinuities in the interval 
[0, T— 1] and is bounded. It follows from (1.6) that y(T) will assume 
maximum value permitted by (1.3) at the time T, if the following is true 


| fom) (u) |= M sign (u) = sign F™ (u), u€[0, T —4] (1.9) 


2. Let us seek maximum possible value y,,(T) of the particular solu- 
tion of equation (1.1) at the fixed time T, if the right-hand side of 
(1.1) is subject to the following constraints: 


|f(u)|< Mo, | (u)| | 7” (u)| < (2.4) 


where My. M,, and M, are arbitrary constants. Let us note in passing that 
the problems of determining Ymax (T) for the conditions 


lf(u)I< Moy, (2.2) 


or for the conditions 


1628 
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Disturbances in nonstationary linear impulsive systems 


f(uy|< Mo, (uw) Vf, 


are special cases of the problem under consideration, 


The problem of determining Ymax (1) for the condition 


| (u)| < My, (u) 


is reduced to the problem of determining y,,,(T) for the condition (2,2). 


As before, for the sake of simplicity, the assumption is made that 
f(0) = f°(0) = 0, Taking m= 1 in (1.6), we obtain 


T—1 {T}—1 
y(l)= \ Fy(u)j' (u)du, Fy (u) >) A, (u) 
0 
Function Fy (u) is constant over each half-interval (T—~[T] + i, T- 
[T] + i+ 1) (i= 0, 1, ..., [7] = 2) and over the interval [0, T-[T)]. 
Let the interval [ 0, T- 1] possess intervals (jg Bg 
k) where F, (uw) assumes maximum and minimum values as compared with its 
values over the intervals on either side (Fig. 1). It 
following conditions are satisfied: 


(2.5) 


is assumed that the 


Consequently, for the given equation (1.1) we consider only those 
values of M, and M, which satisfy the above inequalities for a fixed value 
of M,. However, even in this case (constraint on | f’(u)| and | f“{u)|) the 
magnitude of the maximum accumulated error may be considerably smaller 
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than in the case of a single constraint on | f(u) |. 


Conditions (2.6) permit one to solve rather simply the following de- 
generate variational problem: among functions of class A (these functions 
satisfy conditions (2.1) and their second derivatives over the interval 
[o, T— 1] may have a finite number of discontinuities of the first kind) 
find function f,,,(u) such that the functional (2.5) is maximum, Con- 
struction of frnax (@) (thereafter to be called maximum function) is carried 
out in the following fashion: an arbitrary function of class A is trans- 


formed step-by-step in such a manner that the transformed function would 
remain in the class A and the functional (2.5) would increase. The func- 
tion obtained in the end of this process shall be independent of the 
choice of f(u) and shall be maximum, Let us first introduce the following 
definition. 


Let there be given functions @(u) of class EF in the interval {u,, oo | 
and satisfying the following conditions: 


(1) (u) |< |e” (u) |< Mg; (2) @ = by, = 


(3) (u,) = bx, (u,) =0 (4) for u>u, 


Here the point u, is fixed and the point uy, depends on the choice of 
functions d(u). 


Let to every pair of values d(u), d’(u) correspond a point B(d(u), 
d’(u)) in the N plane. Punction Dy, (u) of class E will be called the 
optimum function which in the interval [u,, us] realizes the transfer 
from the point By (by, boy) to the point B,(b;, 0), if for the point Udy 
corresponding to (u), the following inequality is satisfied Uy 
a, where ay corresponds to an arbitrary function d(u) of class F. 
Existence, uniqueness, and construction method of the optimum function 
are shown in [5,6 


In the interval | — oo, Uy ] there also exists a unique optimum function 
¢,(u) which in the interval [u,, ] (where u,, < uy) realizes the trans- 
fer from the point B(b,, 6,,) to the point B, ( 0). 


1° 


In order to distinguish between these two optimum functions we wil! 


specify the sign of the expression — 


Let us now consider one of the segments Cus), Oia ))- To simplify 
the notation let us discard the index l. 


In order to be specific, let Pius 1) > Fy (u ). Let us determine the 
function g ; (a) in the interval [ u » Ory i) (see Fig. 2). In the interval 
Cu, u al where ui, — u; 2 O the function g;(u) shall be the optimum 

function realizing the transfer from the point B.(f(u-), f° to the 


J 
point B-(- My. 0) of the N plane. In the interval [u. ] where 


j+1,0° 


‘ 
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g; (4) is the optimum function realizing the transfer 


from the point ,)) to the point BU 0). In 
the interval ol the identity g; (4) holds. Taking into 
account that g;(u;) = f(u,), gj 1) = fla; , ,) and that f(u) belongs 
to the class A, it is not difficult to show that O51 - a < L,, Osa 
ue, 1,0 < L,. Since > the conditions introduced during 
the definition of g.(u) are not contradictory. It also follows that 


| | < in the interval [ u., 


je “j+1 
Let us now change the function f(u) to g (4) in the interval lu, 
and prove that 


“j- 
Fy (u) g,’ (u) du F,(u)f’ (u)du > (2.7) 


. 


Expressions (2.7) may be written as follows: (2.8) 
“sito 


[g; (4) (u)] (u) du \ (u) (u)| Fy (u) du (u) Fy (u) du 


uj 
(u) (u)| Fy (u) du + j (u)| Fy (u) du 


“541.0 


Here u.< If < then the curves (a) and 
f" (a) intersect at the point tt From the properties of the optimum 
functions [5,6] it follows that in the interval [u., u.,] there can be 
no more than one point of intersection of the curves and f°’ (u) and, 
furthermore, that in the interval [u., (a) — f(a) < 0. An ana- 
logous remark can be made regarding the point ua... 1,0°° furthermore, in 
the interval 1,0° g; (a) — f’ (a) > 0. Por the first, second, 
fourth, and the fifth integrals of the right-hand side of (2.8) the con- 
ditions necessary for the application of the mean value theorem are 
satisfied. This theorem is not applicable directly to the third integral. 
However, dividing 444,09) into the intervals over which does 
not change sign, and applying the mean value theorem over these intervals, 


it is possible to obtain the following inequality 


0 
Fy (u) (u) du « Fy(us*) (uw) du 
jl jit 
Applying the mean value theorem to other integrals we obtain 
5 
KO > (uy) KO 
i=1 


q 
K \ 
/ ui | 
912 
= 
| 
+1 
(2.9) 
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where K,') is the i-th integral from (2.8) if F, (u) 


“5-49, @ Us E (uss Us44) 


and, consequently, 


Fy (uy*) <= Fy (ug*) < Fy (ug ) Fy (ug*) Fy (us*) (2.10) 


, ,+ then it follows that 


at the points u. and u 
J J 


(2.14) 


It is obvious that 


K,' K,' K,' k (9) > (2.12) 


and from (2.9) to (2.12) it follows that K‘J) > 0. 


If the inequality > Fi (u , ,) were satisfied, then in the inter- 
vals u and [ 4.0° , ,/ the function g.(u) would be defined 


as the optimum function realizing the transfer from the point Bi (f(s ) 


u 
f°(u;)) to the point B*(M,, 0) on the N plane in the interval [u., u wd: 
and as the optimum function realizing the transfer from the point : 
Bis 1 (f(a; , 1)» ,)) to the point B* (M,, 0) in the interval [ 
u o) in the interval u 
case > 0, 


>) we shall have g;(u) = M.; in this 


j+1, 


Let us now define the function g(u) in the interval lo, T- 11] as 
follows. The function g(u) = ¢g (u), if uw lies in the interval [ u 
(7 = 0, 1, ..., k). It is obvious that g(u) belongs to the A class of the 
functions under consideration, and since KJ) > 0 for any interval [ u ‘ 
a4 ali then replacement of f(u) by g(u) in the interval [0, T- 1] can 
only increase the functional (2.5). If F(u.) < Fin +4) then changing 
g(u) will result in the corresponding transfer of the point B(g(u), 
g’(u)) on the WN plane from ghe point 0) to the point (—WM,, 0). 


Let us note that the point u in the interval (2 u-) is defined 


(Fig. 2) analogously to the point u in the interval (ua 


j+1,0 go 


Let E(u — C59) be the optimum function realizing the transfer from the 
point B* (M., 0) to the point BY (—M,, 0) of the NW plane in the interval 


lei, c J. This function is easy to construct. 


J 


Expression for (u — C59) over the interval] for the case 
when 1/2 /M, < is of the form 


Since the boundary conditions for the functions g,;(u) and f(u) coincide 


= 

1632 

3 


Disturbances in nonstationary linear impulsive systems 1633 


M, for u ¢ c 


70° 
M 2Mo 
(u Cig) for u on 7 r 
oM 2Mo My) 
E*(u—e,)= Mz,  forwon [<i 


The formula is just as simple for the case when 1/2 

ec 9) is the optimum function and, consequently, < #51 
Since F, (a) does not increase in the interval (Wigs ui ) and does not de- 
crease in the interval (a, iy) then it is pooniate to choose the in- 
terval (c €51) in the interval (ig. @ iy) such that any value of the 
function Fe (u) over this interval would not be less than the values of 

F, (u) over intervals (aio. ¢ jo) and 

If > Fi (u + then changing g(u) in the interval rv 
will result in the corresponding transfer of the point Bigiu), ge {u)) 
from the point 0) to the point B* (M,, 0). Let E,(u- de- 
note the optimum function realizing the transfer from the point Bo -M,, 
0) on the N-plane in the interval Lei, ej). 

It is obvious that E(u - € 59) =- E(u— c.,), and that it is possible 
to choose the subinterval (€ ig. 54) in the interval ) such that 
any value of F(a) o.e* this subinterval would not be greater than any 
value of F, (u) over the intervals (u and (c ). Let us re- 


jo? 


ji 
place the g(u) in the interval T-1) be function h(u) 
which is defined as follows: 


h(u) = +E (u — C59) on (C9. h (u) + My on (u io) h(u) CM on (Cy, 


here the upper signs refer to (a; ) < .), while the lower signs 
refer to Fy (a; )> F, (a; 


If the point u does not belong to either of the intervals (Gig. wy) 
then we set h(u) = g(u) (at these points | h(u)! = M.). Since h(u) belongs 
to the A class of the functions 
under consideration, then by apply- 
ing the mean value theorem, it is 
easy to show that the replacement 
of f(u) by hA(w) can only increase 
the functional (2.5). Now in order 
to increase y(T) we can vary the 
position of the points Cio = I, 


In order to determine the point © i0 we must maximize the following 


Die 
9. 
959 
4 


Gnoenskit 


expression 


D (c;,) 


The point ¢ 50 is the root of the equation 
jotL 
\ F,(u) BE” (u = du 
c 


jo 


Substituting the expression for a te = Oca into (2.14), we obtain 
(2.15) 
9) 
Z(c:.) + Z(c;, + L)- Z (u) \ Fy (u) du 


It is easy to show that in the interval (a; — L, u; + L) this equation 


will have at least one real root and that the expression (2.13) will 
attain the same value for any real root lying in this interval. Let us 


denote the function hA(u) with C50 as the roots of (2.14) through fray (4); 
this is the maximum function. Let us note that the maximum function may 
not be unique but that the functional (2.5) will attain the same value 
for any maximum function, 


Taking into consideration the form of fmax (2) and applying the mean 


value theorem, Ymax (7) may be represented as follows: 


Ymax (T)| =| F1(0) Mo Fy (uw; =. (2.17) 
j=1 


(the last equality is obtained on the basis of (1.7) and (1.8) and in 
this fashion we arrive at the case investigated by Roitenbereg [3 }). 


Remark 1. The above method of constructing maximum function also applies 
to linear differential equations. 


Remark 2. It is obvious that the above method permits one to determine 
Ymax (7) in the following nonlinear automatic control system 


Cin 
Fy (u) BY (u — eg) du L = (2.13) 
C59 
= 0) (2.14) 
VOL. 
23 
Ynax Fy Mg— >) Fy (u;*) 2My(—1) (2.16) 
Here 
j t If M, > o, M, + o, then L, » 0, L + 0, and consequently, in this case 
= we have 
x 
rj—1 
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ry’ = Fo (f(t) — 2), 
Ly fy (t)} 


F (u) u for iu Vv 


i’ 


L, and L, are linear differential operators, the dots denote derivatives 
with respect to time, 


Example. Let us determine the maximum value Inay (1 for T= 13 of the 
particular solution of the following equation 


y(t +2) + 1.75 y(t + 1) + y(t) = ft) (2.18) 


for the following cases 


M, 
(1) | f(u)| (u) |< My, (2 M, 


Using the above method, we find that in the first case Yaa, (7) = 19, 
in the second case y,._(T) = 24. Thus, if the constraints on f’(u) and 
f"(u) are not taken into account the value of y.._(T) increases by 25 
per cent. 
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ON THE COMPLETE SYSTEM OF EQUATIONS OF 
A COMPRESSIBLE VISCO-PLASTIC FLUID 


(0 POLNOI SISTEME URAVNENIT SZHIMAEMOTI 
VIAZKO-PLASTICHNOI ZHIDKOSTI) 
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(Moscow) 


(Received 29 August 1959) 


It is essential, in principle at least, to allow for compressibility, 


when obtaining the solution to a number of problems connected with visco- 


plastic flows. Amongst such problems are those dealing with the propaga- 


tion of both acoustic and large disturbances through a visco-plastic 


fluid. However, there does not appear to be any complete system of equa- 


tions in the literature which describes the motion of a compressible 


visco-plastic fluid. 


We are proposing such a system in the present note, 


The complete system of equations describing any arbitrary motion of an 
incompressible visco-plastic fluid is contained in reference [1 ]. 


The relations between the stress tensor components and velocities of 
deformation are as follows: 


Pxx * —pt+2ipt | 


Or 


The formulas which have not been written down here are obtained by 
cyclic permutation of the coordinates, p is the coefficient of viscosity, 


vs is the constant of plasticity, 


p is the pressure, V(u, v, w) the velocity vector. The expressions (1) 
which we will consider applicable to a compressible fluid together with 
the equations of motion of an arbitrary continuous medium and the equation 
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of continuity 


Ir 


At + div (pV) = 0 


do not constitute a complete system. In order to close the system we must 
assume that there exists a relation between pressure p and density p only 
(equation of state), i.e. the assumption is that all processes which take 
place within the medium are "barotropic". 


Liakhov [2 ] in describing the processes taking place in water saturated 
soils proposed an equation of state which gives satisfactory agreement 
with experimental results. 


The equation is applicable when there is a high degree of water satura- 
tion in the soil, when the gas content is very low and the mineral 
particles do not form a sufficiently stiff framework, so that the three 
basic components of the soil, the mineral particles, water and air, are 
compressed under hydrostatic pressure without any of the significant 
irreversible increases in density of the medium which are normally asso- 
ciated with the break-up of the framework structure. In this case the 
equation of state of the mixture of these three components can be ob- 
tained, if we know the separate equations of state of the three components 
and their respective concentrations in the mixture. In his work [2] 
Liakhov assumed the equation of state of each of the components to be of 
the type p = f(p), i.e. the compression and expansion processes were 
"barotropic". In the case of mineral particles and water, this is a reason- 
ably good approximation, but in the case of air an isentropic relation 
between p and p is taken, which, is in fact, acceptable in view of the 
conditions of compression of the air bubbles trapped in the soil. 


If now we direct our attention to visco-plastic fluids (clays, other 
solutions, pastes, etc.) we notice that Liakhov’s equations of state are 
even more accurately fulfilled than in a water saturated soil in which 
the mineral particles do, after all, form some sort of framework or struc- 
ture, whereas in our case there is no such structure. We can therefore 
come to the conclusion that to close the system of equations for a visco- 
plastic compressible fluid we can use Liakhov’s equations of state, i.e. 
we can relate p and p thus: 


with the conditions that the equations of state of the components are as 
follows: 


PsCs 


(3) 
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Equations of a compressible visco-plastic fluid 


(gas) 


-) =f] (Liquid) 
ky 
) (minerals) 


and Py» Po» Py are concentrations and densities respectively 
for p= pp, i.e. a@,+@,+a@,= 1, = + 2,9, + ap, where p, is 
the mean density for p a» and Che Cp» Cy are velocities of sound in 
pure components when p 

It should be noted that the form of the equations of state need not be 
that of (4). With these relations in other forms, the basic expression 
(3) corresponding thereto will change likewise. 


This system of equations enables us to make a study of various dynamical 
phenomena in visco-plastic media. In particular, in the propagation of 
powerful disturbances (for instance, those due to explosions, etc.), one 
can neglect the effect of the parameters and of r. so that the character- 
istic features of shock wave propagation as expressed in (2) will also be 
valid for visco-plastic media. 


A problem of practical interest is that of acoustic propagation within 
a stream of visco-plastic fluid flowing through a circular pipe. This 
problem can also be studied with the help of the system of equations 
described. 
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SELFSIMILAR MOTIONS WITH HYDRAULIC WAVES IN 
SHALLOW WATER 
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The analogy is well known between the motion of a compressible gas and 
the motion of a liquid with a free surface in a gravity field, when the 
depth of the liquid layer is smal! in comparison with the characteristic 
dimensions of the problem ("shallow water", see, for instance, reference 
{1]). It allows us to use the "shallow water" case to solve one-dimen- 
sional] problems of transient gas motion [2.3 I. Thus, if we introduce the 
quantities 


P= > Pe ah? (1) 


where 9p, is the liquid density, p and p, density and pressure of some 
fictitious gas with ratio of specific heats equal to x = 2.0, then the 
equations of motion of the liquid coincide with those of the adiabatic 
flow of this fictitious gas. However, the conditions for the hydraulic 
wave (jump h) differ from those of a shock wave in a gas, a circumstance 
which intoduces special problems. 


In a similar manner [4] we will study selfsimilar motions in shallow 
water with hydraulic waves propagating at constant velocity D over a 
liquid of depth h, at rest. The parameters following the hydraulic wave 
are determined by the expressions 


he 


P2 


where a, is the velocity of propagation of small disturbances, 
velocity of liquid motion directly behind the hydraulic wave. 
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Selfsimilar motions with hydraulic waves in shallow water 


The plane hydraulic wave front corresponds to a trivial flow at con- 
stant velocity behind the wave v= v, const. It is interesting to study 
similarity to radial flows with cylindrical hydraulic wave front, which 
could form the model for corresponding tectonic processes under the in- 
fluence of the water surface. The similarity solution will be a function 
of the dimensionless combination A = Ar /tD and can be determined by in- 
tegrating the following system of equations | 2 |: 


dz (3 22 ‘in? 


dV 723 i 


Consistent with (2) the boundary conditions behind the hydraulic wave 
can be written thus 


The relation V= f(2,) is shown in Fig. 1, where curves are also dis- 
played 


zr 
(1 Ve) (i+ 


for gases with x = 2, 1.4 and 1.0. 


On the line V, = f(2,) the integral curves of equation (3) start, 
examples of integral curves being shown in Fig. 1. There are four kinds 
of flow which correspond to the type under discussion [4 l, of which for 
V, > 0 there exist two kinds of flow in which the liquid comes to rest 
in front of the approaching hydraulic wave. 


1641 
od 
| 
sf \ 
| 
20 
VS 
‘ \ 
120 
0 iV 
ace 
Pig. 1. 
4 
z— (I 1)? R 
t R 
ns. 
* 
—' ,) 


G.L. Grozdovskii 


(a) Flow with diverging or separating hydraulic wave for t 
(6) Flow with converging hydraulic wave for ¢ - 0. 


Integral curves for flow (a) ana at the line V 1 which corresponds 
to a cylindrical piston expanding radially at constant velocity. The flow 
(6) is limited to the plane Vz by parabola z (V— 1)* (see references 
[2,4]). 


Fig. 2. 


Figure 2 illustrates flows in the physical plane for the cases under 
discussion, (1 is the hydraulic wave, 2 the piston). Figure 3 shows the 
distribution of liquid depth behind a diverging hydraulic wave, and Fig. 4 
is the same but for a converging wave. 

Change in relative energy 


expended by the piston as a function 
of D/a, (for the flow (a)) is illus- 
trated in Fig. 5. 


Other well known transient motions 
such as the case of a point explosion 
against backpressure [2] can also be 
dealt with by similarity methods in 
this manner. 


With a very powerful hydraulic wave (D/a,) + oo the ratio ho/h, tends 
to infinity; therefore, to flows of the type of a powerful explosion in 
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gas {2 1, in the case of "shallow water" there corresponds the outflow 
[5 ] of a constant mass of liquid for hy 0. As in the case of gas, in 
addition to the powerful point ex- 


“10.000, 
7 plosion [2] there corresponds a 


Similar motion which corresponds to 


1000 +—__+ a peripheral explosion [6]. For the 
"shallow water" case with a cylindric- 
al front [6] the solution corresponds 

== 


to the following distribution of depth 


f t<0 (2) 


L J bounded by cylindrical surfaces 


2 5 10 20 50 100 


Pig. 5. (6) 


This type of peripheral "ring" flow extends continuously towards the 
centre as depth increases, 
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. = SOME REMARKS ON THE STRUCTURE OF A NORMAL 
7 MAGNETO-HYDRODYNAMIC SHOCK WAVE 
(ZAMECHANIA OTNOSITEL’ NO STRUKTURY PERPENDIKULARNOI 
MAGNITO-GIDRODINAMICHESKOI UDARNOI VOLNY) 
FI PMM Vol.23, No.6, 1959, pp. 1146-1147 
A.G. KULIKOVSKII and G.A. LIUBIMOV 
= (Moscow) 
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The structure of normal hydrodynamic shock waves in a viscous, heat- 
conducting gas is dealt with in reference [1]. It is also interesting to 
study the limiting cases when one or two of the dissipative coefficients 
are small enough to be neglected. The structure of a shock wave in the 
absence of thermal conductivity was dealt with in another work [| 2 ] and 
in the absence of both conductivity and of viscosity in [3]. In this 


Vv 


article we are dealing with the structure of a normal shock wave, taking 
into account the effects of thermal and electrical conductivity, but not 
of viscosity. 


= 


The system of equations describing the one-dimensional transient motion 
of a thermally and electrically conductive gas can be written down as 
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Structure of a normal magneto-hydrodynamic shock wave 


Here j; is the mass flow, J is the momentum flow, ¢« is the energy flow, 


A solution of this system, describing the structure of a shock wave, 
should depict a forward or progressive stream for x = + «~. Therefore, to 
flows corresponding to x = + wo there should correspond points on the 
vH-plane, where the derivatives dT/dx and dH/dx become zero. These points, 
singular points of system (1), lie at the intersection of the hyperbola 


(2) 
and the curve 
=0 


If we eliminate v from equations (2) and (3) we arrive at a third de- 
gree equation for finding H. When y < 2, one of its roots is negative and 
it lies, therefore within the range v < 0. When y > 2, the greater root 
aways exceeds /8nJ and lies within the range T< 0. Therefore, within 
the range which interests us, namely v > 0, T> 0, there exist no more 
than two singularities of system (1). We will denote the point correspond- 
ing to the larger of the values of wv as A and all quantities associated 
with this will carry the suffix 1. The other singular point will be re- 
ferred to as B, and corresponding quantities will carry suffix 2. The 
magneto-hydrodynamic shock wave is represented by displacement from point 
A to point B, 


It is possible to demonstrate that there exist only two relative loca- 
tions for curves (2) and (3), as shown in Figs. 1 and 2. If we follow the 
values of the derivative dH/dx along the line T= const and f = 0, we can 
see that in moving along line f = 0 in the vH-plane from point A to point 
Bin the region T> 0, Av > Cy» we find that the temperature increases. 
If we move between these singular points along the line Av = Cy. the 
temperature either increases all the time, or rises at first and then 
drops. Integral curves can only emerge from a region bounded by curves 
(2) and (3) and T= T,, so that point A is a nodal point and integral 
curves emerge from this point when x increases. 


If, at point B, the inequality 
(4) 


is valid, this point is a "saddle" point (the location of the curves (2) 
and (3) can, then, be as shown in Figs. 1 or 2). In this case there exists 
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one and only one integral curve passing from A to B and representing the 
structure of the shock wave (Fig. 1). This curve passes through the region 
bounded by curve (2), (3) and H= H, 


If at point B the opposite inequality to (4) holds, then point B be- 
comes a nodal point from which integral curves energe for increasing 


values of x; (the location of the curves (2) and (3) for this case can 
in Fig. 2). 


then only be as 


Line 


H? 


{ 


is a limiting line to which the integral curves approach from both sides. 


Because a continuous transition through this line is impossible, it can 
only be traversed as a jump in which T and H are discontinuous and V 
vanishes. In this latter case, the solution,which represents a shock wave, 
consists of the intersection of the integration curve going from point A 
to H = H,, T = T,, lying outside point (5) and the isothermal, isomagnetic 
shock or jump from this point to point B (Fig. 2). 


Now let us deal with the case where the electrical conductivity of the 
is very large, so that 


gas 


(6) 


Here the integra] curve representing the shock wave goes from point A, 
along hyperbola (2), to point T= T,. If this point is not point B, then 
further motion is along the line fa T, as far as point H= H,. And if, 
in turn, this point is not point B, an isothermal, isomagnetic shock or 


jump will 


ty 


take place. 


The width of the flow region represented by the intersection of the 
integral curve between point A and T = T, is determined by the thermal] 
conductivity. The width of the rest of the flow region is determined by 
the magnetic viscosity, and, because of inequality (4), is considerably 


narrower than the previous portion, The flow region represented by the 


intersection of the integral curve, extending from the intersection of 
curves (2) and T= T,, to point B, on increase in the inequality (6), 
tends to an isothermal (but not an isomagnetic) shock or jump. 
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